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Abstract

In this paper we prove two lifting theorems for the clique partitioning polytope, which provide su�cient conditions for
a valid inequality to be facet-de�ning. In particular, if a valid inequality de�nes a facet of the polytope corresponding to
the complete graph Km on m vertices, it de�nes a facet for the polytope corresponding to Kn for all n¿m. This answers a
question raised by Gr�otschel and Wakabayashi. Further, for the case of arbitrary graphs, we characterize when the so-called
2-partition inequalities de�ne facets. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In order to solve an integer linear program by a
cutting plane algorithm, it is desirable to know the
convex hull of the feasible solutions to the problem in
question. When a valid inequality de�nes a facet then
at least for some objective function this inequality is
necessary in obtaining an integral solution (see [7] for
a general introduction to polyhedral theory).
In this paper we prove two theorems of the fol-

lowing kind: if a valid inequality for the clique parti-
tioning polytope (see below) satis�es a certain set of
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conditions, then this inequality de�nes a facet of this
polytope.
A consequence of one of these theorems is that if

a valid inequality de�nes a facet of the polytope cor-
responding to the graph Km, i.e. the complete graph
on m nodes, it also de�nes a facet for the polytope
corresponding to Kn for all n¿m. We further show
that if one is able to ‘cover’ in a certain way the sup-
port of a given valid inequality with facets, then the
inequality is facet-de�ning. This result allows us, in
some cases, to simplify proofs that inequalities de�ne
facets.
This section proceeds with describing the clique

partitioning problem, related literature, and some no-
tation. In Section 2 we state our main results, and
in Section 3 we apply these results by characterizing
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when (generalized) 2-partition inequalities de�ne
facets in the case of arbitrary graphs.

1.1. The problem

The clique partitioning problem can be described as
follows. LetG=(V; E) be a (not necessarily complete)
graph with edge weights wij ∈R for all {i; j}∈E. A
subsetD⊆E of the edges is called a clique partition if
the components of the graphH=(V;D) are cliques, i.e.
D induces a partition of the vertex set V . The problem
is to �nd a clique partition of maximal weight.
Mathematically, the clique partitioning problem can

be formulated as follows:

Maximize
∑

{i; j}∈E
wijxij

subject to xij + xik − xjk61 ∀i; j; k ∈V;
{i; j}; {i; k}; { j; k}∈E

xij + xik61 ∀i; j; k ∈V;
{i; j}; {i; k}∈E; { j; k} 6∈E

xij ∈{0; 1} ∀{i; j}∈E

(1)

where xij = 1 if {i; j} belongs to the clique partition,
and xij = 0 otherwise. The clique partitioning poly-
tope P(G) is de�ned as the convex hull of all feasi-
ble solutions to (1). The inequalities xij+ xik − xjk61
are called triangle inequalities. The inequalities xij¿0
and xij61 in the LP relaxation of (1) are called trivial
inequalities. Whenever any of these inequalities de�ne
facets, those are called trivial facets. The nonnegativ-
ity constraints always de�ne facets, the upper bound
constraint xij61 de�nes a facet if and only if {i; j} is
an isolated edge (a component of G). We will hence-
forth assume that P(G) has nontrivial facets, that is,
some component ofG has at least three vertices. Every
nontrivial facet-de�ning inequality of P(G) written in
the form dTx6d0 necessarily satis�es d0¿0.

1.2. Related literature

For complete graphs G, the polytope P(G) is stud-
ied in [4,5,8]. Closely related to P(G) are polytopes
investigated in [1–3].

1.3. Notation

Let S; T ⊆V , D⊆E, and let aTx6a0 be a valid
inequality for P(G). The set of edges in G with one
node in S and the other in T is denoted by E(S; T ), i.e.

E(S; T ) := {{i; j}∈E | i∈ S; j∈T}:
WewriteE(S) forE(S; S). Furthermore, �D ∈{0; 1}|E|
denotes the incidence vector (also called characteris-
tic vector) of D, i.e. �Dij = 1 if {i; j}∈D, and �Dij = 0
otherwise. V (D) denotes the set of vertices incident
to an edge in D. The vector aD ∈R|E| is de�ned by

(aD)ij :=

{
aij if {i; j}∈D;
0 otherwise

and the truncated vector �aD ∈R|D| is de�ned by
�aij := aij for all {i; j}∈D.
The support of the inequality aTx6a0 is the subset

Ea := {{i; j}∈E | aij 6=0} of E.
Finally, we use the following shorthand: given a

graph G = (V; E), let

x(F) :=
∑

{i; j}∈F
xij for x∈P(G) and F ⊆E:

2. Two lifting theorems

Given a polytope P and an inequality valid for P,
a natural question to consider is whether this inequal-
ity de�nes a facet of P. For the clique partitioning
polytope Gr�otschel and Wakabayashi [4] formulated
some necessary conditions for a valid inequality to be
facet-de�ning. For instance, they show that the sup-
port of any nontrivial facet-de�ning inequality must
be 2-connected.
In each of the next two subsections we formulate

a theorem stating su�cient conditions for a valid in-
equality for P(G) to be facet-de�ning.

2.1. Once a facet, always a facet

One way to �nd facet-de�ning inequalities of P(G)
is by considering the facial structure of the clique
partitioning polytope of a subgraph of G. This idea
is used in the next theorem, which comes down
to the following: if G0 = (V0; E0) is a subgraph of
G = (V; E), and if {{u; v} | u∈V0; v∈V\V0}⊆E,
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then any facet-de�ning inequality of P(G0) can be ex-
tended in a trivial way into a facet-de�ning inequality
of P(G).

Theorem 2.1. Let G = (V; E) be a graph and H =
(U;D) be an induced subgraph of G. If
(i) �aTD �xD6a0 de�nes a nontrivial facet of P(H);

and
(ii) E(U; V\U )⊆E;

then aTx6a0; where aT = ( �aTD; 0
T); de�nes a facet of

P(G).

Proof. It is immediate that aTx6a0 is valid for P(G).
To show that it is facet de�ning, consider the follow-
ing. Given the facet �F={ �x∈P(H) | �aT �x=a0} of P(H),
the lifted face F = {x∈P(G) | aTx= a0} is contained
in some facet Fd of P(G), which may be de�ned by a
valid inequality of the form dTx6a0. The clique parti-
tions ofH can be regarded as clique partitions ofG not
containing any of the edges in E\D. The correspond-
ing characteristic vectors �x∈P(H) are thereby turned
into expanded vectors xT=( �xT; 0T) in P(G) by adding
a zero vector of length |E\D|. Writing dT = (bT; cT),
where c is a vector again of that length, we then
obtain

�aT �x = a0 = dTx = bT �x ∀ �x∈ �F

and consequently b= �a. Hence it remains to show that
c=0. It is obvious that cij=0 for all {i; j}∈E(V\U ).
Now, let �x∈ �F be the characteristic vector of a clique
partition, and let S1; : : : ; Sr ⊆U be the partition of U
induced by �x. For all k = 1; : : : ; r let vk be the char-
acteristic vector of length |U | of Sk , i.e. vki = 1 if
i∈ Sk and vki = 0 otherwise. Let u∈V\U . The clique
partition �x can be extended to r distinct clique par-
titions of G by adjoining vertex u to exactly one of
the sets Sk (k = 1; : : : ; r). (This is possible due to
condition (ii)). Their characteristic vectors y1; : : : ; yr ,
as well as x, all belong to the lifted face F (since
V (Ea)⊆U ), and thus also to the facet Fd of P(G),
whence∑
i∈Sk

cui = dT(yk − x) = 0 ∀k = 1; : : : ; r;

or equivalently

cTu v
k = 0 ∀k = 1; : : : ; r;

where the vector cu is indexed by the vertices of U .
Let �x k =�E(Sk ) (k=1; : : : ; r), so that �x= �x1 + · · ·+ �xr ,
and let A denote the vertex-edge incidence matrix of
the graph H . We obtain

A �x k = (|Sk | − 1) · vk ∀k = 1; : : : ; r
and therefore

cTuA �x
k = (|Sk | − 1) · cTu vk = 0 ∀k = 1; : : : ; r:

Since �F is a nontrivial facet of P(H), there exist
m := |D| linearly independent vectors wi ∈ �F of clique
partitions of H (i=1; : : : ; m). Each wi induces a parti-
tion ofU into S1i ; : : : ; S

ri
i . Let w

j
i := �

E(Sji ) (i=1; : : : ; m,
j = 1; : : : ; rm), and de�ne the matrix W as

W = [w11 : : : w
r1
1 | : : : : : : |w1m : : : wrmm ]:

ThenW satis�es cTuAW =0. The matrixW has rank m
since w1; : : : ; wm belong to the linear space generated
by the columns ofW . As for the rank of A, we use the
following lemma.

Lemma 2.2. Let H = (U; E) be a connected graph;
and let A be the vertex-edge incidence matrix of H.
If H is bipartite; then A has rank |U | − 1; otherwise
A has rank |U |.

The proof of this fact is as follows. For all e∈E
denote by ae the column of A indexed by e. The
vertex-edge incidence matrix of any spanning tree of
H has rank |U | − 1, so rank(A)¿|U | − 1. Two cases
can occur.
Case 1: H is bipartite. Let T=(U;D) be a spanning

tree of H , and consider any edge e1 ∈E\D. The graph
(H;D∪{e1}) contains an even cycle {e1; : : : ; ek}, and
k∑
i=1

(−1)k · aei = 0:

Hence ae1 is a linear combination of ae2 ; : : : ; aek .
Case 2: H is not bipartite. Then H contains an odd

cycle {e1; : : : ; ek}. Choose a spanning tree T =(U;D)
ofH containing the edges e2; : : : ; ek , but not containing
edge e1. The vertex-edge incidence matrix of T has
rank |U | − 1, and ae1 is not a linear combination of
ae2 ; : : : ; aek (compare [6]). Hence ae1 is not a linear
combination of the columns associated to the edge
set D of T (as is seen by a straightforward inductive
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argument). Therefore A has rank |U |, which proves
the lemma.
We now proceed with the proof of Theorem 2.1 by

distinguishing two cases.
Case 1: The graph H contains an odd cycle. From

Lemma 2.2 it follows that A has rank |U |, so the prod-
uct matrix AW has full row rank, because both A and
W have full row rank. We therefore conclude that
cu = 0, and hence c = 0.
Case 2: The graph H contains no odd cycle. Then

H is bipartite, and hence any clique in a clique par-
tition contains at most two vertices. It follows that a
clique partition of H is nothing but a matching, or
equivalently, P(H) is exactly the matching polytope
corresponding to H . Therefore the inequality �aT �x6a0
is a so-called degree constraint∑
j:{ j; s}∈D

xsj61 (2)

for some s∈U with degree at least 2 (since these de-
gree constraints are the only nontrivial facets of the
matching polytope of a bipartite graph). To proceed,
we exhibit |E| a�nely independent solutions that sat-
isfy (2) at equality. Since (2) de�nes a facet of P(H)
there exist m a�nely independent solutions contain-
ing only edges in D. It is easy to verify that this set
of solutions together with the characteristic vectors of
the following clique partitions is still a�nely indepen-
dent: selecting distinct vertices t and t′ adjacent to s
in H , consider

{{s; t}; {v; w}} for all {v; w}∈E(V\U );
{{s; t}; {u; v}} for all u∈U\{s; t} and v∈V\U;
{{s; t′}; {t; v}} and E({s; t; v}) for all v∈V\U:
Since all these solutions lie in the face F , and thus
also in Fd, it follows that dT = (bT; cT) = � · ( �aT; 0T)
for some �¿0, and hence c = 0.

The following example serves as an illustration of
Theorem 2.1.

Example 2.3. Let G be the graph shown in Fig. 1,
and let x12 + x13 − x2361 be the given valid inequal-
ity. Since this inequality de�nes a facet for K3 (so
(i) is ful�lled), and each edge between the node sets
{1; 2; 3} and {4; 5; 6} is in E (so (ii) is ful�lled), the
inequality x12+x13−x2361 is facet-de�ning for P(G).

Fig. 1. The graph of Example 2.3.

Fig. 2. The graph of Example 2.4.

The relevance of condition (ii) in Theorem 2.1 fol-
lows from the following example.

Example 2.4. Let G be the graph shown in Fig. 2.
(a) Let x12 + x13 − x2361 be the given valid in-

equality. Condition (ii) is not ful�lled, because the
edges {2; 4} and {3; 4} are missing, and indeed the
inequality does not de�ne a facet of P(G) because it
is implied by x12 + x13 + x14 − x23 61.
(b) Let x12 + x23 − x1361 be the given valid in-

equality. Although condition (ii) is not ful�lled, this
inequality de�nes a facet of P(G).

Example 2.4(b) implies that condition (ii) is not a
necessary condition. However, it is always ful�lled in
the case of complete graphs. In that case, Theorem 2.1
is equivalent to the following corollary.

Corollary 2.5. Let bTy6b0 be a facet-de�ning in-
equality for the polytope P(Km) (m¿3). Then for



H.-J. Bandelt et al. / Operations Research Letters 24 (1999) 235–243 239

every n¿m; the inequality aTx6a0 = b0; where aT =
(bT; 0T) and xT = (yT; 0T); de�nes a facet of P(Kn).

This corollary con�rms that the condition employed
by Gr�otschel and Wakabayashi [4] to ensure that lifted
facets remain facets is superuous.

2.2. Covering a given valid inequality with facets

In this subsection we present our second lifting the-
orem. Intuitively, the theorem says that if one is able
to cover in a certain way the support of a given valid
inequality with known facets, then the inequality is
facet-de�ning. The proof is based on the following
idea: given a valid inequality aTx6a0 and its support
Ea, it is possible to extend the set of a�nely indepen-
dent solutions corresponding to some facet-de�ning
inequality “contained” in the support Ea; even more,
it is possible to combine the extended sets of a�nely
independent solutions of di�erent facets contained in
the support Ea to show that the given inequality de-
�nes a facet.
In order to give a precise formulation of the lifting

theorem, we need some additional notation. Given the
graph G = (V; E), we de�ne, for D⊆E, XG(D) by
XG(D) := {x∈P(G) ∩ {0; 1}|E| | xij = 0

∀{i; j}∈E\D with {i; j} ∩ V (D) 6= ∅}:
In words, XG(D) is the set of clique partitions such
that each clique has either all its edges in D or all its
edges in the graph induced by the vertex set V\V (D).
The following example illustrates this concept.

Example 2.6. Let K5 be the complete graph on 5
vertices, and let D={{1; 2}; {1; 5}} (see Fig. 3). Then
the only clique partitions whose characteristic vectors
belong to XK5 (D) are ∅; {{1; 2}}; {{1; 5}}; {{3; 4}};
{{1; 2}; {3; 4}}; {{1; 5}; {3; 4}}.

Next, we de�ne the load and the residual of D with
respect to aTx6a0 by

loadG(a; D) :=max{aTDx | x∈XG(D)};

resG(a; D) :=max{(a− aD)Tx | x∈XG(D)}:
Notice that both the load and the residual are always
nonnegative since �∅ ∈XG(D). Let us again illustrate
the idea by means of an example.

Fig. 3. The graph K5 and the edge set D = {{1; 2}; {1; 5}}.

Example 2.7. Let K3 be the complete graph with ver-
tex set {1; 2; 3}. The load with respect to aTx= x12 +
x13 − x2361 = a0 equals 0 for the clique partitions ∅
and {{2; 3}}, and 1 otherwise; the residual is always
0 except for the empty clique partition.

Notice that the following inequality is valid by de�-
nition.

max
x∈XG(D)

aTDx + max
x∈XG(D)

(a− aD)Tx

= max
x∈XG(D)

aTx6 max
x∈P(G)

aTx6a0:

So, loadG(a; D) + resG(a; D)6a0 for all D⊆E, and
equality holds if and only if there exists a clique par-
tition x∈XG(D) such that aTx= a0. In general, estab-
lishing the load and the residual of an edge set D⊆E
with respect to a valid inequality aTx6a0 can be quite
hard. However, for a speci�c D it can be relatively
easy to �nd x; y∈XG(D) with aTDx + (a − aD)Ty =
a0, and hence loadG(a; D) = aTDx and resG(a; D) =
(a− aD)Ty.
We need one more de�nition to formulate our sec-

ond result.

De�nition 2.8. Let aTx6a0 be a valid inequality for
P(G), and let E1; : : : ; Ek ⊆E. Then the intersection
graph G(E1; : : : ; Ek ; a) = (U; F) is de�ned by U =
{1; : : : ; k}, and {i; j}∈F if and only if there is an edge
e∈Ei ∩ Ej with ae 6= 0.
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Theorem 2.9. Let G = (V; E) be a graph and
aTx6a0 a valid inequality for P(G). Further; let
E1; : : : ; Ek ⊆E(k¿2) be proper subsets of E such that

(i) E =
⋃k
l=1 El;

(ii) loadG(a; El) is positive; and �aTEl �xEl6
loadG(a; El) de�nes a facet of P(V; El) for each
l= 1; : : : ; k;
(iii) loadG(a; El) + resG(a; El) = a0; for all l =

1; : : : ; k;
(iv) the intersection graph G(E1; : : : ; Ek ; a) is con-

nected.
Then the inequality aTx6a0 de�nes a nontrivial

facet of P(G).

Proof. The face Fa := {x∈P(G) | aTx = a0} is con-
tained in the facet Fd de�ned by some valid inequality
dTx6d0. We wish to show that d = � · a for some
�¿0. For each l=1; : : : ; k choose a maximal setMl of
a�nely independent integral points x = xEl satisfying
�xEl ∈P(V; El) and aTElx = loadG(a; El). Since none of
the facets described in condition (ii) contains the zero
vector, each set Ml is linear independent. According
to condition (iii), we can �nd a vector yl ∈XG(El)
with (a − aEl)Tyl = resG(a; El) for each l = 1; : : : ; k,
thus yielding

aT(x + ylE\El) = a
T
Elx + (a− aEl)Tyl

= loadG(a; El) + resG(a; El)

= a0 ∀x∈Ml (l= 1; : : : ; k):

It follows that

{x + ylE\El | x∈Ml}⊆XG(El) ∩ Fa for l= 1; : : : ; k:

Put

�l :=
d0 − dTE\Elyl
loadG(a; El)

¿0;

then

(d− �la)TElx = 0 ∀x∈Ml (l= 1; : : : ; k):

Since Ml is a linearly independent set of size |El|, we
conclude that dEl = �laEl (l= 1; : : : ; k).
If l and m are adjacent vertices of the intersection

graph G(E1; : : : ; Ek ; a), then ae 6=0 for some e∈El ∩
Em whence �lae = de = �mae, that is, �l = �m. Since
the intersection graph is connected by condition (iv),

we obtain

� := �1 = �2 = · · ·= �k :
As E1; : : : ; Ek cover E by condition (i), we infer that
d = � · a and d0 = � · a0. Therefore aTx6a0 de�nes
the facet Fd of P(G).

Notice that, given the edge sets E1; : : : ; Ek , and pro-
vided that the load and residual of each edge set is
known, it is easy to check whether conditions (i)–(iv)
of Theorem 2.9 are ful�lled.
Before deriving a corollary from Theorem 2.9, let

us �rst illustrate its use.

Example 2.10. Let K5 be the complete graph with
vertex set {1; 2; 3; 4; 5}. The 2-chorded-cycle inequal-
ity (see [4])

x12 + x23 + x34 + x45 + x51 − x13 − x24
−x35 − x41 − x5262 (3)

can be covered by triangle inequalities in the sense of
Theorem 2.9: the �ve sets

El = E({l; l+ 1; l+ 2})
(numbers modulo 5; 16l65)

meet all requirements.

In fact, inequality (3) de�nes a facet for any
polytope corresponding to a graph containing K5 as
a subgraph, which is an immediate consequence of the
following corollary:

Corollary 2.11. Let G = (V; E) be a graph; H =
(U;D) an induced subgraph of G; and aTx6a0 a
valid inequality for P(G). Further; let D include the
support of aTx6a0 and the following two conditions
hold:
(i) �aTD �xD6a0 de�nes a facet of P(H);
(ii) for each u∈U incident to an edge between U

and V\U there exists some edge {i; j}∈E(U\{u})
with

loadG(a; E(U\{u; i; j})) = a0 − aij¡a0:
Then aTx6a0 de�nes a facet of P(G).

Proof. For each vertex u of U choose an edge e(u)
as described in (ii). Put

Eu :=E({u}; V\U ) ∪ E(V\U ) ∪ {e(u)}:
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Then the sets Eu (u∈U ) together with D meet the
requirements of Theorem 2.9.

Notice that given a complete graph on 2k + 1 ver-
tices (k¿3) and a 2-chorded-cycle inequality with
right-hand side k, the construction shown in Example
2.10 fails to cover all edges of G and hence Theorem
2.9 (or Corollary 2.11) alone does not imply facetness
of these inequalities for polytopes corresponding to
complete graphs (or graphs containing complete sub-
graphs). More generally, invoking Theorem 2.9 for
proving that a given inequality is facet-de�ning for the
polytope P(V; E) would sometimes only con�rm that
the “truncated” inequality is facet-de�ning for P(V;D)
where D includes the support but is a proper subset of
E. In such circumstances a straightforward construc-
tion may turn the base of R|D| provided by Theorem
2.9 into an expanded base of R|E| that resides within
the face in question, thus proving facetness:

Lemma 2.12. Let G=(V; E) be a graph and aTx6a0
a valid inequality for P(G). Let D be a proper subset
of E such that �aTD �xD6a0 de�nes a nontrivial facet
of P(V;D). Let F1; : : : ; Fk be a covering of E\D such
that for each i=1; : : : ; k there exist |Fi| solutions x of
aTx=a0 onD∪(

⋃i
j=1 Fi) for which the corresponding

truncated vectors �xFi are linearly independent. Then
aTx6a0 de�nes a facet of P(G).

3. General 2-partition inequalities

For disjoint sets S; T of V with 16|S|6|T |
x(E(S; T ))− x(E(S))− x(E(T ))6|S| (4)

is called a general 2-partition inequality, or an
(S; T )-inequality for short. For complete graphs G,
this inequality is valid for P(G) as was shown in
[4]; here is an alternative (shorter) argument showing
validness for arbitrary graphs: let x be the character-
istic vector of a clique partition, and let U1; : : : ; Ur be
the sets of vertices incident to its nontrivial cliques.
Intersected with S and T , respectively, each set Ui
splits into two subsets, one with �i elements and
another with �i elements, where �i + �i = |Ui| and
06�i6�i (i = 1; : : : ; r). Since the inequalities

(�i − �i)(�i − �i + 1)¿0 (i = 1; : : : ; r)

trivially hold (because only integers are involved), so
do the inequalities

�i�i −
(�i
2

)
−
(
�i
2

)
6�i (i = 1; : : : ; r):

Summing up these inequalities we obtain that the
left-hand side of (4) for the particular choice of x is
no larger than

∑
i �i6|S|, as required.

Not every (S; T )-inequality is actually facet-de�ning:
consider for instance S = {1} and T = {2; 3} in Ex-
ample 2.4a. We will now characterize when such
an inequality de�nes a facet under the additional
hypothesis that E(S; T ) has full size |S| · |T |.

Theorem 3.1. Given a graph G = (V; E); let S and
T be disjoint subsets of V such that 16|S|6|T | and
{{s; t} | s∈ S; t ∈T}⊆E.
Then the (S; T )-inequality de�nes a facet of P(G) if

and only if |S|¡|T | and the following two conditions
hold:
(i) if |S|¿1; then E(T ) 6= ∅;
(ii) every vertex of G outside S ∪ T which is ad-

jacent to some vertex in S is also adjacent to some
vertex in T .

Proof. First we show that the conditions are neces-
sary. If |S|= |T |, then every clique partition for which
the characteristic vector belongs to the face F sup-
ported by (4) consists of cliques that intersect S and T
in equally sized subsets. Therefore all members of F
satisfy the additional equality x(S)−x(T )=0, whence
F cannot be a facet.
If 26|S|¡|T | but E(T )=∅, then every clique parti-

tion with characteristic vector x∈F must be a match-
ing, so that again x(S)− x(T ) = 0 holds.
If there is some edge e={s; v}∈E with s∈ S; v 6∈ S∪

T , and {v; t} 6∈E for all t ∈T , then we may add xe to
the left-hand side of (4) and still obtain an inequality
valid for P(V; E). Hence F is not a facet.
Conversely, assume that all requirements of the the-

orem are met. For each triplet s; t; u with s∈ S and
t; u∈T we take the edge set E({s; t; u}). These edge
sets form a connected intersection graph with respect
to (4) since S is a singleton or E(T ) is nonempty (or
both). From Theorem 2.9 we infer that the truncated
inequality is facet-de�ning for P(V; E(S; T ) ∪ E(T )).
An application of Corollary 2.11 then shows that this is
also true for the higher dimensional polytope P(V;D)
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where

D= E(V\T; T ) ∪ E(T ) ∪ E(V\(S ∪ T ))
= E\(E(S; V\T )):

Each edge e∈E\D is extended to a clique: if e∈E(S)
then the clique E(e∪f) is constructed wheref∈E(T )
(which exists by condition (i)); else a triangle E(e ∪
{t}) is constructed where t ∈T is chosen appropri-
ately (this is possible by condition (ii)). Each of these
cliques can be extended to a clique partitioning of
(V; E) that otherwise uses only single edges between
S and T as cliques. These |E\D| clique partitionings
satisfy the conditions of Lemma 2.12. This ensures
that the (S; T )-inequality is indeed facet-de�ning for
P(V; E).

Theorem 2.9 can also be used to construct relatively
short proofs that inequalities de�ne facets, as is
illustrated in the next example. This entails, as a
particular instance, the fact that the general 2-partition
inequalities considered by Gr�otschel andWakabayashi
[5] de�ne facets of P(G).

Example 3.2. Let G = (V; E) be a complete graph,
and let S1; : : : ; Sk be pairwise disjoint subsets of V
which are disjoint from subsets T1; : : : ; Tk of V (k¿2),
satisfying the following additional conditions. For any
pairwise intersecting sets selected from T1; : : : ; Tk ,
all pairwise intersections are equal and contain at
least two vertices. The intersection graph of the sets
T1; : : : ; Tk is a block graph, that is, a graph in which
every maximal 2-connected subgraph is complete.
Moreover,

16|Si|6|Ti| − max
j=1;:::; k;
j 6= i

|Ti ∩ Tj| for all i = 1; : : : ; k:

Then the inequality

k∑
i=1

x(E(Si; Ti))−
k∑
i=1

x(E(Si))− x
(

k⋃
i=1

E(Ti)

)

−
∑

16i¡j6k;
Ti∩Tj 6= ∅

x(E(Si; Sj))6
k∑
i=1

|Si| (5)

is valid and facet-de�ning for P(G).

Notice that the general 2-partition inequality (see
[5]) simply is inequality (5) under the constraint
that the intersection graph of the sets T1; : : : ; Tk is a
path.
To show that inequality (5) is valid, proceed by

induction. Validity does not require the condition that
nonempty intersections of sets from T1; : : : ; Tk have
size at least 2. Without loss of generality assume that
Tk is a terminal set in the sense that every nonempty
intersection with any other of the sets T1; : : : ; Tk−1
equals some subset U . Let M be any clique parti-
tioning of G. Denote by U ′ the (possibly empty)
subset of U comprising all those u∈U for which
M includes an edge {s′u; u} with s′u ∈ Sk and an edge
{s′′u ; u} with s′′u ∈

⋃k−1
i=1 Si. Consider any partition

of U ′ into two sets U1 and U2, so U ′ = U1 + U2.
Put S ′ := Sk ; S ′′ :=

⋃k−1
i=1 Si; T ′ :=Tk −U2; and

T ′′ :=
⋃k−1
i=1 Ti −U1. Let M ′ and M ′′ be the traces of

the clique partitioningM on S ′∪T ′ and S ′′∪T ′′. Trun-
cating the characteristic vector x ofM to E(S ′∪T ′) and
E(S ′′ ∪ T ′′), respectively, turns (5) into two valid in-
equalities (5’) and (5”), the right hand sides of which
add up to

∑
i |Si|. The only edges ofM with a positive

count in the left hand side of (5) which do not belong
to either E(S ′∪T ′) or E(S ′′∪T ′′) are of the form {t; u}
for t ∈ S ′′; u∈U1 and {s; v} for s∈ S ′, v∈U2. The
edges of M with a negative count in the left hand side
of (5) not belonging to either E(S ′∪T ′) or E(S ′′∪T ′′)
are of the form {t; s} for t ∈ S ′′, s∈ S ′ and {u; v} for
u∈U1, v∈U2. We claim that, given sets S ′; S ′′ and
U ′, there always exists a partition of U ′ into U1 and
U2 such that |S ′||U2|+ |S ′′||U1|6|U1||U2|+ |S ′||S ′′|,
which implies that the positive count of edges not in
E(S ′ ∪ T ′) ∪ E(S ′′ ∪ T ′′) is compensated by the neg-
ative count of edges not in E(S ′ ∪ T ′) ∪ E(S ′′ ∪ T ′′).
Indeed, the latter inequality is equivalent to (|S ′| −
|U1|)(|U2| − |S ′′|)60, which can be achieved when
U1 consists of d|U ′||S ′|=(|S ′|+ |S ′′|)e elements of U ′

(chosen arbitrarily) and U2 includes the remaining
elements. Therefore the sum of the left-hand sides of
(5’) and (5”) is an upper bound for the left-hand side
of (5), thus proving that (5) is a valid inequality for
P(G).
Let us now present a proof of the ‘facetness’ of

(5) based on Theorem 2.9 and Lemma 2.12. Put
Ei :=E(Si ∪ Ti) for i = 1; : : : ; k. For each index i the
load of inequality (5) with respect to Ei equals |Si|
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and the corresponding residual equals the sum of all
|Sj| with j 6= i. Hence all four requirements of Theo-
rem 2.9 are met for the subgraph (V;D) of G where
D :=

⋃
i Ei. Therefore the truncation of (5) to the

edge set D de�nes a facet of P(V;D).
Notice that the number of vertices in T :=

⋃
i Ti ex-

ceeds the size of S :=
⋃
i Si by at least 2. Furthermore,

any matching in the graph (V;D) comprising |S| edges
each joining a vertex in S and a vertex in T constitutes
a clique partitioning of G satisfying (5) at equality.
We will refer to such a matching as an S-matching.
It is easy to see that for every pair {u; v}⊆T there is
an S-matching not incident to {u; v}.
In order to ful�ll the requirements of Lemma 2.12,

we �rst exhibit for each edge {u; v}∈E\D a clique
partitioning which includes {u; v} as well as an ap-
propriate S-matching Muv, so that (5) is satis�ed with
equality.
(1) Assume {u; v}⊆T . Then {u; v} * Ti for all i.

Pick any S-matching Muv not incident to {u; v}. Then
Muv ∪ {{u; v}} is a clique partitioning satisfying (5)
at equality.
(2) Assume u∈ S and v∈T , say u∈ Si and v∈Tj

(where v 6∈Ti). For any chosen tu ∈Ti there exists an
S-matching Muv containing {u; tu} but not incident to
v. Then Muv ∪ {{u; v}; {tu; v}} is a clique partitioning
satisfying (5) at equality.
(3) Assume {u; v}⊆ S say u∈ Si and v∈ Sj

(for j 6= i). If Ti ∩ Tj 6= ∅, select two distinct ver-
tices tu and tv in Ti ∩ Tj; else pick tu ∈Ti and
tv ∈Tj arbitrarily. In either case, we can choose an
S-matching Muv containing {tu; u} and {tv; v}. Then

Muv ∪ {{u; v}; {tu; tv}; {u; tv}; {v; tu}} is a clique par-
titioning satisfying (5) at equality.
Now let F1; F2; F3 be the sets of clique partition-

ings constructed in the preceding steps (1), (2), (3).
Clearly, F1 ∪F2 ∪F3 covers E\D. Since every clique
partitioning in F1; F2; F3 contains exactly one edge of
E\D intersected with E(T ); E(S; T ), and E(S) respec-
tively, the conditions in Lemma 2.12 are met for the
sets F1; F2; F3. We conclude that (5) de�nes a facet
of P(G).
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