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The no-wait flow-shop paradox
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Abstract

We discuss a new resource paradox in the area of scheduling: Increasing the speed of some machines in a no-wait flow-shop
instance may actuallyworsenthe optimal makespan. We construct instances for which the ratio between optimal makespan
with improved speed and optimal makespan without improved speed becomes arbitrarily bad.
© 2004 Published by Elsevier B.V.
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1. Introduction

1.1. Resource paradoxes

The areas of logistics, production, and planning
contain a number of strange anomalies and counter-
intuitive paradoxes. In most of these paradoxes, im-
proving the resources of a complex system leads to a
degradation of the overall system performance:

• The transportation paradox[1,4,8]demonstrates that
decreasing the demands and supplies in a transporta-
tion problem might actually yield an increase of the
overall transportation cost.
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• The Braess paradox[3] shows that by adding new
and faster streets to a traffic network, one might
actually decrease the throughput of this network in
equilibrium state. One variant of the Braess paradox
shows up when new connections are added to the
internet[7].

• Belady’s anomaly[2] concerns memory manage-
ment systems where the cache (the fast memory)
is run under the first-in–first-out page replacement
policy. Increasing the size of the cache may actually
yield a higher number of page faults for the same
sequence of page requests.

• Graham’s multiprocessing anomaly[5] concerns
parallel machine systems where precedence-
constrained processes are assigned according to
the list-scheduling policy. By adding new ma-
chines to the system, one might actually worsen the
makespan.
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Fig. 1. The optimal schedule forJ1, J2, J3. By Oj,i we denote the part of jobJj that is processed in stagei.
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Fig. 2. An optimal schedule forJ1, J2, J3 when the second stage works at double speed.

Note that in all these examples (and throughout this pa-
per), the word ‘paradox’ is used to denote a “startling,
perplexing, and mind-boggling situation”, but not to
denote a classical paradox in the context of formal
logics.

1.2. The flow-shop paradox

This note adds another paradox to the list of resource
paradoxes, the flow-shop paradox. The simplest ver-
sion of this paradox consists of three jobsJ1, J2, J3 in
a three-stage production system. Since there is no in-
termediate storage between the stages, every job first
enters the system, then goes through the first stage,
then immediately moves on to the second stage, then
immediately moves on to the third stage, and finally
leaves the system. Each of the three jobs spends a to-
tal of 10 time units in the system: JobJ1 spends, re-
spectively, 2,2,6 time units in the three stages, job
J2 spends 2,6,2 time units, and jobJ3 spends 6,2,2
time units. At any moment in time, at most one job
can be processed in any fixed stage. All jobs are avail-

able from time 0 onwards. The objective is to find an
ordering of the jobs that minimizes the makespan, that
is, the maximum job completion time. In the schedul-
ing literature, this problem is calledmakespan mini-
mization in a no-wait3-stage flow-shop. By process-
ing the jobs in the ordering〈J1, J2, J3〉 one reaches a
makespan of 14, and it is easily verified that 14 is the
optimal makespan; seeFig. 1.
Here is the paradox: Suppose that weincreasethe

processing power in the second stage, so that the pro-
cessing times in this stage all go down by a fac-
tor of two. Then the new processing times of the
three jobs become, respectively, 2,1,6, and 2,3,2,
and 6,1,2. The optimal makespan, however, thende-
terioratesfrom 14 to 15: All in all, there are six possi-
ble schedules. If we process the jobs in one of the three
orderings〈J1, J2, J3〉, 〈J1, J3, J2〉, and 〈J2, J1, J3〉,
then we get a makespan of 15; seeFig. 2 for one pos-
sible schedule. If we process the jobs in one of the two
orderings〈J2, J3, J1〉 and 〈J3, J1, J2〉, then we get a
makespan of 17. And if we process the jobs in the or-
dering〈J3, J2, J1〉, then we get a makespan of 19.
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1.3. Variations of the flow-shop paradox

In a variant of the flow-shop paradox, the optimal
makespan increases as a consequence of decreasing
the processing times ofone job in all stages by the
same factor: Consider the above basic instance with
three jobs and optimal makespan 14, and reduce the
processing times 2,6,2 of job J2 all by 25%. In the
resulting instance with processing times 2,2,6, and
1.5,4.5,1.5, and 6,2,2, the optimal makespan has
increased to 15.5.
In another variant, the optimal makespan increases

as a consequence of decreasing the processing time
of one job in onestage: Consider the above basic in-
stance with three jobs and optimal makespan 14. If
we decrease the processing time of the old jobJ2
in the second stage from 6 to 3 (so that the new in-
stance has processing times 2,2,6, and 2,3,2, and
6,2,2), then the optimal makespan increases from
14 to 15.

2. Formal definitions and the main result

In a generalm-stage no-wait flow-shop system,
there aren jobs J1, . . . , Jn. Every jobJj is a chain
Oj,1, . . . , Oj,m of m operations that have to be pro-
cessed in them stages; the processing time of opera-
tionOj,i (of job Jj in stagei) equalspi,j . All jobs are
available from time 0 onwards, and at any moment in
time at most one job can be processed in any fixed
stage. Every jobJj must move through the stages
without intermediate waiting time. The objective is to
find a schedule that minimizes the makespan. In the
standard scheduling notation, this problem is denoted
asF |no-wait|Cmax. The flow-shop paradox occurs,
if by speeding up the processing in some of the stages
the optimal makespan increases.
It is easy to see that the flow-shop paradox cannot

occur in no-wait flow-shop instances withm=2 stages
(and an arbitrary number of jobs), and that this para-
dox also cannot occur if there are onlyn=2 jobs (and
an arbitrary number of stages). The basic instance dis-
cussed in the introduction hasm = 3 stages andn = 3
jobs, and thus yields a minimum size example for the
paradox.
In the instance in the introduction, the paradox in-

creases the optimal makespan by a factor of 15/14,

from 14 up to 15. The main result of this paper shows
that this factor may become arbitrarily large.

Theorem 1. For every real numberr �1, there ex-
ists an instance of the no-wait flow-shop problem
F |no-wait|Cmaxwith optimal makespanC∗, and a
certain way of speeding up the processing in some
of the stages, such that in the resulting instance with
faster machines the optimal makespan is at leastr C∗.

3. The proof

In this section, we will prove Theorem 1. Letz�2
be an integer. Consider the following instanceI ′ with
m = z2 stages andn = z2 jobs: JobJ ′

j (j = 1, . . . , n)
has a processing time ofp′

j,j = z time units in the
jth stage, and a processing time of 0 time units in
all the other stages. (The processing times of 0 time
units can be simulated by processing times ofε time
units, and by havingε go to 0. Hence, these oper-
ations of length 0 block the corresponding stage for
an infinitesimally small amount of time, and do not
allow the simultaneous processing of another job in
the same stage.) The optimal schedule for instanceI ′
processes the jobs in the order of decreasing index,
and the optimal makespan equalsz. Next, consider the
following instanceI that results from instanceI ′ by
speeding up the processing in the stages such that job
Jj (j = 1, . . . , n) has a processing time of

qj ∈ {1,2, . . . , z} with qj = j (modz)

in the jth stage, and a processing time of 0 time units
in all the other stages. Note that the lengths of the
non-zero operations of jobsJ1, . . . , Jn form a periodic
sequence of the form 1,2, . . . , z,1,2, . . . , z, . . . ,1,2,
. . . , z.
In the rest of this section, we will show that the op-

timal makespan of instanceI is at least12z(z+1). As a
consequence, the ratio between the optimal makespan
of I and the optimal makespan ofI ′ is at least(z+1)/2.
Sincez can be made arbitrarily large, this will yield
Theorem 1. We start with a small observation that es-
sentially restates the standard TSP-formulation of the
no-wait flow-shop problem; see for instance[9]:

Lemma 1. If the processing of jobJk starts at time
t, and if jobJ� is processed immediately after jobJk,
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then the starting time ofJ� equalst + d(k, �) where

d(k, �) =
{

qk if k < �,

max{0, qk − q�} if k > �,

∞ if k = �.

(1)

The optimal makespan of the no-wait flow-shop in-
stance I equals the length of the shortest travelling
salesman tour through the cities1, . . . , n with dis-
tancesd(k, �).

The linear assignment relaxation (2) of the travel-
ling salesman problem provides a lower bound on the
length of the shortest TSP tour:

minimize
n∑

k=1

n∑
�=1

d(k, �)xk,�

such that
n∑

�=1
xk,� = 1 for k = 1, . . . , n,

n∑
k=1

xk,� = 1 for � = 1, . . . , n,

xk,� �0 for k = 1, . . . , n,

� = 1, . . . , n.

(2)

The dual linear program for (2) is given by

maximize
n∑

k=1
uk +

n∑
�=1

v�

such that uk + v� �d(k, �) for k = 1, . . . , n,

� = 1, . . . , n,

uk, v� real for k = 1, . . . , n,

� = 1, . . . , n.

(3)

We will now define and investigate one particular fea-
sible solution of the dual linear program (3). For fixed
k and� with 1�k�n = z2 and 1���n = z2, let �
and� be the unique integers that satisfy

k = � z + � with 0���z − 1 and 1���z (4)

and let� and� be the unique integers that satisfy

� = � z + � with 0���z − 1 and 1���z. (5)

We define

u∗
k = min{�, z − �},

v∗
� =

{−min{�, z − � − 1} if ��z − 2,
0 if � = z − 1.

Note thatqk = � and thatq� = �.

Lemma 2. The valuesu∗
k andv∗

� constitute a feasible
solution for(3).

Proof. We must show thatu∗
k +v∗

� �d(k, �) holds for
all k and�. Sinced(k, k)=∞, this inequality trivially
holds fork = �. Fork �= �, we distinguish four cases.

• In the first case,k < � holds. Thend(k, �)=qk =�.
Sinceu∗

k =min{�, z−�}�� andv∗
� �0, we get the

desired inequalityu∗
k + v∗

� �d(k, �).
• In the second case,k > � and� = z − 1. Then (4)
and (5) imply� = z − 1 and�> �. In this case
u∗

k = min{�,1} = 1 and v∗
� = 0, and the desired

inequality follows from

u∗
k + v∗

� = 1�� − �
= max{0, qk − q�} = d(k, �).

• In the third case,k > �, and��z − 2, and���.
Then (4) and (5) imply��� + 1. Under these con-
ditions we haved(k, �) =max{0,� − �} = 0. Then
the desired inequality is equivalent tou∗

k � − v∗
� ,

which is

min{�, z − �}� min{�, z − � − 1}.
The displayed inequality follows from��� and
z − ��z − � − 1.

• In the fourth case,k > �, and��z − 2, and�> �.
This implies���. Under these conditions we have
d(k, �)=max{0,�−�}=�−�. Furthermore,u∗

k =
min{�, z−�}� min{�, z−�}, andv∗

� =−min{�, z−
� − 1}. If ��z − � − 1, then

u∗
k + v∗

� � min{�, z − �} − min{�, z − � − 1}
�� − � = d(k, �).

If ��z − �, then�> z − �, and

u∗
k + v∗

� � min{�, z − �} − min{�, z − � − 1}
= (z − �) − (z − � − 1)

= 1�� − � = d(k, �).

Summarizing, in all four cases we ended up with
the desired inequalityu∗

k + v∗
� �d(k, �). �

Next, let us evaluate the objective value of the fea-
sible solutionu∗

k and v∗
� for (3). Note that for� =

1, . . . , z2 − z we haveu∗
�+z + v∗

� = 0, and that for
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� = z2 − z + 1, . . . , z2 we havev∗
� = 0. Therefore,

n∑
k=1

u∗
k +

n∑
�=1

v∗
�

=
z∑

k=1

u∗
k +

z2−z∑
�=1

(u∗
�+z + v∗

� ) +
z2∑

�=z2−z+1

v∗
�

=
z∑

k=1

u∗
k =

z∑
k=1

min{k, z} = 1

2
z(z + 1).

The optimal makespan of the no-wait flow-shop in-
stanceI equals the length of the shortest TSP tour with
distances (1). The length of the shortest TSP tour is at
least the optimal objective value of the LP relaxation
(2). By the fundamental theorem of linear program-
ming, the optimal objective value of the primal LP (2)
is greater or equal to the objective value of the feasi-
ble solutionu∗

k andv∗
� for the dual LP (3). Hence, it

is at least 12z(z + 1). This completes the proof of
Theorem 1. �

4. Discussion

The construction of the bad instance in Section 3
usednon-uniformspeed-ups for the various stages; for
instance, the machine in stagej with 1�j �z became
faster by a machine-dependent factor ofz/j . In case
all stages receive the same speed-up by the same factor
f, then of course also the optimal makespan improves
by this factorf, and the flow-shop paradox cannot oc-
cur. What about the case wheresomestages get the
same speed-upf, whereas the remaining stages remain
unchanged? (This would correspond to the natural set-
ting where a subset of the machines in the flow-shop is
replaced by a new and better generation of machines.)
Our construction in Section 3 can be slightly modi-

fied and changed so that it also yields bad instances in
this uniform setting: Each of thez2 stages in the old
construction is replaced by a corresponding sequence
of zconsecutive stages in the new construction; thesez
new stages will simulate the corresponding old stage.
Every old jobJ ′

j (that had a processing time ofz in
the jth old stage and a processing time of 0 time units
in all the other old stages) is replaced by a new jobJ ′

j

that has processing times of 1 in theznew stages that
correspond to thejth old stage and processing times

of 0 in all the other new stages. If an old stage in the
old construction is sped up by a factor ofz/j , then in
the new constructionz − j of the new corresponding
stages get an infinite speed-up, whereas thej remain-
ing new corresponding stages get no speed-up at all.
We leave all further details to the reader.

The computational complexity of the following
problem FLOW-SHOP-PARADOX remains unclear:
“Given an instance I of the no-wait flow-shop problem
F |no-wait|Cmax, does there exist a way of speeding
up the processing in some(arbitrarily chosen) subset
of the stages, such that the optimal makespan of the
resulting instanceI ′ with faster machines is strictly
larger than the optimal makespan of instance I?”
There is absolutely no reason to assume that problem
FLOW-SHOP-PARADOX is contained in the class
NP: To demonstrate the occurrence of the paradox in
a straightforward way, we have to show that the opti-
mal makespan ofI is small (NP-certificate), we have
to show that an appropriate instanceI ′ with faster
machines exists (NP-certificate), and we have to show
that the optimal makespan of instanceI ′ is huge
(coNP-certificate). This mixture of NP- and coNP-
certificates suggests that FLOW-SHOP-PARADOX
might be located in one of the complexity classes
above NP (see for instance Chapter 17 in Papadim-
itriou’s book [6]); the complexity class DP might be
a reasonable guess.
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