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Existing literature on routing of school buses has focused mainly on build ing intricate models that 
attempt to capture as many real-life constraints and objectives as possible. In contrast, the focus of this 
paper is on understanding the joint problem of bus route generation and bus stop selection – two impor- 
tant sub-problems – in its most basic form. To this end, this paper defines the school bus routing problem 
(SBRP) as a variant of the vehicle routing problem in which three simultaneous decisions have to be
made : (1) determine the set of stops to visit, (2) determine for each student which stop (s)he should walk 
to, and (3) determine routes that lie along the chosen stops, so that the total traveled distance is mini- 
mized. An MIP model of this basic problem is developed.

To increase the practical usefulness and to solve large instances of the SBRP, an efficient parameter-free 
GRASP + VND metaheuristic is developed. This method is a matheuris tic since it uses an exact algorithm to
optimally solve the sub-problem of assigning students to stops when routes are given. The results of this 
matheuristic approach on 112 artificially generated instances are compared to solutions found by a
sequential method, to solutions obtained by implementing a MIP model in a commercial solver, and to
a lower bound obtained by a dedicated column generation approach. Using appropriate statistical tech- 
niques , a neighborhood analysis is performed to test the design of the metaheuristic. Similarly, the char- 
acteristics of the problem instance that determine the computing time of the metaheuristic are 
discovered using statistical analysis. Finally, the importance of integrating all decisions in a single model 
is shown experimentally by comparing the metaheuristic to a sequential method.

Experiments show that the matheuris tic exhibits excellent performance and finds optimal or close-to- 
optimal solutions of large instances of the SBRP in very limited computing times.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction 

In the Flemish region of Belgium, students that live within certain 
minimum and maximum distances of their school are entitled to free 
transport to and from school. The transport is organized by the Flem- 
ish transportation company, which uses school buses that drive 
fixed routes. An additional requiremen t is that a bus stop should 
be located at a distance of not more than 750 meters from the home 
of each student. Each school term, the Flemish transportation com- 
pany determines which routes its buses will follow, and where they 
should stop so that each student has at least one stop he or she can 
reach. To this end, a set of potential stops is determined first in such 
a way that each student lives within 750 meters of at least one stop.
Routes are then determined for the school buses so that all students 
are picked up at a stop they can reach, while assuring that the capac- 
ity of the buses is not exceeded. The Flemish transportation company 
is faced with problems where up to 3000 students have to be picked 
up and brought to seven different schools.

Contrary to most vehicle routing formulation s, in which a set of
stops is given and routes need to be determined that visit each stop,
this paper discusses a vehicle routing problem in which a set of po-
tential stops is given. Thus, determining the set of stops to actually 
visit is a part of the problem formulat ion. The objective of this 
problem is to simultaneously (1) find the set of stops to visit,
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Fig. 1. Example school bus routing problem.
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(2) determine for each student which stop (s)he should move to, and 
(3) determine routes that visit the selected stops, such that the total 
distance travelled by the buses is minimized. Fig. 1a shows an
example of this type of problem, which we call the school bus routing 
problem or SBRP. In this figure, dots represent students, small 
squares represent potential stops and a large square represents the 
school. Dotted lines indicate which stops a student is able to reach.

If, for example, the capacity of each bus equals 8, a possible (but
not necessar ily optimal) solution to this problem is shown in
Fig. 1b.

In the problem discussed in this paper, it is assumed that all stu- 
dents represent a unit to be transported and that the capacity of
the buses can be expressed as an integral number of units. Stu- 
dents who can reach the school are not taken into account.

As mentioned earlier, the SBRP under consideration consists of
three interrelated sub-problems. Two of these sub-problem s, (1)
and (3), have a direct impact on the total traveled distance by all 
vehicles whereas sub-problem (2), the allocation of students to se- 
lected bus stops, only indirectly affects the objective function, be- 
cause it merely determines whether a combination of routes and 
selected bus stops is feasible or not. Therefore, it seems intuitively 
logical to treat sub-problem (1) and (3) on the same level.

When the stops to use and the routes that visit these stops have 
been determined, students need to be assigned to stops. When a
student can be assigned to multiple stops along the same route,
the allocation of this student to a particular stop is arbitrary. This 
is not the case if a student can be assigned to multiple stops in dif-
ferent routes. All students that can be assigned to multiple routes 
need to be distributed over those routes in such a way that the 
capacity of the buses is not exceeded. In Fig. 1a and b, there is
one student who can reach a stop in both of the routes. However,
given that the capacity of each bus is 8, this student needs to be as- 
signed to the route on the right (Fig. 1b). Compared to traditional 
vehicle routing problems, the possibility to assign students to dif- 
ferent stops offers the possibility to incur potential savings; at the 
same time, it introduce s an extra decision level that makes the 
problem much more difficult to solve.

Apart from school bus routing applications, this problem formu- 
lation has other applications . For example, large companies that 
want to organize common transport for their employees are faced 
with the same problem. A related but different problem can be
found in some parcel delivery services (such as the European dis- 
triution network of Kiala) which nowadays offer the option of
delivering at a set of pre-defined drop-off points. This has obvious 
cost-saving advantages over delivering at any location specified by
the customer . Customers have to decide beforeha nd at which drop- 
off point they wish to pick up their items. It can be envisaged that 
customers are asked to specify more than one drop-off point and 
that the parcel delivery company will then choose among the ones 
selected in such a way that routing costs are minimized but every 
customer can pick up his parcel at one of the drop-off points he
specified. Customer s may e.g. be notified by a mobile phone mes- 
sage of the specific drop-off point their package will be delivered 
at. In a more complex setting, the price of the delivery may depend 
on the number of drop-off points specified by the customer . Note 
that the capacity constraints in this case may have to be replaced 
by the more typical vehicle routing constrain ts, in which each or- 
der has a certain size and the sum of all order sizes in a route 
may not exceed the vehicle capacity.

Metaheur istics have been proven successfu l on large instances 
for the basic Vehicle Routing Problem, but have not attracted much 
attention to solve SBRPs (Park and Kim, 2010 ). In the present paper,
the emphasis lies on developing a practical, parameter-fr ee meta- 
heuristic. A good metaheurist ic should generate high-quality solu- 
tions in little time without the need for excessive paramete r
tuning. Furthermore, it should be possible to incorporate the gen- 
erated solution into existing routing software without much effort.
This is one of the main reasons why tabu search, although very suc- 
cessful in academic literature, is practicall y non-existen t in com- 
mercial vehicle routing software (Sörensen et al., 2008 ).
Commer cial routing software use simple diversification strategie s
such as Iterated Local Search or apply multiple neighborho ods to
overcome the myopic behavior of a single neighborho od. These lo- 
cal search neighborhoods are almost never accompanied by intri- 
cate, complex diversification techniqu es with a lot of paramete rs.
The additional complexity would render it difficult to maintain 
the software, or to adapt it to different problems.

2. Literature review 

Contrary to the literature on the ordinary vehicle routing prob- 
lem (VRP) and several of its extensions (e.g. time windows), only a
limited amount of research has considered the routing of school 
buses.

In their book on the traveling salesman problem (TSP), Apple-
gate et al. (2007), mention schoolbus routing as one of the early 
applicati ons motivating the TSP. However, in their context select- 
ing stops is not part of the problem.

Typically, school bus routing formulations focus on formulating 
extra constraints and/or objectives to take some student-rel ated 
factors into account. Bodin and Berman (1979), Braca et al.
(1997), and Desrosiers et al. (1980), add a maximum travel-time 
constrain t for each student and/or a time window for arrival at
the school. Bennett and Gazis (1972) minimize total travel time 
of all children. Thangiah et al. (2005) discuss the routing of school 
buses in rural areas. They develop a system that is able to solve 
large-scal e routing problems with a large number of complex con- 
straints and several objectives. Interestingl y, the authors note that 
local government subsidizing policies may result in very ineffec- 
tive routings, e.g. maximiz ing the time that students spend on a
bus instead of minimizing it. Li and Fu (2002) present a multi- 
objective approach in which both the number of buses, the travel 
time of the buses and the travel times of the students are mini- 
mized. Recently, some research has been done on the mixed-load 
school bus routing problem, allowing students from different 
schools to travel on the same buses (e.g., Park et al., 2012 ).



Table 1
Symbols used in the mathematical model.

Data 
C Capacity of a bus 
V Set of potential stops, with jVj = n
E Set of arcs between stops 
S Set of students 
cij Cost of traversing the arc from stop i to stop j
sil 1 if student l can reach stop i and 0 otherwise 
i = 0 Index for the school 

Decision variables 
xijk 1 if bus k traverses the arc from i to j, 0 otherwise 
yik 1 if bus k visits stop i, 0 otherwise 
zilk 1 if student l is picked up by bus k at stop i, 0 otherwise 
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In their recent survey on the School Bus Routing problem, Park
and Kim (2010) mention five different sub-probl ems, which are of- 
ten treated separately in the SBPR literature: data preparation, bus 
stop selection, bus route generation, school bell time adjustment ,
and bus scheduling. The authors emphasize that there is a strong 
need to integrate these sub-probl ems. This work treats the selec- 
tion of bus stops and bus route generation simultaneou sly, making 
it one of few works (a recent exception being Riera-Ledesma and 
Salazar-Gonzl ez, 2013 ) which treats the selection of stops as an
integral part of the optimizati on problem. In Dulac et al. (1980),
students are assigned to an intersection of streets adjacent to the 
street of their residence. A subset of these potential bus stops is
then selected and a VRP is solved. In Chapleau et al. (1985), poten- 
tial stops are first clustered, then stops are selected so that as many 
students as possible can reach a stop. The school bus routing prob- 
lem discussed in Bowerman et al. (1995) includes a maximum 
walking distance for a student to his or her bus stop. The authors 
develop a multi-objective optimizati on problem, one of the objec- 
tives being the minimizatio n of the total walking distance of all 
students. Other references incorporating bus stop selection and 
routing are Bodin and Berman (1979) and Desrosiers et al.
(1980). Most solution techniques develope d for the SBRP with 
bus stop selection are characterized by a sequential approach . In
other words, a bus stop selection procedure and a routing proce- 
dure are performed one after another. Either the bus stops are se- 
lected first after which a routing procedure takes place or the other 
way around. These two strategies are called Location–Allocation–
Routing (LAR) and Allocation–Routing–Location (ARL) strategies 
respectively and are closely related to similar strategies developed 
for location–routing problems (Laporte et al., 1988 ). Location, allo- 
cation and routing represent sub-problem s (1)–(3) described in
Section 1 respectively. The LAR strategy has the unfortunate draw- 
back that it generates solutions with an excessive number of routes 
since it fails to take into account the effect of student allocation on
the capacity of the routes. By reversing the order, ARL strategie s at- 
tempt to overcome this obstacle. In the metaheurist ic developed in
this paper both sub-problems are treated in an integrated fashion.
Although, metaheurist ics are successfu lly applied to solve VRPs,
the survey of Park and Kim (2010) also shows that it is surprisingly 
not the case for the SBRP. In their opinion, metaheurist ics for the 
SBRP are an excellent research avenue.

Similar problems outside the SBRP context exist. In the multi- 
vehicle covering tour problem (Hachicha et al., 2000 ) the total 
route length and the number of stops that can be visited in a route 
is limited. The capacitated m-ring star problem (Baldacci et al.,
2004) differs from the school bus routing problem described in this 
paper in that there are no restrictions on which students can be
assigned to which stops (or in the case of the m-ring star problem,
which customers can be assigned to which transition points),
instead an assignment cost is given. Moreover, the number of rings 
(tours) is pre-specified. Baldacci and Dell’Amico (2010) apply a
tabu search metaheurist ic to solve larger sized instances, but for 
the solution technique to work a rather large number of parame- 
ters have to be set.

In summary, previous work on SBRP can be improved by devel- 
oping a metaheurist ic which enables a strong integration between 
the bus stop selection sub-problem and the bus route generation 
sub-problem . This is exactly the aim of this paper. Moreover, the 
aim of this paper is to develop an effective metaheuristic which 
is simple to impleme nt and does not require any parameters to
be specified. For small-sized random benchmark instances, the 
effectivenes s of the proposed metaheuristic is evaluated against 
outcoms of solving a MIP (see Schittekat et al. (2006)). Also, results 
for larger-sized instances obtained by the metaheurist ic are given,
and they are compared to lowerbounds found by applying a col- 
umn generation approach to a set-partition ing formulation of the 
problem. We consider instances containing up to 80 stops and 
800 students .

The resulting matheuris tic consists of two phases. The construc- 
tion phase uses ideas from GRASP (Feo and Resende, 1989, 1995 ), a
constructi ve metaheurist ic that attempts to balance greediness 
and randomness. The improvement phase is a variable neighbor- 
hood descent (VND) method, a variant of variable neighborho od
search (VNS) (Mladenovic ´ , 1995; Hansen and Mladenovic ´ , 1997,
1999). VNS is one of the dominant paradigms in vehicle routing 
metaheu ristics, and a large number of successful applications has 
been reported (Hansen and Mladenovic ´ , 2001a,b ). The student allo- 
cation sub-problem is solved exactly by modeling the problem as a
transportati on problem (see Section 4.3).

3. Problem formulat ion 

In this section we present an integer programmin g formulat ion 
of the SBRP. Recall that the SBRP as presented here contains a sin- 
gle school, one type of students, and identical buses, each with 
fixed capacity. The standard vehicle routing criterion is optimized:
the total distance traveled by all vehicles. Clearly, the school bus 
routing problem as described here is a generalization of the basic 
vehicle routing problem and therefore also NP-hard. It is assumed 
that the problem is defined on a directed graph. The following for- 
mulation builds on the formulation of Toth and Vigo (2001, p. 15).
Table 1 discusses the symbols used in the model.

The mathematical programming formulat ion of the school bus 
routing problem (SBRP) is the following :

min
X

i2V

X

j2V

cij

Xn

k¼1

xijk ð1Þ

s:t:
X

j2V

xijk ¼
X

j2V

xjik ¼ yik 8i 2 V ; k ¼ 1; . . . ;n ð2Þ
X

i;j2Q

xijk 6 jQ j � 1 8Q # V n fv0g; 8k ð3Þ

Xn

k¼1

yik 6 1 8i 2 V n f0g ð4Þ

Xn

k¼1

zilk 6 sil 8l 2 S; 8i 2 V ð5Þ
X

i2V

X

l2S

zilk 6 C k ¼ 1; . . . ;n ð6Þ

zilk 6 yik 8i; l; k ð7Þ
X

i2V

Xn

k¼1

zilk ¼ 1 8l 2 S ð8Þ

yik 2 f0;1g 8i 2 V ; k ¼ 1; . . . ;n ð9Þ
xijk 2 f0;1g 8i; j 2 V ; i – j; k ¼ 1; . . . ;n ð10Þ
zilk 2 f0;1g 8i; j 2 V ; i – j; l 2 S ð11Þ

The objective function (1) minimize s the total distance travelled by
all buses. Constraints (2) enforce that if stop i is visited by bus k,
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then an arc should be traversed by bus k enterin g stop i and leaving 
stop i, while constrai nts (3) impose the connectiv ity of the route 
performed by bus k. These constra ints serve as subtour elimination 
constrain ts. Constrain ts (4) guarantee that each stop is visited at
most once, except for the stop correspondi ng to the school. Con- 
straints (5) ensure that each student is picked up at a stop he or
she can reach. Constraints (6) make sure that the capacity of the 
buses is not exceeded. Constraints (7) impose that student l is not 
picked up at stop i by bus k if bus k does not visit stop i. Constrain ts
(8) enforce that each student is picked up once. Finally , constrain ts
(9)–(11) require that all decision variable s are binary.

By using this formulation , a number of assumptions are implic- 
itly made. One assumption is that a stop is only visited by one bus.
This means that the number of students per stop may not exceed 
the capacity of the bus. It also implies that the students that go
to a bus stop may not be divided into groups which may then each 
take a different bus. A second assumption is that all buses have 
equal capacity. Thirdly, one bus can only perform one route. Final- 
ly, as mentioned, each student counts as one unit. These assump- 
tions may be relaxed in future research.

4. A GRASP + VND matheuristi c for the school bus routing 
problem

In this section, a hybrid exact/metah euristic procedure is devel- 
oped to solve large instances of the school bus routing problem.
This matheuristic uses a GRASP construction phase followed by a
variable neighborhood descent (VND) improvem ent phase. These 
two phases are executed sequentially and the resulting procedure 
is iterated nmax times, after which the best solution is selected as
the final solution. As mentioned, the student allocation sub-prob- 
lem is solved by an exact method.

4.1. GRASP construction phase 

GRASP, or greedy randomized adaptive search procedure, is a
well-known constructive metaheuristic, that starts from an empty 
solution and builds a complete solution by adding one element at a
time. Most GRASP implementati ons use a restricted candidate list 
(RCL), which is a subset of all candidate elements selected in a
greedy fashion. Assumin g a minimizatio n problem, the RCL con- 
tains the elements whose incorporation into the partially built 
solution would yield the smallest increase (or largest decrease)
in objective function value. From the RCL, an element is then se- 
lected at random, after which the RCL is updated to reflect the fact 
that a new element was added to the solution and is no longer 
available for selection. Selecting elements and updating the RCL,
are repeated until a complete solution has been built. The size of
the RCL, a, is a parameter of the GRASP algorithm that controls 
the balance between greediness and randomness. If a is small,
the construction is relatively greedy. If a is large, it is relatively ran- 
dom. In the extreme cases, a = 1 causes a completely deterministic 
greedy constructi on. If a is equal to the number of elements in the 
solution, the construction is completely random.

The GRASP construction phase in the metaheurist ic is based on
the well-known Clarke–Wright savings heuristic (Clarke and 
Wright, 1964 ) for the vehicle routing problem (VRP). This heuristic 
starts from a solution in which all stops are visited in separate 
routes. The heuristic builds a savings matrix that contains for each 
pair of stops the decrease in cost (or ‘‘saving’’) that would result 
from connectin g the stops, thereby merging the two routes that 
contain the stops. For two stops to be ‘‘connectable’’, they have to
be in different routes. Moreover, one of the stops has to be the first
stop in a route and the other one the last. Also, the total capacity re- 
quired by the two routes containing the stops cannot be larger than 
the capacity of the vehicle. In each iteration , the original Clarke–
Wright heuristic greedily selects the pair of stops to connect.

Like the original Clarke–Wright heuristic, the GRASP procedure 
starts from a solution in which each stop is visited in a separate 
route. After this initial setup, students are assigned to these stops 
by solving the student allocation sub-problem (see Section 4.3).
Obviously , if no feasible allocation can be found, no feasible solu- 
tion for the SBRP instance exists. If a feasible assignment of stu- 
dents to stops can be found, the algorithm proceeds using a
randomized variant of the Clarke–Wright heuristic connecting 
two stops (and merging two routes) in each iteration. Unlike the 
Clarke–Wright heuristic for the VRP, the feasibility of a solution 
after connecting two stops is more difficult to determine, as it
might involve reallocating the students over the different routes 
(using the student allocation sub-problem algorithm).

To generate different solutions, the GRASP construction heuris- 
tic adopts a method which is free of parameters to balance ran- 
domness and greediness. Instead of using a restricted candidate 
list, a roulette wheel selection procedure is introduced which selects 
candidat e stop pairs with a probabili ty proportional to the saving 
that would result from connecting them. A similar roulette wheel 
procedure was successfully applied by Drexl (1991) in the context 
of project network scheduling. To save time, the roulette wheel 
mechanis m does not take into account the feasibility of the solu- 
tion after connecting the selected pair of stops, as this would in- 
volve solving many student allocation sub-problems before 
selecting a pair of stops to connect. If a pair of stops is selected that 
results in an infeasible solution when connected, the move is not 
executed and removed from the list of stop pairs.

Pseudo-c ode for the GRASP construction phase is shown in
Algorithm 1. After each iteration of the GRASP construction phase,
a feasible solution is found. This solution is then subjected to the 
VND improvem ent phase.

Algorithm 1. GRASP construction phase for the SBRP 



Fig. 2. The figures on the left correspond to an original solution while the figures on the right visualize a new solution after performing a move of the given move type. The 
depot is represented by one or two white squares.
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4.2. VND improvemen t phase 

Variable neighborho od descent (VND) is a deterministic variant 
of the well-known variable neighborho od search (VNS) metaheu- 
ristic. Most impleme ntations of VNS use a sequence of nested 
neighborho ods, N1 to Nkmax , in which each neighborhood in the 
sequence is ‘‘larger’’ than its predecessor , i.e. Nk �Nkþ1. VNS typ- 
ically uses a perturbation move for diversification purposes.
Diversity is introduced by the different starting solutions gener- 
ated by the GRASP construction phase and a perturbation phase 
is not needed. The variable neighborho od descent or VND variant 
is therefore used. Pseudo-cod e for the VND improvement phase 
is given in Algorithm 2.

Algorithm 2. Variable neighborhood descent for the SBRP 
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Our VND improvement phase uses four neighborho od struc- 
tures. The neighborho ods are used in the order presente d below:
Fig. 2 visualize all four different moves.

The first two are remove-inse rt within a route and remove-inse rt
between routes . In these typical VRP neighborho ods a stop is removed 
from its current location and inserted at another location in the solu- 
tion. The distinctio n between relocating a stop within a route or be- 
tween routes is important because of the student allocation sub- 
problem. When a remove-insert move is applied within a single 
route no student reallocation or capacity check has to take place.
When a stop is moved to another route, the assignment of students 
to stops is initially left unchanged. A simple capacity check shows 
whether the addition of the extra stop to the second route violates 
the bus capacity of this route. If this is the case students are reallo- 
cated to the visited stops of the proposed solution. If a feasible real- 
location is found, the move is executed, otherwise it is discarded.

A third move type is called replace and is specific to the SBRP.
This move removes a visited stop from a route and adds another 
(unvisited) one. The move only attempts to remove stops that 
are not obligatory. An obligator y stop is one that needs to be vis- 
ited in each feasible solution because there exists at least one stu- 
dent for which this stop is the only one he can walk to. The student 
allocation sub-probl em is always solved after a replace move.

Finally, the remove move type reduces the total distance of the 
current solution by removing a stop from a route. To check the fea- 
sibility of the solution after a remove operation, the student alloca- 
tion sub-problem is solved.

To save time generating solutions in a neighborhood, the fol- 
lowing strategy is adopted. When local search using a specific
neighborho od structure is started from a given initial solution all 
possible moves that form this neighborho od are sorted in descend- 
ing order according to their respective savings. Only moves with a
positive saving are considered. The list of improving moves is then 
traversed in decreasing order of saving and moves are executed as
they appear on the list if (1) they result in a decrease in objective 
function, (2) they can be executed and (3) the resulting solution 
is feasible. It is important to remark that some moves might yield 
a different saving than the one initially predicted or become 
impossible because of the prior execution of other moves on the 
list. However, it was found that the effort of updating the list of
savings after each move does not outweigh the additional benefits
of increased accuracy. If a move becomes non-improvi ng after 
some other move(s), this move is simply discarded. This procedure 
ends when there are no improving moves left in this list. The fact 
that there are no more improving moves on the list does not imply 
that the resulting solution is a local optimum with respect to the 
current neighborho od. However, the structure of the VND ensures 
that the final solution found is a local optimum in all four 
neighborho ods.

These neighborho ods, which guide both the selection of bus 
stops and the routing of the selected bus stops, are all equally 
important to find promising solutions and as a consequence the 
bus stop selection sub-problem and the routing sub-problem are 
treated on the same level. The student allocation problem is used 
to check for feasibility of a potential solution.
4.3. Solving the student allocation sub-problem exactly 

In the metaheuristic solution method, the SBRP is decompo sed 
in a Master Problem and a sub-problem . The Master Problem is a
school bus routing problem with bus stop selection , the objective 
of which is to minimize the total travelled distance. Once the stops 
have been selected and the routes have been fixed, a sub-problem 
remains of allocating students to stops in such a way that the 
capacity of the buses is not exceeded. This sub-problem is a
constrain t satisfaction problem in that it does not have an objec- 
tive function. The existence of a feasible solution to this problem 
however implies that the correspond ing solution of the Master 
Problem is valid. A solution to the Master Problem fixes both the 
stops that are used and the routes that are performed , i.e. it fixes
the values of variables yik and xijk. Thus, only the zilk variables need 
to be determined for given values of yik and xijk. The sub-probl em
can be written as an optimization problem as follows:

min
X

l2S

Xn

k¼1

tlkz0lk ð12Þ

s:t:
Xn

k¼1

z0lk ¼ 1 8l 2 S ð13Þ

X

l2S

z0lk 6 C 8k ¼ 1; . . . ;n ð14Þ

z0lk 2 f0;1g 8k ¼ 1; . . . ;n; l 2 S ð15Þ

In this formula tion z0lk ¼
P

i2V yikzilk is a decision variable equal to 1
if student l is picked up in route k. The paramete r tlk indicates the 
‘‘cost’’ of assigning a student to a route. That cost is 0 if student l
can walk to at least one stop in route k and 1 otherwise.
Constrain ts (13) ensure that each student is assigned to exactl y
one route. Constrain ts (14) ensure that the capacity of the buses 
is not exceeded .

The objective function (12) minimizes the cost of assigning all 
students to a route. If there exists an allocation of all the students 
to the routes, the objective function will equal 0, indicating that all 
students can be assigned to the current solution of the master rout- 
ing problem. The assignment of students to routes has the struc- 
ture of a transportation problem in which each student is a
supply source (with a capacity of one) and each route is a demand 
sink (with a demand equal to the bus capacity). If a solution with a
cost of zero exists, a feasible assignment of students to stops also 
exists. A well-known property of the transportation problem is that 
– if supply and demand are integer – all basic solutions are integer 
too. This means that the binary constrain ts can be relaxed (15)
when solving the assignment of students to routes.

In the matheuristic, the transportation problem is solved using 
the well-known primal–dual labeling method of Ford and Fulker- 
son (1962).
5. Experimen ts

5.1. Problem instance generation 

An instance generato r for the SBRP has been developed that can 
generate random problem instances of any size. The generator re- 
quires five parameters per instance: np (the number of potential 
stops), ns (the number of students per stop), xd, yd (the x and y-
coordina tes of the school) and wmax (the maximum walking 
distance).

The instances are generated on the Euclidean plane defined by
(0,0) and (xmax, ymax). It first generate s np stops in this rectangle.
The coordinates (xi, yi) of stop i are uniformly distributed in the 
intervals [wmax, xmax � wmax] and [wmax, ymax � wmax] respectively.
In this way, no student is ever generated outside the boundari es
(0,0) and (xmax, ymax).

For each generated stop, ns student positions are generated at a
distance of maximum wmax from the stop. This is done by first gen- 
erating for each student j an angle aj 2 [0, 2p] and a distance wj

from the stop. The student is then put at (x, y)-coordinates equal 
to (xi + wjcosaj, yj + wjsinaj).



Fig. 3. Best solution for 40 stops, 200 students, capacity 25 and maximum walking distance 10 (instance SSSS-s40-u200-c25-w10).
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The 112 instances considered for the experiments in this paper 
are available can be download ed from http://an tor.ua.ac.be/sch ool- 
bus-routing. The instance names are SSSS-sa-ub-cc-wd for an in- 
stance with a stops, b students, a bus capacity of c and a walking 
distance of d. For example, the instance of which the best solution 
found appears in Fig. 3 is called SSSS-s40- u200-c25- w10 .

In order to assess the quality of the solutions produced by the 
metaheurist ic, two approach es are used. In a first approach, the 
formulation developed in Section 3 is solved exactly using IBM 
ILOG CPLEX (Section 5.2). Since only the easiest instances can be
solved in this way, a dedicated column generation approach was 
also developed (Section 5.3). Finally, computational results are dis- 
cussed in Section 5.4.
5.2. Exact solution 

The MIP formulation presente d in Section 3 has been imple- 
mented using the commercial MIP solver IBM ILOG CPLEX version 
12.2. Since in the original formulation an exponential number of
subtour eliminati on constraints (O(2n)) are required, those con- 
straints have been replaced by the Miller–Tucker–Zemlin con- 
straints (Miller et al., 1960 ) in the actual implementation (ui

represents the rank order in which stop i is visited):

ui þ uj þ nxij 6 n� 1 8i; j ¼ 2; . . . ;n; i – j ð16Þ
u1 ¼ 1 ð17Þ

Although this formulation yields a weaker LP relaxation (Lange-
vin et al., 1990 ) in comparison with the LP relaxation of the formula- 
tion given in Section 3, only n extra constraints are required which 
makes this formulat ion suitable for larger instances. Notwithstand -
ing the fact that there exist better ways to deal with subtour elimina- 
tion using sophisticated cutting and separation techniqu es,
developing a state-of-the art exact algorithm is beyond the scope 
of this paper. Moreover, it is not expected that improving the exact 
algorithm will result in different conclusio ns with regard to the 
effectiven ess and performance of the developed metaheu ristic.

The results of the metaheuristic in comparison with the exact 
solution are given in Table 5 in Appendix A.

5.3. Lower bound 

When given a maximum runtime of 2 hours, the exact MIP algo- 
rithm (Section 5.2) is only able to solve the easiest 45 instances .
The largest instance solved to optimality within the given time- 
span has 10 stops and 200 students . To evaluate the metaheuris- 
tic’s performance on larger instances, strong lower bounds need 
to be obtained on the optimal solutions of these instances. To this 
end a dedicated column generation approach has been developed.

Recall the MIP formulat ion given in Section 3. This MIP can be
reformulate d to the following equivalent formulation (Master
Problem):

min
X

p2P

dpzp ð18Þ

s:t:
X

p2P

rvpzp 6 1 8v 2 V ð19Þ
X

p2P

tspzp ¼ 1 8s 2 S ð20Þ

zp 2 f0;1g 8p 2 P ð21Þ

http://antor.ua.ac.be/schoolbus-routing
http://antor.ua.ac.be/schoolbus-routing


Table 2
Symbols used in the mathematical model.

Data
dp Cost induced by schedule p
tsp 1 if student s is picked up in bus schedule p, 0 otherwise 
rvp 1 if stop v is part of bus schedule p, 0 otherwise 

Decision variables 
zp 1 if bus schedule p is used, 0 otherwise 

Table 3
Model CPU time: summary of fit.

Measure Value 

R2 0.946214
R2 adj 0.940889 
Root mean square error 274.0761 
Mean of response 595.4923 
Observations (or sum Wgts) 112 

Table 4
Model CPU time.

Source Nparm DF DFDen F Ratio Prob > F

Stops 4 4 6651525 22.1370 <.0001 
Students 5 5 52542237 139.8931 <.0001 
Capacity 1 1 980123 13.0478 0.0005 
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Table 2 discusses the symbols used in this formulation . Here, p
is an index which correspond s to a bus route. More precisely, p de-
fines a complete, valid, bus schedule : a sequence of stops the bus 
driver should visit, and the specific students that should be picked 
up at the correspondi ng stops. The set of all feasible bus schedules 
is denoted by P. The cost dp associated with each bus schedule is
the travel distance required to visit all stops on the schedule . Fur- 
thermore, similar to constraints (8) and (4) in the original formula- 
tion, constraints (19) and (21) respectively ensure that each 
student is picked up at some stop, and that no stop is visited more 
than once. When the integrality constrain ts are replaced by the 
weaker constraints zp P 0, a Linear Program relaxation of the Mas- 
ter Problem is obtained, called LPM (see Vanderbeck (1994), Wol- 
sey (1998)). Solving LPM gives a lower bound on the optimal value 
of the problem. Solving LPM directly would be impractical (if not 
impossible) due to the exponential number of possible bus sched- 
ules p. Therefore, a simpler problem, commonly referred to as the 
Restricted Master Problem (RMP) is considered instead. Contrary to
the LPM, the Restricted Master Problem only utilizes a small subset 
of bus schedule s P0 # P. The resulting linear problem is small and 
can be solved by any MIP solver.

Following a standard approach (see e.g. Wolsey (1998), Chvátal
(1983)), a pricing problem needs to be solved to establish whether 
a solution of the RMP is an optimal one of LPM. The pricing prob- 
lem searches for columns with negative reduced cost, i.e. bus 
schedules for which,

dp þ
X

v2V

rvpwv �
X

s2S

tspus ð22Þ

yields a negative value, where wv and us are the dual variables cor- 
responding with constra ints (19) and (21) respective ly. Each time a
column with negative reduced cost is found, the column is added to
the subset P0 and the RMP is recomput ed. This procedu re is repeated 
until no more columns price out. Once this point is reached, by the 
Strong Duality Theorem, an optimal solution to the linear relaxation 
of the Master Problem is obtained (see e.g. Chvátal (1983)).

Notice that the primary interest here is computing the bounds 
that arise from solving LPM, and to compare these bounds with 
the solutions found by the heuristic. Thus, only a high-level 
description of the column generation approach is given. Full details 
of the procedure can be found in Kinable et al. (submitted for 
publication).

The pricing problem is solved using an enumerative procedure.
When bus schedule s with negative reduced costs are detected, the 
correspondi ng variables are added to the LP, after which the RMP is
re-solved. A starting solution is found by solving a transportation 
problem similar to the one described in Section 4.3, where students 
are represented by demand nodes with demand 1, stops are repre- 
sented by supply nodes with supply equal to the bus capacity, and 
there is an arc between a student-n ode and a stop-node. Next, a
feasible solution is constructed by having a bus schedule of the 
form: school-stop- school for each populated stop.

5.4. Computationa l results 

To test the GRASP + VND matheuristic, experime nts were con- 
ducted on 112 instances . The instance sizes range from 5 stops 
and 25 students to 80 stops and 800 students. Also, four maximum 
walking distances are considered: 5, 10, 20, and 40. The maximum 
walking distance determines to a large extent how many stops the 
average student is able to walk to. Clearly, the larger the maximum 
walking distance, the more degrees of freedom exist in the student 
allocation sub-probl em. In Table 5 (Appendix A), the results of the 
experime nts are reported.

The table provides details on the problem instances and shows 
for every instance 11 columns: number of stops (column stop),
number of students (column stud), bus capacity (column cap) and 
maximum walking distance (column wd). The table also reports 
the results of the GRASP + VND matheuristic (column MH), and 
an overview of the exact solutions (column MIP) and lower bounds 
(column LB). Furthermore, for each lower bound value, a (i) in the 
column column LB indicates whether the correspond ing LB solu- 
tion is an integer solution. When this is the case the optimal solu- 
tion of the relaxed Master Problem LPM coincides with the optimal 
solution of the Master Problem. Finally, the column tMH gives for 
each instance the runtime (in seconds) of the matheuri stic.

Exact solutions are only reported whenever the optimal solu- 
tion was found within 2 hours. Similarly, lower bounds obtained 
via the column generation approach are reported whenever the 
Master Problem could be solved to optimality within 2 hours. For 
the largest instances, hardware limitations such as lack of suffi-
cient memory prevented running the column generation procedure 
to completion. Finally, two gaps are reported. The first gap (column
DLB) denotes the percentage difference between the lower bound 
LB and the optimal solution of the MIP formulat ion. The second 
gap (column DMH) shows the differenc e between the result of the 
matheuri stic and the exact solution. In case the exact solution is
unavailabl e, the lower bound LB is used instead. In this case, the 
gap is due to either the differenc e between the solution of the 
matheuri stic and the optimal solution, between the lower bound 
and the optimal solution, or both.

When comparing the results of the GRASP + VND matheuristic 
with the exact solutions (instances 1–42, 44), one can observe that 
for all except two instances the optimal solution has been found.
Continuing this comparison for the matheuristic and the instances 
which could not be solved by the exact approach, it can be ob- 
served that the average gap between the lower bounds and the 
matheuri stic results is 1.4%. Conseque ntly, we conclude that the 
heuristic finds most known optimal solutions and finds solutions 
within a few percent of the lower bound in those cases where 
the optimal solution could not be found. In addition, it follows 
from the results in Table 5 that the bounds resulting from solving 
the school bus routing problem by column generation are quite 
close to the integer optimum. This latter finding should be



Table 5
Computational results.

ID stop stud cap wd MH MIP LB DLB DMH tMH

1 5 25 25 5 141.01 141.01 141.01(i) 0 0 0.16 
2 5 25 50 5 161.62 161.62 161.62(i) 0 0 0.26 
3 5 25 25 10 182.14 182.14 182.14(i) 0 0 0.39 
4 5 25 50 10 195.80 195.8 195.8(i) 0 0 0.29 
5 5 25 25 20 111.65 111.65 111.65(i) 0 0 0.49 
6 5 25 50 20 103.18 103.18 103.18(i) 0 0 0.52 
7 5 25 25 40 7.63 7.63 7.63(i) 0 0 0.29 
8 5 25 50 40 25.64 25.64 25.64(i) 0 0 0.25 
9 5 50 25 5 286.68 286.68 281.49 1.84 0 0.39 

10 5 50 50 5 197.20 197.2 197.2(i) 0 0 0.35 
11 5 50 25 10 193.55 193.55 181.02 6.92 0 0.43 
12 5 50 50 10 215.86 215.86 215.86(i) 0 0 0.74 
13 5 50 25 20 130.53 130.53 130.53(i) 0 0 1.68 
14 5 50 50 20 96.26 96.26 96.26(i) 0 0 1.69 
15 5 50 25 40 12.89 12.89 12.89(i) 0 0 1.38 
16 5 50 50 40 30.24 30.24 30.24(i) 0 0 1.17 
17 5 100 25 5 360.35 360.35 360.35(i) 0 0 1.15 
18 5 100 50 5 304.23 304.23 290.67 4.67 0 0.9 
19 5 100 25 10 294.21 294.21 255.93 14.96 0 2.08 
20 5 100 50 10 229.41 229.41 229.41(i) 0 0 1.67 
21 5 100 25 20 134.95 134.95 134.95 0 0 2.89 
22 5 100 50 20 144.41 144.41 139.87 3.25 0 1.34 
23 5 100 25 40 58.95 58.95 58.95 0 0 4.24 
24 5 100 50 40 39.44 39.44 39.44 0 0 2.89 
25 10 50 25 5 242.85 242.85 242.85(i) 0 0 1.55 
26 10 50 50 5 282.12 282.12 282.12(i) 0 0 1.32 
27 10 50 25 10 244.54 244.54 244.54(i) 0 0 2.45 
28 10 50 50 10 288.33 288.33 288.33(i) 0 0 1.6 
29 10 50 25 20 108.98 108.98 108.95 0.03 0 2.86 
30 10 50 50 20 157.48 157.48 157.48(i) 0 0 2.28 
31 10 50 25 40 32.25 32.25 32.25 0 0 2.84 
32 10 50 50 40 36.66 36.66 36.66(i) 0 0 2.76 
33 10 100 25 5 403.18 403.18 400.54 0.66 0 0.90 
34 10 100 50 5 296.53 296.53 294.11 0.82 0 0.54 
35 10 100 25 10 388.87 388.87 369.62 5.21 0 3.82 
36 10 100 50 10 294.80 294.8 294.8(i) 0 0 4.18 
37 10 100 25 20 178.28 178.28 178.28 0 0 5.58 
38 10 100 50 20 175.96 175.96 175.41 0.31 0 7.98 
39 10 100 25 40 57.50 57.5 57.5 0 0 7.38 
40 10 100 50 40 31.89 31.89 31.89 0 0 5.9 
41 10 200 25 5 735.27 735.27 735.27(i) 0 0 8.49 
42 10 200 50 5 512.16 506.06 506.06(i) 0 1.21 4.45 
43 10 200 25 10 513.00 463.78 10.61 27.17 
44 10 200 50 10 475.21 475.21 458.17 3.72 0 12.09 
45 10 200 25 20 347.29 331.49 4.77 25.61 
46 10 200 50 20 217.46 194.66 11.71 20.58 
47 10 200 25 40 102.93 102.93 0 33.35 
48 10 200 50 40 55.05 55.05 0 13.05 
49 20 100 25 5 520.24 507.81(i) 2.45 8.85 
50 20 100 50 5 420.64 406.65(i) 3.44 3.40 
51 20 100 25 10 422.21 404.78 4.31 7.84 
52 20 100 50 10 360.86 356.52 1.22 3.88 
53 20 100 25 20 245.17 245.17 0 10.32 
54 20 100 50 20 185.06 181.3 2.07 5.60 
55 20 100 25 40 52.52 52.52 0 10.40 
56 20 100 50 40 19.05 19.05 0 23.73 
57 20 200 25 5 903.84 851.98 6.09 10.60 
58 20 200 50 5 485.65 473.89 2.48 29.27 
59 20 200 25 10 616.93 589.89 4.58 28.85 
60 20 200 50 10 462.31 451.09 2.49 18.48 
61 20 200 25 20 373.21 366.1 1.94 50.39 
62 20 200 50 20 250.75 246.49 1.73 26.94 
63 20 200 25 40 93.01 93.01 0 67.73 
64 20 200 50 40 45.40 45.4 0 33.50 
65 20 400 25 5 1323.35 1247.65 6.07 234.66 
66 20 400 50 5 733.54 709.87 3.33 37.64 
67 20 400 25 10 975.12 911.06 7.03 139.12 
68 20 400 50 10 614.67 599.16 2.59 73.23 
69 20 400 25 20 763.76 756.04 1.02 132.47 
70 20 400 50 20 298.47 298.05 0.14 90.54 
71 20 400 25 40 239.58 239.58 0 307.2 
72 20 400 50 40 84.49 84.49 0 127.08 
73 40 200 25 5 831.94 787.14 5.69 60.10 
74 40 200 50 5 593.35 40.00 
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Table 5 (continued)

ID stop stud cap wd MH MIP LB DLB DMH tMH

75 40 200 25 10 728.44 696.04 4.65 709.28 
76 40 200 50 10 481.05 91.71 
77 40 200 25 20 339.75 328.19 3.52 153.04 
78 40 200 50 20 273.88 273.05 0.3 53.84 
79 40 200 25 40 76.77 76.77 0 132.52 
80 40 200 50 40 58.46 58.46 0 77.92 
81 40 400 25 5 1407.05 1307.52 7.61 353.09 
82 40 400 50 5 858.80 585.98 
83 40 400 25 10 891.02 869.38 2.49 496.35 
84 40 400 50 10 757.42 413.29 
85 40 400 25 20 586.29 575.66 1.85 739.56 
86 40 400 50 20 395.95 242.91 
87 40 400 25 40 195.33 195.33 0 1186.56 
88 40 400 50 40 70.77 70.77 0 549.07 
89 40 800 25 5 2900.14 2801.05 3.54 3529.15 
90 40 800 50 5 1345.70 1280.51 5.09 1257.96 
91 40 800 25 10 2200.57 2153.76 2.17 3495.62 
92 40 800 50 10 1025.16 978.88 4.73 3600.03 
93 40 800 25 20 1404.16 1404.16 0 3600.18 
94 40 800 50 20 616.58 613.72 0.47 3600.12 
95 40 800 25 40 396.92 3600.81 
96 40 800 50 40 200.94 3074.14 
97 80 400 25 5 1546.23 958.12 
98 80 400 50 5 1048.56 471.89 
99 80 400 25 10 1216.74 1833.44 

100 80 400 50 10 760.61 576.26 
101 80 400 25 20 565.49 1224.64 
102 80 400 50 20 372.05 878.86 
103 80 400 25 40 131.75 1116.28 
104 80 400 50 40 95.84 3600.05 
105 80 800 25 5 2527.96 3433.78 
106 80 800 50 5 1530.58 3600.03 
107 80 800 25 10 1809.90 3600.05 
108 80 800 50 10 1187.51 3600.04 
109 80 800 25 20 1110.44 3600.10 
110 80 800 50 20 623.03 3600.62 
111 80 800 25 40 311.41 3600.21 
112 80 800 50 40 126.06 3600.05 
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contrasted with the bounds obtained via the LP relaxation of the 
original problem (Section 3) as reported in Schittekat (2010): not 
surprisingly, these bounds are much weaker.

5.5. Algorithm analysis 

5.5.1. Determina nts of CPU time 
A multi-way ANOVA model was constructed in order to deter- 

mine which problem characterist ics (number of stops, number of
students, capacity of the bus, maximum walking distance) have a
strong influence on the CPU time of the algorithm. The final model 
data is summarized in Tables 3 and 4. The R2 statistic of the model,
i.e. the proportion of variation around the mean solution quality 
that can be explained by the model, is a good measure of the accu- 
racy of the model. In this case, the model explains approximat ely 
95% of total variation around the mean. Variables with a significant
effect are the number of stops, the number of students and the 
capacity of the buses. The effect on the CPU time of the maximum 
walking distance is not significant.

5.5.2. The importance of integrated decision-m aking 
As mentioned, the matheuristic developed in this paper is an

integrated method, in which all decisions are taken simultaneou sly.
To quantify the advantages of such an approach a sequentia l meth-
od was developed in which the assignment and routing decisions 
are taken in two distinct steps executed in sequence.

In the first step, students are assigned to stops. The aim of the 
heuristic assignment procedure is to minimize the number of stops 
used. The procedure starts creating a list of all students , sorted in
increasing order of the number of allowabl e stops (i.e., stops they 
are allowed to walk to). It then proceeds by iterating the following 
two steps until all students have been assigned. First, students that 
have only one allowable stop are selected and assigned to this stop.
Secondly , the stop with the largest number of allowable students is
selected and as many students are assigned to this stop as possible.
Students are assigned in increasing order of the number of stops 
that they can go to. Finally, the list of unassigned students is up- 
dated to reflect the new situation .

When students have been assigned to stops, the remaining 
stops are closed and the resulting vehicle routing problem is solved 
using the same GRASP + VND procedure as the one used in the 
integrated method, except that a student is only allowed to go to
the stop to which (s)he has been assigned to in the first phase. Sim- 
ilar to the integrated method, the sequential method was also gi- 
ven a maximum of 1 hour of CPU time.

Results show that the sequential method performs, on average,
23% worse than the integrated method. A paired t-test shows that 
this result is highly significant (p-value of <0.001).

The average difference between the results produced by both 
methods increases from 1.4% to 63.4% when the maximum walking 
distance is increased from 5 to 40. Even though the difference re- 
mains significant even for a maximum walking distance of 5, this 
result shows that the benefits of using an integrated method in- 
crease when the flexibility in one of the decisions (in this case,
the assignment decision) is larger.

5.5.3. Neighborhood analysis 
In this section, 4 extra test are runs over the 112 instances to

examine the contributi on of each neighborho od to the final solu- 
tion quality. In each of the test runs, one neighborho od is removed,
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keeping the order of the remaining neighborho ods the same. In this 
case, all 25 solutions are considered regardless of whether or not 
the CPU time is more than 1 hour. The corresponding paired t-tests
examine the hypothesis that the solution obtained using the algo- 
rithm without the respective neighborho od is larger (worse) than 
the solution obtained when all neighborhoods are included.

When the remove, replace, and remove–insert within a route 
neighborho ods are removed , the average solution becomes 19.7%,
5% and 0.6% worse respectivel y. All these differences are highly sta- 
tistically significant (with p-values of .0013 or smaller).

6. Conclusions and future research 

The school bus routing problem consists of a student to stop 
assignment problem and a routing problem. A GRASP + VND math- 
euristic has been proposed that solves both problems in an itera- 
tive fashion, thereby improving the solution at each consecutive 
iteration. To assess the quality of the GRASP + VND matheuristic,
an exact MIP model has been developed, as well as a column gen- 
eration approach which computes tight lower bounds on the opti- 
mal solution. Experiments conducted on 112 instances show that 
the proposed GRASP + VND matheuristic finds most known opti- 
mal solutions much faster than the exact procedure and can handle 
instances that are much larger: the matheuristic can produce very 
good solutions within 1 hour for realistic instances of 80 stops and 
800 students. Future research efforts are now aimed in three direc- 
tions. First, ways are being investigated to exploit the problem 
structure of the school bus routing problem even more, e.g. to find
out whether partial re-optimiza tions of the student allocation 
problem after certain moves are possible and to use student alloca- 
tion problem information in specifically adapted neighborho ods. It
may also be interesting to test the algorithm against various real- 
istic student distribution patterns (rural, urban, etc.). Secondly,
additional features may be added to the formulat ion to increase 
its realism. Such features include multiple buses visiting a single 
stop, time window constrain ts, multiple schools, and buses that 
do not start at the school. Thirdly, even stronger formulation s
and better exact procedures should lead to more optimal solutions 
and stronger bounds.

Appendix A. Detailed computation al results 

See Table 5.
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