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Solving a bi-criterion cutting stock problem with 
open-ended demand: a case study 
AWJ Kolen and FCR Spieksma* 
Maastricht University, The Netherlands 

We consider a real-life cutting stock problem with two types of orders. All orders have to be cut from a given number of 
raws (also known as stock unit, master reel or jumbo). For each order the width of the final (also known as reels or units) 
and the number of finals is given. An order is called an exact order when the given number of finals must be produced 
exactly. An order is called an open order when at least the given number of finals must be produced. There is a given 
maximum on the number of finals that can be produced from a single raw which is determined by the number of knives 
on the machine. A pattem specifies the number of finals of a given width that will be produced from one raw. A solution 
consists of specifying a pattern for each raw such that in total the number of finals of exact orders is produced exactly and 
at least the number of finals of open orders is produced. There are two criteria defined for a solution. One criterion is the 
cutting loss: the total width of the raws minus the total width of the produced finals. The second criterion is the number of 
different pattems used in the solution. We describe a branch-and-bound algorithm that produces all Pareto-optimal 
solutions. 

Keywords: cutting stock problem; multi-objective; practice of OR 

Introduction 

Consider the following setting that is encountered in a plant 
of a medium sized producer of abrasives. Abrasives (like 
other material as paper or textiles) are manufactured in rolls 
of large width. These rolls, referred to as raws (also known 
as stock unit, master reel or jumbo) are cut into rolls of 
smaller width, referred to asfinals (also known as reels or 
units). This is carried out by a cutting machine that is 
equipped with a number of knives. In the plant that we 
consider up to 200 types of abrasives are produced in each 
week. For each type of abrasives, a set of orders is given that 
should be produced in the upcoming week. An order 
consists of two numbers: a width of a final, and a number 
of finals (also referred to as demand). In addition, for each 
type of abrasives a set of widths is prespecified that are 
popular in demand. Producing too many finals of one of 
these widths causes no concern since these finals will 
eventually be sold at a later time. However, if a width 
does not belong to this set, then it is required that exactly 
the number of finals as given in the order must be produced. 
Therefore, in this manner, the plant distinguishes between 
so-called open orders and exact orders. 

Obviously, in order to satisfy demand for a type of 
abrasives, raws of the appropriate type have to be cut 

*Corre,spondence: Dr FCR Spiek-sma, Department of Mathematics, Maas- 
tricht Universiti; PO Box 616 NL-6200 MD Maastricht, The Netherlands. 
E-mail: spieksma Cmath.unimaas.nl 

into finals in a feasible way. Cutfing a raw into finals is 
done according to a pattern, that is, a pattern specifies the 
number of finals of a given width that will be produced from 
one raw. A solution consists of specifying a pattern for each 
raw of the appropriate type such that in total exactly the 
number of finals of exact orders and at least the number of 
finals of open orders is produced. What determines the 
quality of such a solution? After some discussions with 
the management of the plant, it became clear that two 
criteria are relevant. 

Firstly, as expected, minimising cutting loss is an impor- 
tant issue. This is especially true for the plant under 
consideration, since about 40% of the plant's turnover 
comes from material that is cut by cutting machines as 
described above. Therefore, minimising cutting loss simply 
minimises costs. 

Secondly, minimising the number of different patterns is 
an important issue as well. The relevance of this objective 
stems from the fact that between any two consecutive raws 
that are cut according to different patterns, the machine 
undergoes a setup. More in particular, the knives of the 
machine have to be reset according to the new pattern. This 
task is performed manually, and takes a varying amount of 
time, up to three quarters of an hour. (In fact, this amount of 
time depends on how much two patterns differ. Of course, 
one could then conceive of a more sophisticated objective 
that takes into account a weight for a pair of patterns. For 
reasons of simplicity we did not follow such an approach). 
Therefore, minimising the number of different patterns 
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leads to gains in time needed to produce the orders, and to a 
more stable production process. 

Prior to our involvement, an experienced planner 
constructed manually a proposal how to cut raws into 
finals. This situation was considered unsatisfactory for a 
number of reasons: 

* The dependence of the plant on the experience of a single 
planner. Of course, relying upon implicit knowledge of a 
single person is a situation that, if possible, one would 
want to avoid. 

* Only a single solution of unknown quality was 
constructed. Whether improvements over the manually 
constructed solutions were possible, or whether alterna- 
tive solutions of comparable quality were present, was not 
known. 

* Some of the solutions constructed by the planner were 
infeasible. To explain this, consider the following: for 
reasons of quality, it is stipulated that 10mm from the 
left side as well as 10mm from the right side of each 
raw must be cut and considered as waste. So, for ex- 
ample from a raw with width 1400 mm, only 1380mm 
could be used for producing finals. Some manually 
constructed solutions used parts of these 10 mm. 
Evidently, this was considered as something that should 
be avoided. 

These reasons motivated our involvement. This paper 
describes our approach to the problem described above. A 
key feature in our approach is the decision not to combine 
both criteria into a single objective function but instead to 
solve a bi-criterion problem. This decision was also moti- 
vated by observing that management of the plant expressed 
the need for a set of high quality solutions (see above), one 
of which could be chosen for implementation depending 
upon the circumstances. The set of solutions that we 
generate is in fact the set of Pareto-optimal solutions. 
Another important aspect of our approach is that we treat 
the number of raws (for a type of abrasives) as a given 
parameter (unlike the classical cutting stock problem). Due 
to the type of instances that arise in our setting this seems a 
justified approach. We solve the bi-criterion problem by a 
branch-and-bound algorithm that outputs a set of feasible 
solutions. This set of solutions has the property that no other 
feasible solution can have a better value for any one of the 
two criteria than some solution in the set. The algorithm has 
been adopted by the plant and works in satisfactory manner: 
the production plan for a next week is constructed by 
solving an instance for each type of abrasives. This gives, 
for each type, a set of high quality solutions, one of which 
is chosen by the planner for implementation. When we 
compared our approach on historic data it turned out that 
in a significant number of cases, the solution constructed by 
the planner was not among the set of solutions the algorithm 
generated. This implies that in such a case we could provide 
a strictly better solution. 

The paper is organised as follows. In following section 
we mention related literature, give a precise problem 
description, and perform a computational experiment. The 
next section describes the branch-and-bound algorithm, and 
in the following section we report practical experience with 
the algorithm. Finally, we state the conclusions. 

Literature, problem description and an experiment 

In this section we first discuss the differences with the 
classical cutting stock problem and mention related litera- 
ture, then we give a precise problem description and finally 
we report on a computational experiment. 

Related literature 

The one-dimensional cutting stock problem is a classical 
problem in Operations Research. In its pure form it can be 
described as follows. Given a set of orders, each order 
described by a width and a number of finals requested 
exactly, how to cut all finals from raws with a given width 
using a minimum number of raws? 

The problem is already discussed in Kantorovich,' and 
Gilmore and Gomory2'3 described their famous column 
generation procedure in two celebrated papers. Recent 
approaches can be found in Degraeve and Peeters.4 A 
classification of literature devoted to cutting and packing 
problems can be found in the book of Dyckhoff and Finke.s 

From the discussion described in the introduction, one 
can deduce a number of characteristics that determine the 
precise cutting stock problem we deal with in this paper. 

* We have to deal with a limited number of finals that can 
be cut from single raw. This is caused by the fact that 
there is a limited number of cutting knives available. In 
fact, this is a standard requirement: it is already dis- 
cussed in Gilmore and Gomory3 (see also Chapter 13 in 
Chvdtal6). 

* There are two types of orders. In some cutting stock 
problems it is customary to allow a percentage of devia- 
tion from the required amount, that is, for each order one 
is allowed to produce any amount between, say 90% and 
110% of the required amount.7 In our case we have a very 
different type of lower and upper bounds, and our algo- 
rithm will make use of this property. 

* In our case the number of raws is given. As discussed in 
the previous section, this is an important aspect. It 
changes the problem from a bin packing/cutting stock 
type of problem to a problem that can be formulated as a 
so-called generalised assignment type of problem (GAP). 

* We have to deal with an objective consisting of two 
criteria: minimizing total cutting loss and minimizing 
the number of different patterns. This objective received 
some attention in literature, see Chu and Antonio8 and 
Diegel et al.9 However, one often takes this into account 
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by summing both criteria using appropriate weight 
factors.10 As explained before, we will not follow this 
approach but instead will enumerate a set of high quality 
solutions. In this way, the decision maker is not forced to 
decide explicitly beforehand how to weigh each criterium, 
but is instead allowed to choose in any way he sees fit 
between a number of altematives. 

The input 

An instance of the problem that occurs for each type of 
abrasives is specified using the following parameters: 

* n is the number of orders, so let us define 
N=-l,2. n}^ 

* S c N is the set of exact orders, 
* R C N is the set of open orders (with R US= 

N R n S = 0), 
* W is the width of a raw, 
* C is the maximum number of finals that can be cut from a 

raw, 
* K is the number of available raws, 

for i = 1, 2, ..., n: 
* wi is the width of a final of order i, 
* di is the number of finals in order i (demand). 

As explained before a pattern specifies how a raw is cut, 
that is, it specifies the number of finals of the given widths 
that will be produced from a raw. To describe a solution we 
must specify a pattern for each of the K raws in the instance. 
Thefrequency of a pattern is the number of raws that are cut 
according to that pattern. 

We are interested in finding each feasible solution that is 
not dominated by another feasible solution with respect to 

Table 1 Width and demand of the orders 

Order 1 2 3 4 5 

Width w 305 200 115 110 95 
Demand d 15 135 470 25 40 

the both criteria: minimising total cutting loss, and mini- 
mising the number of different patterns. Let us here more 
formally express this notion, where g1 (a) denotes the 
cutting loss of solution a and g2(a) denotes the number 
of different patterns in a. 

Definition 1 A feasible solution a is called Pareto-opti- 
mal if there is no feasible solution 7t such g1 (i) < g1 (a), and 
g2(n) < g2(a), where at least one of the inequalities is strict. 

Thus, we will describe an algonrthm that finds all Pareto- 
optimal solutions. 

To illustrate all this, consider as an example the follow- 
ing input (which reflects an instance we encountered in 
practice). 

Example 1 We have n=5, S={1,2, 4}, R={3,5}, 
W = 1380, C = 36, and K = 67; widths and demands of 
the orders are given in Table 1. Now we have completely 
specified an instance. 

A feasible solution to this instance is described in Table 
2. The column 'Loss' gives the cutting loss with respect to 
each pattem, and the colunm 'Freq.' gives the correspond- 
ing frequencies. The cutting loss associated with this 
solution equals 170, and the solution uses four different 
patterns. 

Table 2 A solution 

No. offinals No. offinals No. offinals No. offinals No. offinals 
order 1 order 2 order 3 order 4 order 5 Loss Freq. 

Pattern I 0 0 3 5 5 10 2 
Pattern 2 1 1 5 1 2 0 15 
Pattem 3 0 0 12 0 0 0 20 
Pattem 4 0 4 5 0 0 5 30 

Total 15 135 471 25 40 170 67 

Table 3 Another solution 

No. offinals No. offinals No. offinals No. offinals No. offinals 
order I order 2 order 3 order 4 order 5 Loss Freq. 

Pattemi 0 5 0 0 4 0 4 
Pattem 2 3 0 4 0 0 5 5 
Pattern 3 0 4 5 0 0 5 10 
Pattern 4 0 0 12 0 0 0 23 
Pattern 5 0 3 5 1 1 0 25 

Total 15 135 471 25 41 75 67 
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Table 3 contains another solution; it has a cutting loss of 
75, and uses five different patterns. 

In fact, any feasible solution to the instance of Example 1 
is dominated by at least one of the solutions given; in other 
words, these solutions are all Pareto-optimal solutions. 

An experiment 

A very straightforward approach to the problem described 
above would be the following: write down an integer linear 
programming (ILP) formulation, and next try to solve it 
using a standard IP solver. In fact, that is what we did in 
some preliminary experiments, with the modification that 
we only considered cutting loss as an objective function. 
Using integer decision variables tij = the number of finals 
of order i in rawj, a straightforward model looks as follows: 

Kn 

(ILP) min 
W 

_W- ii 
j=l = 

subject to 

K 

E tLj-=d fori S; (1) 

K 

E t i d1 forieR; (2) 
i= 

n 

>jwitiAW for]=l,... K; (3) 
i=lI 

Et C forj= . K; (4) 

ti integer for iEN, j = 1, ...,K. (5) 

Using this model to solve instances of the problem can 
be very time-consuming: consider the-not atypical- 
instance described in Example 1. Cplex (version 6.5), 
using default settings was stopped after 1 hour of comput- 
ing time on a Pentium without having found a feasible 
solution. The size of the search tree had grown to more than 
400 Mb. And notice that this approach completely neglects 
the second criterion. Of course, this experiment does not 
imply that finding a feasible solution to our problem is a 
time-consuming task, however, it lends credibility to the 
claim that linear programming based approaches may not 
be among the most suited approaches to solve instances of 
this bi-criterion problem. This experiment motivated us to 
develop another approach. 

The algorithm 

This section develops a branch-and-bound algorithm for the 
problem described in the previous section which outputs all 
Pareto-optimal solutions. Let us first introduce some addi- 
tional notation that we need to describe a solution. 

* m denotes the number of different patterns, and let 
M_ {1,2,...mn, 

* f is the frequency of pattem j for j = 1, 2, . . ., m, 
* X = (xji) is the number of finals of order i occurrmng in 

patternj, i= 1,2,...,n,j= 1,2, ..,m. 

Now a solution is given by an integer m, a positive 
integer m-vector f = (f ,f2,...,fjm), and a nonnegative 
integer m x n-matrix X = (xj). A solution (f , X) is feasible 
if and only if it satisfies the following constraints 

in 

Efj; = K; (6) 
j=1 

ni 

Efxii =di for i cS; (7) 
j= I 

Ej fxjxi di for i E R; (8) 
j=1 

n 

EwXjy W for j E M; (9) 

n 

E XIj <C for j e M. (10) 

Constraint (6) specifies that exactly K raws are used. 
Constraints (7) and (8) are the demand constraints that 
specify that for an exact order precisely its demand and 
for an open order at least its demand must be produced. 
Constraints (9) are the width constraints that specify that the 
total width of the finals produced from one raw must not 
exceed the width of the raw. Constraints (10) are the 
cardinality constraints that specify that the total number 
of finals produced from one raw must not exceed the given 
upper bound. 

We follow the following solution approach (Figure 1). 
Firstly, we compute a lower bound for the minimum total 
cutting loss that is valid for any number of different 
patterns. Then, starting with m = 1, we do the following. 
We generate all possible frequency vectors f, that is, 
all elements of the set F =-- (flf2.. f,)10 < 

f -f2 < *** f LLEJI = K}. (Indeed, notice that 

The Algorithm: 

Step 1: Compute a lower bound on the minimum total cutting loss, say lb. 

Step 2: m:= 1, ub o=. 

Step 3: while m < K and ub > lb do 
begin 

compute F; 
for each f E F do compute mincutlossf (by branch-and-bound)); 
mincutloss[m]:=minfEF minCUtlOSSf; 
if mincutloss[m] < ub then 
begin 

output this solution; 
ub:=mincutloss[m3; 

end; 
m := m + 1; 

end. 

Figure 1 The algorithm. 
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without loss of generality we can assume that 
fi Sf2 < fm). Then, we find for each of these 
frequency vectors f a feasible solution (f, X) of minimum 
total cutting loss (denoted by 'mincutlossf' in Figure 1). 
This yields a solution with minimum total cutting loss for a 
specific value of m (denoted by 'mincutloss[m]' in Figure 1). 
If this minimum total cutting loss is less than the best known 
minimum cutting loss (ub in Figure 1), it is a Pareto-optimal 
solution and outputted by the algorithm. Otherwise, m is 
raised to m + 1 and the algorithm continues. It should be 
clear that this approach yields all Pareto-optimal solutions. 

Therefore, the algorithm consists of three basic ingre- 
dients: firstly, it computes a lower bound, secondly it 
computes-by simple enumeration-all frequency vectors 
(the elements of the set F), and finally, for each element of 
the set F, a branch-and-bound approach is applied to find the 
minimum cutting loss associated to this frequency vector. 
Notice that, in the above, a frequency vector is computed 
and used as input for the branch-and-bound part. Therefore, 
in the following we demonstrate how to compute a solution 
with minimum total cutting loss for model (6)-(10) given a 
vectorf More explicitly, the model we solve is given by the 
following constraints: 

>Jxji =d, for i S; () 
j=1 

m 

ZxjfXj di for i E R; (12) 
=l 

11 Ewixji -W forj EM; (13) 

>xi ,c forjeM. (14) 

Summarising, we determine for each number of patterns 
what the minimum cutting loss is, and whether this corre- 
sponds to a Pareto-optimal solution. This process continues 
until either m = K or a solution is found with a cutting loss 
that is minimum for any number of patterns. All Pareto- 
optimal solutions are presented to the user. The remainder 
of this section explains in detail how the branching and the 
bounding of the algorithm work. Finally we illustrate the 
algorithm on a small example which features all the 
essentials. 

The branching 

The root node corresponds to all nonnegative integer 
solutions X satisfying the constraints (1 1}-14). 

A node of the branch and bound tree not corresponding 
to the root node is defined by a subset S* C S, a subset 

R* C R, and vectors (x*i, 4,..., 4*), i E S* U R* satisfy- 
ing the following four constraints: 

m 

E fxxv=di fori E S*; (15) 
j=lI 

m 

E Lfxj*, di for i E R*; (16) 
j=l 

iE wixJ %W forj E M; (17) 
iES* UD* 

E xjl<C forj EM. (18) 
iES*UD* 

The node represents all nonnegative integer solutions X 
that satisfy the constraints (11)-(14) given above, and the 
constraints given below 

xii=xvi forjEM,ieS*; (19) 

xi i x li forj E M, i E R*. (20) 

to branch we select an order i E S \ S* or an order 
i E R \ R*. 

Let us first discuss the branching when an order 
i E S \ S* is selected. In that case we generate the set Fi 
of all solutions (x*i, xA,..., x*) that satisfy constraint (1 1) 
and we add a branch for each solution for which constraints 
(17) and (18) are satisfied whenever i is added to S*. The 
subsets of feasible solutions corresponding to the generated 
nodes form a partition of the set of feasible solutions 
corresponding to the node for which the branching was 
defined. 

Let us now discuss the case that an order i E R \ R* is 
selected. In that case we enumerate all solutions 
(xi, x2i> ... xi>M) that satisfy constraint (12) and are mini- 
mal, that is, it is not possible to reduce one of the positive 
xj*j without violating constraint (12). A solution is minimal 
if and only if it satisfies constraint (16) and the following 
constraint: 

m 

E fxJi < di + min{t fIxJ > 01. (21) 
j=lI 

We call constraint (21) the minimalitjy constraint. We add 
a branch for each solution for which constraints (17) and 
(18) are satisfied whenever i is added to R*. The union of the 
subsets of feasible solutions corresponding to the generated 
nodes is equal to the set of feasible solutions corresponding 
to the node for which the branching was defined. To see this 
assume we have a solution X that satisfies ( 1)- (14) and 
(19)-(20). If it also satisfies the minimality constraint (21), 
then it is one of the solutions generated and is an element of 
the subset corresponding to the node generated for this 
solution. If it does not satisfy (21), then if j* is such that 

fi* = mint f Ixii > 0), then we can reduce xj*i by one without 
violating constraint (12). Repeating this process we can 
construct a solution (x*i, xi, . . ., x* ) that satisfies (16) 
and (21) and for which xli < x.,j = 1, ... . m. 

The question remains how to generate the set Fi of all 
solutions, for an open order i with width di > 0, that 
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satisfies constraints (16) and (21). If we realize that 
fi <f2 < <fm then Fi is partitioned into the subsets 
Fik, k = 1, ..., m, where Fik = {(x*i, x*j, x* 4. )lx*i = 0, 
j=1,...,k-1,4h>k,i , =kfxj*iEdidi?+1... 
fk-1 }I. We generate Fi for an open order i by enumerating 
the solutions in each subset Fik, k = 1, ..., m. 

We use a fixed branching order of the orders. For each 
order i we generate the corresponding set Fi of all feasible 
branches with respect to the root node. The orders are 
selected for branching in nondecreasing order of the 
cardinality of this set of feasible branches. We use a 
depth first search strategy in which the nodes with a 
common predecessor are visited in nondecreasing order 
of their lower bound. 

The bounding 

In a node of the branch and bound tree as defined in the 
previous section we solve the following optimisation 
problem. 

m n X 

min fi W- ?wixji) (22) 

subject to 

m 

fjxji =di for i c S*; (23) 
j=1 
m 

Ijxji > di for i E R*; (24) 
f=r 

m 

E fxjI >O for i E (S \ S*) U (R \R*); (25) 
J=1 

n 

Ew1x ji - W forj E M; (26) 
i=l 

n 

Exi i< C for]j M; (27) 

xi =xj*i forj E M, i E S*; (28) 

xi i x *i forj EM,i ER*; (29) 

xji >0 and integer forj E M, i = 1. n. (30) 

This is a relaxation of the optimisation problem we have 
to solve in the corresponding node because we have relaxed 
the constraints (11) for i E S \ S*, and the constraints (12) 
for i E R \R* by replacing them by the constraints 

I-J"=Ijxji 0. 
Constraints (23) are redundant because constraints (15) 

hold and together with constraints (28) they imply (23). 
Constraints (24) are redundant because constraints (16) 
hold and together with constraints (29) they imply (24). 
Constraints (28) are redundant because they are implied by 
the nonnegativity constraints (30). 

If we define the variables yji = Xji,j E M, i E (S \ S*) U 
(R \ R*) and yji= Xji- Xji,j E M, i E R*, then the minimi- 

sation problem is equivalent to the following maximisation 
problem. 

n / 
maxL E T wiyji 

j=1 ie(S\S*)UR 

subject to 

E wiyji W- E Wi x forj E M; 
iE(S\S*)UR icS*UR* 

E vi y C- z xi* forj EM; 
iE(S\S*)UR icS* UR* 

yji ) O and integer forj E M,i E (S\S*)UR. 

Note that this maximisation problem decomposes into m 
independent optimisation problems, one for each pattern, of 
the following type. 

(P1) max E w y 
icN\S* 

subject to 

wiYi <y W* 
iEN\S* 

EYi C*; 
ieN\S* 

yi > O and integer for i E N \S*, 

where 0 < W* < W and 0 < C* < C. 
Since a problem of type (P1) has to be solved m times in 

each node of the branch and bound tree we will do some 
preprocessing which allows us to solve this optimisation 
problem by a simple table lookup. 

In order to define the preprocessing phase consider for a 
given value w, 0 < w < W, the following optimisation 
problem. 

(P2) min E y 
icN\S* 

subject to 

wiyi = W; 
icN\S* 

yi > O and integer for iEN \ S*. 

For each value of w, 0 < w < W, we store whether or 
not this problem is feasible, and if it is feasible we store its 
optimal value and optimal solution. 

In order to solve (P1) we look for the largest value 
w, w < W* for which problem (P2) has an optimal solution 
with an optimal value less than or equal to C*. The optimal 
value of (P1) is given by w and the optimal solution of (P1) 
is the optimal solution of (P2) for the given w. 

We solve problem (P2) for all possible values of 
w, 0 < w < W, and for all possible sets S* that can 
occur in our branch and bound algorithm by dynamic 
programming in the following way. 
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Let us assume without loss of generality that 
R={l,...,s} and S={s+l,...,n). We can also 
assume without loss of generality that the exact orders 
are indexed in the reverse order in which they are selected 
in the branching, that is, exact orders are selected in the 
branching in the order n, n-1, . . ., s + 1. 

Let us define the optimisation problem P(k, w), 
1 < k < n, O < w < W, by 

k 
P(k, w) min >y 

subject to 

k 

WYi = W; 

yi > 0 and integer for i =1,. , k. 

We define A[k][w] to be equal to -1 if problem P(k, w) is 
infeasible, and equal to the optimal value of P(k, w) if this 
problem is feasible. Then the following relation holds. 

A[l][w] J -1 if wmodw, 0O 
lw/wi if w mod w, =0, 

fork> 1 

-1 ifA[k- l][w-qwk] =-1 

A [k] [w] = for all q, 0?< q ?< W/Wk 
min{A[k - l][w 

- 
qwk] + 

qfq = 0. 
WIN) 

otherwise, 

where we use integer division. 
Since we are not only interested in the optimal value of 

problem P(k, w) but also in its optimal solution we store for 
each value of A[k][w] which is nonnegative its optimal 
solution as a k-vector. If A[k][w] is nonnegative and equal to 
A[k - l][w - qWk] + q for some value of q, 0 < q < W/Wk, 
then an optimal solution of P(k, w) is the k-vector for which 
the first k - 1 components are equal to the optimal solution 
of P(k - 1, w - qwk) and the kth component is equal to q. 

An optimal solution of (P2) for a given value of w exists 
if and only if A[s][w] 0 -1 and in that case the optimal 
solution of (P2) is equal to the optimal solution of problem 
P(s, w). 

We use A and the solutions that correspond to each 
nonnegative cell of A to solve problem (P2) for a given 
set S* as follows. If S* is empty, then the optimal value of 
(P2) for a given value of w is given by A[n][w]. If S* is not 
empty, then by definition SF = {k + 1, . . . ,n} for some 
k,s o k ? n -1. Hence NA\S* = {l,...,k} and therefore 
the optimal solution of problem (P2) for a given value of w 
is given by A[k][w]. 

Remark The dynamic program described here to solve 
problem (P2) is also used to compute a lower bound for the 
minimum total cutting loss for any number of patterns. 
Indeed, by computing the 'free width' denoted by 

Z := K - W - Z-1n diwi and solving (P2) for each value 
of w, 0 < w < Z, we find the largest value of w < Z, say w*, 
for which problem (P2) has a feasible solution. The lower 
bound is then equal to Z - w. 

An example 

Consider the following instance. We have n = 3, 
S={1},R={2,3),W=27,C=6, and K=6; widths 
and demands of the orders are given in Table 4. 

The algorithm starts by checking whether a solution 
using only a single pattern exists (the case m = 1). Since 
d, = 8 and hence not a multiple of K = 6, no solution 
with m = 1 exists. Set m = 2, and compute the set F of 
all possible pairs of frequencies, that is F = 
{(fi ,f2)I < fi < f2, fl + f2= 6} = {(1, 5), (2, 4), (3, 3)}. 
For each of these three frequency vectors, the algorithm 
computes a solution with minimum total cutting loss as 
follows. Start with frequency vector (1, 5). Let us compute 
Fl, the set of pairs that indicate how the 8 requested number 
of finals of order 1 are distributed over two patterns with 
multiplicities 1 and 5: 

F, = {(xI1,x12) 
E Z21x11 + 5xI2 = 8, 0 < X1,X12 < 2} 

Observe that the first constraint follows from the value of 
the frequency vector (constraint (11) for i = 1), while the 
upper bound constraints follow from the width constraint. 
Since F1 = 0, no feasible solution exists in case 
(fi, f2) = (1, 5). Let us proceed with the second element 
off, (2,4). We now have: 

F1 = {(xI1,x12) 
E Z212x11 +4X12 =8,0 <x11,xI2 X 2} 

= {(2, 1), (0, 2)}. 

In the same fashion: 

F2 = (x21,x22) E Z2j2x21 +4x22 > 5, 0 ? x21,x22 ?6, 
for x21 > 0:2(x21 -1) + 4x22 < 5, 
for x22 > 0: 2x21 + 4(x22 -1) < 51. 

Observe that the upper bound constraints follow from the 
width constraint. Since order 2 is an open order, the 
minimality constraints (21) have been added. By the 
process described earlier we conclude that 
F2 = {(3, 0), (1, 1), (0, 2)}. Similarly: 

F3 = (x31, x32) E Z212x31 + 4x32 > 8, 0 < x31 ,x32 < 5, 

for x31 > 0:2(x31 -1) +4x32 < 8, 

for x32 > 0: 2x31 + 4(x32 - 1) < 8} 

We conclude that F3 = {(4, 0), (2, 1), (0, 2)}. 

Table 4 An instance 

Order 1 2 3 

Width w 10 3 5 
Demand d 8 5 8 
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Table 5 Information to derive lower bounds 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 

{3} 1 2 3 4 5 
{2, 3} 1 1 2 2 3 2 3 4 3 4 3 4 5 4 5 4 5 6 5 6 5 6 7 
{1, 2, 3} 1 1 2 2 3 1 3 4 2 4 2 3 5 3 4 2 4 5 3 3 3 4 6 

The number of levels in the branch-and-bound tree 
equals the number of orders, being three here. The branch- 
ing sequence is determined by the cardinality of the sets Fi, 
in this case the branching sequence is 1, 2 and 3. 

In the tree we make extensive use of Table 5 to get lower 
bounds. We have already described how this table can be 
computed efficiently. 

To explain Table 5: if there is an entry in this table in 
row a and column b it means that with the set of finals in 
row a, an integer combination can be constructed with a 
total width of b. The value of the entry denotes the minimum 
number of finals needed to accomplish this width. In fact, in 
our algorithm we not only stored this number but also the 
corresponding solution. For instance, consider column 19 
and row {2, 3 }. The entry 5 indicates that one can precisely 
fill a (remaining) width of 19 using 5 finals of orders 2 
and 3. The corresponding solution, not shown in the table, is 
(0, 3, 2). 

Let us now sketch the branch-and-bound tree. At the first 
level there is a branch for each element of F1 (Figure 2). 

In each of the leaf nodes of Figure 2 we use Table 5 
to compute a lower bound on the minimum cutting loss 
in the following manner. Consider the left-branch in 
Figure 2. The remaining width of the first pattern 
is 27 - (2 x 10) = 7, and of the second pattern is 
27 - 10 = 17. Moreover, the remaining number of finals 
that can be cut in the first pattern is 4, and in the second 
pattern is 5. Row {2, 3} of Table 5 tells us that from a 
remaining width of 7 at most 6 can be used with 2 
additional finals, implying a lower bound of 1 for this 
pattem. Similarly, we deduce that a remaining width of 17 
can be filled completely using 5 additional finals. There- 
fore, for the second pattern we have a trivial lower bound of 
0. Concluding, we can associate a lower bound of (2, 4) - (1, 
0) =2 to the left branch. Doing similar computations for 
the right branch in Figure 2 gives a lower bound of (2, 
4) - (1, 1) =6. We proceed to expand the branch with a 
minimum lower bound. Therefore, the tree develops as 
follows. 

Computing the lower bounds corresponding to each of 
the three leaf nodes in the tree in Figure 3 yields the 

(2,1 0,2) 

Figure 2 Level I of the tree. 

(2,1) 

(3,0 ( 1 (0,2) 

Figure 3 A part of level 2 of the tree. 

following: for the left node we have a violation of the width 
constraint of pattem 1 (since (2 x 10) + (3 x 3) > 27), for 
the other two nodes we compute (since finals 2 and 3 are 
open orders we again use row {2, 3} of Table 5) lower 
bounds of 2 and 2 respectively. 

To further expand, we arbitrarily select the middle leaf 
node which yields the tree depicted in Figure 4. 

The left leaf node and the middle leaf node each 
correspond to infeasible solutions due to violation of the 
width constraint. For the right leaf node we compute, using 
Table 5, a lower bound of 6: indeed, the remaining width 
for pattern I is 4 which can be filled by up to 1 by (0, 1, 0) 
and the remaining width for pattern 2 is 4 as well, which 
also can be filled up to 1 by (0, 1, 0). Therefore the solution 
we arrive at consist of the pattems described in Table 6. 

Now we backtrack to deal with nodes that are still open. 
First we expand the right leaf node in Figure 3, giving us 
Figure 5. 

/(2,1) 

,1) 

(4,0 (1 0,2) 

Figure 4 A part of level 3 of the tree. 

Table 6 A solution 

No. offinals No. offinals No. offinals 
order I order 2 order 3 Freq. 

Pattern 1 2 2 0 2 
Pattem 2 1 2 2 4 
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(2,1) 

,2) 

(4,0) ( 2) 

Figure 5 Another part of level 3 of the tree. 

Again, the left leaf node and the middle leaf node each 
correspond to infeasible solutions due to violation of the 
width constraint, and the right leaf node gives a lower 
bound of 6. We conclude that no better solution can be 
found here. Similarly, we can fathom the right leaf node in 
Figure 2, thereby establishing that the solution described 
above has minimum cutting loss for m = 2. 

In a similar fashion one can deal with the cases m ) 3. In 
fact, it turns out that a cutting loss of 6 is minimal for any 
number of patterns. Therefore, the set of Pareto-optimal 
solutions is the single solution given in Table 6. 

Practical experience with the algorithm 

In this section we report some of the issues that are specific 
for the setting that motivated this study and that influence 
the performance of the algorithm. Instances that we 
encountered have the following characteristics. 

* Any width of a final is less than of the width of a raw. 
This property implies that a trivial lower bound on the 
number of raws needed almost always admits a feasible 
solution. More specifically, given a set of orders for some 
type of abrasives, one easily verifies that the following 
expression yields a lower bound for the number of raws 
needed to produce all orders: 

Ibraw = max ir(Ldiw, )/ W1, r(id1 C . 

(For instance, in Example 1 (see Table 1), 

fF92175]F-685]1 
Ibraw = maxj 1380 ' 36 67.) 

For all instances that we encountered in practice there was 
always a feasible solution using Ibraw raws. This property 
motivates our choice to treat the number of raws as given. 
In fact, in our implementation the initial value of K is set 
equal to ibraw. If no feasible solution exists for the given 
number of raws, then the number of raws is increased by 
one (this has never happened in practice). If a feasible 
solution exists for a given value of K, then the user of the 
program can also set the value of K equal to any value 
which is greater than the given initial value. 

* The number of raws required varies between 2 and 80 
(but most instances require less than 10 raws), and the 
number of different widths varies between 2 and 8 (but 
most instances have less than 5 different widths). This 
characteristic is of eminent importance for the running 
time of the algorithm. Almost all instances that we 
encountered are solved within a few seconds, and this 
is due to the fact that these instances admit solutions 
where only a small number of patterns is sufficient to 
yield an overall minimum total cutting loss. And this is 
caused by the fact that almost all the instances have a 
relatively small number of different widths. In occasions 
(that are rare in practice) where the number of raws is 
large and the number of different widths is large, our 
algorithm can take a lot of time. Then generating all 
solutions satisfying (1) (the sets F,) may take a lot of time. 
Summarising this discussion: our empirical evidence 
suggests that when the input has few different widths, 
then the output consists of a limited number of patterns. 
Our approach makes use of this phenomenon. 

The only theoretical result that we are aware of 
concerning this issue is described in ref. 11: in our 
context, it says that when n = 2, S = N (that is the case 
with 2 open orders, no exact orders), a solution with 
minimum total cutting loss can be described using at most 
3 different patterns, for any values of the widths, demands 
and K. 

* About half the orders are open orders. 

The algorithm that currently is implemented at the plant has 
the option to stop computations when no improvement in 
cutting loss is found for 3 consecutive values of m. This 
feature was added to be able to prevent occasional large 
running times when in fact satisfactory solutions had 
already been obtained. 

Conclusion 

We described a real-life cutting stock problem where two 
criteria play a role: minimising total cutting loss and 
minimising the number of patterns used. We presented a 
branch-and-bound algorithm that outputs all Pareto-optimal 
solutions. In this way the decision maker can decide which 
solution fits his/her preferences best without making expli- 
cit choices concerning weights of the two criteria. The 
algorithm has been implemented and is currently in use. 
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