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2 variables: graphs

A: f (x, y) = x2 + y2

B: f (x, y) =
√
x2 + y2

C: f (x, y) = |x| + |y|
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2 variables: level curves
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A: f (x, y) = sin(x) + y2

B: f (x, y) = y − sinx
C: f (x, y) = xy
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3 variables: level surfaces

A: x2 + y2 − z2 = 1/2
B: x2 + y2 − z2 = −1/2
C: x2 + y2 − z2 = 0
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Tangent planes to graphs

The graph of the linearization of f is the tangent plane to the graph of f .
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Chain rule (2D)

Zij g(t) = f (x(t), y(t)), f , x, y continuously differentiable. Then g is diffe-
rentiable, and

g′(t) = ∂xf (x(t), y(t))x
′(t) + ∂yf (x(t), y(t))y

′(t) = ∇f (x(t)) · x′(t).

Proof (sketch):

1
h [g(t+ h)− g(t)]



9/28

Chain rule (2D)

Zij g(t) = f (x(t), y(t)), f , x, y continuously differentiable. Then g is diffe-
rentiable, and

g′(t) = ∂xf (x(t), y(t))x
′(t) + ∂yf (x(t), y(t))y

′(t) = ∇f (x(t)) · x′(t).
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1
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h [f(x(t+ h), y(t+ h))− f(x(t), y(t))]
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Chain rule (2D)

Zij g(t) = f (x(t), y(t)), f , x, y continuously differentiable. Then g is diffe-
rentiable, and

g′(t) = ∂xf (x(t), y(t))x
′(t) + ∂yf (x(t), y(t))y

′(t) = ∇f (x(t)) · x′(t).

Proof (sketch):

1
h [g(t+ h)− g(t)]

= 1
h [f(x(t+ h), y(t+ h))− f(x(t), y(t))]

= 1
h [f(x(t+ h), y(t+ h))−f(x(t), y(t+ h))] + 1

h [f(x(t), y(t+ h))− f(x(t), y(t))]
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Chain rule (2D)

Zij g(t) = f (x(t), y(t)), f , x, y continuously differentiable. Then g is diffe-
rentiable, and

g′(t) = ∂xf (x(t), y(t))x
′(t) + ∂yf (x(t), y(t))y

′(t) = ∇f (x(t)) · x′(t).

Proof (sketch):

1
h [g(t+ h)− g(t)]

= 1
h [f(x(t+ h), y(t+ h))− f(x(t), y(t))]

= 1
h [f(x(t+ h), y(t+ h))− f(x(t), y(t+ h))] + 1

h [f(x(t), y(t+ h))− f(x(t), y(t))]
h→0→ d

dsf(x(s), y(t))|s=t +
d
dsf(x(t), y(s))|s=t
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Chain rule (2D)

Zij g(t) = f (x(t), y(t)), f , x, y continuously differentiable. Then g is diffe-
rentiable, and

g′(t) = ∂xf (x(t), y(t))x
′(t) + ∂yf (x(t), y(t))y

′(t) = ∇f (x(t)) · x′(t).

Proof (sketch):

1
h [g(t+ h)− g(t)]

= 1
h [f(x(t+ h), y(t+ h))− f(x(t), y(t))]

= 1
h [f(x(t+ h), y(t+ h))− f(x(t), y(t+ h))] + 1

h [f(x(t), y(t+ h))− f(x(t), y(t))]
h→0→ d

dsf(x(s), y(t))|s=t +
d
dsf(x(t), y(s))|s=t

1D Chain rule
= ∂xf(x(t), y(t))x

′(t) + ∂yf(x(t), y(t))y
′(t).
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Tangent planes to level surfaces

The tangent plane to the level surface F (x) = C in x = a is given by

∇F (a) · (x− a) = 0.

This is the corresponding level surface of the linearization of F in a.
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Tangent planes to level surfaces
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Differentiating an integral with respect to a parameter:

Let J be an interval, f : J × [a, b] −→ R such that:

• f twice partially differentiable with respect to x

•
∫ b

a
f(x, t) dt,

∫ b

a
fx(x, t) dt exist for all x ∈ J

• |fxx(x, t)| ≤ g(t),
∫ b

a
g(t) dt = K <∞.

Then
d
dx

∫ b

a

f(x, t) dt =

∫ b

a

fx(x, t) dt, x ∈ J.

Proof (sketch): Write
∫ b

a
f(x, t) dt =: I(x).∣∣∣∣∣ 1h(I(x+h)− I(x))−

∫ b

a

fx(x, t) dt

∣∣∣∣∣
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Differentiating an integral with respect to a parameter:
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fx(x, t) dt

∣∣∣∣∣ =
∣∣∣∣∣ 1h
∫ b

a

(f(x+ h, t)− f(x, t)− hfx(x, t)) dt

∣∣∣∣∣
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Differentiating an integral with respect to a parameter:
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(f(x+ h, t)− f(x, t)− hfx(x, t)) dt

∣∣∣∣∣
Taylor
=

∣∣∣∣∣ 1h
∫ b

a

h2

2 fxx(ξ, t) dt

∣∣∣∣∣
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a
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2 fxx(ξ, t) dt

∣∣∣∣∣ ≤ |h|
2

∫ b

a

|fxx(ξ, t)| dt
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Differentiating an integral with respect to a parameter:

Let J be an interval, f : J × [a, b] −→ R such that:
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h→0→ 0.
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Implicit Function Theorem (2 variables):

x

y

F(x,y)=0

(x ,y )
0 0
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Implicit Function Theorem (2 variables):

x

y

F(x,y)=0

y=  (x)φ
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Implicit Function Theorem (2 variables):

x

y

F(x,y)=0

φφy=  (x)

φF(x,  (x))=0
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Implicit Function Theorem (2 variables):

(x ,y )
1 1

x

y

F(x,y)=0
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Implicit Function Theorem (2 variables):

(x ,y )
1 1

(x ,y )
1 1

x

y

F(x,y)=0

F =0
y


