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1. Introduction

There are hundreds of important so-called NP-complete and NP-hard problems from various
areas of mathematics and their applications (see, for example, Sipser [1994] and Johnson [1981-
2006]). All NP-complete problems belong to the class NP, i.e., they are solvable on non-
deterministic Turing machines in a polynomial time. However, it is unknown whether they are in
the class P of problems, solvable on deterministic Turing machines (DTM) in a polynomial time.
Most computer scientists believe that P = NP.

“That’s the most mind-boggling problem facing theoretical computer science, and maybe all
of science at the moment.” (Knuth [2002]).

Below is a proof that P # NP. To help the reader to understand that proof, a short review of its
main steps and ideas is given here.

We consider the proof using a typical NP-complete problem of INDEPENDENT SET (IS)
(Garey & Johnson [1979]): INSTANCE (or WITNESS): graph G = (V, E), positive integer K.
QUESTION: Does G contain an independent set of size K, i.e., a subset V'c V such that |V{=K
and such that no two vertices in V”are joined by an edge in E? We denote this problem as P; .

The problem P;, which is P, s under representation of the graph G in an ordered list of binary
words (the size n” in order), is restated as the problem Py. This problem verifies whether a word
transform Q,, x consisting of a certain union of intersections of given binary words is 1 = (1...1)
(Lemmas 1, 2). The apparatus of word transforms was introduced in the paper by Ivanov [1999].

Under given natural representation of graphs, the author proved that there exists
exponential size number of the initial words, for which any solution algorithm for (IS)
requires a super-polynomial time, because any solution algorithm has to use not only
each of those order n’ words, but also order n®2 connections among them, where
arbitrary integer K (the size of possible IS) is independent of n. It is proved by the
contradiction (‘perhaps the most prevalent of mathematical proofs’, Wikipedia). In
particular, it is proven that ‘no one of those words can be missed, since otherwise a
solution ... might be missed.” It is similar to the case of palindrome recognition on one-
tape DTM, for which there also exists exponential size data (almost all possible words),
each of which requires the time order n?, since any solution algorithm has to use not only
each of those word, but also order n* connections between one and another half of word.
However, there is a principal difference between palindrome recognition and IS: on
multi-tape DTM the first problem requires linear time, but the IS requires super
polynomial time again, since K/2 is arbitrary if K is arbitrary.



The results of the author are based on a novel general approach that can be described
on qualitative level as consisting of 3 main parts.

The first part consists of construction of a combinatorial lemma for a problem on the whole
input domain. A sense of that lemma is a rather detailed spectrum of witnesses for the answer (1,
true) and/or (0, false). The results of that lemma are independent of any solution algorithm of a
problem.

Having arbitrary exponential number witnesses from the input domain of a problem for both
answers (1) and (0), it is not difficult to prove existence of an exponential number of
‘depersonalized witnesses’, for which any polynomial solution algorithm does not know the
answer 1 or O in advance and hence it has to be realized for each of those witnesses to find the
answer.

The third part consists of estimation of a low bound for any solution algorithm, proving (on
the basis of a combinatorial lemma and a logical structure of a problem) which of its operations
are necessary.

Results of application of this approach depend on many properties of a problem in question.
Its application to the problems similar to the palindrome recognition gives results by far simpler
reasoning than by the well-known method crossing sequences (Hennie, 1965). However, in the
case of more complicated problems, results of its application depend heavily on both
combinatorial and logical structure of those problems.

Preliminary Lemmas 1, 2, and supporting results 1-7 are subsidiary for the proof of Lemma 3.

The main Lemma 3 is the most important and difficult to prove. Its proof shows existence of
‘hard” witnesses for which the time on any DTM is near the longest and at least n**in order. This
is because any DTM for those witnesses has to compute order n** intermediate distinct objects.

As it turns out, the proof combines two possibilities anticipated by Cook [1971]:
diagonalization with reduction (parts 1 and 2 of the main Lemma 3 proof, up to the relation (26)),
and super-polynomial lower bounds for some special weaker problem (parts 3, 4, and 5).

Realizing the first possibility, we have consequent lower bounds for any fixed solution
algorithm since each step signifies further contraction of the input domain.

Let us consider briefly the second possibility in the case of K = 4. For this case, a weaker
problem: V,3=U (SN Z) (k=1,..., m) =21, S =0SunY)(G=1,...,m),Si=0X;(ie P}
N Q’y), where X, Y, Z;, P;, Q; are arbitrary binary words of the size m = n/2, I’ is a set of zero-
numbers in any word /.

It is proven that arbitrary situated parts of words S, are arbitrary words of the size 2log (2log
m). In turn, arbitrary situated parts of words S and P; N Oy are arbitrary words of the size 2log m.
No one of those words can be missed not to miss a solution. They all have to be computed for
determining V,,3 =? 1 or the solution requires more time than n’.

Similar reasons exist in the case of any K independent of n. In that case a weaker

problem: Vm,,= U (Skrmekt) (kt= 1, ..., m) =7 1, Skr= U (Skr—lkrmX’_lkr—l) (k,_1= 1, ...
’m)’ MR Sk3 cen

e N Y’,kt), where X;, X2k2, e X’k,’ Y2k2, e Ytktare arbitrary binary words of the

K, =Sk, ok, N X)) (ko=1,...,m), Sk, .k, = UXi((€ Yy, N

t
sizem, m=n/K, t = K-1.
For determining V,,; =? 1, we have to compute Skr’ for which we have to compute

Sk ik, and so on. So, the required time will be not less than m.

The main reason for NP # P is a hard problem of contacting all words given among
each other. A proof of the theorem on P # NP follows from Lemmas 2 and 3 after
reducing general case of inputs to the case of inputs for the problem P; or Py.



2. Preliminaries

Let P be a problem with input domain 7 < 2.* and output domain R < >_*, where 2.* is a set of all
finite strings from the alphabet X = (0, 1), and let A be a solution algorithm of P on a DTM with a
finite set of states S. A specifies transition function of DTM (detailed definition of a DTM, see
e.g., in Hopcroft, Motwani, Ullman [2006]).

In general, input of a DTM x € L,, where L, is all 2" binary words of length r. For decision
problems R=1=(1... 1) ornot,i.e., R=?1.

The time complexity of the solution of P on a DTM is given by

TP)=TULR)=T,(P,A)=T,(P,A,S)=supt(x,y,A,S) Vxlxl=r,xe D), 1)

where t (x, y, A, S) is the time for A on input x € [ with output y € R on a DTM with states S. The
space complexity is given by

S(P)=S,(P,A)=S,(P,A,S)=sups (x,y,A,S) Vx:|x|=r,xe I, 2)

where s (x, y, A, S) is the number of necessary tape cells for A on input x with output y on a DTM.
A problem P € P iff there are S, A, and a constant ¢ such that T,(P, A) < r“forall re Z".

Note that different notations in (1) or (2) mean the same magnitudes. We omit by default
certain terms to simplify the notations later. We use T (y) or T (y =? 1) instead of T (P) when y is
explicit presentation of the problem P. For all the problems below we use r = n” in order.

Let the representation of the graph G = (V, E) be an ordered list of binary words

Ij=(alj...aj_1j),j=2,...,n;a[j=OV1,1Si<jSl’l, (3)

where a;; = 1, iff there is an edge from the node i to the node j, i < j. This representation is
convenient for the query of both nodes 1, ... , n and edges a; [J. van Leeuwen, 1990]. The
respective input for this initial problem has the size order n(n—1)/2+log, K, 1 £ K < n.

We also introduce the binary words

Aok, = (g Qi - Qi G ks Choky - Fiaky Tk kg Vo ky Uy ) )

where (k,,..., k,) are arbitrary ordered combinations from (1, ..., n) by ¢. Under fixed ¢, there are
(;‘ ) = n!/[(n—1)!t!] different words A ky...k, -

Let the problem P, be P;s with the inputs (3), n = K =1 > 1, and let P, with the same inputs
(3) be the problem whether there exists a word A ky..k, = 0=(0...0)foranynandt,n>1t>1.
Since A ky...k, = 0, iff (k,,..., k,) is an independent set, the problems P; and P, are restatements
of each other.

Denoting all 2" binary words by L,, for any word I € L,, let I’ be the ordered set consisting of
zero numbers in I (n — |I’| = number of 1-digits in /) and { be complement of / to 0 = (0...0) € L,.
For any words /; and I, from L,, and L,, 1 £ m < n, let the intersection /; N I, (the union /; U ;) be
a word from L,, (L,) combining all common 0O-digits (all 0-digits) of /; and I,. This definition of
intersection and union for binary words corresponds to the ordinary definition of intersection and
union for the respective sets I’; and I’,.

If, for example, I, = (010), I, = (100), then I; N I, = (110) and I; U I, = (000), since I’y = (1,
3),1=2,3),thenl’ 'NnI’,=B)and I’y LI, =(1, 2, 3).



LEMMA 1. The following relations are valid.:
Akyk, 20,V ks ook i 1<k <...<k, Snon2t>1, ®))
Q=W Uk, Lk )NV ky, oo ki k, € (2, ..., n),
kel k,k oyl kNl k,....,kyel' kyn..nlk)=1, (6)

where I’; are ordered sets of zero-numbers in the binary words I; = (ay; ... a;.1)). In addition, if Q,,
=1, then Q,,=1,t<s<n,and if Q,;# 1, then there exists an independent set

Vi=(k,, ..., k), [V|]=t. @)

PROOF. It is based on a simple fact that k,_,e€ I' g , iff a, , = 0, and hence the
intersections Ikr N...N Ikz #1,r=2,..., ¢t iff there existk,_ e I’ k, N...M I’kt such that
g, t ot ag g, = 0,r=2, ..., t and hence their sum, one of A ky...k, in (4), is also equal to
0. Thus, if Q,, # 1, then there exists (k,, ... ,k,), k, € I ky N ...N I ks oees k,
k, € (¢, ..., n), such that in (6) / ky Voo L |, # 1, and hence there exists k, € I’ ky M .ooN
I k> for whichAkl“_kr =0. IfAkl...k, = 0, then all App, = 0,r=1,...,t=1;s=r+l, ..., t,

S

and hence at least one Ik, neon I g, # 1,and hence Q,, #1.If 0,,=1,then Q,,=1,1<s<n,
since Q',, € Q' nint<s,but Q’,,=3. And if Q,, # 1, then A ky...k,= 0, and hence (7) is valid.

Given the same input domain as for the problems P; or P,, let Py be the problem of
verification of Q,,,=? 1, 1 < t < n, for any n and ¢.

LEMMA 2. We have T (P1) =T (P2) =T (Py).

PROOF. The problems P, P,, and Py have the same input domain, and if for any input the
output of one of these problems is ‘yes’, then the outputs for the other problems are also ‘yes’.

3. Supporting results

RESULT 1. While each of Xi, k=1, 2, ... , q, runs independently all 2" words from L,,,

Iq=ﬂz:1 Xk,Uq=UZ:1Xk,1ngm, (8)

run each of all (") words with r 1-digits respectively (2/—1)", (21=1)""" times. In particular,

{1, =1} = %=1)" |{I,# 1} =2""-2"-1)", {U, =1}| = 1, {U, # 1}| = 27", &)
where for any relation R of inputs X = (Xi, k=1, 2, ..., q), the notation {R} means the sets of all
X, for which R is valid.

PROOF. In the case of 1, g =2,



(2*-1)=3"= Q+)' =21, (2, r=0,1,....,m, (10)

since for each of () words X; with s 1-digits, X, can generate all possible 2* words with fixed r—s

1-digits corresponding to O-digits of X;. For the other g, the proof can be obtained by the
mathematical induction. Indeed, using the equality /., = I, N X4y, 1 <5 < g, we have

Q1) =20 (DR 2 =3 (2" =D r=0,1, ..., m, (1)

where the right side means that for each k 1-digits of I, (each is running (2'~1)* times by premise),
X,+1 can generate all possible 2% words with fixed r—k 1-digits corresponding to 0-digits of /.

The term (2%~1)"" follows from the fact that U, = N }_ X,. The terms in (9) follow

directly from the proof above.

RESULT 2. Let M = (1, ..., m) and let X;, P;, Q;, i € M, be arbitrary words from L,,. Then the
numbers of different sets of different words P; N Qi and different respective words

Sk=UXi(ie P,nQW,j, ke M, (12)

can be super polynomial and such that missing at least one word P; ™ Oy results in missing at
least one of respective words Sj.

PROOF. Putting
Pj =(a, b, 1), Qv = (a, B7 1), Pj N o= (0, B’ 1)7j’ ke M, (13)

where (asymptotically by m) o and B are arbitrary independent words from Ly, ,,, 1 is a unit
word from L, 5ioe », W€ have 32logm possible different witnesses {P}, O, j, k € M}, when P; N Q) =

(o, B, 1), j, k € M (for each of ( f’g ") values of a with s 0-digits, the respective s digits in a can be

arbitrary, and the same independent possibility for 3 and b instead of o and a).
With regard to order m/(2log m) independent dispositions of (a, B), we find the total order

Ny = ml(2log m)( 5, (14)

cases, when the sets of different words P; N Oy, j, k € M, can be independent.
In addition, due to the result 1, for each of 3%°¢™ sets of different words

PN QOuIP ;N QW =y,0<y<2logm,j, ke M, (15)

we can have different set of 2" different respective words Sy, 1 <y < 2log m, j, k € M.
So, if one of those P; N O, words is missed, at least one of different respective words Sy is also
missed. With regard to all independent sets, a number of different sets of words P; M Oy such that
missing at least one of the words results in missing at least one of the respective words Sj, is super
polynomial, not less than order N,.



RESULT 3. Let X;, Y, i ke M,r=1, ..., t, be arbitrary words from L,,. Then the number of
sets of different words I,,,= Yy NN Y, iy k,e M,r=1, ...,t, and respective words

Sk, ok, =VXi(Ge Y No..nYy ) ke M,r=1,....1, (16)

1

can be super polynomial and such that missing at least one word 1,,, results in missing at least
one of respective words Skl ik,

PROOF. It follows actually from the same proof as in the result 2. Now, we find that the total

N, =m/(dog m)(}; . ) (17)

tlogm

in order cases are possible, when the sets of different words Y/ NN Ytkt’ ke M,r=1, ...,

t, can be independent. In addition, for each of 3oemy gets of different words

Ylklﬁ ...NY, ,,|Y’1klﬁ ﬂY’,kt|=y,0SyStlogm, k,e M, r=1,...,t, (18)

we can have different set of 2” different respective words Sk, .k, Lsy<dogm, ke M, r=1,

..., t. So, a number of sets of words /,, such that missing at least one of those I, results in
missing at least one of the respective words Sk1 ok, is also super polynomial, not less than N,.

RESULT 4. Let X;, Y be arbitrary from L,,. Then the word U Z’:l Xy N Yy can have an

arbitrary situated inside it arbitrary part from Lyg .

PROOF. It is consequence of the result 1 and the result 2 proof, because arbitrary situated
parts of X, N Y}, k € M, can be arbitrary from Lyg .

RESULT 5. For any DTM and almost all X, Y from L,,, the time for determining each of I = X
NY, U=XuUY, and solution of the problem [ = X N Y =? 1, is not less than ©(m).

PROOF. This result is known; it can be proven by ‘crossing sequence’ argument (Hennie
[1965]). However, we can prove the result 4 much simpler using the result 1. Indeed, there are
exponential number witnesses |{/ = 1}| = 3" and |{/ # 1}| = 2*"-3". Among all those witnesses,
there exists at least one such that to find its output without checking it, an exponential time is
required. Otherwise, we can use an exponential number of different witnesses for a polynomial
time, which is impossible. Not counting this witness, we can conclude the existence of another
one, and so on, until we come to the existence of exponential number depersonalized witnesses.
Any algorithm A has to compare all digits of X and Y, since otherwise the desired solution might
be missed. So, the time for any DTM will be not less than order m. The case of U = X U Y can be
reduced to the previous one. Considering next pairs of X, ¥, and so on, we complete a proof.

RESULT 6. For any DTM, the time

TULXnNnY)=D,TU _ XnNY)2T X, ke M), (19)



where X, are unknown in advance words from L,, having potentially super polynomial cases of
arbitrary situated arbitrary parts of unbounded size, and Y are arbitrary from L,,.

PROOF. It is a consequence from the results 1, 2, 4, and 5 proofs. Indeed, no one of words X,
M Y, k € M, can be missed, since otherwise solutions of these problems might be missed. If we
compute only certain parts of X;, then we can miss computing the required parts. And if we do not
compute X;, then the solution time can be more than the right side in (19), since there are super

polynomial cases of X;,, which all cannot be missed.

RESULT 7. There is a super polynomial number of set of words Yy ,k,e M,r=1,2, ...
, t, from L, such that for any DTM, the time

T(Ylklﬂ YZkzﬂ ..My, ’,kre M, r=12,... ,t)Zm'. (20)

PROOF. It follows from the result 3 and the fact that any DTM has to compute m' different

objects, and hence its time is not less than m' (see Li, Vitanyi [1997]).
Let us return to the problem P, whether Q,, =1 for any n and ¢, and rewrite Q,, in the form

Qn‘,=u(lklﬂ ﬁlk’)(kle I’kZ M... ﬁ]’kt_l ml’k’,kze I’k3 M... ﬁ]’k
ke I,kt—l ﬁl’kr,k,_le I’kr’kt:H-l’ e, ), (21)

where Iks are arbitrary words from Lks—l’ disposed in fixed natural ordering on the tape of DTM,

the elements of the sets / ’ks are zero-numbers in the words Iks’ the sign k€ I’ means V k, ke I’.
Note that in the case of (21), a possible size of an independent set is equal to #+1, not ¢.

LEMMA 3. On any DTM, the time T (Q,,=?1) 2 @(n'_l), where an arbitrary integer t > 1 is
independent of n.

PROOF. It consists of the following main parts: 1. Introducing a weaker problem U,,;, =? 1, n =
(t+1)m, where the matrix {a;} has a form of step-matrix with # steps, so that the subscripts or the
arguments of the word transform are independent of the words in the union (in contrast to (21)).

2. Introducing a particular case of U,,,=? 1 (a problem V,,, =7 1) so that its structure can be easily
examined. 3. Proving Lemma for 7 = 2, using the result 5. 4. Proving Lemma for ¢ = 3, using the
results 2, 6, and 7. 5. Proving Lemma in a general case, using the results 3, 6, and 7.

1. Denoting the subsets of any ordered set S by glS and Slq, respectively, on the right of ¢

and on the left of ¢, including ¢, let us put

n=(t+1)m, t <m; (r—l)m|I’k | m=3,k=r—Dm+1,...,rmyr=1, ..., t+]. 22)
Under condition (22),

Qu=Umi=0 ki, 00l g ) | mk emll i, 0ol g, 12m;

k€ @=Dmll i, |mk, =m+l, ... n). (23)



To check the validity of (23), note that due to (22), k,_, e I k . implies k, |, <tm; k, ,e I’
NIk, impliesk, , <(t—1)m;...;andk, € I’ ky Moo I, implies k| < 2m.

If k, <m,then I’ k, = D. Thus, m < k, <2m, which implies m|1’k1 = and m|(1’k1 N...N
I'k,)= &, and therefore m|R’n,, =. If k, <2m, then k, <m, Ik, = &, and hence 2m < k, <
3m, and so on. If k, < tm, then k; <m, and therefore k, = tm+1, ..., n.

Let us rewrite (23) in the form

t-1

ce

U= (X 1k, O ... NX tk,)(kl e X’ 2k, M ... NX’ 2kt;kze X’ 3ky Moo mX’3kt;.
k€ X ki k,=tmtl, ..., X g =@=Dmllg lrms=r,...5r=1...1, (24

where all X,, € L, are independent, since they have non-crossing subscripts k for each r.

Designatingtheersks,ks =1,....mys=r,...,5r=2,...,t,and X rk, . F= 1,...,t we find

Uni=O X 1k, NeonXgie,) (ky € X722k, Moo NX 26k, 5 ko € X33, N M X 3y 5

ko€ X, ik, =1, ...,m). (25)

2. Assuming that the wordsXskS Jko=1,...,mys=1,...,1, anngst= Yskx, k =1,.

s ooy

m;s=2,...,t, are arbitrary from L,, and puttingX’rrkr N...NX’ rtkr=M, r=3,...,t we find
a particular value of U,,; as V,,, , which we use in the form

Vg = (Sk,ﬁth,) (k;e M), Skr: o (Skr_lkrm Xz—1/<,_1) (k1€ M), ..., Sk3 k=Y (Sky...k,
NXo,) (ke M), X 1k, =X, Skyo k, =V X (€ Yo, Neeon Yy ) koo ki€ M. (20)
Since U,,, is a particular case of R,,, and V,,, is a particular case of U,,,, we have

TR, =21D)2T U,,=21) =T (V,,=?1). 27)
3. In the case t = 2, we have
V=0 (§iNnY)(G=1,...,m),Si=uX;(ieZ). (28)
Putting Z’; = j, we find S; = X;. So, due to the result 5 and independence of X; N Y; from each
other, T (V,,, =? 1) > O(m?).
4. In the case ¢ = 3, we have the following word composition
Viz= U (SinZ) (ke M), Si=u (S Y) (e M),
Sk=uXi(ie P;,NnQ%)j ke M. (29)

We can obtain the estimate T (V,,5=?1) > @(mz), since the case = 2 can be considered as a
particular case of # = 3. We consider here another approach, which can be generalized later on.



On the basis of the result 2, parts of Si and P; N Oy can be arbitrary situated arbitrary words
from Lo m, and parts of S can be arbitrary situated arbitrary words from Lyiog 210gm)- NO one of
those words can be missed, since otherwise a solution of the problem V,,, =? 1 might be missed.
Indeed, if one of those words missed, then in the case when the respective missed word Sy« = 1,
but the other words S; # 1, we would miss a solution. So, on the basis of the result 6, the time for
a problem U (S, N Z;) (k€ M) =?1is not less than the time for computing all words Sy, k € M. In
turn, the time for computing Si, k € M, is not less than the time for computing all words Sy,
which is not less than the time for computing all m* different words P; N Oy, corresponding those
parts of words S, (by the same reason as in the case of the result 6).

Thus, it follows from the result 7 that the time

T (V,3=21)2n’. (30)

5. In the general case, we have the word composition (26), and similarly to the case ¢ = 3, due
to the results 3, parts of words Y2k2 N...N Y,k[and Sk,...k,can be arbitrary situated arbitrary

words from L_yiog m» parts of words Sk3 . k,can be arbitrary situated arbitrary words from Ly,
(-Dylog my» and so on, at last parts of words Skr can be arbitrary situated arbitrary words from Lo,

(log ... 2log ((—Dlog m)) ... »» Where 2log are repeated —2 times.
Therefore, on the basis of the result 6, the time for a problem U (Sk[ N Xtk,) (k,e M)=?11s

not less than the time for computing all unknown words S’f[’ k, € M. In turn, the time for
computing all words Skr’ k, € M, is not less than the time for computing all unknown words
Skz—1’<z’ k.1, k, € M, which by recursion is not less than the time for computing all unknown
different words S ky...k,» ky, ..., k,€ M, which is not less than the time for computing all m!
different words Y5, , NN Yfkr’ ky , ..., k, € M, corresponding to those parts of the words
S ky...k,- Since there exist super-polynomial number of different sets of all intermediate words,
including intersections Y2k2 N...NY, e kr, ...,k € M (no one of them can be missed), if we

do not compute each of their realization or any part of them, then we have to store and use them
on DTM, which requires in the total more time than direct computing of those intersections.
Thus, on the strength of the results 6 and 7, the time

TV, =21)2m"". (31

5. Main results
THEOREM 1. P # NP.

PROOF. The problem Py, i.e., the problem of independent set with the representation (3) of the
graph G, is NP-complete, since the NP-complete problem of an independent set can be
transformed to P, for a polynomial time. Let P = NP. Then the problem P, is also in P. Therefore,
there exists a constant C, independent of n and ¢, for which T (P) =T (Q,, =?1) < nS, on the
basis of Lemma 2. But verification of Q,,=? 1 can require the time more than n in order for any
DTM due to Lemma 3 in the case of # > C+1. That contradiction means that one of the NP-
complete problems and hence all of them do not belong to P. But they all belong to NP.



The result of Lemma 3 is also a principal one for another reason (see, van Melkebeek, 2007),
because the size of the input in (21) is order n?, and the required time is not less than O(n*"™* ',
where ¢ is arbitrary independent of n.

In a manner of van Melkebeek [2007], our result can be formulated as the following theorem.

THEOREM 2. Any NP complete problem cannot be solved by any DTM that runs in times n'
and space n*, where t and T are any positive numbers independent of n.

Up to poly-logarithmic factors, our result as the results in van Melkebeek [2007], is likely
also robust with the respect to the details of each of the basic models of computation:
deterministic, randomized, and quantum machines.

6. Discussion
Many computer scientists share the point of view of Dr. D. S. Johnson, who noted,

“A common failing in P vs. NP proofs is the step in which the author says (without proof), ‘any
algorithm for solving this problem must do it in the following way.’”

Let us dwell on the question whether the above estimates are valid for all solution
algorithms.

In Lemma 3, the case ¢ = 3, the respective problem can be stated as: Given arbitrary
words Xj, Yj, Zy, P, O i, j, k € M, from L, decide V3 =? 1, where V,,3 is given, in
particular, by the formula (29). The properties of V,, 3, following from that formula, are
remained for any other representation of V3. So, the same problem can be stated as:
Given words Sk, Zi, k € M, from L,,, where S; (off-line or on-line) can have arbitrary
situated arbitrary parts from Lojog (210g m)» decide V3 = U (Si N Zy) (ke M) =? 1. It
follows from this that V,, 3 =1, iff St Zy =1, ke M. And V,,3 # 1, iff at least one of Sy
N Z; # 1. Since the unknown in advance case is possible that all Sy N Z, =1, k € M, the
required time can be not less than T (Sk, kK € M). In turn, S; have properties of U (Six M Y))
(j € M), where words S (off-line or on-line) can have arbitrary situated arbitrary parts
from Ljioe m, and hence T (Si, kK € M) can be not less than T (Si, j, kK € M), which, by the
same reason, can be not less than T (P; N Ok, j, k € M) 2 mz, where P; N Oy can be
computed off-line or can be obtained on-line (in the last case the total time can be more
than in the former case). It is clear that the above reasoning is also valid in the general
case of ¢ and the formula (26).

The main Lemma 3 seems to be in contradiction with the result, for example, in the paper
by Woeginger [2005]: ‘3k-CLIQUE problem for a p-vertex graph can be solved in O(p®™) time
and O(p™) space,” where ® < 2.376 is the square matrix multiplication exponent.’

However, the formulation above omitted that the parameter « is fixed (see Downey & Fellows
[1999]). It should be emphasized that the time not less than order p3k_l due to Lemma 3 is
obtained for any DTM under arbitrary k independent of p.

There are much more traps for the author to avoid.

A well-known example of such a trap is the so-called ‘natural proof” (see Rasborov &
Rudich [1999]). Possible answers to this example: there is an important detail of the proof in
question that is absent in any natural proof.
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Indeed, there exists an exponential number of instances for which the solution time on any
DTM is not less than "' in order, but we cannot indicate naturally (constructively) any one of
them (this evidence is connected with Kolmogorov complexity and investigated in detail by Li &
Vitani [1997]).

One more common trap is the relativization of the proofs that can be done for all known
natural proofs, i.e., those proofs remain valid if one uses, in addition, any oracle (see Davis, Sigal
& Weyuker [1994]). However, in the case of P versus NP problem, there exist oracles A and B
such that P* = NP*, but P® # NP® (Garey & Johnson [1979]).

So, any proof that P is not NP cannot be relativized and hence cannot be natural. A possible
answer to this example is that our proof does not belong to the class of ordinary proofs, which can
be relativized. In addition, as explained in Johnson [1990], a possible answer is that individual
problems do not relativize.

Let us, in conclusion, dwell on a debatable question, whether the proof of the main Lemma
implies that namely the independent set problem requires the time not less than n"' in order,
because the graph G = (V, E) can be represented by many other ways.

Let a word J instead of I be given, |J’| = |I’|. Besides, there are computable functions: J — V,,,
=?1,and I — J, T (I, J) < n“, where a is any fixed positive number, independent of n. Then

TU, V=2D)2TU V,,=21)-TU J)>0On")—n">0n"), t>a+ 1. (*)

A proof of (*) follows rather easily from definitions (1). Thus, using any other representation of
the graph, requiring polynomial time, cannot reduce our estimates.

7. Open problems

It seems that in order of increasing importance, we have at least the following open problems:

7.1. Is co-NP equal to NP?

7.2.1s P equal to NP?

7.3. Do one-way functions exist?

7.4. What is the time for verification of Q,,=? 1, when ¢ is arbitrary?

7.5. Can the estimate of number hard witnesses in Lemma 3 be essentially strengthened?

7.6. Is it possible that a non-algorithmic-type computer for an effective solution of NP-hard
problems could be constructed?

7.7. If yes, then how?

A certain result with respect to the last problem can be seen in Ivanov & Ivanova [2006] and
Ivanov [2009]. It is shown that the probability of a desired solution for a hard problem of global
minimization of function of n variables can be very close to 1, so that in the nature, for example,
in the case of proteins folding, it can be found instantly.

In this connection, also see Braverman & Cook [2006].

Remarks: The author started the investigation of the problem NP versus P many years
ago (in connection with his investigation of optimal algorithms (Ivanov books [1986,
1999])). He published (Ivanov paper [1999]) an attempt to prove NP # P based on
lemmas 1, 2-types and the result 1 above and certain postulates similar to some of the
postulates in Li & Vitani [1997]. He left a similar (by logic) proof to the reader on the
WEB in March, 2005 (see www.P versus NP problem/P-versus-NP page).
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