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@ Planar and outerplanar graphs

@ Linkless embeddings of graphs

© Finding a linkless embedding

© Symmetric 2-cycles

© Higher dimensional version of Hanani's theorem

@ The Colin de Verdiere invariant

Hein van der Holst (TUE) Linkless embeddings



Definition J

A planar graph is one that can be drawn in the plane without crossings.

@ The drawing itself is called a plane graph.
@ A face of a plane graph G is a component of R? \ G.

@ The unbounded component of R?\ G is called the infinite face; all
other components are called finite faces.

Definition
An outerplanar graph is a planar graph such that each vertex is incident
with the infinite face.
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Definition
The suspension of a graph G is the graph obtained from G by adding a
new vertex and connecting this vertex to each vertex of G.

Theorem
A graph G is outerplanar if and only if the suspension of G is planar.
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Definition

A minor of a graph G is a graph obtained from a subgraph of G by
contracting edges. A graph has an H-minor if it has a minor isomorphic to
H.

v

Theorem (Kuratowski 1930; Wagner 1937)
A graph G is planar if and only if G has no Ks- and no K3 3-minor.

Ty X

Figure: The graphs Ks and K33

Theorem
A graph G is outerplanar if and only if G has no K- and no K3 3-minor. J
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Theorem (Hanani 1934; Tutte 1975)

A graph G has a drawing in R? (in generic position) such that each pair of
nonadjacent edges has an even number of intersections if and only if G is
planar.
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the linking number

o Take two oriented closed curves C and D embedded in R3.
@ Make a picture of them with your photo camera.
@ The picture will look like:

@ We call the picture that we just made a diagram of the embedding of
C and D.
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D

O
D linking number is 1

linking number is 2

Definition (linking number)
The linking number of C and D, |k(C, D), is the number of times we see

A X

c D minus the number of times we see b0 C.

@ The linking number of C and D is independent of the position of the
photo camera.

e Ik(C,D) =Ik(D, C) = —lk(orientation reversed C, D).
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Definition
A linkless embedding of a graph G is an embedding in R3 such that for

each pair of vertex-disjoint circuits C, D, the linking number of C and D
equals zero.

o Every graph can be embedded in R3. But

Theorem (Conway and Gordan)
K cannot be embedded linklessly in R3.

Theorem

A graph G is planar if and only if its suspension S(G) has a linkless
embedding.
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Definition
A flat embedding of a graph G is an embedding in R3 such that for each
circuit C of G we can find in R3\ G an open disc whose boundary equals

C.

@ A flat embedding of G is a linkless embedding.
@ A linkless embedding of G might not be a flat embedding.
@ If G has a linkless embedding, then G has a flat embedding.
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Theorem (Robertson, Seymour, and Thomas)
The following are equivalent:

© G has a flat embedding,

@ G has a linkless embedding, and

© G has no minor isomorphic to a graph in the Petersen family.

3 A% o
1 e

Figure: The Petersen family
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How to change an arbitrary embedding of G in R3 into a

linkless embedding.

@ Note that pulling edges through each other changes the linking
numbers of pairs of circuits.

D’ D
C
e
linking number Cand D = 1 linking number C and D = 0
linking number C and D’ =0 linking number C and D* = 1

@ Problem: choose pairs of edges such that all linking numbers become

Zero.
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@ To decide which pairs of edges we must choose, we solve a system of
linear equations Mx = b.

@ The number of columns of M is the number of pairs of nonadjacent
edges, and the number of rows of M is the number of pairs of
vertex-disjoint circuits.

Too many pairs of vertex-disjoint circuits
This is not of polynomial-time. There are too many pairs of vertex-disjoint
circuits.

@ But there are dependencies among the rows.

@ Reason to introduce symmetric 2-cycles.
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Circulations

Let G = (V, E) be a graph whose edges are oriented arbitrarily.
Let M = (m; ;) be the V x E signed incidence matrix.

A circulation on G is any vector x : E — Z satisfying Mx = 0.

Each circuit C defines a circulation xc.

1

e4 el -1 0 0o -1 -1
4 2 1 1 0 0 0
o . M= 0o -1 1 0 1
0 0o -1 1 0

3

Example: The vector (2, —2,0,0,—2)7 is a circulation. The circuit
C = ejeres defines the circulation (1,-1,0,0,—1)7.
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Figure: A 2-cycle.
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Definition
A symmetric 2-cycle is a symmetric E x E matrix d : E X E — Z such
that

o d(e,f) =0if e and f have common ends, and

@ d(e,-) is a circulation for each edge e.

The matrix sum of two symmetric 2-cycles is again a symmetric 2-cycle.

Example

Let C, D be vertex-disjoint circuits of G. Let x and y be the circulations
C and D define. Then dc p 1= xy T 4+ yxT is a symmetric 2-cycle.

Definition

We call such symmetric 2-cycles circuit pair 2-cycles.

Do the circuit pair 2-cycles generate all symmetric 2-cycles?
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Kuratowski 2-cycles

Example

Ks has no circuit pair 2-cycle but has a nonzero symmetric 2-cycle:

0 0 0 0 0 0 0 1 -1 -1

0 0 0 0 1 -1 0 0 0 1

0 0 0 0 =1 0 1 =i 0 0

0 0 0 0 0 1 -1 0 1 0

d— 0 1 =il 0 0 0 0 0 =il 0
- 0 =l 0 1 0 0 0 1 0 0
0 0 1 =i 0 0 0 0 0 =1

1 0 =1l 0 0 1 0 0 0 0

=il 0 0 1 =l 0 0 0 0 0

=il 1 0 0 0 0 =il 0 0 0

There is also a nonzero symmetric 2-cycle on K3 3.
Each subdivision of K5 or K33 has nonzero symmetric 2-cycles. We call
these symmetric 2-cycles Kuratowski 2-cycles.
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Theorem (Sarkaria ; HvdH)

Each symmetric 2-cycle is the sum of circuit pair 2-cycles and Kuratowski
2-cycles.

The proof is purely combinatorial.

@ Consider now a Kuratowski 2-cycle d. It might be possible that there
is a nonzero integer k such that kd is a sum of circuit pair 2-cycles.

Theorem (HvdH)

A graph G has no linkless embedding if and only if there is a Kuratowski
2-cycle d such that 2d is a sum of circuit pair 2-cycles.
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Kuratowski connectedness

Definition
A Kuratowski subgraph in G is a subgraph isomorphic to a subdivision of
K5 or K3’3.

Definition
A graph G is Kuratowski connected if there is no (< 3)-separation
“separating” two Kuratowski subgraphs.

Each 4-connected graph is Kuratowski connected.

Theorem (HvdH)

If G is Kuratowski connected, then the lattice of all symmetric 2-cycles
can be generated by at most one Kuratowski 2-cycle and a collection of
circuit pair 2-cycles.
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The linking number of a symmetric 2-cycle.

Consider a diagram of an embedding of G = (V, E).

For e, f € E, sign(e, f) is the sum of signs of all crossings of e with f.

A

sign —1 sign +1

Definition J

Definition
The linking number of a symmetric 2-cycle d is

link(d) = %Zsign(e, f)d(e,f).
e,f
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o If C, D are vertex-disjoint circuits, link(dc p) is twice the linking
number of C and D in the diagram.

o If dy is a Kuratowski 2-cycle, then link(dy) is odd for any diagram.

Observation

The embedding is linkless if and only if link(d) = O for each circuit pair
2-cycle d.

Corollary

If there is an integer k # 0 and a Kuratowski 2-cycle d such that 2kd is a
sum of circuit pair 2-cycles, then G has no linkless embedding.
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The lattice generated by all circuit pair 2-cycles

Take an arbitrary embedding of G = (V, E) in R3.

Theorem

The graph G = (V, E) has a linkless embedding if and only if there is a
symmetric E x E matrix X with integral entries such that

link(d) =~ X(e, f)d(e, f)
e,f

for each circuit pair 2-cycle d. Furthermore, X tells us how to find a
linkless embedding.

Theorem

If G has a linkless embedding, then there is a polynomial time algorithm to
find generators for the lattice generated by all circuit pair 2-cycles of G.
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Theorem
If G has a linkless embedding, then there is a polynomial time algorithm to

find one.

o If we do not know yet that the graph has a linkless embedding, we
use the forbidden minor characterization to check whether the graph

has a linkless embedding or not.
o If it has a linkless embedding, we know how to find one in polynomial

time.
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An analogue of Hanani's theorem for graphs that have a
flat embedding (Joint work with R. Pendavingh)

Theorem (Hanani; Tutte)

A graph is planar if and only if there is a mapping of G in R? (in generic
position) such that each pair of nonadjacent edges e, f has an even
number of intersections.
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o Define C>(G) as follows. For each circuit C of G take a disk
D = {x € R? | |x| < 1}. The boundary of D is homeomorphic to C.
Identify the boundary of D with C. We obtain a 2-dimensional cell
complex.

o A weakly even mapping of Co(G) in R3 is one (in generic position)
such that each pair of nonadjacent disk o and edge e has an even
number of intersections.

Theorem (A 3-dimensional analogue)

A graph G has a flat embedding if and only if Co(G) has a weakly even
mapping in R3.
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@ An even mapping of Co(G) in R? is one (in generic position) such
that each pair of nonadjacent disc o and vertex v, and each pair of
nonadjacent edges e, f has an even number of intersections.

Theorem (An outerplanar analogue)
A graph G is outerplanar if and only of C2(G) has an even mapping in RZ.J
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@ Define C3(G) as follows. For each subcomplex S in C2(G)
homeomorphic to the 2-sphere take a ball B = {x € R3 | |x| < 1}.
The boundary of B is homeomorphic to S. ldentify the boundary of
B with S. We obtain a 3-dimensional cell complex.

@ A cell is a vertex, an edge, a disk, or a ball.

@ An even mapping of C3(G) in R3 is one (in generic position) such
that each pair of nonadjacent cells o1, 02 with dimoj + dimoy, = 3
has an even number of intersections.

Theorem
A graph G is planar if and only if C3(G) has an even mapping in R3. J
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A higher dimensional analogue

@ Cy(G) satisfies the important property:

> its 1-skeleton is G;

» for each connected subgraph H of G, the subcomplex D of C(G)
induced by H has the property that each continuous map f : S — D
can be extended to a continuous map f : B2 — D.

@ The same holds for C3(G).
e We do not know how to prove this for C4(G).

@ An n-closure of G is any n-dimensional cell complex C such that

> its 1-skeleton is G; and

» for each connected subgraph H of G, the subcomplex D of C induced
by H satisfies the property that for k = 0,1,...,n—1, each continuous
map f : Sk — DK*1 can be extended to a continuous map
f: Bkl  DktL

Example
G is a 1-closure of G. C2(G) is a 2-closure of G. C3(G) is a 3-closure of G.J
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Theorem (existence of closures)

Each graph G has an n-closure C for each positive integer n.

Definition (even mapping)

A mapping ¢ : C — R" in generic position is called even if ¢(71) and ¢(72)
have an even number of common points for each pair of nonadjacent cells
71, T with dim7; + dimm = n.

Theorem (independence of the closure)

Let C and D be n-closures of a graph G. If C has an even mapping in R"
then D has an even mapping in R".
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Definition
o(G) is the smallest n such that a n-closure of G has an even mapping in
R".

Theorem (minor-monotonicity)
If H is a minor of G, then o(H) < o(G).

Corollary

The class of graph G with o(G) < k can be characterized by a finite list of
forbidden minors.

v
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Theorem (Some characterizations; Pendavingh and HvdH)

0(G) = 0 < G contains exactly one vertex,
0(G) <1 <= G is a subgraph of a path,
0(G) <2 <= G is outerplanar,

0(G) < 3 <= G is planar, and

0(G) < 4 <= G has a flat embedding.

Theorem (Pendavingh and HvdH)
If S(G) is the suspension of G and G # Ka, then o(S(G)) = o(G) + 1.
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The Colin de Verdiere invariant u(G) of a graph G = (V, E)
(V={1,2,...,n}). Let Mg be the set of all symmetric n x n matrices
M = (m;J) with

e m;; < 0ifjandj are adjacent;

@ mjj=0ifi#j, and i and j are nonadjacent; and

e mijcRforallic V.
The graph parameter y(G) is defined as largest possible corank over all
M € M that have exactly one negative eigenvalue and satisfy the Strong
Arnol'd Property.
Theorem
If H is a minor of G, then u(H) < u(G). J

Note: First name of Colin de Verdiére is Yves.

Hein van der Holst (TUE) Linkless embeddings NMC 2007 32/35



Some characterizations

Theorem (Colin de Verdiere)

wu(G) =0 if and only if G consists of one vertex only;
° u(G) <1 ifand only if G is a subgraph of a path;
e u(G) <2 ifand only if G is outerplanar;
e u(G) <3 ifandonly if G is planar.

Theorem (Lovdsz and Schrijver)
wu(G) < 4 if and only if G has a linkless embedding.

Theorem (Colin de Verdiere)

If S(G) is the suspension of G and G # K, then u(S(G)) = u(G) + 1.
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Figure: YA- and AY-transformations

Definition
The Heawood family is the collection of all graphs obtained from K7 and
K3.3.1,1 by applying YA- and AY-transformations.

Theorem

Each graph in the Heawood family is a forbidden minor for o(G) < 5.
Each graph in the Heawood family is a forbidden minor for u(G) < 5.
(However, there might be more forbidden minors.)
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o(G) is not always p(G)

Example
There is graph G with p(G) < 18 whereas o(G) > 20.

Conjecture
A graph G has u(G) <5 if and only if o(G) < 5.

What we can show is:

Theorem (HvdH)
w(G) < o(G) + 1 for each graph G. So, if 5(G) <5, then u(G) < 6.
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