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The clique partitioning problem (CPP) can be formu-
lated as follows: Given is a complete graph GGG === (VVV, EEE),
with edge weights wwwijijij ∈∈∈ R for all {iii, jjj} ∈∈∈ EEE. A subset AAA
⊆⊆⊆ EEE is called a clique partition if there is a partition of
VVV into nonempty, disjoint sets VVV1, . . . , VVVkkk, such that each
VVVppp (ppp === 1, . . . ,kkk) induces a clique (i.e., a complete sub-
graph), and AAA === ∪∪∪kkk

ppp=1 {{iii, jjj}|iii, jjj ∈∈∈ VVVppp, iii ≠≠≠ jjj}. The weight
of such a clique partition AAA is defined as

∑
{iii,jjj}∈AAA wwwijijij.

The problem is now to find a clique partition of max-
imum weight. The clique partitioning polytope PPP is the
convex hull of the incidence vectors of all clique par-
titions of GGG. In this paper, we introduce several new
classes of facet-defining inequalities of PPP. These suffice
to characterize all facet-defining inequalities with right-
hand side 1 or 2. Also, we present a procedure, called
patching, which is able to construct new facets by mak-
ing use of already-known facet-defining inequalities. A
variant of this procedure is shown to run in polynomial
time. Finally, we give limited empirical evidence that the
facet-defining inequalities presented here can be of use
in a cutting-plane approach for the clique partitioning
problem. © 2001 John Wiley & Sons, Inc.
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facets

1. INTRODUCTION

The problem of partitioning a set of objects into dis-
joint groups while optimizing some measure of the inter-
and intragroup relationships is a basic problem in combi-
natorial optimization. In this paper, we rely on a graph-
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theoretic interpretation of this problem, called the clique
partitioning problem (CPP), which can be described as
follows: Given is a complete graph G = (V, E) with edge
weights wij ∈ R for all {i, j} ∈ E. A subset A ⊆ E is
called a clique partition if there is a partition of V into
nonempty disjoint sets V1, . . . , Vk such that

A =
k⋃

p=1
{{i, j}|i, j ∈ Vp, i ≠ j}.

The weight of such a clique partition is defined as∑
{i,j}∈A wij. The problem is now to find a clique par-

tition of maximum weight. Mathematically, CPP can be
formulated as follows:

Maximize
∑

{i,j}∈E

wijxij

subject to xij + xir − xjr ≤ 1 for all distinct i, j, r ∈ V
xij ∈ {0, 1} for all {i, j} ∈ E.

(1)

If xij = 1, then edge {i, j} is in the clique partition; oth-
erwise, it is not. The inequalities in the linear program
(1) are called triangle inequalities. The clique partition-
ing polytope P is defined as the convex hull of all feasible
solutions to (1).

Knowledge of the facial structure of P is a prerequisite
for solving instances of CPP using cutting planes. In a
computational study by Grötschel and Wakabayashi [13],
it is shown that for a particular set of real-life instances
the triangle inequalities usually suffice to arrive at an
integral solution. A natural question to ask is whether
this phenomenon holds for other classes of real-life in-
stances as well. In Subsection 1.1, we introduce a prob-
lem in group technology and describe how this problem
gives rise to instances of CPP. Next, we give empiri-
cal evidence that for this type of instances of CPP, in
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most cases, the triangle inequalities alone will not suf-
fice to arrive at an integral solution. This observation is
one reason for our search for valid and facet-defining
inequalities.

Another reason is that the CPP is a “basic” cluster-
ing problem. Indeed, all kinds of variants of formula-
tion (1) are possible by adding constraints: One can, for
instance, add cardinality constraints on the size of the
cliques and/or one can specify an upper bound on the
number of cliques. Notice, however, that for these vari-
ants inequalities that are valid for P are also valid for
the polytopes corresponding to such a variant. Thus, the
inequalities presented here may also be of use in a wider
context than the CPP. Further, observe that the so-called
multicut polytope (MC) is isomorphic to the clique parti-
tioning polytope P. Indeed, any multicut can be written
as 1 − x, x ∈ P, and MC is the convex hull of all vectors
1 − x, x ∈ P. MC was studied in Deza et al. [8].

The paper is organized as follows: Section 2 deals
with new facets of P. In Subsection 2.1, we present three
classes of valid inequalities for P, and for each class, we
show that under certain conditions these inequalities de-
fine facets of P. These classes are generalizations of in-
equalities described by Grötschel and Wakabayashi [14]
and by Müller and Schulz [23]. In Section 2.2, we de-
scribe how facet-defining inequalities can be lifted. In
Section 3, we present a technique which tries to make
use of already-known facet-defining inequalities. This
technique, which we call patching, takes as input two
or more facet-defining inequalities and delivers, if cer-
tain conditions are met, a new facet-defining inequality.
Similar approaches have been proposed by Grötschel and
Wakabayashi [15] and for the TSP by Queyranne and
Wang [27]. Not only can we use patching to increase
knowledge concerning the facial structure of P, it is also
conceivable that patching can be used when separating
fractional solutions (see Section 3). Further, in Section 4,
we prove that the inequalities described so far allow us
to characterize all facet-defining inequalities with right-
hand side 1 or 2. Section 5 is devoted to the complexity
of separating inequalities. We show that it is NP-hard to
decide whether there exists a violated (S, T)-inequality
with fixed |S|. This motivates the heuristic approach
employed to search for violated (S, T)-inequalities with
|S| = 1. We also show that a variant of the patching pro-
cedure can be implemented to run in polynomial time. Fi-
nally, in Section 6, we indicate, using real-life instances
from group technology, the potential usefulness of the
inequalities presented here. Section 7 contains the con-
clusion.

Related Literature

Applications of the CPP were described in Mar-
cotorchino and Michaud [20], Ali and El-Rewini [2],
Grötschel and Wakabayashi [13], and Kolen and Lenstra

[17]. Branch-and-bound procedures were proposed in
Palubeckis [26] and Dorndorf and Pesch [9]. In Bandelt
et al. [3], the CPP was studied for arbitrary (not neces-
sarily complete) graphs. A number of studies dealt with
related problems. Chopra and Rao [6] studied the parti-
tion problem, which differs from CPP in the sense that
the number of subsets of vertices is prespecified, and
the graph G is not required to be complete. Crama and
Oosten [7] studied the special case where the graph G
is required to be bipartite and is to be partitioned into
complete bipartite subgraphs. Further, Faigle et al. [10]
dealt with a partitioning problem where the number of
vertices in each subset is bounded.

1.1. Motivation

The following problem is of crucial importance
in group technology (see, for instance, Ham et al. [16]).
Consider a set of p parts to be produced by a set of q
machines. Given is a 0 − 1p × q matrix A, with aij = 1
if and only if part i has to visit machine j in order to
complete processing (i = 1, . . . , p, j = 1, . . . , q). Con-
sider now a partition of the set of parts and machines
into so-called cells. If in such a cell there is a part i and
a machine j such that aij = 0, the pair (i, j) is called
a void. If there is a part i and a machine j such that
aij = 1 while they are not in a same cell, we call the pair
(i, j) an exception. The problem is now to find a partition
that minimizes the number of voids and exceptions. Of
course, different versions of this problem exist (one can
impose a bound on the number of cells or on the number
of items within a cell, or one can give weights to voids
and exceptions, etc); however, here we will only consider
the version described above.

Let us now describe how an instance of CPP arises
from this problem. Construct a complete graph G =
(V, E) in the following way: There is a vertex for each
part (a “part-vertex”) and there is a vertex for each ma-
chine (a “machine-vertex”), so |V| = p + q. An edge
between two part-vertices (machine-vertices) has weight
0, and an edge between a part-vertex (corresponding to
part i) and a machine-vertex (corresponding to machine
j) has weight +1 if aij = 1 and −1 if aij = 0. This
completely specifies an instance of CPP.

As mentioned in the Introduction, Grötschel and Wak-
abayashi [13] presented a cutting-plane algorithm us-
ing triangle inequalities and so-called (S, T)-inequalities
(see Section 2 for a description of these inequalities).
To separate this latter class of inequalities, they used
a heuristic procedure. We implemented their algorithm,
selected from the literature seven well-known, medium-
sized group-technology instances, and ran the algorithm.
The results are depicted in Table 1. The first column de-
scribes the group-technology instance and its source, the
second column gives its size, the third column (denoted
by zLP) gives the value of the LP-relaxation [where (i)
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denotes integrality of the solution], and the final column
gives the value of the objective function after running the
algorithm of Grötschel and Wakabayashi (zGW). It turns
out that in all cases except one no integral solution was
found.

1.2. Notation

If G = (V, E) is a (not necessarily complete) graph,
and S, T ⊆ V are two nonempty sets, then we denote the
set of edges in G with one vertex in S and the other in
T by E(S, T), that is:

E(S, T) = {{i, j} ∈ E|i ∈ S, j ∈ T}.

We write E(S) for E(S, S).
If F ⊆ E, then χF ∈ {0, 1}|E| denotes the incidence

vector (also called characteristic vector) of F, and V(F)
denotes the set of vertices incident to an edge in F. If
x ∈ R|E|, then we define

x(F) =
∑

{i,j}∈F

xij.

The support of an inequality aTx ≤ a0 is the graph H =
(V(F), F) induced by the edges in F = {{i, j} ∈ E|aij ≠
0}. Analogously, the positive support of an inequality
aTx ≤ a0 is the graph H+ = (V(F+), F+) induced by the
edges in F+ = {{i, j} ∈ E|aij > 0}.

2. FACETS OF PPP

We assume that the reader is familiar with the funda-
mentals of polyhedral theory (see, e.g., Nemhauser and
Wolsey [25]). Therefore, we introduce only some basic
terminology without going into details.

A set P ⊆ Rn is called a polyhedron if P is the inter-
section of finitely many half-spaces, that is:

P = {x ∈ Rn|Ax ≤ b},

for some m × n matrix A and some b ∈ Rm. If P is
bounded, then P can also be written as the convex hull
of finitely many points in Rn, and P is called a poly-
tope. The dimension of P, denoted by dim(P), is the
maximum number of affinely independent points in P
minus 1. If, for some a ∈ Rn, a ≠ 0, a0 ∈ R, P is con-
tained in the half-space {x ∈ Rn|aTx ≤ a0}, then the
inequality aTx ≤ a0 is said to be valid for P. The set
F = P ∩ {x ∈ Rn|aTx = a0} is called a face of P. A
face F is called a proper face if � ≠ F ≠ P. Notice that
F itself is a polyhedron (or a polytope), so we can refer
to the dimension of F. If F is a proper face of P, then
dim(F) ≤ dim(P) − 1; if dim(F) = dim(P) − 1, then F is
called a facet, and the inequality aTx ≤ a0 is said to be
facet-defining. Facet-defining inequalities are necessary
in the linear description of P.

Grötschel and Wakabayashi [14] showed that the tri-
angle inequalities define facets of the clique partitioning
polytope corresponding to a complete graph G = (V, E),

TABLE 1. Results of a cutting plane algorithm.

Instance Size zLP zGW

KKV [18] 9 × 15 23.0000 (i) —
SUL [30] 20 × 11 48.0000 46.5833
SEI [29] 11 × 22 55.6667 54.1964
LES [19] 13 × 25 42.0000 36.6256
MCC [21] 24 × 16 56.6667 51.1740
BOC [4] 16 × 43 82.0000 75.3628
GRO [12] 23 × 20 75.3333 68.5182

as well as the lower-bound constraints xij ≥ 0 (i, j ∈ V)
in the LP-relaxation of (1). They also proved that the fol-
lowing three classes of inequalities define facets of the
clique partitioning polytope corresponding to a complete
graph:

(i) Let S, T ⊆ V be two nonempty disjoint subsets of V.
Then, the inequality

x(E(S, T)) − x(E(S)) − x(E(T)) ≤ min{|S|, |T|} (2)

is valid. It defines a facet if and only if |S| ≠ |T|. It is
called a 2-partition inequality or an (S, T)-inequality.

(ii) Let U = {u0, . . . , uk−1} ⊆ V, k ≥ 5, and let C =
{{ui, ui+1}|i = 0, . . . , k − 1}, C̄ = {{ui, ui+2}|i =
0, . . . , k − 1} (indices modulo k). Then, the inequality

x(C) − x(C̄) ≤
⌊ |C|

2

⌋
(3)

is valid. It defines a facet if and only if k is odd, and
it is called a 2-chorded cycle inequality.

(iii) Let U = {u0, . . . , uk−1} ⊆ V, k ≥ 3, z ∈ V\U, and let
P = {{ui, ui+1}|i = 0, . . . , k − 2}, P̄ = {{ui, ui+2}|i =
0, . . . , k−3}, R = {{z, ui, }|i = 0, . . . , k−1, i odd}, R̄ =
{{z, ui, }|i = 0, . . . , k−1, i even}. Then, the inequality

x(P ∪ R) − x(P̄ ∪ R̄) ≤
⌊ |U|

2

⌋
(4)

is valid. It defines a facet if and only if |U| is odd,
and it is called a 2-chorded path inequality. If uk−1 =
u1, uk = u2, and |U| = k − 2 ≥ 8 is even, then (4)
is also valid and facet-defining and it is called a 2-
chorded wheel inequality.

Notice that a priori it is not clear that an inequality
which is facet-defining for the polytope corresponding
to a complete graph on n vertices is also facet-defining
for the polytope corresponding to a complete graph on
m ≥ n vertices. However, a result in Bandelt et al. [3]
implies that this is the case.

In the remainder of this section, we describe two dif-
ferent generalizations of (S, T)-inequalities with |S| = 1,
and we give sufficient conditions for these inequalities
to be facet-defining. We also describe a generalization
of the 2-chorded cycle inequalities. Our proofs show-
ing that these inequalities are facet-defining are based
on standard techniques and use the type of arguments
that are used, for instance, in [14]: We show that any
facet containing the face induced by the inequality un-
der consideration is, in fact, identical to this face. Hence,
the inequality must be facet-defining. More specifically,
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this is done by comparing feasible solutions that satisfy
the inequality at equality and deducing the value of co-
efficients in the inequality. We refer the interested reader
to the thesis of Rutten [28].

2.1. New Classes of Facet-defining Inequalities

2.1.1. Weighted (sss, TTT)-Inequalities Let G = (V, E) be
a complete graph and consider the following inequalities:

c · x(E({s}, T)) − x(E(T)) ≤
(

c + 1
2

)
, (5)

with c ∈ N, s ∈ V, T ⊆ V\{s}. Figure 1 shows the
structure of inequalities (5). These inequalities were in-
troduced by Müller and Schulz [23] in a more general
setting. We refer to inequalities (5) as weighted (s, T)-
inequalities. Notice that for c = 1 the weighted (s, T)-
inequalities reduce to 2-partition inequalities induced by
{s} and T.

We have the following theorem (see Rutten [28]):

Theorem 2.1. Let c ≥ 2. Then, the weighted (s, T)-
inequalities (5) are valid for P, and they define facets if
and only if |T| ≥ c + 2.

The necessity of the condition in Theorem 2.1 was
also shown in Müller and Schulz [24] within their more
general context.

2.1.2. Stable Set Inequalities The 2-partition inequal-
ities can also be generalized in a way different from the
one described in Theorem 2.1, as we show in the sequel.

If G = (V, E) is an arbitrary graph, then α(G) denotes
the stability number of G, that is, the maximum cardi-
nality of a stable (i.e., independent) set of G, and k(G)
denotes the clique cover number of G, that is, the size
of a smallest possible clique cover. Moreover, E is said
to be minimal with respect to α(G) if removing any edge
from E increases α(G).

FIG. 1. Support of a weighted (s, T)-inequality.

Let G = (V, E) be a complete graph and consider the
following inequalities:

x(E({s}, T)) − x(F) ≤ α(H), (6)

with F ⊆ E, T = V(F) ≠ V, s ∈ V\T, and H = (T, F).
We refer to inequalities (6) as stable set inequalities. No-
tice that if F is a clique a stable set inequality reduces
to a 2-partition inequality.

We have the following theorem (see Rutten [28]):

Theorem 2.2. The stable set inequalities (6) are valid
for P. The following conditions are necessary conditions
for these inequalities to be facet-defining:

(i) F is minimal with respect to α(H),
(ii) k(H) = α(H) = 1 or k(H) > α(H) ≥ 2,

(iii) H is connected,
(iv) For all i ∈ T, there is a stable set of size α(H) con-

taining i, and
(v) For all i ∈ T, there is a stable set of size α(H) not

containing i.

Conditions (i)–(v), together with the following con-
dition, are sufficient for H to ensure that (6) is facet-
defining:

(vi) For all i, j ∈ T, {i, j} /∈ F, there is a stable set S ⊆ T
of cardinality α(H) such that S ∩ {i, j} = �.

Remark. Inequalities (6) generalize the so-called
wheel inequalities found by Chopra and Rao [6] [the
wheel inequalities occur when H = (T, F) is an odd cy-
cle]. Figure 2 shows two graphs which both satisfy con-
ditions (i)–(vi) and which are, therefore, facet-inducing
graphs for inequalities of the form (6).

2.1.3. Generalized 2-Chorded Cycle Inequalities In
the beginning of this section, we described the 2-chorded
cycle inequalities. In this subsection, we show that 2-
chorded cycles plus some additional 3-chords (with co-
efficient 1) and some 4-chords (with coefficient −1) also
define facets of the clique partitioning polytope. We need
the following notation:

Let U = {u0, . . . , uk−1} ⊆ V, k ≥ 6, and let

C = {{ui, ui+1}|i = 0, . . . , k − 1},
C̄ = {{ui, ui+2}|i = 0, . . . , k − 1},
D ⊆ {{ui, ui+3}|i = 0, . . . , k − 1},

D̄ =
⋃

{ui,ui+3}∈D

{{ui−1, ui+3}, {ui, ui+4}}
(7)

(indices modulo k), such that no two edges in D have a
common vertex and D∩D̄ = �. (Note that, by definition,
D ∩ D̄ = � for k ≥ 8, since D consists of 3-chords and
D̄ consists of 4-chords.) So, C is a cycle of length k, C̄ is
the set of 2-chords of C, D is a set of 3-chords, and D̄ is
a set of (induced) 4-chords (see Fig. 3 for an example).

Consider now the following inequalities:

x(C ∪ D) − x(C̄ ∪ D̄) ≤ b1
2

kc. (8)
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FIG. 2. Facet-inducing graphs for inequality (6).

We refer to these inequalities as generalized 2-chorded
cycle inequalities. We have the following theorem (see
Rutten [28]):

Theorem 2.3. The generalized 2-chorded cycle in-
equalities (8) are valid for P. They define facets if

(i) D = {{ui, ui+3}}, k ≥ 9, k odd, or
(ii) D = {{ui, ui+3}, {ui+1, ui+4}}, k ≥ 9, k odd, or

(iii) D = {{ui, ui+3}, {ui+1, ui+4}, {ui+2, ui+5}}, k ≥ 7, k
odd,

for any ui ∈ U.

Remark. Let Dj ⊆ {{ui, ui+3}|i = 1, . . . , k} (j =
1, 2, . . . ) satisfy one of the conditions of Theorem 2.3,
and let D̄j be defined as in (7). Then, also, for D = ∪jDj

and D̄ = ∪jD̄j, inequality (8) defines a facet of P, pro-
vided that no edge in Dj ∪ D̄j has a vertex in common
with an edge in Dl ∪ D̄l for any j ≠ l.

2.2. Lifting

In the previous subsection, we described several
classes of facet-defining inequalities for the clique parti-
tioning polytope. In this subsection, we describe a lifting

FIG. 3. Support of a generalized 2-chorded cycle inequality.

technique that can be used to transform facet-defining
inequalities into new facet-defining inequalities.

Let H = (U, F) be a subgraph of the graph G = (V, E)
(i.e., U ⊆ V and F ⊆ E). If aTx ≤ a0 defines a facet of the
clique partitioning polytope corresponding to H, then by
sequentially lifting the coefficients of the edges in E\F,
we find a facet-defining inequality of the clique parti-
tioning polytope corresponding to G (see Wolsey [31]
and Nemhauser and Wolsey [25]). This is stated more
precisely in the following lemma:

Lemma 2.4 (sequential lifting [31]). Let G = (V, E) be
a complete graph, F ⊆ E, and let aTx ≤ a0 be a facet-
defining inequality for the polytope

P ∩ {x ∈ R|E||xij = 0 for all {i, j} ∈ F}.

Let f = {u, v} ∈ F, and define ā ∈ R|E| by

āij =




aij if {i, j} ∈ E\F
0 if {i, j} ∈ F\{f}
a0 − max{aTx|x ∈ P, xuv = 1, xij = 0

∀{i, j} ∈ F\{f}}
if {i, j} = {u, v}.

(9)

Then, the inequality āTx ≤ a0 defines a facet of the
polytope

P ∩ {x ∈ R|E||xij = 0 for all {i, j} ∈ F\{f}}.

By repeatedly applying Lemma 2.4, one can derive new
facets of the clique partitioning polytope from known
facets. In general, the optimization problem in (9) is diffi-
cult to solve; however, in some special cases (see Lemma
2.5), it can be quite easy.

Sometimes, lifting a valid inequality which is not
facet-defining results in a facet-defining inequality. For
instance, if F = δ(v) (v ∈ V), then lifting the upper-
bound constraint xij ≤ 1 (i, j ∈ V\{v}), which, in gen-
eral, does not define a facet, results in a triangle inequal-
ity, no matter in what order the coefficients are lifted.
However, in general, lifting the coefficients of the edges
in F in different orders results in different facets.

Let us refer to an inequality where one vertex (called
the center) is incident to all edges with positive coef-
ficients as a star-inequality. Weighted (s, T)-inequalities
(which include the (S, T)-inequalities with |S| = 1) and
stable set inequalities are examples of star-inequalities.
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Lemma 2.5 ([28]). Let G = (V, E) be a complete graph,
V = {s} ∪ T1 ∪ T2, and let aTx ≤ a0 be a facet-defining
start inequality of the clique partitioning polytope corre-
sponding to G′ = ({s}∪T1, E({s}∪T1)) with the property
that aij > 0 if and only if {i, j} ∈ E({s}, T1). Then, the
inequality āTx ≤ a0 defined by

āij =




aij for all {i, j} ∈ E({s} ∪ T1)
a0 for all {i, j} ∈ E({s}, T2)
−a0 for all {i, j} ∈ E(T2)
−asi for all i ∈ T1, j ∈ T2

is facet-defining for the clique partitioning polytope cor-
responding to G.

Inequalities satisfying the condition of Lemma 2.5 are
the weighted (s, T)-inequalities and the stable set inequal-
ities. Hence, we have the following two corollaries:

Corollary 2.6. Let G = (V, E) be a complete graph,
{s}, T1, T2 ⊆ V be disjoint sets, and c ≥ 2. Then, the
inequality

c · x(E({s}, T1)) +
(

c + 1
2

)
· x(E({s}, T2)) − x(E(T1))

−
(

c + 1
2

)
· x(E(T2))

−c · x(E(T1, T2)) ≤
(

c + 1
2

)
(10)

defines a facet of the clique partitioning polytope.

Proof. This follows from Theorem 2.1 and
Lemma 2.5.

We refer to these inequalities as lifted weighted (s, T)-
inequalities. Notice that for each number n ∈ N there is
a lifted weighted (s, T)-inequality containing a variable
with coefficient n and containing a variable with coeffi-
cient −n.

Corollary 2.7. Let G = (V, E) be a complete graph,
{s}, T1, T2 ⊆ V be disjoint sets, and H = (T1, F) be
a graph satisfying conditions (i)–(vi) of Theorem 2.2.
Then, the inequality

x(E({s}, T1)) − x(F) + α(H) · x(E({s}, T2))

(11)
− α(H) · x(E(T2)) − x(E(T1, T2)) ≤ α(H)

defines a facet of the clique partitioning polytope.

Proof. This follows from Theorem 2.2 and
Lemma 2.5.

We refer to these inequalities as lifted stable set in-
equalities.

Next, we consider a generalization of the 2-chorded
path and the 2-chorded wheel inequalities.

Let G = (V, E) be a complete graph, U0 ⊆ V, U1 =
{u1, . . . , uk} ⊆ V\U0, and let

P = {{ui, ui+1}|i = 1, . . . , k − 1},
P̄ = {{ui, ui+2}|i = 1, . . . , k − 2},
R = {{u0, ui}|u0 ∈ U0, i = 1, . . . , k, i even},
R̄ = {{u0, ui}|u0 ∈ U0, i = 1, . . . , k, i odd},

(12)

that is, P is a path of length k−1, P̄ is the set of 2-chords
of this path, and R and R̄ are sets of edges from U0 to
U1. We have the following theorem (see Rutten [28]):

Theorem 2.8. Let P, P̄, R, R̄ be as described by (12).
Then, the inequality

x(P ∪ R) − x(P̄ ∪ R̄) − x(E(U0)) ≤ b1
2

kc (13)

is valid for the clique partitioning polytope correspond-
ing to G. If k is odd, then (13) defines a facet of this
polytope.

A similar result can be obtained for the 2-chorded
wheel inequalities (see Rutten [28]):

Theorem 2.9. Let G = (V, E) be a complete graph,
U0 ⊆ V, U1 = {u1, . . . , uk} ⊆ V\U0, uk−1 = u1, uk =
u2, |U1| = k − 2 even, and let P, P̄, R, R̄ be as described
by (12). Then, the inequality

x(P ∪ R) − x(P̄ ∪ R̄) − x(E(U0)) ≤ 1
2

|U1| (14)

is valid and facet-defining for the clique partitioning
polytope corresponding to G.

3. PATCHING PROCEDURES

It is often possible to use a set of valid inequalities to
construct a new valid inequality that is not implied by
the former. Well-known examples are the procedures to
derive Gomory–Chvatal cuts or so-called vertex cloning
or edge-contraction techniques. In this section, we fo-
cus on so-called patching procedures. A patching pro-
cedure combines a set of inequalities into a single one
such that the nonzero coefficients of these inequalities
remain unchanged. Notice that a patching procedure can
be used within a cutting plane algorithm, without a priori
establishing (using patching) a set of inequalities which
could contain a violated inequality. More concrete, given
a fractional solution, one could conceive of a procedure
that determines two (or more) “almost violated” inequal-
ities and next patch these two inequalities into a single
(facet-defining) inequality. In this way, the fractional so-
lution is used to guide the patching procedure to con-
struct inequalities that have a relatively high likelihood
of being violated.

Grötschel and Wakabayashi [15] presented some
patching procedures for (S, T)-inequalities. One of their
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procedures can informally be described as follows: Take
nonempty subsets S1, S2, T1, and T2 of V, pairwise dis-
joint, with the exception of the intersection T of T1 and
T2. Assume that |T| ≥ 2, |S1| ≤ |T1\T|, and |S2| ≤
|T2\T|. Then, the facet-defining (S, T)-inequalities

x(E(S1, T1)) − x(E(S1)) − x(E(T1)) ≤ |S1|
and

x(E(S2, T2)) − x(E(S2)) − x(E(T2)) ≤ |S2|
can be combined to

x(E(S1, T1)) + x(E(S2, T2)) − x(E(S1 ∪ S2))

(15)
−x(E(T1)) − x(E(T2)) + x(E(T)) ≤ |S1| + |S2|,

which is also facet-defining (see [15]). Notice that com-
pared to just adding up the two (S, T)-inequalities the co-
efficients of the variables in E(T) and E(S1, S2) are raised
and lowered, respectively, by one.

Here, we restrict ourselves to combining pairs of in-
equalities and we distinguish two cases of patching, de-
pending on the intersection—referred to as VI—of the
vertex sets of the supports of the inequalities involved. If
this intersection VI is empty, we refer to combining the
two inequalities as disjoint patching; otherwise, we call it
intersection patching. Notice that in the case of intersec-
tion patching the two inequalities must be such that the
two coefficients corresponding to any edge induced by
VI are identical. The value of the right-hand side of the
new inequality equals the sum of the right-hand sides of
the original inequalities minus a correction for the edges
induced by the vertex set VI. To determine the value of
this correction, we introduce the concept of a covering.
Intuitively, a covering equals the maximal contribution
of the edges induced by VI to the left-hand side.

Definition 3.1. A covering of a vertex set VC with re-
spect to an inequality aTx ≤ a0 is denoted as cova[VC]
and defined as follows:

cova[VC] = a0 − max
x∈{0,1}|E|

{aTx|xij = 0

for all {i, j} ∈ E(V, VC), x feasible}.

As an illustration, consider the triangle inequality x12 +
x13 −x23 ≤ 1. It is easy to verify that the covering of any
vertex set containing vertex 1 equals 1. Notice that the
covering of any vertex set VC is nonnegative, assuming
that the inequality is valid. Further, the covering of a
single vertex s equals zero if and only if there exists a
clique partition not incident to s satisfying aTx ≤ a0 at
equality. Finally, the definition implies that the following
inequalities are valid:∑

{i,j}∈E(V\VC)

aijxij ≤ a0 − cova[VC], (16)

∑
{i,j}∈E(VC)

aijxij ≤ cova[VC]. (17)

Based on this concept we can make an interesting
observation that seems to suggest that the patching ap-
proach may be well suited for investigating the fa-
cial structure of the clique partitioning polytope. Intu-
itively, we show that it is possible to use “small” facet-
defining inequalities as the core of larger facet-defining
inequalities. More specifically, given some valid inequal-
ity
∑

{i,j}∈E(V) πijxij ≤ π0, suppose that for some VC ⊆ V
the inequality

∑
{i,j}∈E(VC) πijxij ≤ covπ[VC] defines a

facet. In the following lemma, we show, then, that there
exists a facet-defining inequality δTx ≤ δ0, implying that
πTx ≤ π0 with δij = βπij for all {i, j} ∈ E(VC).

Lemma 3.2. Basic patching principle.
Let VC be an arbitrary nonempty subset of V, and

E0, a (possibly empty) arbitrary subset of E(VC, V\VC).
Let P∗ be the face of the clique partitioning polytope
P defined by the equalities xij = 0 for all {i, j} ∈ E0.
Given is a valid inequality πTx ≤ π0, defining a proper
face of P∗, called Fπ.

Assume that the valid inequality ρTx =
∑

{i,j}∈E(VC)
πijxij ≤ covπ[VC] defines a nontrivial facet of P. Then,
there exists a facet F = {x ∈ P∗|δTx = δ0} of P∗,
containing Fπ, and there is a β > 0 such that δij = βπij

for all {i, j} ∈ E(VC).

Proof. The inequality ρTx ≤ covπ[VC] defines a
facet, so there must exist a nonzero πij, for some {i, j} ∈
E(VC). It follows, since πTx ≤ π0 defines a proper face
of P∗, that there exists a facet of P∗, containing Fπ,
defined by some inequality δTx ≤ δ0 for which δij is
nonzero.

To proceed, take a maximal affinely independent set
of feasible integral solutions satisfying ρTx ≤ ρ0 :=
covπ[VC] at equality. Let M be the dim(P) × dim(P)
matrix such that there is precisely one column for ev-
ery solution of the set, and each column represents the
incidence vector of the corresponding solution. Then,
ρTM = ρ0 · 1|E(V)|, where 1|E(V)| is a row vector with
|E(V)| elements, all at value 1.

Let ρC and xC be vectors with the elements of ρ and
x, respectively, that correspond to the edges in E(VC).
There exist |E(VC)| columns such that the rows in these
columns corresponding to the elements of E(VC) form a
matrix MC that is nonsingular. Since the coefficients of
ρ corresponding to edges covering vertices not in VC are
all zero, we have ρT

CMC = ρ0 · 1|E(VC)|, implying that

ρT
C = ρ0 · 1|E(VC)| · M−1

C . (18)

Notice that ρ0 > 0 since ρTx ≤ ρ0 is assumed to define
a nontrivial facet.

Now, let y be a feasible solution such that πTy = π0−
covπ[VC], and yij = 0 for all {i, j} ∈ E(V, VC). Such a
solution always exists due to the definition of a covering.
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Then, for each solution x corresponding to a column of
MC, we construct a solution z as follows:

zij =




xij if {i, j} ∈ E(VC),
yij if {i, j} ∈ E(V\VC),
0 otherwise.

Notice that z is in P∗. Further, it is easy to verify that for
each solution z we have πTz = ρ0 + π0− covπ[VC] = π0.
In other words, when M̃ refers to an |E(V)| × |E(VC)|
matrix where each column represents the incidence vec-
tor of a solution z, we have πTM̃ = π0 ·1|E(VC)|, and since
F contains Fπ, δTM̃ = δ0 · 1|E(VC)|.

The construction of the solutions z implies that the
rows in M̃ corresponding to the elements of E(VC) form
the nonsingular matrix MC. Notice further that for all
columns in M̃ the part of each column not in MC is
identical. Let δC be the vector with the elements of
δ that correspond to the edges in E(VC). We derive
δTM̃ = δT

CMC + γ · 1|E(VC)| = δ0 · 1|E(VC)|, where γ is
the constant resulting from the identical parts of the
columns. Notice that 0 ≤ γ ≤ δ0; otherwise, solutions
could be constructed violating the inequality δTx ≤ δ0.
So,

δT
C = (δ0 − γ)1|E(VC)|M−1

C . (19)

Since δC is nonzero, it follows that δ0 −γ ≠ 0. Equalities
(18) and (19) imply that δij = [(δ0 − γ)/ρ0]πij for all
{i, j} ∈ E(VC). This completes the proof.

Remark. Notice that arguments used in the proof of
this theorem imply that for each facet of P∗ containing
Fπ, induced by some inequality ωTx ≤ ω0, there exists
a nonnegative coefficient φ such that ωij = φπij for all
{i, j} ∈ E(VC).

To describe the intersection patching procedure, we
make the following assumptions:

(i) Let aTx ≤ a0 and bTx ≤ b0 define different facets
of P, with Va (Vb) the vertex set of the support of
aTx ≤ a0 (bTx ≤ b0),

(ii) Va ∩ Vb ≠ �. Let VI := (Va ∩ Vb) ∪ (V\(Va ∪ Vb)),
(iii) P∗ is the face of P defined by the equalities xij = 0

for all {i, j} ∈ E(Va\VI, Vb\VI),

(iv) aij = bij for all {i, j} ∈ E(VI),
(v) cova[VI] = covb[VI], and

(vi) cova[V0]+ covb[VI\V0] ≥ cova[VI] for all V0 ⊆ VI.

Theorem 3.3. Intersection patching.
The inequality∑

{i,j}∈E(Va)

aijxij

(20)
+

∑
{i,j}∈E(Vb,Vb\VI)

bijxij ≤ a0 + b0 − cova[VI]

defines a facet of P∗ unless aij = bij = 0 for all {i, j} ∈
E(VI) and cova[VI] = covb[VI] = 0.

Proof. First, we show that the new inequality is valid
for P∗. Let x be an arbitrary integer solution in P∗. Then,
it is possible to partition VI into two sets VI(a) and VI(b),
such that every vertex b ∈ VI that is in the same clique
as a vertex in Vb\VI, is in VI(b), and all other vertices
in VI are in VI(a). Then, we have, using assumptions (v)
and (vi) and inequality (16),∑
{i,j}∈E(Va)

aijxij +
∑

{i,j}∈E(Vb,Vb\VI)

bijxij

=
∑

{i,j}∈E(Va,Va\VI(b))

aijxij +
∑

{i,j}∈E(Vb,Vb\VI(a))

bijxij

≤ a0 − cova[VI(b)] + b0 − covb[VI(a)]

≤ a0 + b0 − cova[VI].

This shows that inequality (20) is valid.
Now, we show that it is facet-defining. Let us invoke

Lemma 3.2, where we set E0 = E(Va\VI, Vb\VI), VC =
VI ∪Va and where πTx ≤ π0 is represented by inequality
(20) and ρTx ≤ ρ0 is represented by aTx ≤ a0. Lemma
3.2 implies that there exists a facet of P∗ defined by
the inequality δTx ≤ δ0, containing the face induced by
inequality (20), such that

δij = αaij for all {i, j}
(21)

∈ E(VI ∪ Va) for some α > 0.

FIG. 4. Two odd-cycle inequalities.
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Now, let us again apply Lemma 3.2 where we set E0 =
E(Va\VI, Vb\VI), VC = VI ∪ Vb and where πTx ≤ π0 is
represented by inequality (20) and ρTx ≤ ρ0 is repre-
sented by bTx ≤ b0. As discussed in the remark follow-
ing the proof of Lemma 3.2, it follows that

δij = βbij for all {i, j} ∈ E(VI ∪ Vb) for β ≥ 0. (22)

We now distinguish two cases:

(i) There exists an {i′, j′} ∈ E(VI) such that ai′ ,j′ ≠ 0.
We have δi′j′ = αai′j′ = βbi′j′ for all {i′, j′} ∈ E(VI).
Since ai′j′ = bi′j′ ≠ 0, it follows that α = β > 0.
Thus, by (21) and (22), the coefficients δij equal the
coefficients of inequality (20) up to multiplication
with a strictly positive scalar which implies that in-
equality (20) is facet-defining for P∗.

(ii) There exists no {i, j} ∈ E(VI) such that aij ≠ 0.

First, consider a solution satisfying inequality (20) and
satisfying aTx ≤ a0 at equality. Such a solution exists by
the definition of a covering. We derive, using equalities
(21) and (22),

δ0 =
∑

{i,j}∈E(V)

δijxij =
∑

{i,j}∈E(VI∪Va)

αaijxij

+
∑

{i,j}∈E(Vb\VI)

βbijxij

= αa0 + β(b0 − covb[VI]).

Next, consider a solution satisfying inequality (20) and
inequality bTx ≤ b0 at equality. In a similar fashion,
we derive δ0 = α(a0− cova[VI]) + βb0. Combining
these equalities, we obtain α cova[VI] = β covb[VI]. If
cova[VI] > 0, it follows that α = β > 0. Thus, the coef-
ficients δij equal the coefficients of inequality (20) up to
multiplication with a scalar, which implies that inequal-
ity (20) is facet-defining for P∗.

In the case cova[VI] = 0, the new inequality is just
the sum of the two facet-defining inequalities aTx ≤ a0

and bTx ≤ b0 and, therefore, not facet-defining.
As described in Section 2.2, facet-defining inequalities

of P∗ can be lifted to facet-defining inequalities of P by
applying ordinary sequential lifting procedures.

Example 3.4. Consider the following two odd-cycle in-
equalities for an instance of clique partitioning on seven
vertices (see Fig. 4). Let us refer to the first inequality
as aTx ≤ a0:

x12 + x23 + x34 + x45 + x51 − x13 − x24 − x35 − x41 − x52 ≤ 2,

x12 + x23 + x36 + x67 + x71 − x13 − x26 − x37 − x61 − x72 ≤ 2.

It follows that VI = {1, 2, 3} and cova[VI] = 1. Notice
that assumptions (i)–(vi) are satisfied. Thus, by Theorem
3.3, the inequality

x12 + x23 + x34 + x45 + x51 + x36 + x67 + x71 − x13 − x24

− x35 − x41 − x52 − x26 − x37 − x61 − x72 ≤ 2 + 2 − 1 = 3

defines a facet of {x ∈ P|x57 = x56 = x47 = x46 = 0}.
By sequentially lifting the variables x57, x56, x47, and x46

(in that order!), we find the inequality (see Fig. 5)

x12 + x23 + x34 + x45 + x51 + x36 + x67 + x71 − x13 − x24

− x35 − x41 − x52 − x26 − x37 − x61 − x72 − x57 ≤ 3,

which defines a facet of P.
It is not difficult to verify that the intersection patch-

ing procedure can be applied to any two odd-cycle in-
equalities such that the positive support of VI is a path
with an odd number of vertices.

Sometimes, the derivation of a facet of P from a facet
of P∗ is straightforward, and an explicit formulation
can be given. Consider the case of patching two star-
inequalities:

Corollary 3.5. Star patching.
Let aTx ≤ 1 be an (S, T)-inequality with S = {s} and

let bTx ≤ c be a facet-defining star inequality, such that
their supports have only the center s in common. Then,
the inequality ∑

{i,j}∈E(V)

γijxij ≤ c

is facet-defining, where

γij =




c · aij if {i, j} ∈ E(Va),
bij if {i, j} ∈ E(Vb),
−bjs if {i, j} ∈ E(Va\{s}, Vb\{s}),
0 otherwise.

Proof. Notice that for a star inequality the covering
of the center equals the right-hand side. Applying Theo-
rem 3.3 and then sequentially lifting the coefficients cor-
responding to the edges in E(Va\{s}, Vb\{s}) yield the
corollary.

To describe the disjoint patching procedure, we make
the following assumptions:

FIG. 5. Patching of two odd-cycle inequalities.
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(i) Let aTx ≤ a0 and bTx ≤ b0 define different facets
of P, with Va (Vb) the vertex set of the support of
aTx ≤ a0 (bTx ≤ b0),

(ii) Va ∩ Vb = �,
(iii) q, r, and s are three different vertices in Va,
(iv) t, u, and v are three different vertices in Vb,
(v) P∗ is the face of P defined by the equalities xij = 0

for all {i, j} ∈ E(Va, Vb)\E({q, r, s}, {t, u, v}), and
(vi) γst := cova[s] = covb[t].

Now, to patch the two inequalities, we are looking for
values of the coefficients γij such that the following in-
equality defines a facet of P∗:

(a + b)Tx +
∑

{i,j}∈E(Va,Vb)

γijxij ≤ a0 + b0.

In the next two theorems, we give two options for the
values of the coefficients γij.

Theorem 3.6. Disjoint patching, option I (Fig. 6).
Assume that cova[q] = cova[r] = covb[u] = covb[v] =

0, cova[{q, s}] = aqs, cova[{r, s}] = ars, covb[{u, t}] =
but, and covb[{v, t}] = bvt. Then, if γst > 0, the following
inequality defines a facet of P∗:

(a + b)Tx + γst(xst − xsu − xrt − xqv) ≤ a0 + b0. (23)

Proof. First, we show that inequality (23) is valid
for P∗. Let x be an arbitrary integral solution in P∗.
If s and t are not in the same clique, it follows that
xst = 0 and inequality (23) is satisfied by the valid-
ity of the two original inequalities. So, we may assume
that xst = 1. Notice that, since x is in P∗, no vertex
in Va\{q, r, s}(Vb\{t, u, v}) can be in a clique with t(s).
Now, if neither q nor r are in the same clique as s and
t, we have aTx ≤ a0− cova[s] = a0 − γst and, therefore,
inequality (23) is satisfied. Similarly, if neither u nor v
are in the same clique as s and t, we have bTx ≤ b0 −γst

and inequality (23) is satisfied. So, either q or r or both
are in the same clique as s and t. Also, similarly, either
u or v or both are in the same clique as s and t. Now,
if r (u) is in the same clique as s and t, then xrt = 1
(xus = 1) and inequality (23) is satisfied. Otherwise, q
and v are in the same clique as s and t, but then xqv = 1
and inequality (23) is satisfied.

Now, we show that (23) is facet-defining. Let us
invoke Lemma 3.2, where we set E0 = E(Va, Vb)\

FIG. 6. Disjoint patching according to Option I.

E({q, r, s}, {t, u, v}), VC = Va and where πTx ≤ π0 is rep-
resented by inequality (23) and ρTx ≤ ρ0 is represented
by aTx ≤ a0. Lemma 3.2 implies that there exists a facet
defined by the inequality δTx ≤ δ0, containing the face
induced by inequality (23), such that

δij = αaij for all {i, j} ∈ E(Va) for some α > 0.

Now, let us again apply Lemma 3.2 where we set
E0 = E(Va, Vb)\E({q, r, s}, {t, u, v}), VC = Vb and where
πTx ≤ π0 is represented by inequality (23) and ρTx ≤ ρ0

is represented by bTx ≤ b0. As discussed in the remark
following the proof of Lemma 3.2, it follows that

δij = βbij for all {i, j} ∈ E(Vb) for β ≥ 0.

Summarizing, there exists a facet of P∗ containing the
face of P∗ defined by inequality (23), which is induced
by an inequality of the form

(αa + βb)Tx +
∑

{i,j}∈E(Va,Vb)

δijxij ≤ αa0 + βb0.

Let us now show that α equals β and δij = αγij.
First, consider δru. Since cova[r] = covb[u] = 0, there

is a solution x such that aTx = a0, bTx = b0, and {r}
and {u} are cliques. By changing {r} and {u} to one
clique {r, u}, we obtain a new solution y satisfying the
new inequality at equality. Comparing x and y yields
δru = 0 = γru. Analogously, we derive δrv = 0 = γrv

and δqu = 0 = γqu.
Next, consider δqt. Since cova[q] = 0 and covb

[{u, t}] = but, there is a solution x such that aTx =
a0, bTx = b0, and {q} and {u, t} are cliques. By chang-
ing {q} and {u, t} to one clique {q, u, t}, we obtain a
new solution y satisfying the new inequality at equality.
Comparing x and y, we conclude that δqt +δqu = 0. Since
δqu = 0, it follows that δqt = 0 = γqt. Analogously, one
can show that δsv = 0 = γsv.

Third, consider δst. Since cova[{q, s}] = aqs, and by
the definition of a covering, there is a solution x such
that aTx = a0, bTx = b0− covb[t], and {q, s} and {t} are
cliques. By changing {q, s} and {t} to one clique {q, s, t},
we obtain a new solution y satisfying the new inequality
at equality. Comparing x and y, we conclude that δst = β
covb[t] = βγst. In a similar way, one can derive δst = α
cova[s] = αγst. Using (23) and (19), it follows that α = β.

Finally, consider the negative coefficients. Since
cova[{q, s}] = aqs, and covb[{u, t}] = but, there is a so-
lution x such that aTx = a0, bTx = b0, and {q, s} and
{u, t} are cliques. By changing {q, s} and {u, t} to one
clique {q, s, u, t}, we obtain a new solution y satisfying
the new inequality at equality. Comparing x and y, we
have δqu + δqt + δsu + δst = 0. Substituting the earlier
results δqu = δqt = 0, it follows that δsu = −δst. Analo-
gously, one can show δrt = −δst, and δqv = −δst.

Another possibility for the γ-coefficients is as follows:

Theorem 3.7. Disjoint patching, option II (Fig. 7).
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FIG. 7. Disjoint patching according to option II.

Assume that cova[q] = cova[r] = covb[u] = covb[v] =
0, cova[{q, s}] = aqs, cova[{r, s}] = ars, cova[{q, r, s}] =
aqs + ars + aqr, covb[{u, t}] = but, covb[{v, t}] = bvt, and
covb[{u, v, t}] = but + bvt + buv. Then, if γst > 0, the
following inequality defines a facet of P∗:

(a + b)Tx + γst(xst − xqu − xqv − xru − xrv)

(24)
≤ a0 + b0.

Proof. Similar to the proof of Theorem 3.6, see Rut-
ten [28].

Starting with the results of Theorem 3.6 and Theorem
3.7, we can derive facets of the full-dimensional poly-
tope by applying ordinary sequential lifting procedures.
In some cases, it is possible to derive an explicit formu-
lation of inequalities resulting from a disjoint patching
procedure. One example occurs when both inequalities
are (S, T)-inequalities with |S| = 1.

Theorem 3.8. Disjoint (S, T) patching.
Let aTx ≤ 1 and bTx ≤ 1 be (S, T)-inequalities, with

in both cases |S| = 1, and with disjoint supports on Va

and Vb, respectively. Let s(t) be the center of aTx ≤
1 (bTx ≤ 1). Let Va = Ua ∪ Wa ∪ {s} be such that
these three sets are disjoint. Let Vb = Ub ∪ Wb ∪ {t} be
such that these three sets are disjoint. Then, the following
inequality is valid and facet-defining if Ua and Ub are
either both empty or both nonempty and if Wa and Wb

are both nonempty:

(a + b)Tx + xst −
∑
j∈Ub

xsj

(25)
−
∑
i∈Ua

xit −
∑

{i,j}∈E(Wa,Wb)

xij ≤ 2.

Proof. First, we show that the inequality is valid for
P. Let x be an arbitrary integral solution in P. If s and
t are not in the same clique, the inequality is satisfied
by validity of the two original inequalities. So, we may
assume that xst = 1. If there are no other vertices in Va

in the same clique as s and t, we have aTx ≤ 0 and,
therefore, inequality (25) is satisfied. Similarly, if there
are no other vertices in Vb in the same clique as s and
t, we have bTx ≤ 0 and inequality (25) is satisfied. So,

there is at least one vertex r ∈ Va and at least one vertex
u ∈ Vb which are in the same clique as s and t. Then,
r ∈ Ua, u ∈ Ub, or {r, u} ∈ E(Wa, Wb), implying that

xst −
∑
j∈Ub

xsj −
∑
i∈Ua

xit −
∑

{i,j}∈E(Wa,Wb)

xij ≤ 0,

and, therefore, the inequality is satisfied by the validity
of the two original inequalities.

Next, we need to show that the inequality defines a
facet of P. In case Ua and Ub are both nonempty from
Theorem 3.6, and in case Ua and Ub are both empty from
Theorem 3.7, we can deduce that there is a facet of P
containing the face of P defined by the inequality, which
is defined by an inequality of the form

α(a + b)Tx +
∑

{i,j}∈E(Va,Vb)

δijxij ≤ 2α,

where δst equals α. It remains to show that δij = αγij

for all {i, j} ∈ E(Va, Vb).
First, we consider δij for all {i, j} ∈ E(Va, Vb)\E(Wa,

Wb). Since cova[i] = covb[j] = 0, there is a solution
x such that aTx = 1, bTx = 1, the new inequality is
satisfied at equality, and {i} and {j} are cliques. Merging
{i} and {j} to one clique {i, j}, we obtain a new solution
y satisfying the new inequality at equality. Comparing x
and y, we conclude that δij = 0 = γij.

Next, we consider δsj for j ∈ Wb. There exists a solu-
tion x such that aTx = 0, bTx = 1, the new inequality is
satisfied at equality, and {s, t, j} is a clique. Then, x satis-
fies the patching at equality, yielding δst +δtj +δsj = 2α.
Plugging in the earlier results δst = α, and δtj = α, we
have δsj = 0 = γsj. In a similar way, it is argued that for
i ∈ Wa we have δit = 0 = γit.

Now, we consider δsj for j ∈ Ub. There exists a solu-
tion x such that aTx = 1, bTx = 1, {i, s, t, j} is a clique for
a i ∈ Wa (which exists since Wa ≠ �) and x satisfies the
patching at equality, yielding δst+δtj+δsj+δij = 0. Plug-
ging in the earlier results δst = α, δij = 0, and δit = 0,
we have δsj = −α = αγsj. In a similar way, it is argued
that for i ∈ Ua we have δit = −α = αγit.

Finally, we consider δij for {i, j} ∈ E(Wa, Wb). There
exists a solution x such that aTx = 1, bTx = 1, {i, s, t, j}
is a clique and it satisfies the patching at equality. This
yields δst + δtj + δsj + δij = 0. Plugging in the earlier
results δst = α, δsj = 0, and δit = 0, we have δij = −α =
αγij.

We refer to inequalities (25) as composed 2-partition
inequalities (Fig. 8).

4. FACETS WITH RIGHT-HAND SIDE
EQUAL TO 1 OR 2

In this section, we investigate facet-defining inequal-
ities with small right-hand sides. The reason for this is
based on the expectation that small right-hand sides give
rise to inequalities with a relatively simple structure. This
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FIG. 8. Disjoint (S, T)-patching of two triangle inequalities.

structure could perhaps be exploited when separating (ei-
ther exact or heuristically) these inequalities.

4.1. Right-hand Side Equal to 1

In Section 2.1, we described the so-called 2-partition
inequalities. The following theorem shows that all valid
inequalities with the right-hand side equal to 1 are im-
plied by 2-partition inequalities with the right-hand side
equal to 1.

Theorem 4.1. Any facet-defining inequality of P with
the right-hand side equal to 1 is an (S, T)-inequality with
|S| = 1.

Proof. We will prove the theorem by showing that
any valid inequality with right-hand side 1 is implied by
one or more (S, T)-inequalities with |S| = 1.

Consider any valid inequality with right-hand side 1.
Obviously, the largest coefficient in such a valid inequal-
ity equals 1. We are in either one of the following two
cases:

(1) There is at most one coefficient in the valid inequality
equal to 1. Then, this inequality is trivially implied
by xij ≤ 1 for some {i, j} ∈ E, which, in turn, is
implied by two triangle inequalities, which are (S, T)-
inequalities with |S| = 1 and |T| = 2.

(2) There are at least two coefficients in the valid inequal-
ity equal to 1. The set of edges corresponding to these
coefficients must have a vertex in common, say vertex
i ∈ V; otherwise, one can exhibit a clique partition vi-
olating the inequality. Consider now a pair of edges,
say {i, j} and {i, k} corresponding to coefficients with
value 1. Since E({i, j, k}) is a feasible clique partition,
the coefficient of {j, k} cannot be larger than −1. It
is now easy to observe that this valid inequality is
implied by an (S, T)-inequality with S = {i}.

This result was independently established in the con-
text of transitive packing by Müller and Schulz [24].

4.2. Right-hand Side Equal to 2

To characterize all facets with the right-hand side
equal to 2, we first show that the positive support of any
facet-defining inequality is connected.

Lemma 4.2. Let aTx ≤ a0 be a facet-defining inequal-
ity for P. Then, the positive support (see Section 1.2) of
this inequality (referred to as H) is connected.

Proof. Suppose that H is not connected, but instead
consists of k components (k ≥ 2). Let Wi ⊆ V(F) be
the set of vertices in component i (i = 1, . . . , k). Since
the support of a is connected [14], there exist two com-
ponents Wi and Wj (1 ≤ i < j ≤ k) and an edge
{ui, uj} ∈ E with aui,uj < 0 joining vertex ui ∈ Wi

with vertex uj ∈ Wj. Consider any clique partition A
containing this edge, and let

B := A ∩
(

k⋃
i=1

E(Wi)

)
.

Then, on the one hand, all edges {i, j} ∈ A with aij > 0
are also in B, but, on the other hand, {ui, uj} /∈ B; hence,

aTχA < aTχB ≤ a0.

So, the face induced by aTx = a0 is contained in the
face induced by xui,uj = 0—a contradiction. Thus, H is
connected.

Now, we can prove the following theorem:

Theorem 4.3. Let G = (V, E) be a complete graph. All
facet-defining inequalities of the clique partitioning poly-
tope corresponding to G with right-hand side equal to 2
belong to one of the following classes:

(1) 2-Partition inequalities with right-hand side equal to
2 [see inequalities (2)],

(2) 2-Chorded cycles of length 5 [see inequalities (3) with
k = 5],

(3) Inequalities obtained by applying intersection patch-
ing to two 2-partition inequalities with right-hand side
equal to 1 [see inequalities (15) with |S1| = |S2| = 1],

(4) (Lifted) stable set inequalities [see inequalities (11)
with α(H) = 2], and

(5) Composed 2-partition inequalities [see inequalities
(25)].

Proof. First, observe that the 2-chorded path inequal-
ities with the right-hand side equal to 2 are contained in
class (3).

Now, let aTx ≤ 2 be a facet-defining inequality. It is
obvious that aij ≤ 2 for all {i, j} ∈ E. We distinguish
the following three cases:
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(1) There is more than one edge {i, j} ∈ E with aij = 2,
(2) There is exactly one edge {i, j} ∈ E with aij = 2, and
(3) There is no edge {i, j} ∈ E with aij = 2.

(1) In this case, all edges {i, j} ∈ E with aij = 2 are
incident to the same vertex, say vertex s. Moreover, all
edges {i, j} ∈ E with aij = 1 are also incident to s. For
any two edges {s, i} and {s, j} with coefficient equal to
2 (i.e., asi = asj = 2), we have aij ≤ −2. Also, if asi = 2
and asj = 1, then aij ≤ −1. Define

T = {i ∈ V|asi = 1},

F = {{i, j}|i, j ∈ T, aij ≤ −1}.

Then, the graph H = (T, F) has a stability number no
more than 2; otherwise, the inequality aTx ≤ 2 would
not be valid. Hence, this inequality is implied by a lifted
stable set inequality.

(2) Let {s, t} be the edge with coefficient equal to 2.
Then, all edges with coefficient equal to 1 are either in-
cident to s or to t. Moreover, if asi = 1, then ati ≤ −1,
and if ati = 1, then asi ≤ −1. If there are no edges with
coefficient equal to 1 incident to s (or to t), then we have
the same situation as in case (1). Otherwise, define

S = {i ∈ V|asi = 1},

T = {i ∈ V|ati = 1},

where both S and T are nonempty. If i, j ∈ S, then aij ≤
−1, and also if i, j ∈ T, we have aij ≤ −1. Hence, the
inequality aTx ≤ 2 is implied by the sum of the two
2-partition inequalities

x(E({s}, S ∪ {t})) − x(E(S ∪ {t})) ≤ 1,

x(E({t}, T ∪ {s})) − x(E(T ∪ {s})) ≤ 1,

and it is therefore not facet-defining.
(3) All edges have coefficient at most 1. Let G′ be the

graph induced by the edges with coefficient equal to 1.
Then, from Lemma 4.2, we know that G′ is connected, so
it contains a path of length at least 2. On the other hand,
aTx ≤ 2 is a valid inequality, so G′ cannot contain a
path of length 5 or more (an edge set P = {{vi, vi+1}|i =
1, . . . , l} is called a path if and only if v1, . . . , vl+1 are
distinct, so a cycle of length l contains a longest path of
length l − 1). We distinguish the following three cases:

(i) A longest path in G′ has length 2,
(ii) A longest path in G′ has length 3, and

(iii) A longest path in G′ has length 4.

(3.i) All edges with a coefficient equal to 1 are inci-
dent to the same vertex, say vertex s. Define T and F as
in case (1); then, again, the graph H = (T, F) has stability
number no more than 2. Hence, the inequality aTx ≤ 2
is implied by a stable set inequality.

(3.ii) Let {v1, . . . , v4} ⊆ V, and let P = {{vi, vi+1}|i =
1, 2, 3} be a longest path of length 3, where aij = 1 for

all {i, j} ∈ P. If av1,v4 = 1, then there are no other edges
with coefficient equal to 1, and av1,v3 + av2,v4 ≤ −2. If
any of these two edges has a coefficient of at most −2,
then aTx ≤ 2 is implied by two triangle inequalities. If
av1,v3 = av2,v4 = −1, then aTx ≤ 2 is implied by an (S, T)-
inequality with S = {v1, v3} and T = {v2, v4}. If av1,v4 ≤
0, then all other edges with a coefficient equal to 1 are
either incident to v2 or to v3. Let T1 = {i ∈ V|av2,i = 1}
and T2 = {i ∈ V|av3,i = 1} (hence, v1 ∈ T1 and v4 ∈
T2). Then, T1 ∩ T2 = �; otherwise, aTx ≤ 2 would not
be valid. This implies that the inequality aTx ≤ 2 can
be obtained by applying our patching procedure to two
(S, T)-inequalities, one with S = {v2} and T = T1 and
the other with S = {v3} and T = T2.

(3.iii) Let {v1, . . . , v5} ⊆ V, and let P = {{vi, vi+1}|i =
1, . . . , 4} be a longest path of length 4, where ae = 1 for
all e ∈ P. Observe that av1,v3 ≤ −1 and also that av3,v5 ≤
−1. If av1,v5 = 1, then we have a cycle of length 5. All
2-chords of this cycle have coefficient at most −1, and
there can be no other edges with a positive coefficient.
Hence, the inequality aTx ≤ 2 is implied by a 2-chorded
cycle inequality.

We are left with the situations where av1,v5 ≤ 0 (see
Fig. 9). All edges with a coefficient equal to 1 not in P
are either incident to v2 or to v4. In the remainder of the
proof, let T1 = {i ∈ V|av2,i = 1}, T2 = {i ∈ V|av4 ,i = 1}
(hence, v1, v3 ∈ T1 and v3, v5 ∈ T2), and T0 = T1 ∩ T2.
If i, j ∈ Tk (k = 1, 2), then aij ≤ −1.

First, consider the case where av1,v4 ≤ 0 and also
av2,v5 ≤ 0. If aij ≤ −2 for all i, j ∈ T0, then the in-
equality aTx ≤ 2 is implied by the sum of two (S, T)-
inequalities, one with S = {v2} and T = T1 and the
other with S = {v4} and T = T2. If aij = −1 for some
i, j ∈ T0, then av2,v4 ≤ −1, and the inequality aTx ≤ 2
is implied by an intersection patching of the same two
(S, T)-inequalities.

If av1,v4 = 1 or av2,v5 = 1, then similar arguments show
that the inequality aTx ≤ 2 is either implied by the sum
of two (S, T)-inequalities or it is implied by an intersec-

FIG. 9. Support of an inequality with right-hand side 2.
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tion patching of two (S, T)-inequalities. This completes
the proof of the theorem.

5. THE COMPLEXITY OF SEPARATION

In this section, we consider the complexity of sepa-
rating inequalities for the clique partitioning polytope.
Obviously, when designing an algorithm using polyhe-
dral results, the complexity of the separation problem
with respect to certain classes of valid inequalities be-
comes an important issue. Müller [22] and Caprara and
Fischetti [5] showed that the 2-chorded cycle inequalities
can be separated in polynomial time. In Subsection 5.1,
we show that the question: Given a (fractional) solution
x, does there exist an (S, T)-inequality with |S| = 1 vio-
lated by x? is NP-hard. Indeed, this result motivated the
heuristic approach adopted in [13] to search for violated
(S, T)-inequalities. On the other hand, in Subsection 5.2,
we show that given a fractional solution x and given two
disjoint (S, T)-inequalities with |S| = 1 we can decide in
polynomial time whether there exists a violated inequal-
ity of the form (25). In other words, given two disjoint
(S, T)-inequalities with |S| = 1, the patching procedure
described in Section 3 runs in polynomial time.

5.1. Separating (SSS, TTT) Inequalities

The separation problem for (S, T)-inequalities with
|S| = 1 can be formulated as a decision problem in the
following way:

Given: A complete graph G = (V, E), a vertex s ∈ V,
and a (fractional) solution x ∈ R|E|.
Question: Is there a subset T ⊆ V\{s} such that
x(E({s}, T)) − x(E(T)) > 1?

We refer to this decision problem as problem SEPST.

Theorem 5.1. SEPST is NP-complete.

Proof. We prove that SEPST is NP-complete by
showing that MAXCUT (which is known to be NP-
complete; see [11]) reduces to it. MAXCUT is defined
as follows:

MAXCUT:
Given: A graph H = (U, F), edge weights wij ∈ N for
all {i, j} ∈ F, a positive integer K.
Question: Is there a partition of U into two disjoint sets
U1 and U2, such that

∑
{i,j}∈E(U1,U2)

wij > K? (26)

Given an instance of MAXCUT, construct a graph G =
(V, E) and a point x ∈ R|E| as follows: V = U ∪ {s}, E =

{{i, j}|i, j ∈ V, i ≠ j}, and x ∈ R|E| is defined by

xij =




1
K

·
∑

{j,k}∈F

wjk if i = s, j ∈ U,

2
K

· wij if {i, j} ∈ F,

0 otherwise.

Let T ⊆ U. Then, the following holds:∑
i∈T

xsi −
∑

{i,j}∈E(T)

xij

=
1
K

·
∑
i∈T

∑
j∈U

{i,j}∈F

wij − 2
K

·
∑

{i,j}∈E(T)

wij

=
1
K

·
∑
i∈T


∑

j∈T
{i,j}∈F

wij +
∑
j∈U\T
{i,j}∈F

wij


− 2

K

·
∑

{i,j}∈E(T)

wij

=
1
K

·
∑
i∈T

∑
j∈T

{i,j}∈F

wij +
1
K

·
∑
i∈T

∑
j∈U\T
{i,j}∈F

wij − 2
K

·
∑

{i,j}∈E(T)

wij

=
2
K

·
∑

{i,j}∈E(T)

wij +
1
K

·
∑

{i,j}∈E(T,U\T)

wij − 2
K

·
∑

{i,j}∈E(T)

wij

=
1
K

·
∑

{i,j}∈E(T,U\T)

wij.

It is clear that there exists T ⊆ U satisfying x(E({s}, T))−
x(E(T)) > 1 if and only if there exists a partition of U
into U1 and U2, satisfying (26). This completes the proof
of the theorem.

Remark 1. Although, in general, it is not true that
when it is NP-hard to separate over some class of in-
equalities called C it is NP-hard to separate over a class
D; djC, the reduction in the above proof can be ad-
justed to show that it is NP-hard to separate over (S, T)-
inequalities with fixed |S| as well as over weighted (s, T)-
inequalities. Notice, however, that the complexity of
separating (S, T)-inequalities (thus without fixing |S|) re-
mains unanswered here.

Remark 2. Notice that, in practice, the given frac-
tional solution x in the input of SEPST will satisfy
the triangle inequalities [if not, one probably would
not look for violated (S, T)-inequalities, but instead add
the violated triangle inequality]. Thus, it makes sense
to investigate whether we can modify the reduction
above so that the x-vector constructed satisfies the tri-
angle inequalities. To see that this is indeed possible,
consider MAXCUT with the following restrictions:

(1) wij = 1 for all {i, j} ∈ F and 0 otherwise,
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(2)
∑

{i,j}∈E(U1 ,U\U1) wij ≤ K for all U1 ⊆ U with |U1| ≤
2,

(3) all vertices i ∈ U have degree at least 2, and
(4) K ≥ 4.

It is well known that MAXCUT is NP-complete if wij =
1 for all {i, j} ∈ F (see [11]). Checking if there ex-
ists a subset U1 ⊆ U with |U1| ≤ 2 such that the cut
E(U1, U\U1) has value more than K can be done in poly-
nomial time. Hence, MAXCUT with restrictions (1) and
(2) is still NP-complete. Restriction (3) is no real restric-
tion. If there is a vertex in U with degree 1, say vertex i
is only incident to edge {i, j}, and this edge does not be-
long to the cut, then moving vertex i to “the other side”
of the cut increases the value of the cut by 1. Hence,
vertex i and edge {i, j} can be deleted from H, if at the
same time K is replaced by K − 1.

For fixed K, instances of MAXCUT with all edge
weights equal to 1 can be solved in O(|E|K) time. Hence,
instances of MAXCUT with restrictions (1)–(3) and K ≤
3 can be solved in polynomial time. Since MAXCUT
with restrictions (1)–(3) is NP-complete, this implies that
MAXCUT with restrictions (1)–(4) is also NP-complete.

Let us now argue that, using these restrictions, the
vector x ∈ R|E| satisfies all triangle inequalities. Let
i, j ∈ U, i ≠ j. The triangle inequality xsi + xsj − xij ≤ 1
is equivalent to

1
K

∑
k∈U

{i,k}∈F

wik +
1
K

∑
k∈U

{j,k}∈F

wjk − 2
K

· wij ≤ 1. (27)

The left-hand side of (27) is exactly 1/K times the value
of the cut E({i, j}, U\{i, j}), and due to restriction (2),
this cut has value at most K. Hence, x satisfies the trian-
gle inequality xsi + xsj − xij ≤ 1.

The triangle inequality xsi −xsj +xij ≤ 1 is equivalent
to

1
K

∑
k∈U

{i,k}∈F

wik − 1
K

∑
k∈U

{j,k}∈F

wjk +
2
K

· wij ≤ 1. (28)

By restriction (2), we have
∑

k∈U:{i,k}∈F wik ≤ K. By re-
striction (3), we have

∑
k∈U:{j,k}∈F wjk ≥ 2. This implies

that inequality (28) is indeed satisfied.
Now, let k ∈ U\{i, j}. One easily verifies that all tri-

angle inequalities with respect to {i, j, k} are satisfied
using restrictions (1) and (4). Summarizing, SEPST re-
mains NP-complete even if the vector x ∈ R|E| satisfies
all triangle inequalities.

5.2. Disjoint Patching of 2-Partition Inequalities

Here, we consider the separation of the facets in-
duced by (25), that is, the facets obtained from the dis-
joint patching of two 2-partition inequalities with right-

hand side equal to 1. This separation problem can be
formulated as a decision problem in the following way:

Given: A complete graph G = (V, E), a (fractional) point
x ∈ R|E|, and two 2-partition inequalities with the right-
hand side equal to 1, aTx ≤ 1, and bTx ≤ 1.
Question: Does a disjoint (S, T)-patching of these two
inequalities exist, separating x and P?

We refer to this decision problem as SEPPATCH.

Theorem 5.2. SEPPATCH is solvable in polynomial
time.

Proof. We prove that SEPPATCH is polynomially
solvable by showing that it reduces to finding a minimal
cut in a directed graph, which can be solved in polyno-
mial time (see, e.g., [1]). Let Va (Vb) be the vertex set
of the support of aTx ≤ 1 (bTx ≤ 1), and let s (t) be
the center of the inequality. The separation problem is
equivalent to finding a partition of Va\{s} into Ua and
Wa and a partition of Vb\{t} into Ub and Wb, such that

(a + b)Tx + xst −
∑
j∈Ub

xsj

(29)
−
∑
i∈Ua

xti −
∑

{i,j}∈E(Wa,Wb)

xij > 2,

or showing that no such partitions exist.
Construct a digraph D = (V′, A) with V′ = Va ∪ Vb

and

A = {(s, u)|u ∈ Vb\{t}}∪{(u, v)|u ∈ Vb\{t}, v ∈ Va\{s}}
∪ {(v, t)|t ∈ Va\{s}}.

Let the capacity of an arc (i, j) ∈ A be equal to the
value xij of the corresponding edge in G. Rewriting (29)
yields∑
j∈Ub

xsj +
∑
i∈Ua

xti +
∑

{i,j}∈E(Wa,Wb)

xij

(30)
< (a + b)Tx + xst − 2.

The right-hand side of (30) is fixed, whereas the left-hand
side is exactly the value of the s − t cut E({s} ∪ Ua ∪
Wb, {t} ∪ Ub ∪ Wa) in D (see Fig. 10). If the minimum
s− t cut in D is less than (a+b)Tx+xst −2, then we have
found a separating disjoint (S, T)-patching. Otherwise, no
such patching exists.

6. COMPUTATIONAL EXPERIMENTS

In this section, we present a simple cutting plane al-
gorithm based on the results of the previous sections
and we report on its performance on the instances de-
scribed in Subsection 1.1. We are primarily interested in
the question of to what extent the polyhedral results in
Sections 2 and 3 help in solving these instances. To at
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FIG. 10. The correspondence between a disjoint (S, T)-patching and
a cut in a digraph.

least partially answer this question, we implemented a
cutting plane algorithm that uses five of the previously
described classes of facets.

For each of these classes, we implemented an exact or
heuristic algorithm for finding violated inequalities. We
used the following classes of facet defining inequalities:

1. Triangle inequalities; we implemented a straightfor-
ward exact (enumerative) algorithm for finding vio-
lated triangle inequalities.

2. 2-Partition inequalities; we implemented the heuristic
algorithm for finding violated 2-partition inequalities
with right-hand side 1, as described by Grötschel and
Wakabayashi [13].

3. Weighted (s, T)-inequalities; we implemented a
heuristic algorithm similar to the one used for find-
ing violated 2-partition inequalities (see Subsection
2.1.1).

4. Stable set inequalities; we implemented an exact (enu-
merative) algorithm for finding cutting planes in a
subclass of the stable set inequalities, namely, the

wheel inequalities with right-hand side 2 (see Sub-
section 2.1.2).

5. Facets obtained from disjoint (S, T) patching; we im-
plemented an exact (enumerative) algorithm for find-
ing violated inequalities obtained from the disjoint
patching of two triangle inequalities (a subclass of
inequalities (25); see also Fig. 8).

The cutting plane algorithm starts with optimizing the
objective function subject to the lower-bound constraints.
In each iteration of the algorithm, it is checked whether
the current solution is integral and feasible. If so, we are
done. If not, inequalities with a large slack are deleted
from the current formulation, and new violated inequal-
ities are added to the linear program. If no violated in-
equalities are found the algorithm stops (we did not im-
plement branching, since we are interested mainly in the
quality of our facets in a cutting plane algorithm). Other-
wise, violated inequalities are added to the current for-
mulation, and the new linear program is solved again.
These linear programs were solved with CPLEX 2.1 on
a Silicon Graphics Indigo workstation.

The inequalities are searched in the five classes men-
tioned above in the given order, and a class is searched
only if no violated inequalities were found in one of the
previous classes. We never added more than 400 cutting
planes in one iteration, in order to keep the linear pro-
gram within reasonable bounds. If, in three consecutive
iterations, the improvement in the objective value is less
than 1%, we searched for violated inequalities in each of
the classes until either we found 400 cutting planes in to-
tal or all classes were searched. With respect to the topic
of running times, we restrict ourselves to the following
general remark: Since our main interest lies in determin-
ing the potential usefulness of the inequalities described
here, no attempt was made to optimize or even record
running times of the algorithm. We simply imposed an
upper limit of 500 iterations for the cutting plane algo-
rithm to keep running times manageable. The results are
depicted in Table 2 (cf. with Table 1).

The first column denotes the name of the instance to-
gether with a reference, and the second column denotes
the size of the instance. The column labeled zLP gives the
optimal LP value (which uses only the triangle inequali-
ties). The column labeled zGW gives the optimal LP value
after we ran the cutting plane algorithm as described by
Grötschel and Wakabayashi [13], that is, the algorithm
with triangle inequalities and 2-partition inequalities as

TABLE 2. The results of the cutting plane algorithm.

Instance Size zLP zGW zCPA LS

KKV [18] 9 × 15 23.0000 (i) — — 23
SUL [30] 20 × 11 48.0000 46.5833 (71%) 46.0000 (i) 46
SEI [29] 11 × 22 55.6667 54.1964 (88%) 54.0000 (i) 54
LES [19] 13 × 25 42.0000 36.6256 (41%) 34.9571 (54%) 29
MCC [21] 24 × 16 56.6667 51.1740 (51%) 46.9844 (91%) 46
BOC [4] 16 × 43 82.0000 75.3628 (37%) 71.6947 (57%) 64
GRO [12] 23 × 20 75.3333 68.5182 (34%) 63.7545 (57%) 55
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TABLE 3. The number of violated inequalities.

Instance Size Triangle 2-Partition Weighted (s, T) Stable Set Disjoint (S, T)

KKV [18] 9 × 15 250 — — — —
SUL [30] 20 × 11 5911 122 1 3458 1600
SEI [29] 11 × 22 4096 99 2 2000 0
LES [19] 13 × 25 3453 28 0 0 202,745
MCC [21] 24 × 16 4952 38 0 0 193,872
BOC [4] 16 × 43 6876 78 0 0 297,773
GRO [12] 23 × 20 7929 48 0 0 192,443

cutting planes. The next column of the table denotes the
LP value found after running the cutting plane algorithm
described above. Finally, in the last column, labeled LS,
we report the value of a feasible solution found by a sim-
ple variable depth local search procedure. In this way, we
have bounds on the outcome of the cutting plane algo-
rithms. The symbol (i) indicates that the corresponding
solution is integral.

The percentages given in the column zGW and zCPA

indicate the relative amount of the integrality gap closed
by the respective algorithm, that is, (zLP−LS)/(zLP−zGW)
and (zLP − LS)/(zLP − zCPA), respectively.

For the instance KKV, the LP-relaxation is already
integral. For the instances SEI and SUL, the inequali-
ties incorporated in the cutting plane algorithm described
here suffice to solve the problem to optimality. For all
other instances, the algorithm described here further nar-
rows the gap significantly. The bound resulting from the
outcome of the cutting plane algorithm for the instance
MCC proves the optimality of the solution found by the
local search procedure. To see which inequalities con-
tribute to the performance of the algorithm, we report
in Table 3 the number of inequalities that are added for
each of the five distinguished classes. It turns out that
inequalities of each class have been used by the algo-
rithm. Moreover, the class of “patched triangles” seems
particularly useful for our instances. This illustrates that
the new classes of facets presented here are potentially
useful in a cutting plane algorithm.

7. CONCLUSIONS

In this paper, we extended the knowledge of the facial
structure of clustering problems in general and the clique
partitioning polytope in particular. This was done by ex-
hibiting new classes of facet-defining inequalities and
by presenting a procedure that constructs facet-defining
inequalities. Further, we characterized facet-defining in-
equalities with right-hand side 1 or 2 and addressed some
separation issues. Finally, we demonstrated that some
of the inequalities described help in improving lower
bounds when running a simple cutting plane algorithm
on real-life instances.
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