A note on the completeness of M_1(X)

E.P. de Vink^1

Abstract For an ultra-metric space X the collection M_1(X) of Borel probability measures of compact support is an ultra-metric space when endowed with metric based on the agreement on a special kind of open subsets. This note addresses the issue of preservation of completeness of the space M_1(X) given the completeness of the space X.

Introduction

The functor M_1 was introduced in [VR97, VR99] for the co-algebraic description of probabilistic transition systems and their bisimulation as extension of the work of Larsen and Skou [LS91] (see also [BDEP97]). Working on the category of ultra-metric spaces and nonexpansive functions, M_1 maps an ultra-metric space X to the ultra-metric space M_1(X) of all Borel probability measures on X of compact support and M_1 maps a function f to the ‘measures along f’ mapping λμ.μ ∘ f^{−1}. In [Vin98] the M_1 functor is further studied, in particular regarding its preservation of weak pullbacks. In the work mentioned no proof has been provided of M_1 preserving completeness. This note aims to overcome this.

A completeness result

For the remainder of the paper we fix an ultra-metric space X endowed with a metric d. We assume familiarity with the basic definitions and result of metric topology and measure theory. The reader may consult [Dug66, Eng89, Smy92, BV96] and [Hal50, Rud66] for further details. We use O to denote the collection of open subsets of X. An open subset O is said to be 2^{−n}-closed if ∀x ∈ O:B_2−n (x) ⊆ O. We put O_n = { O | O 2^{−n}-closed } and O_∗ = ⋃ n O_n. Below we will apply the following standard result from metric semantics (see [BZ82, BV96]).

Proposition 1 If the ultra-metric space X is complete, then so is the ultra-metric space P_{co} (X).

A Borel probability measure μ on X is said to be of compact support if there exists a compact set spt(μ) such that, for any O ∈ O(X), μ(O) = 0 ⇐⇒ O ∩ spt(μ) = ∅. It holds that spt(μ) is the minimal compact set of measure 1 (cf. [Rud66]). We use M_1(X) to denote the collection of Borel probability measures on X of compact support. We define a metric d on M_1(X) as follows: d(μ, ν) = inf{ 2^{−n} | ∀O ∈ O_n: μ(O) = ν(O) }. It is easy to check most properties for a metric. However, to prove that μ = ν if ∀O ∈ O_∗:μ(O) = ν(O) we need a basic result from measure theory.

1Faculty of Mathematics and Computer Science, Technische Universiteit Eindhoven, Postbus 513, 5600 MB Eindhoven, The Netherlands, e-mail: evink@win.tue.nl.

Lemma 2 Every measure μ on O_∗ has a unique extension μ̄ to B.

Proof We have that μ is a measure on the ring O_∗. The σ-ring generated by O_∗ coincides with the Borel-σ-algebra B. By [Hal50, Theorem 13.A] there exists a unique extension μ̄ of μ to the σ-ring generated by O_∗, i.e., there a unique extension μ̄ of μ to B. □

Before addressing the completeness of M_1(X) we first state some useful properties of the Hausdorff-distance and the distance on measures.

Property 3

(a) For E, F ⊆ X it holds that d(E, F ) ≤ 2^{−n} iff ∀O ∈ O_n: E ∩ O = ∅ ⇐⇒ F ∩ O = ∅.

(b) For μ, ν ∈ M_1(X) it holds, d(spt(μ), spt(ν)) ≤ 2^{−n} if d(μ, ν) ≤ 2^{−n}

Proof Part (a) follows from the definition of the Hausdorff-distance on P(X). Part (b) is straightforward using part (a). □

We have now arrived at the main result of this note.

Theorem 4 If X is complete, then M_1(X) is complete.

Proof Suppose that X is an ultra-metric space and let (μ_i)_i be a Cauchy sequence in M_1(X). Let the index i_n be such that ∀i, j > i_n: μ_i(O) = μ_j (O) for O ∈ O_n. Define the mapping μ: O_∗ → [0, 1] by μ(O) = lim_i μ_i(O).

Claim 1 : μ is finitely additive. Proof of Claim 1: Supose O_1, . . . , O_r ∈ O_∗ are disjunct. Pick n such that O_1, . . . , O_r ∈ O_n. Note O_1∪. . .∪O_r ∈ O_n. Pick i>i_n. Then μ(O_1∪. . .∪O_r) = μ_i(O_1 ∪ . . . ∪ O_r) = μ_i(O_1) + · · · + μ_i(O_r) = μ(O_1) + · · · + μ(O_r).

Claim 2 : μ has compact support. Proof of claim 2: Put K_i = spt(μ_i). By Property 3b it holds that (K_i)_i is a Cauchy sequence in the hyperspace P_{co} (X) of compact subsets of X. By completeness of X, the hyperspace P_{co} (X) is complete (cf. [BV96]). Therefore K = lim_i K_i exists and is compact. Let O ∈ O_n. Pick i > i_n. Then O ∩ K = ∅ ⇐⇒ [property 3a] O ∩ K_i = ∅

⇐⇒ [K_i support of μ_i] μ_i(O) = 0 ⇐⇒ [i > i_n] μ(O) = 0. So, K = spt(μ) and K is compact.

Claim 3 : μ is σ-additive. Proof of claim 3: Let (O_i)_i be a disjoint sequence in O_∗ such that ⋃ i O_i ∈ O_∗. Pick n such that ⋃ i O_i ∈ O_n. Put O^′ = X \ ( ⋃ i O_i). Note that O^′ ∈ O_n.

In particular is O^′ an open set. We have that { O_i | i ∈ N } ∪ {O^′} is an open cover of K. Since K is compact, we derive that the index-set I = { i | O_i ∩ K ≠ ∅ } is finite. Note, by disjointness, ( ⋃ i /∈I Oi) ∩ K = ∅, hence μ( ⋃ i /∈I Oi) = 0. For i /∈ I we have μ(Oi) = 0.

Therefore μ( ⋃ i /∈I Oi) = ∑ i /∈I μ(Oi). We conclude μ( ⋃ i O_i) = μ( ⋃ i∈I O_i ∪ ⋃ i /∈I Oi)

= [finite additivity] ∑ i∈I μ(O_i) + μ( ⋃ i /∈I Oi) = ∑ i∈I μ(O_i) ∑ i /∈I μ(Oi) = ∑ i μ(O_i). Define μ: B → [0, 1], using Lemma 2, as the unqiue extension of μ on O_∗. □

References

[BDEP97] R. Blute, J. Desharnais, A. Edalat, and P. Panangaden. Bisimulation for labeled Markov processes. In Proc. Twelfth Annual IEEE Symposium On Logic In Computer Science, pages 149–159, Warsaw, 1997. Full version to apppear in Information and Computation.

[BV96] J.W. de Bakker and E.P. de Vink. Control Flow Semantics. The MIT Press, 1996.

[BZ82] J.W. de Bakker and J.I. Zucker. Processes and the denotational semantics of concurrency. Information and Control, 54:70–120, 1982.

[Dug66] J. Dugundji. Topology. Series in Advanced Mathematics. Allyn and Bacon, 1966.

[Eng89] R. Engelking. General Topology, volume 6 of Sigma Series in Pure Mathematics.

Heldermann, revised and completed edition, 1989.

[Hal50] P.R. Halmos. Measure Theory. Van Nostrand, 1950.

[LS91] K.G. Larsen and A. Skou. Bisimulation through probabilistic testing. Information and Computation, 94:1–28, 1991.

[Rud66] W. Rudin. Real and Complex Analysis. McGraw-Hill, 1966.

[Smy92] M.B. Smyth. Topology. In S. Abramsky, D.M. Gabbay, and T.S .E Maibaum, editors, Handbook of Logic in Computer Science, volume 1, Background: Mathematical Structures, pages 641–761. Clarendon Press, 1992.

[Vin98] E.P. de Vink. On a functor for probabilistic bisimulation and preservation of weak pullbacks. Technical Report IR–444, Vrije Universiteit,Amsterdam, 1998. Paper presented at the ETAPS’98 Workshop on Coalgebraic Methods in Computer Science.

[VR97] E.P. de Vink and J.J.M.M. Rutten. Bisimulation for probabilistic transition systems: a coalgebraic approach (extended abstract). In P. Degano, R. Gorrieri, and A. Marchetti-Spaccamela, editors, Proc ICALP’97, pages 460–470. LNCS 1256, 1997.

[VR99] E.P. de Vink and J.J.M.M. Rutten. Bisimulation for probabilistic transition systems: a coalgebraic approach. Theoretical Computer Science, 221:271–293, 1999.