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We consider a rooted tree graph with costs associated
with the edges and profits associated with the vertices.
Every subtree containing the root incurs the sum of the
costs of its edges, and collects the sum of the profits of its
nodes; the goal is the simultaneous minimization of the
total cost and maximization of the total profit. This prob-
lem is related to the TSP with profits on graphs with a tree
metric. We analyze the problem from a biobjective point of
view. We show that finding all extreme supported efficient
points can be done in polynomial time. The problem of
finding all efficient points, however, is harder; we propose
a practical FPTAS for solving this problem. Some spe-
cial cases are considered where the particular profit/cost
structure or graph topology allows the efficient points to
be found in polynomial time. Our results can be extended
to more general graphs with distance matrices satisfy-
ing the Kalmanson conditions. © 2012 Wiley Periodicals, Inc.
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1. INTRODUCTION

Here, we deal with a bicriteria combinatorial problem.
Given is a rooted tree with costs on the edges and prof-
its on the vertices. Every subtree containing the root incurs
a total cost, which is the sum of the costs of its edges,
and collects a total profit, which is the sum of the prof-
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its of its nodes. We ask for a simultaneous minimization
of the total incurred cost and maximization of the total
collected profit. Thus, we have two opposite objectives
that need to be optimized, one pushing towards not select-
ing edges to avoid costs, and the other to select edges
to collect profit associated with the connected vertices.
In this light, our goal is finding a set of Pareto optimal
rooted subtrees, i.e., subtrees with the property that nei-
ther objective can be improved without deteriorating the
other.

The original motivation of this work comes from the study
of the traveling salesman problem with profits [14] on a tree
metric. Indeed, consider a salesman located at the root of the
tree, who wants to visit a subset S of vertices and afterwards
returns to the root. He wishes to pay the minimum cost while
collecting the maximum profit, and both these goals can be
achieved in the following way. For every vertex v in the sub-
set, take the unique path connecting the root to v. Let T(S)

be the subtree formed by all such paths. Visit all vertices of
T(S) from the root by a complete depth-first search, collect-
ing the profits of each vertex the first time it is encountered.
If a vertex in T(S) is not in S, its profit can be collected with-
out affecting the total cost. In the end, every vertex profit in
T(S) is collected and every edge is traversed twice, one time
while going away from the root, one time during a backtrack.
Thus, the route of the salesman incurs a cost which is exactly
twice the cost of the corresponding rooted subtree and col-
lects a profit which is exactly the total profit of the subtree.
Because there is a one-to-one correspondence between feasi-
ble subtours of the salesman and rooted subtrees, preserving
the partial ordering with respect to profits and costs, find-
ing Pareto optimal salesman subtours is equivalent to finding
Pareto optimal rooted subtrees.
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In general, the TSP with profits is NP-hard [14]. The TSP
on a tree, on the other hand, is a straightforward problem to
solve (indeed, any tour passes each arc twice). Complexity
of the TSP with profits on a tree has, to the best of our knowl-
edge, not been studied before, which makes the problem, as
such, interesting to study. In this article, we deal with this
complexity issue and separate between easy and hard cases
of the TSP with profits on a tree.

Biobjective problems are often dealt with in a single-
objective way by either combining the objectives in a single
function and/or adding them as a constraint. On one hand,
this approach simplifies the analysis but, on the other hand,
it hardly captures the complexity of real world decision
processes. For instance, Raghavan et al. [33] describe how
manufacturing firms are forced to consider multiple criteria
when designing products in order to stay competitive. Focus-
ing on a single objective, such as minimizing cost, is no
longer sufficient in different markets. Several objectives need
to be prioritized and balanced [33]. Accordingly, in the ser-
vice industry, limiting the objective towards maximizing total
profit may not be sufficient in a competitive environment. In
the long term, customer service and customer satisfaction
yield a more profound basis for a healthy business. That is
why it might be interesting to cut down on the number of
customers while improving service quality. Thus, a trade-off
is made between quantity and quality. That is exactly why a
bicriterion approach is interesting and relevant: we make a
trade-off between number of customers (i.e., total profit) and
service speed (i.e., traveling time).

A first attempt to address the traveling salesman problem
with profits as a bicriteria problem was made by Keller and
Goodchild [26], who refer to the problem as the multiobjec-
tive vending problem; their approach consists of sequentially
solving single-objective versions of the problem. Recently,
Jozefowiez et al. [22] proposed a metaheuristic method to
build up an approximate description of the Pareto optimal
solution set and Bérubé et al. [3] developed an exact approach.
For an overview on traveling salesman problems with prof-
its, mainly from a single objective point of view, we refer the
reader to Feillet et al. [14]. For surveys on multiobjective
routing problems we refer to Ehrgott [10] and Jozefowiez
et al. [23].

In this work, we consider a biobjective problem where
the underlying graph is a tree. It is clear that trees are fun-
damental network topologies, and many practical problems
feature a tree as the underlying graph. More in particular,
vehicle routing problems on trees have been discussed in, for
instance, Labbé et al. [28], Averbakh and Berman [2], Muslea
[30], Lim et al. [29], Chandran and Raghavan [4], and the
references contained therein. Motivation for the tree topol-
ogy comes usually from transportation contexts where the
underlying network is a railway network (in pit mines, for
instance), a river network, or a sparse road network (in rural
areas). Karuno et al. [25] study the problem of scheduling
and routing a vehicle, such as an automated guided vehicle,
in a building with a simple structure of corridors (each floor
corresponds to a subtree and each room to a leaf vertex).

In the works mentioned earlier it is required to visit each
location. Other work deals with settings where there is a
profit to be collected at a location, while not every location
needs to be visited. An example is given by Asahiro et al. [1];
they describe a problem where a single server (the vehicle)
needs to collect moving items (the locations) on a restricted
topology (such as the line). Other examples of such problems
are mentioned in Friese and Rambau [15] (elevator schedul-
ing), Psaraftis et al. [32] (scheduling ships along ports on a
shoreline), and Coene and Spieksma [6].

In our context, providing the decision maker with the full
spectrum of Pareto optimal solutions is not an easy problem,
but when we limit the search to extreme supported solutions
(a subset of the Pareto optimal solutions), we are able to
find them in polynomial time. Further, we show that finding
the whole Pareto set is a hard problem, since the problem
of finding a single Pareto optimal solution is as hard as the
knapsack problem. In a quite general context, approximating
the set of Pareto solutions has been dealt with by Papadim-
itriou and Yannakakis [31]. Their work implies the existence
of a so-called FPTAS to find an ε-approximate Pareto set for
our problem. Constructing such an FPTAS, however, is not
straightforward. We exploit the analogy between our problem
and a precedence constrained knapsack problem studied by
Johnson and Niemi [21] to devise a fast pseudopolynomial
dynamic programming algorithm for our biobjective prob-
lem. Then, we develop an FPTAS for our problem, using ideas
from Erlebach et al. [13] for the multiobjective knapsack
problem. Thus, we show that computing the whole Pareto set
is more difficult than computing the set of all extreme sup-
ported Pareto solutions (assuming P �= NP). Summarizing,
our contribution is:

• an O(n2) algorithm to compute the set of extreme supported
Pareto solutions;

• showing that computing the whole Pareto set is hard;
• a pseudopolynomial dynamic programming algorithm to find

the Pareto set;
• the explicit description of an FPTAS to find an ε-approximate

Pareto set;
• an extension of these results to Kalmanson distance matrices.

The article is organized as follows: In Section 2, we define
the two problems studied and we give some theoretical
background on biobjective optimization. In Section 3, a
polynomial time algorithm is developed for finding the set
of extreme supported Pareto solutions (referred to as Sub-
treeESE). Then, in Section 4, we study the complexity of
finding all Pareto solutions (SubtreeE) and we develop, as our
main contribution, an FPTAS for this problem. Some poly-
nomially solvable special cases are also analyzed. In Section
5, we show how our results are extendable to graphs with a
Kalmanson distance matrix. Section 6 provides concluding
remarks.

2. PROBLEM DEFINITION

In this section, we define the biobjective optimization
problem we are interested in. We refer to Ehrgott [11] and
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T’kindt and Billaut [34] for an introduction into multicriteria
optimization.

Let T = (V , E) be a tree where V = {0, 1, 2, . . . , n} is a set
of n + 1 vertices and E is a set of edges. We consider vertex
0 as the root. Let a profit pi be associated with each vertex
i ∈ V and a cost cij be associated with each edge (i, j) ∈ E.
We will assume that profits and costs are strictly positive,
with the only exception that p0 = 0.

A feasible subtree S = (V(S), E(S)) is a subtree of T
containing the root. The profit of a feasible subtree is:

p(S) =
∑

i∈V(S)

pi,

whereas the cost of S equals

c(S) =
∑

(i,j)∈E(S)

cij.

If S = ({0}, ∅), the feasible subtree corresponds to the solu-
tion with zero cost and zero profit. Note that we assume a
given root, but all positive results we state also hold for the
case where one is allowed to choose the root position (at the
expense of a factor n in the running times).

A feasible subtree S is Pareto optimal if there exists no
feasible subtree S′ such that c(S′) ≤ c(S) and p(S′) ≥ p(S),
and at least one inequality is strict. A point (γ , π) ∈ R

2 is an
efficient point if there exists a Pareto optimal subtree S such
that c(S) = γ and p(S) = π . Let E denote the set of efficient
points. In Figure 1a every point represents a feasible solution
associated with a subtree S. Cost of a subtree is represented
on the horizontal axis, profit on the vertical axis. The filled
circles correspond to efficient points.

An efficient point (γ , π) ∈ R
2 is supported if there exists

a scalar λ ∈ [0, 1] and a feasible subtree S such that S max-
imizes λp(S) − (1 − λ)c(S) and c(S) = γ , p(S) = π . A
supported efficient point that is an extreme point of the con-
vex hull of all solution points, is called an extreme supported
efficient point (Hansen [19], Ehrgott [11]). Let SE denote
the set of extreme supported efficient points (see Fig. 1b).
Clearly, SE ⊆ E .

The goal of our work is to investigate the difficulty of this
bicriteria subtree problem. We distinguish the following two
tasks.

SubtreeE (E). Find all efficient points and, for each of
them, a corresponding Pareto optimal subtree.

SubtreeESE (SE). Find all extreme supported efficient
points and, for each of them, a corresponding Pareto
optimal subtree.

Although the topology of our setting is restricted, the ques-
tions are ambitious because —in both problems— we are not
aiming for a single solution, but instead for a set of solutions.
Of course, to do so in polynomial time, the number of points in
the set should be polynomial in the input size; we come back
to this issue in Section 4.1. Note that the above problems are

FIG. 1. Efficient points (a) and extreme supported efficient points (b).

sorted by decreasing complexity. Indeed, computing the set of
extreme supported efficient points is not harder than comput-
ing the set of efficient points, because the latter set of points
contains the former. We prove that, assuming that P �= NP,
SubtreeE is more difficult than SubtreeESE. Similar results
for the biobjective shortest path problem were obtained by
Henig [20]. We also show that our results still hold in a more
general setting where the tree metric is generalized to distance
matrices satisfying the Kalmanson conditions.

The problems introduced above may be related to biobjec-
tive minimum spanning tree (MST) problems [7]. There is,
however, a crucial difference: in biobjective MST problems
we have to span all vertices of a given general graph, whereas
we are interested in subtrees of a given tree.

3. PROBLEM SUBTREEESE

In this section, we show that finding all extreme sup-
ported efficient points, i.e., solving SubtreeESE, can be done
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in O(n2) time by using a parametric linear program with a
very special structure. The structure is such that an algo-
rithmic idea developed by Eisner and Severance [12] can
be used to solve our problem efficiently. Several methods for
solving combinatorial parametric programming problems are
discussed in Gusfield [18].

Let T = (V , E) be a tree, rooted at vertex 0. For all i ∈
V \{0}, let i� denote the parent of i along the unique path from
i to 0. Further, we denote by δ(i) ⊆ V the set of children of
i, i ∈ V ; if i is a leaf then clearly δ(i) = ∅. We assume that
a summation over an empty set equals 0. We associate with
every vertex i a binary variable xi, which equals 1 if and only
if i belongs to a feasible subtree. Notice that xi = 1 implies
xi� = 1. SubtreeESE corresponds to describing the solutions
of the following parametric program, where λ ∈ [0, 1] is the
parameter:

max
∑

i∈V\{0}(λpi − (1 − λ)cii� )xi

subject to x0 = 1
xi − xi� ≤ 0 (i ∈ V \ {0})
xi ∈ {0, 1} (i ∈ V)

(1)

Vertices are selected such that the sum of the weighted differ-
ences between the profits and costs is maximized. A feasible
solution consists in a set of connected vertices which are also
connected to the root. This is enforced in the constraints in
(1). The coefficient matrix of problem (1) is a totally uni-
modular matrix, because it is the transpose of the node-arc
incidence matrix of tree T , where all edges are oriented to
the root. Thus we may relax the integrality constraints to
non-negativity constraints. The dual of the relaxed problem
is the following:

min y0

subject to y0 ≥ ∑
j∈δ(0) yj

yi ≥ (λpi − (1 − λ)cii� )

+ ∑
j∈δ(i) yj (i ∈ V \ {0})

yi ≥ 0 (i ∈ V \ {0})

(2)

An optimal solution of problem (2) can be described as a
function of λ:

yi(λ) = max{0; (λpi − (1 − λ)cii� )

+
∑

j∈δ(i)

yj(λ)} (i ∈ V \ {0}) (3)

In particular, y0(λ) is the value function of problem
(2), i.e., the function describing the optimal value of our
parametric program.

Eisner and Severance [12] suggest a simple and elegant
algorithm for parametric problems with a piecewise linear
and convex value function having a finite number of break-
points. This algorithm needs to evaluate the value function at
most O(k) times, with k the number of breakpoints. Thus, if
the value function can be evaluated in polynomial time for any

fixed parameter value, then it can be described in time poly-
nomial in the number of breakpoints. We show that Eisner
and Severance’s algorithm can be applied to solve efficiently
SubtreeESE.

First, we note that for any fixed value of λ, the unique solu-
tion of equations (3), and in particular y0(λ), can be computed
in O(n) time by going backwards from the leaves to the root.
Furthermore, by expanding equation (3) recursively, one can
see that yi(λ) is a nondecreasing, piecewise linear and convex
function of the parameter λ, for all i ∈ V .

Second, we argue that the number of breakpoints of y0(λ)

is at most n − 1. For all λ for which y0(λ) = 0, the optimal
subtree contains only vertex 0. Otherwise, by complemen-
tary slackness, an optimal subtree visits all vertices i that have
yi(λ) > 0 as well as yj(λ) > 0 for each j along the unique path
from i to 0. Alternatively, consider the set-valued function
E� : [0, 1] 	→ 2E , where E�(λ) = {(i, i�) ∈ E : yi(λ) > 0},
and let T(λ) = (V , E�(λ)). For any given λ, an optimal sub-
tree visits the vertices belonging to the connected component
of T(λ) containing the root (vertex 0). Thus, to describe func-
tion y0(λ) and to enumerate all extreme supported subtours,
it is sufficient to record the different sets of function E�.

Suppose that we increase parameter λ continuously from
0 to 1, and let λ′ < λ′′. Because yi(λ) is nondecreasing for
all i, if (i, i�) ∈ E�(λ′) then 0 < yi(λ

′) ≤ yi(λ
′′), and hence

(i, i�) remains in E�(λ′′). Thus, E�(λ′) ⊆ E�(λ′′). Further-
more, since E�(0) = ∅ (corresponding to the trivial subtree
consisting of vertex 0) and E�(1) = E (corresponding to the
complete tree with all vertices), E� changes its value in only
k ≤ n − 1 breakpoints, 0 < λ1 < λ2 < · · · < λk < 1. It
follows that the number of extreme supported efficient points
is constrained by n.

Theorem 1. SubtreeESE is solvable in O(n2) time.

Proof. We have shown that SubtreeESE can be solved
using a parametric program with a piecewise linear convex
function and a finite number of breakpoints. In such a setting
the algorithm from [12] can be applied. Evaluating y0(λ) for
any fixed λ takes O(n) time and this evaluation needs to take
place O(n) times, yielding a total time complexity of at most
O(n2). ■

Notice also that we can solve SubtreeESE on the line in
O(n). On a line it holds that when a vertex i belongs to a
Pareto optimal subtree, all vertices positioned between the
root 0 and i belong to that subtree as well. Further, no other
nonchild vertex of i will be served without having to pass
through the root. Notice that on a general tree this does not
hold; another leaf vertex could be served in the same subtree.
It follows that, using (3), we are able to compute a critical
value

λi = cii�

pi + cii�

for each vertex i, such that when λ > λi we have yj(λ) > 0
for all j on the 0 – i path. Consider the vertices 1, . . . , nL on
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the left side of the root and the corresponding critical values.
When λi > λi+1, the 0 – i path will never be a Pareto optimal
subtree. By going through the critical values from λnL to λ1,
all λi ≥ λj with i < j ≤ nL can be removed. The same process
can be repeated for the vertices on the other side of the root.
The remaining critical values are sorted in increasing order
and give the Pareto optimal subtrees.

4. PROBLEM SUBTREEE

This section deals with SubtreeE, the problem of com-
puting all efficient points. Subsection 4.1, is devoted to the
complexity of this problem. In Subsection 4.2, we describe
a (pseudopolynomial) dynamic program that computes the
efficient points, while Subsection 4.3 proposes an FPTAS.
Subsection 4.4 is devoted to some polynomially solvable
special cases.

4.1. Complexity

Traditional complexity theory deals with problems where
the requested output (usually a single solution) is polynomial
in the given input. However, when the goal is to find a set of
solutions instead of a single one, it may well be the case that
the requested output is exponential in the given input. The
computational complexity of bicriteria problems has been
addressed in Garey and Johnson [17], T’Kindt et al. [35],
Fukuda [16] and the references contained therein. Here, we
will argue that it is unlikely that there is a polynomial algo-
rithm for finding all efficient points of SubtreeE. We do this
by relating the problem to the well-known knapsack prob-
lem; recall that the knapsack problem is defined by a set of n
items, each item having weight wi and a value qi and a knap-
sack with capacity B, and the problem consists in finding
a maximum-valued subset of the items whose total weight
does not exceed the capacity B. Let us refer to the problem of
finding an optimal solution for each value of B, as problem
all-KnapSack.

Theorem 2. SubtreeE is at least as hard as all-KnapSack

Proof. Let us build an instance of SubtreeE by con-
structing a tree consisting of n + 1 vertices and n edges such
that each edge connects the root (vertex 0) with a vertex i,
1 ≤ i ≤ n; the resulting graph is known as a star. Assign to
each edge (i, 0) a cost ci0 = wi, associate with each vertex
i �= 0 a profit pi = qi. Observe now that a feasible knap-
sack solution that is an optimal solution for some value of
the capacity B, is a Pareto optimal solution for SubtreeE, and
vice versa. ■

4.2. A Dynamic Programming Algorithm for SubtreeE

In this section, we review the “left–right” dynamic pro-
gramming algorithm by Johnson and Niemi [21] for the
out-tree knapsack problem, revised to fit SubtreeE.

Let 0, 1, 2, . . . , n be a depth-first ordering of the vertices
of tree T = (V , E), starting with the root. Let d(i) = |δ(i)| be

FIG. 2. Examples of subtree in left–right approach.

the number of children of node i, going away from the root.
Obviously, if the node i is a leaf then d(i) = 0.

For each i ∈ V and 0 ≤ s ≤ d(i), we define T [i, s] as the
subtree of T induced by i, the first s children of i taken in
order of index, all their successors, and all vertices in V with
index lower than i (see Fig. 2).

We define the left-right ordering of the subtrees as follows:

a. T [i, s] precedes T [i, s + 1] for all i ∈ V and s ∈
{1, . . . , d(i) − 1};

b. if j is the sth child of i then T [i, s − 1] precedes T [j, 0]
and T [j, d(j)] precedes T [i, s] in the ordering.

Note that with the above ordering, every subtree contains
all the subtrees that precede it. From the initial tree T [0, 0] =
({0}, ∅) we gradually expand first down the left edge of the
tree and then across the tree to the right. Notice further that
some trees may be identical. More precisely, if j is the sth
child of i then T [j, d(j)] = T [i, s]. In other words, each time
we have to backtrack while searching the tree in depth-first
order, we replicate the same subtree. Anyway, we consider
all defined subtrees as distinct objects. As a consequence, the
total number of considered subtrees is exactly 2n + 1.

A q-subtree for T [i, s] is a feasible subtree (i.e., a subtree
containing the root) that visits vertex i, cannot visit vertices
out of T [i, s] and has total profit equal to q. Note that, in the
previous example, although T [j, d(j)] = T [i, s], a q-subtree
for T [j, d(j)] must contain j, while a q-subtree for T [i, s]
needs not.

Let Ctot = ∑
(i,j)∈E cij and Ptot = ∑

i∈V pi. For each triple
[i, s, q] with i ∈ {0, 1, . . . , n} and s ∈ {0, 1, . . . , d(i)} we
define C[i, s, q] as the minimum cost of a q-subtree for T [i, s].
If there is no q-subtree for T [i, s] then we define C[i, s, q] =
∞. This obviously happens for q < 0 and q > Ptot.

We compute function C by the following algorithm, which
is a restatement of the left–right approach in [21].
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Algorithm LR-DP

1. (Initialization) C[0, 0, 0] = 0; C[0, 0, q] = ∞ for q =
1, 2, . . . , Ptot;

2. (Recursion) for all subtrees T [i, s] sorted in left-right
order:
for all q = 0, 1, . . . , Ptot:
(a) if s = 0 then

C[i, 0, q + pi] = C[k, z − 1, q] + ck,i (4)

where i is the zth child of k;
(b) if s ∈ {1, . . . , d(i)} then

C[i, s, q + pi] = min{C[i, s − 1, q + pi],
C[j, d(j), q + pi]}; (5)

where j is the sth child of i.

The recursion step can be explained as follows. In step
2(a), i is the largest element in the subtree and, by definition,
i will be visited. Thus, the cost of this state is equal to the cost
of a feasible subtree with profit q in the largest subtree of T
not containing i, increased with the extra cost of visiting i. In
step 2(b), either the feasible subtree with profit q + pi visits
the sth child of i, vertex j, or it does not. If j is not visited,
then we have to look for a minimum cost (q + pi)-subtree
for T [i, s − 1], i.e., the largest subtree in left–right ordering
not containing j. If vertex j is visited, then we have to look
for a minimum cost (q + pi)-subtree for T [j, d(j)], that by
definition contains j.

The advantage of algorithm LR-DP with respect to more
intuitive dynamic programming procedures, based on a
“bottom-up” search strategy of the tree, is that the evaluation
of every entry of the array C takes a constant time. As a con-
sequence, the complexity of LR-DP is linear in the number
of entries in C, which is (2n + 1)Ptot.

It is easy to verify that the values C[i, s, q] returned by
algorithm LR-DP satisfy the definition. As a consequence,
the collection of ordered pairs

(C[0, d(0), 0], 0), (C[0, d(0), 1], 1), . . . (C[0, d(0), Ptot], Ptot),

contains the efficient set E . We can filter the efficient points
from this ordered list in linear time as follows.

Go through the list in decreasing order of the second
coordinate q. Consider two consecutive points C[0, d(0), q′]
and C[0, d(0), q′′], with q′ > q′′. If C[0, d(0), q′′] ≥
C[0, d(0), q′] then eliminate C[0, d(0), q′′] and repeat with
q′′ = q′′−1. Otherwise, repeat with q′ = q′′ and q′′ = q′′−1.

To reconstruct the Pareto optimal subtrees associated with
the efficient points just computed, we keep track of the
computations done in algorithm LR-DP by using a new
function W with the same domain as C. More precisely,
in step 2(a) of algorithm LR-DP, after computing the value
of C[i, 0, q+pi], we set W [i, 0, q+pi] = (k, z −1, q), where
i is the zth child of k; in step 2(b), after computing the value
of C[i, s, q + pi], if C[i, s, q + pi] = C[i, s − 1, q + pi] then
we set W [i, s, q + pi] = (i, s − 1, q + pi), if C[i, s, q + pi] =

C[j, d(j), q + pi], where j is the sth child of i, then we set
W [i, s, q + pi] = (j, d(j), q + pi). For example, as the value
of C[1, 0, p1] derives from C[0, 0, 0], we set W [1, 0, p1] =
(0, 0, 0).

At the end of algorithm LR-DP, starting from an entry of
W corresponding to an efficient point (γ , π), we initialize a
vertex subset V ′ = {0}. Then, we backtrack on the entries of
W until we reach the entry equal to (0, 0, 0). At each step, if
we find an entry (i, 0, q), then we add i to V ′; if we find an
entry (j, d(j), q), then we add j to V ′. When we reach (0, 0, 0),
V ′ contains the vertices that form the Pareto optimal subtree
corresponding to (γ , π).

This procedure takes at most O(n) steps for every efficient
point; this implies that, in the worst case, we can compute all
Pareto optimal subtrees in O(nPtot).

We summarize the above discussion by the following
statement.

Theorem 3. SubtreeE can be solved in O(nPtot) time.

4.3. An FPTAS for SubtreeE

It is well-known that the existence of pseudopolynomial
dynamic programs lead, under certain conditions, to the
existence of polynomial time approximation schemes, see
Woeginger [36]. From Papadimitriou and Yannakakis [31]
we know that such a polynomial time approximation scheme
must exist for our bicriteria setting. However, the results
presented in [31] are based on general search strategies of
the criteria space and do not directly translate to practical
algorithms.

In this section, we investigate how to approximate the
efficient set in an effective way. We start with a few
definitions.

For ε ≥ 0, a pair (γ , π) is called an ε-approximation of
a pair (γ �, π�) if γ ≤ (1 + ε)γ � and π ≥ π�/(1 + ε).
A set E ′ of points in the cost-profit space is called an ε-
approximation of the efficient set E if, for every (γ �, π�) ∈
E there exists a point (γ , π) ∈ E ′ such that (γ , π) is an
ε-approximation of (γ �, π�). Notice that the closer ε is to
zero, the better the approximation of the efficient set. See
Papadimitriou and Yannakakis [31] for more information on
approximating multicriteria problems.

An algorithm that runs in polynomial time in the size of
the input and that always outputs an ε-approximation of the
efficient set is called an ε-approximation algorithm. A poly-
nomial time approximation scheme (PTAS) for the efficient
set is a family of algorithms that contains, for every fixed
constant ε > 0, an ε-approximation algorithm Aε . If the run-
ning time of Aε is polynomial in the size of the input and
in 1/ε, the family of algorithms is called a fully polynomial
time approximation scheme (FPTAS).

In this section, we develop an FPTAS for SubtreeE. We
use the standard idea for developing an FPTAS for a knapsack
problem, i.e., we scale the profits and apply an exact dynamic
programming approach with the scaled profits. An FPTAS
for the out-tree knapsack based on this idea is suggested in
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[21]. However, such a scheme does not translate directly to
an FPTAS for SubtreeE. Indeed, in [21] a classical partition-
ing of the profit space into intervals of equal size is used,
that guarantees a bound on the absolute error on every gener-
ated point. The bound is chosen so that when the maximum
admissible cost (weight) is reached, the relative error ε is
guaranteed. However, in order to get an ε-approximation of
the efficient set, we require an algorithm that computes a fea-
sible solution with a relative error ε for every possible cost
and profit value. To this end, we use the partition of the profit
space suggested by Erlebach et al. [13] for the multiobjective
knapsack problem.

We partition the profit space in u intervals:

[1, (1 + ε)1/n), [(1 + ε)1/n, (1 + ε)2/n),

[(1 + ε)2/n, (1 + ε)3/n), . . . , [(1 + ε)(u−1)/n, (1 + ε)u/n)

with u = �n log1+ε Ptot. Notice that the union of all intervals
generates the whole profit range [1, Ptot), and that u is of
order O(n(1/ε) log Ptot)

1, hence polynomial in the length of
the input and in 1/ε. We can see that in every interval, the
upper endpoint is (1 + ε)1/n times the lower endpoint. Then,
we adapt algorithm LR-DP to the new interval profit space.
We consider as profits the value 0 and the u lower endpoints
of the intervals. For convenience, we denote by �w the lower
endpoints, with w = 1, 2, . . . , u, and we define �0 = 0.

A scaled q-subtree for T [i, s] is a feasible subtree that visits
vertex i, cannot visit vertices out of T [i, s] and has total profit
q or more.

Instead of C, we consider a different function, denoted
C̃. For each triple [i, s, �w] with i ∈ {0, 1, . . . , n}, s ∈
{0, 1, . . . , d(i)}, and w ∈ {0, 1, . . . , u}, we define C̃[i, s, �w]
as the minimum cost of a scaled �w-subtree for T [i, s]. If
there is no scaled �w-subtree for T [i, s], then we define
C̃[i, s, �w] = ∞.

Algorithm Scaled-LR-DP

1. (Initialization) C̃[0, 0, �0] = 0; C̃[0, 0, �w] = ∞ for w =
1, 2, . . . , u;

2. (Recursion) for all subtrees T [i, s] sorted in left–right
order:
for all w = 0, 1, . . . , u:
let r = max{j : �j ≤ �w + pi} (i.e., �r is the largest lower
endpoint not greater than �w + pi);
(a) if s = 0 then

C̃[i, 0, �r] = C̃[k, z − 1, �w] + ck,i (6)

where i is the zth child of k;
(b) if s ∈ {1, . . . , d(i)} then

C̃[i, s, �r] = min{C̃[i, s − 1, �r], C̃[j, d(j), �r]}
(7)

where j is the sth child of i.

1loga b = log b
log a ; limx→0 log(1 + x) = x

3. (Output) return the points

(γw, πw) = (C̃[0, d(0), �w], �w) (w = 0, 1, . . . , u).

To obtain the feasible subtrees corresponding to the
returned points in the cost-profit space, we may use the array
W already described for algorithm LR-DP. Notice that in
Scaled-LR-DP we directly return the last row of the array C̃,
containing only efficient points (in every state we calculate
the cost when profit is equal or larger than �w).

Theorem 4. Algorithm Scaled-LR-DP is an FPTAS for
SubtreeE with time complexity O(n2(1/ε) log(Ptot)).

Proof. This proof follows the lines used in Erlebach et al.
[13].

Let the subtrees be numbered according to the left–right
ordering, i.e.,

T0 = T [0, 0], T1 = T [1, 0], . . . , T2n−1 = T [0, d(0)].
We show that algorithm Scaled-LR-DP returns an ε-
approximation of the efficient set. More precisely, we show
the following claim.

Claim 1. For every m ∈ {1, 2, . . . , 2n+1}, let Tm = T [i, s],
and let h be the largest index of a vertex belonging to Tm. After
performing the Recursion step on T [i, s], for the optimal cost
function C and the approximate cost function C̃ there exists,
for every entry C[i, s, q + pi] an entry C̃[i, s, �r] such that:

a. C̃[i, s, �r] ≤ C[i, s, q + pi],
b. (1 + ε)h/n�r ≥ q + pi.

Notice that when m = 2n + 1 then T [i, s] = T [0, d(0)],
h = n, and conditions (a) and (b) above imply that
the point set returned by algorithm Scaled-LR-DP is an
ε-approximation of the efficient set.

We prove the claim by induction on the tree index m.
The basis of the induction is given by T1 = T [1, 0], where

h = 1. We distinguish between two cases:

Case q = 0. We have:

C[1, 0, p1] = C[0, 0, 0] + c0,1 = c0,1 = C̃[0, 0, 0] + c0,1

= C̃[1, 0, �r]
where �r = max{j : �j ≤ p1}. This proves that property (a)

holds with equality.
Property (b) follows from the fact that p1 and �r are in the

same interval, hence:

(1 + ε)1/n�r ≥ p1

Case q ≥ 1. We have:

C[1, 0, q + p1] = C[0, 0, q] + c0,1 = ∞.
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Let r = max{j : �j ≤ q + p1} and w = max{1, min{j : �r ≤
�j + p1}}. Then, r = max{j : �j ≤ �w + p1} as required by
step 2 of algorithm Scaled-LR-DP, and �w ≥ 1, so that

C̃[1, 0, �r] = C̃[0, 0, �w] + c0,1 = ∞.

Then property (a) holds. Furthermore, �r and q + pi are in
the same interval, so that:

(1 + ε)1/n�r ≥ q + p1

This ends the basis of the induction.
Assume that the claim is true for any m, 1 ≤ m < 2n + 1

and consider Tm+1 = T [i, s]. Again, we distinguish between
two cases.

Case s = 0. In this case the highest index in Tm+1 = T [i, 0]
is given by vertex i, then h = i. Property (a) follows from (4)
and (6):

C[i, 0, q + pi] = C[k, z − 1, q] + ck,i

≥ C̃[k, z − 1, �w] + ck,i = C̃[i, 0, �r]
where the inequality holds by the inductive hypothesis and
r = max{j : �j ≤ �w + p1}. Now, we consider property (b).
By the induction hypothesis, the claim holds with T [k, z−1],
where h = i − 1, then:

(1 + ε)(i−1)/n�w ≥ q.

Hence, we have:

�w + pi ≥ q/(1 + ε)(i−1)/n + pi ≥ (q + pi)/(1 + ε)(i−1)/n

and as �r and �w + pi are in the same interval, with �r as
lower bound, it holds that

(1 + ε)1/n�r ≥ �w + pi ≥ (q + pi)/(1 + ε)(i−1)/n.

From these relations property (b) follows immediately:

(1 + ε)i/n�r ≥ q + pi.

Case s > 0. From (5) we have C[i, s, q + pi] = C[i, s −
1, q + pi] or C[i, s, q + pi] = C[j, d(j), q + pi].

In the first case, we have

C[i, s, q + pi] = C[i, s − 1, q + pi] ≥ C̃[i, s − 1, �r]
≥ C̃[i, s, �r]

for some lower endpoint �r , where the first inequality follows
from the induction hypothesis and the second inequality fol-
lows from (7). This proves property (a). Concerning property
(b), let k be the largest index of a vertex in T [i, s−1]. Clearly,
h > k, so that

(1 + ε)h/n�r ≥ (1 + ε)k/n�r ≥ q + pi

where the second inequality follows from the inductive
hypothesis.

In the second case, we have similarly

C[i, s, q + pi] = C[j, d(j), q + pi] ≥ C̃[j, d(j), �r]
≥ C̃[i, s, �r]

for some lower endpoint �r , where the first inequality follows
from the induction hypothesis and the second inequality fol-
lows from (7). This again proves property (a). As already
noticed, T [i, s] and T [j, d(j)] are in fact the same tree, so that
the largest index h of a vertex in both trees is the same. Hence,
property (b) follows directly from the inductive hypothesis.

From Theorem 3 and the bound on the number of different
lower endpoints it follows that the complexity of Scaled-LR-
DP is O(n2(1/ε) log(Ptot)). ■

4.4. Some Special Cases

In this section we analyze some special cases of trees
or cost/profit structures where SubtreeE is polynomially
solvable. We deal with equal profits and/or equal costs
(Subsection 4.4.1) and the line (Subsection 4.4.2).

4.4.1. Trees with Equal Profits or Equal Costs. We have
proven that SubtreeE is hard, even on a star. However, The-
orem 3 implies that in the special case where the sum of all
the profits Ptot is polynomial in n, SubtreeE is polynomially
solvable.

If all vertex profits are equal (but the edge costs are arbi-
trary), we may assume pi = 1 for all i ∈ V \ {0}, so that
Ptot = n. In this case, algorithm LR-DP solves SubtreeE in
O(n2) time.

If all edge costs are equal (but the vertex profits are arbi-
trary), we may assume cij = 1 for all (i, j) ∈ E. In this case,
the cost of a feasible subtree is the number of visited vertices.
Hence there are at most n + 1 efficient points (exactly n + 1
since we assumed that all vertex profits are strictly positive).
Then we can exchange the role of profits and costs as fol-
lows. For all i ∈ V \{0}, let i� denote the parent of i along the
unique path from i to 0. Let M = maxi{pi} + 1. We modify
the edge costs and the vertex profits as follows:

c′
ii� = −pi + M for all i ∈ V \ {0},

p′
i = 1 for all i ∈ V \ {0}.

With the modified costs and profits we are back to the case
of general costs and equal profits considered above. It is easy
to see that there is a one-to-one correspondence between the
efficient points (and corresponding feasible subtrees) in the
modified problem and the original one. Thus SubtreeE in the
case of equal costs and arbitrary profits on a tree can still be
solved in O(n2) time by algorithm LR-DP.

4.4.2. The Line. Let T = (V , E) be a line, let the edge
costs be arbitrary positive and let the vertex profits be arbitrary
positive (except p0 = 0). We distinguish between two cases.

If the root is an extreme point, we may assume that the
vertices are numbered from left to right, so that the root 0 is the
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leftmost vertex. In this case, it is easy to see that the n feasible
subtrees (0, 1), (1, 2), (i − 1, i) for i = 0, . . . , n are all Pareto
optimal solutions. Here, a feasible subtree is identified by its
rightmost vertex i. Thus, in this case SubtreeE is solvable in
O(n) time.

If, however the root is not an extreme point then SubtreeE
is a little less straightforward to solve. We start by defining a
lower bound on the number of efficient points.

Theorem 5. SubtreeE on the line can have O(n2) efficient
points.

Proof. Consider the following instance of SubtreeE on
the line. We are given a set of n vertices and a single root
positioned on the line. Exactly �n/2� vertices are positioned
to the left of the root (called the left vertices), and �n/2
vertices are positioned to the right of the root (called the
right vertices). For each left vertex i, we have pi = 1, and
each distance between a pair of consecutive left vertices i and
i+1 equals ci,i+1 = 1. For each right vertex i, we have pi = n,
and each distance between a pair of consecutive right vertices
i and i + 1 equals ci,i+1 = n. It follows that for every pair
consisting of a left vertex i and a right vertex j, the feasible
subtree that ranges from i to j is a Pareto optimal solution. ■

An algorithm for this case is the following. For each pair
of left and right vertices, compute profit and cost of the
corresponding subtree. Sort the obtained points, e.g., with
respect to profit, and then filter the efficient points. This takes
O(n2 log n) time.

5. AN EXTENSION TO KALMANSON MATRICES

In the Introduction, we claimed that our primary motiva-
tion in this study is the interest on the biobjective traveling
salesman problem with profits (TSPP) under special met-
rics. In fact, given the equivalence between feasible subtrees
and feasible subtours, the approaches suggested above can be
used to solve the biobjective TSPP on a complete graph with a
tree metric. In this section, we show that such approaches can
be extended to solve biobjective TSPP on complete graphs
with a Kalmanson metric.

An n ×n distance matrix C = [cij] is a Kalmanson matrix
[24] if the following conditions are satisfied:

cij + ckl ≤ cik + cjl ∀1 ≤ i < j < k < l ≤ n, (8)

cil + cjk ≤ cik + cjl ∀1 ≤ i < j < k < l ≤ n. (9)

These conditions unite two special cases of distance matrices,
i.e., trees and convex point sets in the Euclidean plane (Klinz
and Woeginger [27]).

Given a complete graph G = (V , E), we identify a Hamil-
tonian tour in G as a permutation π = 〈i1, i2, . . . , in〉 of the
vertices in V . A master tour is a Hamiltonian tour π such
that, for every V ′ ⊆ V , a minimum traveling salesman tour
for V ′ is obtained by removing from π the vertices not in
V ′. Deı̌neko et al. [9] prove that the permutation 〈1, 2, . . . , n〉

is a master tour if and only if the distance matrix of G is a
Kalmanson matrix. Christopher et al. [5] show that checking
whether an ordering of vertices exists such that the resulting
matrix is a Kalmanson matrix can be done in O(n2) time.

For convenience, we call KESE and KE the problems cor-
responding to SubtreeESE and SubtreeE respectively, when
the underlying graph has a Kalmanson distance matrix. We
will show in some details how to extend the results for Sub-
treeESE to KESE; the extension from SubtreeE to KE will
be just claimed for brevity.

Let G = (V , E) be a graph on the vertex set V =
{0, 1, . . . , n} with a Kalmanson distance matrix C = [cij].
Let a positive profit pi be associated with every i = 1, . . . , n
and let p0 = 0. In order to solve KESE, add to G a copy
of vertex 0, called n + 1, and set c0,n+1 = 0, ci,n+1 = c0,i

for all i = 1, . . . , n, and pn+1 = 0. Consider the following
parametric program.

min
n∑

i=0

n+1∑
j=i+1

(λcij − (1 − λ)pi)xij

subject to
n+1∑
j=1

x0j = 1

n+1∑
j=i+1

xij −
i−1∑
j=0

xji = 0 (i = 1, . . . , n + 1)

xij ∈ {0, 1} (i = 0, 1, . . . , n;
j = i + 1, . . . , n + 1) (10)

Every feasible solution of (10) consists in a connected
route from 0 to n + 1 along which the vertex indices are
increasing. Because in the original graph G the permutation
〈0, 1, 2, . . . , n〉 is a master tour, in any efficient subtour the
vertices are visited in increasing order of their index. So there
is a one-to-one correspondence between feasible subtours in
G and feasible solutions of (10).

Model (10) is in fact a parametric shortest path problem
on an acyclic network. For any given value of λ, the optimal
solution can be found in linear time with respect to the number
of arcs [8] which, in our case, corresponds to O(n2).

Finding the set of optimal solutions for all λ ∈ [0, 1]
comes down to solving a parametric shortest path problem.
This is a hard problem on general graphs; however, for some
specific graphs such as series-parallel graphs it is polyno-
mially solvable (Raghavan et al. [33]). We show that also
on Kalmanson matrices it is polynomially solvable. Figure
3 represents the network, the cost on each edge (i, j) is
given by dij = λcij − (1 − λ)pi = λ(cij + pi) − pi. For
λ = 0, the shortest path is 〈0, 1, 2, . . . , n, n + 1〉 with total
cost C(0) = − ∑n

i=1 pi. For λ = 1, the shortest path is
〈0, n + 1〉, and total cost is C(1) = c0,n+1 = 0. We state the
following.

Lemma 1. For the parametric shortest path problem in (10)
it holds that if some vertex i ∈ V is not visited in an optimal
solution of (10) for λ = λ′, vertex i will also not be visited in
any optimal solution of (10) for λ ≥ λ′.
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FIG. 3. The network underlying problem (10).

Proof. We start with an observation.

Claim 2. For increasing values of λ, if a vertex enters the
optimal path, then at least another vertex must leave it.

Claim 2 may be proved as follows. Recall that, for λ = 0,
the optimal path containes all the vertices, in their order. The
cost associated with any subpath is a linear function of λ. It
is easy to see that the slope associated with an arc (i, i + k)

with k > 1 is always smaller that the slope associated with
any subpath P from i to i + k using some vertices between
i + 1 and i + k − 1. As a consequence, if for some value λ′
the direct arc (i, i + k) becomes cheaper than P then (i, i + k)

remains cheaper for any λ ≥ λ′. It follows that, for λ ≥ λ′, a
new optimal path cannot be obtained by simple insertion of
vertices of P.

Now we are going to prove the lemma by contradiction.
Suppose that Lemma 1 does not hold. Then, a vertex exists
which first leaves and then enters the optimal route while
λ increases from 0 to 1. For λ = 0, the optimal path is
〈0, 1, 2, . . . , n + 1〉, visiting all the vertices. While the value
of λ increases, vertices drop out of the path. Let � be the first
vertex re-entering the path, and let λ∗ be the smallest value
for λ at which � re-enters the path.

Suppose that for λ′ < λ∗ vertex � leaves the optimal path.
Because � is the first vertex re-entering the optimal path, at
λ′ a shortcut is created. Let u′ and v′ be the left, respectively
right, endpoints of such a shortcut. Without loss of generality,
we may assume that u′ > 0 and v′ < n+1 (possibly including
vertices with profit big enough to be the last vertices that leave
the optimal path). At this point, the cost for using the direct
arc from u′ to v′ becomes smaller than the cost of the current
subpath from u′ to v′ passing through �. As a consequence,
the direct arc is also cheaper than the path 〈u′, �, v′〉:

λcu′,v′ − (1 − λ)pu′

≤ λ(cu′,� + c�,v′) − (1 − λ)(pu′ + p�) for all λ ≥ λ′.
(11)

For λ = λ∗, vertex � enters the path. As a consequence of
Claim 2, another vertex will leave the optimal path. We may
assume such a vertex is after �. Let PB and PA be the optimal
paths immediately before, respectively after, λ∗. Let u∗ be

the greatest vertex before u′ included in both PB and PA. Let
v∗ be the smallest vertex after � included in PB but not in PA.
Finally, let z∗ be the smallest vertex after v′ included in both
PB and PA.

The cost of the subpath 〈u∗, �, z∗〉, the only segment where
the cost is influenced by � entering and v∗ leaving, is given
by:

α = λ∗(cu∗,� + c�,z∗) − (1 − λ∗)(pu∗ + p�).

The direct arc 〈u∗, z∗〉 would have the following cost:

β = λ∗(cu∗,z∗) − (1 − λ∗)(pu∗).

For � to enter the path, it must thus hold that α < β. Now,
(11) still holds when λ′ is replaced by λ∗ > λ′. From (11) it
follows that:

λ∗(cu′,v′) < λ∗(cu′,� + c�,v′) − (1 − λ∗)(p�)

and from α < β it follows that

λ∗(cu∗,� + c�,z∗) − (1 − λ∗)(p�) < λ∗(cu∗,z∗).

Combining both leads to the following equation:

cu′,� + c�,v′ + cu∗,z∗ > cu′,v′ + cu∗,� + c�,z∗ . (12)

We now show that (12) is in contradiction with the Kalmanson
conditions. Consider the following Kalmanson conditions:

c�,v′ + cu′,z∗ ≤ cu′,v′ + c�,z∗ (13)

and

cu∗,z∗ + cu′,� ≤ cu∗,� + cu′,z∗ . (14)

Inequality (13) follows when substituting u′ < � < v′ < z∗
for i < j < k < l in (9), and inequality (14) follows when
substituting u∗ < u′ < � < z∗ for i < j < k < l in (9). The
summation over both equations yields:

cu′,� + c�,v′ + cu∗,z∗ ≤ cu′,v′ + cu∗,� + c�,z∗

which is in contradiction with (12). ■

The optimal value C(λ) is a piecewise linear and convex
function of the parameter λ. Let S�(λ) be the optimal set
of served vertices for parameter λ; S� only changes at the
breakpoints of C(λ). Thus, to enumerate all supported sub-
tours, it is sufficient to search for the subtours associated with
the breakpoints of C(λ). We know that C(0) = − ∑n

i=0 pi

with S�(0) = {0, 1, 2, . . . , n + 1} the set of served vertices
and C(1) = 0 with S�(1) = {0, n + 1}. Due to Lemma 1 it
follows that, for increasing λ, vertices will gradually “drop
out” of the path until, for λ = 1, only the depot remains.
Thus, for λ′ < λ′′, S�(λ′) ⊇ S�(λ′′) and the value of S� only
changes at k ≤ n breakpoints. Summarizing, we have a para-
metric shortest path problem where C(λ) is a linear convex
function of λ with O(n) breakpoints. Recall that for any fixed
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TABLE 1. A summary of our complexity results.

Line Tree Kalmanson

ESE O(n) O(n2) O(n3)

E O(n2 log n) FPTAS FPTAS

λ, evaluating C(λ), i.e., solving problem (10), takes O(n2)

time. Thus, by using the parametric approach from [12], we
are lead to the following result.

Theorem 6. KESE is solvable in O(n3) time.

Proof. The proof follows immediately from the previous
discussion and the results from [12]. ■

Concerning the problem of finding all efficient points on
a graph with a Kalmanson distance matrix, we just mention,
without proof, that KE can be solved by a simple dynamic
programming algorithm in O(n2Ptot) time. From this algo-
rithm, it is possible to develop an FPTAS by following the
lines used for SubtreeE.

6. CONCLUSIONS

In this article, we have studied a biobjective combinato-
rial optimization problem on graphs with a tree metric. We
have considered two problems: finding all extreme supported
efficient points (SubtreeESE); and finding all efficient points
(SubtreeE). For both problems, we have developed efficient
algorithms, that are extendable to more general graphs that
satisfy the Kalmanson conditions. Moreover, we have ana-
lyzed some special cases, including problems on a line.
Table 1 summarizes our results.
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