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Abstract—We propose the model of discrete-time probabilistic
reward graphs (DTPRGSs) for performance analysis of systems
exhibiting discrete deterministic time delays and probabilistic Jfunctional verification
behavior, via their interpretation as discrete-time Markov reward
chains. We build on the y environment, a full-fledged platform ‘ S ‘ ‘ il ‘ ‘ WAL ‘
for qualitative and quantitative analysis of timed systems based
on the modeling languagey. The extension proposed in this paper Fig. 1. \Verification environment fox

is based on timed branching bisimulation reduction followed by

a tailored inclusion of probabilities and rewards. The approach

is applied in an industrial case study of a turntable drill. The gjmulation is a powerful method for performance analysis,
resulting performance measures are shown to be comparable to y, \ jio disadvantages in comparison to analytical methoels a
those obtained by existent methods of the¢ environment, viz. .
simulation and continuous-time Markovian analysis. well-known [13]. The approach based on CTMC tugnito a
powerful stochastic process algebra in the vein of [14]].[lt5

is analytical, and builds on a vast and well-establishedrthe

) . However, the generation of a CTMC fromyamodel requires

The x language [1] is @ modeling language for control angat a|| delays in the system are exponentially distribuiérds
analysis of industrial systems (machines, manufactuiimes| s 5 serious drawback since in industrial systems, pastitul
warehouses, factories, etc.). It has been successfulliedp i, controllers, delays are often closer to being deterrtimitt

a large number of industrial cases, such as a car assemely ljig ossible to approximate deterministic delays by seqe®nc

a multi-product multi-process wafer fab [2], a fruit juickebd- exponential delays, i.e. to model them by so-called phase
ing and packaging plant [3], and process industry factdds yne distributions [16], but this approach suffers from the
Initially, x came equipped with features for the modeling afiaie explosion problem. Many states are needed to carrectl
discrete-event systems only, and was not supported by &formr5ximate these delays, and the generated CTMC becomes

semantics. Recently, it has been redesigned and converteghfge due to the full interleaving of stochastic transitidn
a formal specification language [5]. At present,can be parallel contexts.

characterized as a process algebra with data. In addition, i

I. INTRODUCTION

was extended to handle both discrete-event and continuous
aspects, allowing for the modeling of hybrid systems [1].
Origina”y, simulation was the Only means to analyze performance analysis
< S

x models. For the verification of functional requirements,
however, simulation renders insufficient. Therefore, a new
approach has been taken, connectipgto state-of-the-art

verification tools and techniques. Currentlyy anodel can be Fig. 2. Current performance analysis environmentyor
compiled to the input language of a number of model checke[s, hi del in which ti gel
including SPIN [6], [7], uCRL [8], [9] and UPPAAL [10], n'this paper, we propose a model in which time delays are

[11] (see Fig. 1). The translated model can subsequently %lgcrete and deterministic, while random behavior is esged

checked against the functional properties formulated m Uk terms of immediate probabilistic choices. This model

target setting. Successful verification is usually suceddualy i referred to asiscrete-time probapilistic reward gfa'?hs_
performance analysis and design optimization. At prese TPRGs for short. DTPRGs can be viewed as a specialization

performance analysis ofxamodel can be carried out either by0 Semi-Markov Reward Chains. We define a method for

simulation, or by analysis of the underlying continuousei obtaining performance measures of a DTPRG by transforming

. - it to a discrete-time Markov reward chain [17], abbreviated
Markov (reward) chain [12], CTMC for short (see Fig. 2)'513 DTMRC. We augment thg environmeEﬂ ]so that for

1supported by Bsik project BRICKS AFM 3.2, a giyen X specific_ation, the corre;ponding DTPRG can be
2Corresponding author, e-mail andova@ ue. nl . obtained automatically. Usually, in contrast to the CTMC

Markov Chains

‘ X Simulator




approach, the DTPRG generated fromyanodel is consid- A. From DTPRG to DTMRC

erably smaller (more than threefold for our case study). Inpagst performance measures that we aim to obtain can be
DTPRG, time itself does not decide a choice and, as su@fandardly defined. For example, the percentage of time the
interleaving of timed transitions does not occur as in Wbicsystem spends in some state, the accumulated reward up
timed process algebras [18]. As an illustration, a caseystid 15 some time, etc. To obtain these measures we exploit a
discussed on the performance of a turntable drilling systegpansiation from DTPRGs into DTMRCs, as the latter are well-
Although compact, this system is realistic and incorp@at@staplished models for performance analysis.
many complex modeling issues. The case has been studied pTMRC, discrete-time Markov reward chain, is a triple
previously to illustrate the verification techniques ofdtianal \q — (S,—,p), where S is a finite set of states— is a
requirements [5], [19]. We put the new performance resulisopapilistic transition relation ove§, and p is a reward
exploiting DTPRGs in perspective, by comparing them tgssigning functio’. Operationally, a DTMRC is considered
results from simulation and the approach exploiting CTMCs¢ wait one time unit in a state, gain the reward for this
II. DTPRGs state determined by the functign and immediately steps to
gnother state with a probability specified by the relatien
When required by the context, we will have occasion to
represent a DTMRC as a pdiP, p), whereP is the probability
transition matrix andg is the state reward vector. For details
of DTMRCs, we refer to the standard literature (e.g. [17]).
Definition 1: ADTPRG is a tuplez = (5, ~»,—, p), where  The main idea behind the translation from a DTPRG into a
(1) § = 5"us”, for two finite disjoint sets5” andS” of prob-  pTMRC is to represent a timed transition of duratiefin the
abilistic and timed statesespectively, (2}~ C S'x(0,1]xS DTPRG as a sequence ofstates in the DTMRC, connected
is aprobabilistic transition relation (3) — C S” x N* x S'is  py transitions labeled with probability, all having the same
atimed transition relationsuch that(s, n,s’), (s,m, s"”) € —  reward. Probabilistic transitions remain unchanged. Werre
impliesn = m ands’ = s”, and (4)p: S — R is areward tg this transformation as thenfolding of a DTPRG.

rate assigning functian . .
_ . ) .. Definition 2: Let G = (Sg,~,—, pg) be a DTPRG with
The interpretation of a DTPRG is as follows. In probabifisti g _ {s1,...,5,}. Associate with every state; € Sg a

states the process spends no time, and it jJumps to a next s{iigaberm, ¢ N+ as follows: ifs; is a probabilistic state, then
chosen according to the probabilistic transition relatina ;. _ 1. if s, is a timed state, them; = m for the uniquem
gmeﬂ state tge process spelnc_js as mg”_y time unitshas speciigh thats; /™ sy, for somes;, € Sg. Theunfoldingof G is the

y the timed transition relation, and jumps to the uniqu — i —{s. ;
subsequent state. The uniqueness requirement is to supgcg/IRC M= (S, =, pw) With S = g5 [1<i<m 1<
the time-determinism property of [18]. A reward is gained —
per time unit, as determined by the reward rate assigniﬁa Sim,
function. Although we allow reward rates to be assigned al$o order to stress the correspondence, the states in the ECTMR
to probabilistic states, the process actually gains nonmdwaa that relate to timed states in the original DTPRG will be
it spends no time in them. We use infix notation and writeeferred to as timed states. Similarly, for probabilistiatss
e.g.,s + ¢ rather than(s,p, s') € ~. and probabilistic and timed transitions.

We visualize a DTPRG as in Fig. 3a. For this DTPRG, The unfolding of the DTPRG from Fig. 3a is given by
states1, 2, and 3 are timed, whereas stated and 5 are the DTMRC depicted in Fig. 3b. The unfolded timed delays
probabilistic. The reward rates are put in italics at the togriginating from states and?2 introduce the new statdsand
right corner of each state; the reward rate of the staser;, 7, respectively.
for 1 <i¢ <5. Note that the DTMRC obtained by unfolding, in general,
does not truthfully represent the semantics of the original
DTPRG, in the sense that probabilistic states are immediate
in the DTPRG, whereas they take one unit of time in the
DTMRC. For example, in the DTPRG from Fig. 3a, state
can be reached from statewith probability% after a delay

In this section we introduce the notion of a DTPRG, and giv
regarding performance, two equivalent Markovian intetigre
tions: one straightforward and general; the other moreifipec
but computationally more efficient.

1 .
mi }, pm(sij) = p(si), sij — sijp1 for1 <j <m;—1,
1 . m P H p

= sp1 i 8; = 8 O 851 — sp1 0 55 ~~ sp.

of 2 time units (vial 2 4 2 5), whereas in the unfolded
version this cannot be done in less ttgatime units (that are
required for a sojourn in the statés6 and4). The solution to
this problem is to eliminate the immediate probabilistiates
appropriately. This elimination is achieved by the aggtiega

Fig. 3. a) A DTPRG, b) its unfolding, and c) aggregated urifad

2For reasons of practical applicability, we choose this apph instead of
a translation to Semi-Markov Reward chains [20].
1We allow probabilistic self-loop for specification convence 3Note that we abstract from the initial probability vector.



method initially developed in the setting of stochastigalis- Piserete tme Z:Z';g"“is‘ic
continuous Markov processes [21] and subsequently adapted

in [22], [23] for continuous-time Markov chains with exptic AU”»}"&A%W“ G"“\é"
probabilistic transitions. Intuitively, this method cootps the DR s Ty D e=e Moy
probabilities of reaching one timed state from another anJ Leardichan e ALCHEIn
adjusts the delays. More specifically, the process of aggreg Long run Long run

tion is as follows: In a DTMRCM = (P, p) the transition

probability matrix P is represented a® = P; + P,, where T )

P, holds the unfolded timed transitions af#) holds the im-
mediate probabilistic transitions. Next, the Cesaro sun®of
is computed and its canonical product decompositibnR) is

found. Theaggregatedchain is defined bM = (LR, Lp).  «geometrization’ of time delays to obtain a DTMRC of, at

The DTMRC in Fig. 3c is the aggregated chain of the ongog; the size of the original graph. The main idea is to Epla

in Fig. 3b. The aggregation ‘removes’ the probabilistidesta yiscrete delays by geometrically distributed delays mctef
4 and5 and ‘re-establishes’ transitions betweeand1 and?2, unfolding them.

according to the probabilities of the outgoing transitiarfist
and 5. Thus, in the aggregated chain there are two outgoingDefinition 3: A DTPRG G = (5, ~,—, p), is geometrized
transitions from6 to 1 and2 (instead of a single one in theto the DTMRCM = (S, —, p), if (1) for each timed transition
unfolded chain). This conforms to the Markovian semantics,” s’ in G we haves-‘%s’ ands"—%"s in M; and (2) for
that after a delay of one time unit there is an immediatgach probabilistic transition -2 s’ in G we haves = s’ in M.
probabilistic choice. It can be checked that this DTMRC

represents a system with the same behaviour as the DTPRG

in Fig. 3a.

Fig. 4. Performance measuring for DTPRGs

B. Performance metrics

With the transformation of a DTPRG into a DTMRC in 1
place, we can use the standard theory and tools to computé
all common performance measures. For the present paper
however, we focus on the long-run behavior of systems and
on one particular measure called tbag-run expected reward
rate (long-run reward for short). The latter measure supports a _ o o
number of interesting performance properties. If the tesyl Fig. 5. a) ADTPRG, b) its geometrization, and c) aggregatesggrization
DTMRC is ergodic? the long-run reward is standardly com- ] . ] ]
puted ask = 7p , wherer is the long-run probability vector _ Consider again the DTPRG from Fig. 3a, repeated in
(in Cesaro sense), andis the state reward vector. The fullFig- 5&. In Fig. 5b its geometrized DTMRC is shown. For
process of obtaining the performance measures of a DTPRYE Same reason as before, this DTMRC sitill needs to be
is visualized by the left branch in Fig. 4. aggregated; the result is depicted in Fig. 5c.

The performance measure of the DTPRG depicted in Fig. 3al e geometrize & aggregate method is depicted by the right

is thus obtained by computing the long-run probability vedranch in Fig. 4. The following theorem justifies the figure by
tor = of the DTMRC from Fig. 3c. This vector isr = showing that the two methods indeed commute, i.e. both give

(& & & & 2 ), where state$ and 7 are renamed in the DTMRCs with the same long-run rewars.

11 11 11 11 11

matrix notation to state$¢ and5. The reward vectop equals

(rirarsrir2), SOR = %7“1 + 1%?"2 + %7’3.

Theorem 1:Let M; be the unfolded & aggregated DTMRC,
and M, the geometrized & aggregated DTMRC of the same
DTPRG. Let Ry and R, be the long-run rewards ofl;

C. Optimization by geometrization and M, respectively. Them?; = R;.

Note that the unfolded DTMRC has, in general, substantial

| . . Lo
more states than the original DTPRG, as every delay gpe pr_oof of the theorem (with the required preliminaries) i
durationn introducesn—1 new states. This means that th@Ven in [24]. Here, we illustrate the result by an example.

unfold & aggregate method, although straightforward t(weser,The, Iong—2rurl pgobability vector” of the /DTMRC? |n Fig. 5¢
as a definition, leads to computations on large state spadgs’, —, (# i 4t ). Its reward vector ig’ = (r: 727 ), and

. iy o Yy )
In the rest of this section, we optimize our method, usirgf 't 10ng-run reward?’ = 5571 + 1372 + g7 coincides
with the R of the DTMRC from Fig. 3c.

“Note that in case the resulting process is not ergodic, we abanys
partition the original DTPRG into subgraphs that produggodic processes
and analyze them separately. So, we do not consider this iasitation of 5Note that the geometrization method can not, in general, béedpfor
our analysis. non-long-run analysis.
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I11. CASE STUDY. TURNTABLE DRILLING SYSTEM

In this section, we exploit DTPRGs in an industrial case gtud™or an introduction toy, we refer to [1], [5]. Here, we only
by measuring performance of a small drilling system. We fir8fustrate the features of the language by presenting gatteo
explain the system and how it is modeled yn We then X specification of the control system for the testing device:
sh0\_/v how to extend the envirc_mment to support and in cTest er UpDone,
particular generate, DTPRGs. Finally, following the metho
discussed above, we calculate some relevant measuressuch a cTester UpDown : chan ) =

throughput and utilization of the system. [ x, TstRes: bool |
*( cStartTest ?x;
cTest er UpDown! t r ue;
( cTester DownDone?Tst Res |
delay 2.5; TstRes:=false );
cTest er UpDown! t r ue;
cTest er UpDone?x;
cTested! TstRes ) ]|

B. x model

Tester_Control ( cStart Test,
cTest er DownDone, cTest ed,

A. Description of the system

The turntable drilling system is a concrete example of a
small but realistic manufacturing system [5], [19]. Its pose

is to make holes in products. The system consists of a
round turntable and devices for adding, drilling, testiaggd
removing a product. The turntable has four slots and tramspolhe processTest er _Control receives a command to
the products counterclockwise (see Fig. 7). The drillingicee perform testing from the main control via the channel
consists of a drill and a clamp. The drill makes a hole in theSt art Test . It then instructs the tester to go down via
product, whereas the clamp is used to lock the product whifége channelcTest er UpDown. If the tester has reached
drilling. The testing device measures the depth of the holeifs down position within 2.5 time units (recall that it
the drilled product. If it reaches its down position, thette$ieeds2 time units if the hole is properly drilled), the test
result of the product is positive. In that case the product @ the product is considered succesful (the input action
removed in the next rotation. Otherwise, it stays in theesyst c Test er DownDone?Tst Res sets the booleaiist Res to

to be drilled again. The turntable can treat up to four presiudrue). If the sensor does not react within thé time units
at the same time, doing the operations in parallel. available, the controller marks the test result as bad. This

timeout is modeled by means of the non-deterministic choice
Add Remove ‘| * and uses the time deterministic semanticsyofccording
- I:I I:l - to which alternatives must always delay together. At the, end
the controller instructs the tester to go up, along the cahnn
cTest er UpDown, waits for the acknowledgement over the
channelcTest er UpDone, and sends the test result to the
I:I main control via the channelTest ed. The cycle then repeats

itself which is modeled by the iterative construet.*

C. Fromy to DTPRG

The standard semantics of (discrete-eveptjs in terms of
timed transition systems [1], [25]. The main idea undedyin
the construction of a DTPRG from a timed transition system,

The various operations are modeled to require each a ﬁ)&%%proposed here, is to hide all actions, i.e., to rename them

. : . e special internal action, and then use the concept of timed
amount of time. The system tak&sime units to add a product, . - : .
. . X branching bisimulation [18], [23] to reduce the system whil
2 time units to remove a product. The clamp ne@dsme

. - : abstracting from its internal transitions. If there is nalneon-
units to lock or unlock a product. The drilling operationeak - : . o .

: . ; . . 2 . determinism in the model, a timed transition system without
3 time units, returning the drill to its up position takegime

. : . o o any action labeled transition is obtained, i.e., a DTPRG
units. Testing and returning the tester to its initial (upyion . L " .
: : : without probabilistic transitions. If there is one or morenn
require2 time units each.

. . de[terministic transition left, the system is underspedijfend
For performance analysis, we make the assumption tha .
itS performance cannot be measured in the standard way.

the adding and the drilling are successful with a certain Sincey has no features to model probabilistic chdice

prol_aablhty: when _the SVSte”_‘ IS about_ _to.add anew prOdu?}indom behavior of the adding and drilling devices is madiele
on is available with a certain probability; also, a produt i

drilled correctly with a certain probability.

Drill

Test

Fig. 7. The turntable drilling system

Sstrictly speaking, it has, but only for simulation purposes.



in x by a non-deterministic choice. When the correspondinigp obtain utilization, we give a reward rate dfto the states
DTPRG is generated from themodel these non-deterministicwhere drilling is performed. Finally, for the average numbe
choices must be appropriately replaced by probabilisteson of products, every state is given a reward rate equal to the
For this we slightly adjust the method described in the mneési number of products present in the system when residing in
paragraph. Instead of hiding all actions, the special mstiothat state.

used to indicate probabilistic branching remain visibléteA The result of performance analysis is presented in Fig. 8,
the minimization, the probabilities that were intentidpdéft \where each measure is represented as a function of the
out are put as labels on the non-deterministic transitiongliability of the drill and the availability of productsnIFig. 9
Again, if there is still non-determinism remaining in theyve give a comparison to the results obtained by simulation
model, we cannot proceed with performance analysis. Ngfad CTMC analysis, when the probability for availability of
that although the method is not always sound (in case &fproduct is set td).5. We note that the model required for
multiple probabilistic transitions from the same state)itas the DTPRG hasl9023 states before reduction, whereas the
requests manipulation on the resulting graph, it serves PRG itself has164; the model required for the CTMC
purpose for this and similar examples. Of course, anoth@falysis ha$5529 states that reduces to a CTMC wis60
approach is to exteng with an explicit probabilistic choice states by the weak Markovian bisimulation reduction of [14]
operator (e.g. the one in [26]). However, this requirestifas Note that the CTMC analysis gives the worst performance
changes of the language and tools, and as such goes beygadsures. This is anticipated, because the expected value o
the scope of this paper. o . the maximum of two exponential delays is greater than the
~ Forthe turntable system the reliability of the drillis cag@td  expected values of both delays, which increases the average
in the tester process by a non-deterministic choice betwegftle length of the turntable system. In the context of this
sending the signal along the chanodlest er DownDone or  haner we shortened the simulation experiments. For that

doing the dummy silent actioski p. Similarly, the availabil- reason, the simulation results do not align perfectly with t
ity of a product is taken care of in the process modeling thges of the DTPRG analysis.

adding device.
The x language does not directly support reward speci-
fication. We take a similar approach as for the absence of IV. CONCLUSION

a probabilistic choice, and add rewards by manipulating the i ) )
\ specification (again side-stepping changesyjn We add, We have introduced a mathematical model, called discrete-

for each reward criterion, an ever repeating parallel camepo iMme probabilistic reward graphs, abbreviated DTPRGs, for
to the specification. The result is that in the timed traasiti tN€ Performance measuring of systems featuring detertizinis

system yielded, every state has a self-loop labeled by dape8€/@y and probabilistic choice. We have extended the
action denoting the reward rate of the state. These actidfi/ironment to a prototype that supports the new model,
will not be hidden by branching bisimulation reduction and?nablmg an effepﬂye qualitative and quantitative aqalyﬂ
therefore, persist in the resulting DTPRG. As in the case f8fed systems within the same framework. We have illustrate
the probabilistic choice, a systematic technique rengetfie  OUr method for a turntable drilling device, a relatively sima
above can in principle be incorporated into thenvironment. but realistic industrial sy;tem. The results are ;hown to be
The complete pipeline of generating DTPRGs frgrspec- comparable to those obtained by other r_nethodg.ln
ifications is illustrated in Fig. 6. Currently, we employipts AS future work we schedule the extension of thieanguage

tweaked into they environment that insert probabilities and© fully support the developed theory, relieving the sebpsed
rewards, in order to automatically produce the desired DGPFEhort-cuts taken presently that intervene at a proper ptace

from a giveny specification. the tool environment. We foresee that this can be achieved by
introducing a probabilistic choice operator, and by féaiing
D. Performance analysis of the drilling system the assignment of rewards in the toolset.

We perform quantitative analysis of the turntable driling Related WorkThe modeling of deterministic-time systems

system by applying the method proposed, and we compayiéh probabilities as Markov chains has been studied previ-

the results with those obtained from simulation and CTMa@usly, for different settings, in Petri net theory (e.g. ])27

analyses. We consider the following performance measurgsocess algebras (e.g. [26]) and automata (e.g. [28]). Our

(1) throughput, i.e. the number of products that leave ttigethod differs in its incorporation of rewards, and thatsit i

system per time unit; (2) utilization of the drilling mackin based on timed branching bisimulation reduction combined

i.e. the percentage of time that the drill is actually dnfj With the aggregation method for elimination of immediate

and (3) the average number of products in the system. Alansitions in Markov chains.

measures are considered in the long-run. AcknowledgementVe are grateful to Bas Luttik for exten-
In order to obtain the above measures, we assign rewardsige comments on the draft of the paper.

follows. For throughput, we put the reward rate g)bnly to

the states in which the removal operation is performed. Bhis g4, simulation, we used the batch means method (cf. [13]), whaoh

because ir2 time units,1 product is removed from the systemexperiment lasted fo5000 time units.
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