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Chapter 1

Introduction

In mathematics you don't understand

things. You just get used to them.
J. von Neumann [99]

1.1 Problem setting

Today many commercially available mathematical softwamdst exist that solve a
large variety of mathematical problems. Often these to@daing used in a “black
box” approach. The user inserts a mathematical problem htains a solution for
it, without too much knowledge of what is happening behingl shene. Of course,
software manufacturers claim that there is no need to haedetbinformation on the
working of their products. Regardless of the mathematicablem that is inserted,
the software will produce the correct solution. The quesisovhether this is always
true.

Typically, in software tools a mathematical problem is dednon an object that
has a certain size and shape. The user assumes that thessafcsmsing the problem
does not depend on this size and shape. For instance, ifecteoiution is obtained
for a square object, we expect a correct solution for the saatbematical problem
for a rectangular object. If a correct solution is obtained d circular object, we
expect a correct solution for a circular object that is twasdarge.

The mathematical software tools employ several numericghaods that solve
mathematical problems. One such method is the boundaryeatemethod (BEM),
which is the topic of this thesis. The success of this pddiamethod to solve certain
mathematical problems may depend on the size and shape objbets on which
the problems are de ned. If the BEM is able to solve a problenaaertain object,
it is not necessarily able to solve the problem on an objeat ithslightly larger or

1



2 Chapter 1 Introduction

Figure 1.1: In most numerical methods both the interior and the bounddrg domain
need to be discretised (left). In the boundary element naedindy the boundary needs to be
discretised (right).

smaller. This has its effect on the software that is builtrupioe BEM. The user
of such software must be aware that solutions provided bgdiftevare may not be
correct. Hence in these cases detailed information on thkimgpof the software,

i.e. on the numerical method, is essential in judging thesmbness of solutions. This
thesis addresses the working of the BEM and investigatesrumdich conditions it

produces correct solutions.

1.2 Boundary Element Method

The BEM is a numerical method that approximates solution®afndary value
problems (BVPs). The method is a relatively young methodisasiith can be placed
in the sixties. Compared to the nite element method (FEMg, development of the
BEM has been substantially slower. One reason for this sla@eelopment in the
BEM is the limited availability of fundamental solutionstbe BVPs. Another reason
is likely to be the involvement of singular integral equasahat need to be solved.
Today these equations are well-understood, and the nunfilzgapéication elds in
which the BEM is used is large, although not as large as fomiteeelement method.

The most important aspect in which the BEM distinguisheslfittom other
numerical methods is the fact that only the boundary of a domaeds to be
discretised. In many other numerical methods, such as th Fiite differences or
the nite volume method, in addition to the boundary, thesiidr of the domain also
needs to be discretised (Figure 1.1). As a consequence bbthelary discretisation,
the BEM is a suitable method for problems on external domaindomains that have
a free or moving boundary. Also problems in which singuiesitor discontinuities
occur can be handled ef ciently by the BEM. Another advaetafthe BEM is that
variables and their derivatives, for instance temperaame its ux, are computed
with the same degree of accuracy.
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Integral equations constitute the foundation of the BEM] have been known
for more than a century. In particular, it is known for a longé that the solutions
of BVPs can also be expressed as solutions of an integratiequas early as 1903
Fredholm already used discretised integral equations doential problems [43].
His work can be considered the basis for the indirect fortradaof the BEM; the
functions that appear in thieadirect formulation do not have a physical meaning,
though physical quantities can be derived from these fansti The basis of the
direct formulation can be placed at Somigliana [86] in 1886, whoseneed an
integral equation relating displacements and stressesrg& Inumber of books and
papers have appeared on the subject of integral equatiggaential and elasticity
theory by mathematicians, such as Kellogg [58], Muskheiisfi74], Mikhlin [73]
and Kupradze [63]. Their results are, however, limited tope problems as the
integral equations have to be solved with analytical pracesl and without the aid
of computers.

The breakthrough in the development of the BEM came in thetaan sixties.
Jaswon [55] and Symm [90] discretised the integral equatfon two-dimensional
potential problems by approximating the boundary of a donbgi a set of straight
lines. At each line element the functions are approximatgddnstants. Their
method has a semi-direct formulation, as the functions nedxt differentiated or
integrated to obtain physical quantities. A direct forntigka has been introduced by
Rizzo [80], who also used discretised integral equationglte displacements and
tractions in two-dimensional elasticity theory. The exsien to three dimensions has
been given by Cruse [31], using triangular elements to destihe domain boundary.

In the late sixties and early seventies the number of apgmita for which
boundary elements are used grew. This constituted a rmdatian for the further
development of the BEM and proved that the BEM is a powerfud ancurate
technique. At this stage attention was also paid to the amdrconvergence analysis
of the BEM. An important contribution came from Hsiao and \dkand [54], who
performed such error and convergence analysis forGhéerkin formulation of
boundary integral equations. As opposed to the Galerkimditation, thepoint
collocationformulation yields easier approximations of integral é@res. The error
analysis for this type of boundary elements was performedimpld, Saranen and
Wendland [3, 4, 83] during the eighties.

The rst book covering the numerical solution of boundaryegral equations
has been published by Jaswon and Symm [56] in 1977. Not mbehBaebbia [9]
used the terminology “Boundary Elements” for the rst time @pposed to “Finite
Elements”. As of now, the BEM proves to be an effective akiwe to solve
many engineering problems from a variety of applicationdl for instance
acoustics, fracture mechanics, potential theory, elfstibieory, viscous ows,
thermodynamics, etc.
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1.3 Condition number

One way to measure the ability of a numerical method to atelyrasolve
mathematical problems is by monitoring the so-caltehdition number In this
thesis we compute or estimate the condition numbers thaaaipp the BEM to see
whether this method is able to solve mathematical problerogrately.

To explain the meaning of the condition number we rst needddress the terms
well-conditionedandill-conditioned In general a problem is called well-conditioned
if a small change in the input data does not result in a largegh in the problem's
solution. A problem is called ill-conditioned if a small aige in the input data
causes a large change in the solution. Depending on how onesd#arge” and
“small”, this classi cation enables us to divide problenmsa well-conditioned and
ill-conditioned problems. However it does not provide amprmation on the degree
of ill-conditioning. The condition number does precisdigtt

Within the setting of this thesis, the condition number sfjom one to in nity.
If the condition number is equal to one, then a problem is weejl-conditioned.
If a problem is singular, the condition number is in nitelsirtge. For problems that
approach a singular problem, the condition number appesathnity. Hence such
problems are very ill-conditioned.

In this thesis we study the condition number of linear systesh algebraic
equations, which are problems of the form

Ax = b: (1.1

Such systems are the result of discretising the integrahteans that appear in the
BEM. The success of solving the linear system depends toga lextent on the
condition number of the system mati. If the condition number of this matrix
is very large, then the linear system is dif cult to solve axately. Moreover, if the
condition number is large, the solutionis sensitive to perturbations in the input
datab.

It is unclear when the concept of condition number, and edlab that the term
ill-conditioned, was introduced. In 1948 Turing [92] memted that

. the expression ‘ill-conditioned' is sometimes usedefyess a
term of abuse applicable to matrices or equations, but itreeeften to
carry a meaning somewhat similar to that de ned below.

Evidently the term ill-conditioned was already in use at tirae. In his paper Turing
introduced the normN (A ) and the maximum coef cient1 (A ) of a matrixA by

1=2
N(A) a;
i
max jaj j; (1.2)
1)

M (A)
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in which we recognizeN (A) as the Frobenius norm arM (A) as the maximum
norm where the matrid is seen as a vector of numbers. With these two quantities
Turing de ned theN-condition humberas %N (AN (A 1) and theM-condition
numberasnM (A)M (A 1), wheren is the size of the matrix. He claimed that
these condition numbers are a measure of the degree ohiflittening in a matrix.
Ironically, the quantity that is now known as the spectralmof a matrix was also

de ned by Turing under the nanmeaximum expansiorHe did not use this quantity

to de ne a related condition number however. Therefore talper that is nowadays
referred to as the condition number does not exactly matelcdmdition numbers
de ned by Turing.

1.4 Condition numbers of the BEM-matrices

Today the BEM is widely used in many application elds. Retably the issue of
conditioning is often neglected. Usually when solving a BWkh the BEM, it is
assumed that the condition number of the resulting systetmxma modest. The
question is whether this is true.

First we need to remark that a BVP that is ill-posed will auabically lead to
BEM-matrices that have large condition numbers. These Bafestherefore not
the most interesting problems to investigate. A more istérg question is whether
well-posed BVPs can lead to BEM-matrices that have largelition numbers. It is
this last class of BVPs that we focus on in this thesis.

Until now little little attention has been given to the camaih number of BEM-
matrices. It has been proven that the condition number ofyiséem matrix is at
least ordemN , whereN is the number of boundary elements on a two-dimensional
domain [97]. This holds for the BEM-matrices that corregptmpotential problems
with Dirichlet boundary conditions. Similar results arerided by others [21],
who have shown that some small modi cations to the algebsaicof equations
can improve the conditioning of the linear system. In a detastudy for two
speci ¢ domains, namely the circle and the ellipse, the BESMapplied to the
Laplace equation with Dirichlet boundary conditions [19)].2 For both domains
analytical expressions for the condition number of the BBEisltrix are derived.
These expressions show the dependance of the conditionemunbthe radius of
the circle or the aspect ratio of the ellipse. The Laplaceaggn on a circle with
Dirichlet boundary conditions has been the topic of sevetiaér papers [22, 24];
special attention is given to the so-callledal condition numberlt is claimed that
this local condition number is a more accurate indicatottersensitivity of a linear
system than the ordinary condition number, which gives ®sspnistic estimates of
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the sensitivity.

To investigate the condition number of the BEM-matrices itseful to study the
underlying boundary integral equations (BIES), which fahma basis of the BEM. If
the BIE is singular, we may expect that its discrete coumaterghe linear system,
is at least ill-conditioned. In that case the condition nemis large and the linear
system is dif cult to solve accurately.

For the BIE arising from the Laplace equation some intamgstesults can be
found in literature. It was observed that the BIE for the 2[plaae equation with
Dirichlet boundary conditions is singular on a domain otaiersize [53, 56, 75, 85].
If the BIE is singular, the homogeneous BIE has a non-trigalution. As a
consequence we can add a multiple of this homogeneous olidithe solution
of the inhomogeneous BIE, which is henceforth not unique.is Titroduces an
extraordinary phenomenon; the size of a domain affectsrftgianess of the solution
of the BIE.

Singular BIEs also occur for BVPs for vector valued funcsipiior instance
for the plane elastostatic problem. By explicitly evalogtithe BEM-matrices and
computing their condition numbers it is shown that two sieéshe domain exist
for which the BIE is not uniquely solvable [51, 62]. This nuical observation
is formalized to a general theory, stating that for any 2D dontwo sizes exist
for which the BIE for the plane elastostatic problem is siagy27, 95]. There
exists a number of ways to obtain nonsingular BIEs [50], fmtance by using the
hypersingular formulation of the BIE for the plane elasyi@quations [16]. For this
formulation no sizes exist for which the BIE is singular.

In essence the equations for plane elasticity are equaktStibkes equations for
viscous ows in 2D. Hence the developed theory for planetadig also applies to
the Stokes equations in 2D. This implies that the BIE for ttok&s equations suffers
from the same singularities [41].

The BVPs that we mentioned above, i.e. the Laplace equdtienelastostatic
equations and the Stokes equations, are well-posed preblehen Dirichlet
boundary conditions are prescribed. Still, when solved #ie BEM, ill-conditioned
matrices appear at certain domains. This thesis providé@sefuinvestigation on this
phenomenon.

1.5 Objectives

The objectives of this thesis are twofold. First we want tdaob a better
understanding of the conditioning of linear systems thatuoén the BEM. The
second objective is to study the effectiveness of the BEMfparticular application;
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the simulation of the blowing phase in the industrial prdec process of glass
bottles and jars.

1.5.1 Solvability

Almost all research that has been performed on conditionbeusnand boundary
integral equations concerns BVPs with Dirichlet boundaoyditions. For BVPs
with mixed boundary conditions hardly any results are pres®8VPs with mixed

boundary conditions is therefore one of the topics of thesih We investigate the
condition numbers of the matrices that appear when the BEMésl to solve such
BVPs.

For the BEM-matrix arising from the Laplace equation withxed boundary
conditions on a circle it is possible to estimate its condithumber. We show that
this matrix is well-conditioned, except for the unit ciread circles that are close to
the unit circle. In these cases the condition number is {tely) large.

For the BEM-matrix for the Laplace equation with mixed boarndconditions
on an arbitrary 2D domain it can be shown that there is onei spgzaling of that
domain for which the condition number is in nitely large. @&lscaling for which
this happens is called theitical scalingand the corresponding domain tbetical
domain

The BEM-matrix for the Stokes equations with mixed boundemyditions on
an arbitrary domain can also have an in nitely large comdgithnumber for certain
domains. As the corresponding BIE consists of two equatidinsre exist two
scalings of the domain at which the condition number becamagely large.

There are several ways to avoid the in nitely large conditrmumbers at critical
domains. The simplest remedy is to rescale the domain tdhansize such that the
condition number is bounded. Another option is to add areeqquation to the linear
system that guarantees low condition numbers. This extrat&m is a compatibility
condition that stems from the BVP. A drawback of this opti®thiat we have to solve
a system with a rectangular matrix, which requires diffesmiution techniques. A
third option is to slightly modify the fundamental solutiohthe BVP. By including
a scaling parameter in this fundamental solution it can toevahthat the condition
numbers of the BEM-matrices remain bounded at the critioatains.

1.5.2 Blowing of glass

The singular BIEs that we mentioned above typically occua BD setting. This is
a direct consequence of the logarithmic nature of the furethah solution for BVPs
that contain the Laplace operator. Hence prudence is dalieghen one applies the
BEM to BVPs on a 2D domain. In a 3D setting the fundamentaltsmiuor BVPs

with the Laplace operator does not have a logarithmic terinerdfore singular BIEs
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similar to those in 2D do no occur in 3D. This allows us to satgply the BEM to
BVPs in 3D that contain the Laplace operator.

As a special application we consider the blowing problemistoaus uids. In
this problem a viscous uid is positioned in a mould and blotera desired shape.
This blowing process takes place, amongst others, in thestridl manufacturing of
glass bottles and jars. The ow of the uid is governed by thek&s equations and
can be solved with the BEM. This problem typically involvesree boundary. We
will investigate whether the BEM is an appropriate numenicathod to solve such a
problem.

We are aware of several formulations of the BEM. In this thege choose
for the direct symmetric collocation formulation. The dirdormulation involves
functions that have a physical meaning, whereas the indi@mulation uses
auxiliary functions that have no physical meaning. The swtnim formulation,
involving the single and double layer operators, is morermamy used than the non-
symmetric formulation, which incorporates the hyperslagwperator. We prefer
the collocation method above the Galerkin method. Againctiication method
is more commonly used and it does not require a second inigrstep like the
Galerkin method does.

1.6 Outline of the thesis

The thesis starts with an introduction on the BEMCinapter 2. We demonstrate how
a BVP can be translated into a BIE, and after discretisatidgheddomain boundary,
into a system of linear equations. We illustrate this for tase of the Laplace
equation, but the techniques used to derive the linear reyate similar for other
BVPs. We also present a number of fundamental results ondbedary integral
operators that appear in the BIE.

In the Chapters 3and4 we study the BEM-matrices for the Laplace equation
on two-dimensional domains.Chapter 3 concentrates on the Laplace equation
on a circular domain with mixed boundary conditions. Theeriglues of the
corresponding BEM-matrix are approximated, which resimtan estimate for the
condition number of the BEM-matrixChapter 4 generalizes the results to Laplace
equations on arbitrary 2D domains. For this general clasprablems it is not
possible to estimate the condition number of the BEM-matcsurately, though it is
proven that for certain domains the condition number is itely large. This holds
for both Laplace equations with Dirichlet conditions andked conditions. This
phenomenon is con rmed by a number of numerical examplesimates, ellipses,
squares and triangles. The large condition numbers candigeavby making small
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modi cations to the standard boundary element formulativ¥e present a number
of remedies that guarantee low condition numbers.

The extension to BVPs for vector-valued functions is désctiin Chapter 5.
Here we focus on the Stokes equations on a 2D domain. Agasrshiown that for
certain domains the condition number of the correspondiBg/iBnatrix becomes
in nitely large. This happens both for the Stokes equatiaiith Dirichlet conditions
and mixed conditions. We present a number of numerical elesntipat illustrate this
phenomenon. To avoid condition numbers that are in nitakgé at certain domains
we list several remedies that are more or less similar togimedies for the Laplacian
case.

The domains for which the condition numbers become in gitatge only occur
in 2D. Therefore we can safely apply the BEM on a 3D problenmth&Chapters 6
and7 we simulate the blowing phase of glass containersChiapter 6 we present
the mathematical model that describes this blowing probl&he starting point are
the Navier-Stokes equations that describe the ow of a wmid3D. These equations
can be reduced to the Stokes equations as the uid is a cig@efBoous ow. It is
shown how to transform the Stokes equations to a set of BlIEtr discretisation
of the domain we obtain a system of linear equations. In tldg we can compute
the velocity of the glass at any point in time. We use a timegrdtion method to
track the position of the glass surface as time evolv@sapter 7 gives numerical
results for the blowing problem. We simulate the blowing @feral containers for a
number of different moulds. We also show another applicatiiat can be simulated
with the help of the mathematical model for the blowing pesb] the evolution of
viscous drops. Such drops, regardless of their initial, slzéorm to a spherical drop.
We illustrate this process for drops that have the initi@pghof an ellipsoide and a
beam. We conclude this chapter by investigating the roldv@farious forces that
appear in the blowing problem, such as gravity, surfacdédarend frictional forces.



Chapter 2

Boundary Element Method

This chapter introduces the basics of the boundary elemetihaod (BEM). The

method aims at approximating solutions of boundary valwblems (BVPS). In

particular we use the Laplace equation on a 2D domain as anme&do present
the BEM formulation. For other BVPs the BEM formulation caam dibtained in a
similar manner. First we transform the BVP into a boundatggral equation using
Green's second identity. Then we discretise the boundatiie@tiomain and obtain
a linear system of algebraic equations. Finally we pay ttiero the calculation of

the matrices that appear in these algebraic equations. EMetBat we present here
is the collocation method in a direct formulation, which mgdhat the variables in
the method represent physical quantities.

2.1 Integral Equations

We consider a simply connected domairin R? with boundary = @ . Denote by
n the outward normal on. The functionu(x) = u(x;y) forx 2 is the solution
of the Laplace equation, i.e.
2 .. @u @u_ :

u.-@+@—9-0,x2 ; (2.2)
As we will study mixed boundary conditions in this thesis, dixde the boundary
into two parts, = [ ¢. At y we pose Dirichlet boundary conditions and gt
we pose Neumann conditions. We introduce the notajion @ u=@as the normal
derivative ofu on . Then the BVP fou with mixed boundary conditions reads

r

<rdu = 0; x2
u = # x2 (2.2)
q = € X2 g

10
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n

G

Figure 2.1: The domain with boundary , which is divided into a Dirichlet part , and a
Neumann part q.

wheret ande are known functions representing the boundary data.
Letxp andx g be two points in . The Euclidean distance betweep andx g
is
q
r(xp;xq) = kxp  Xgka= (Xp XQ)2+(yr VYoQ)* (2.3)

A fundamental solution for the Laplace operatof is given by

which means that
r 5G(xpiXQ)= (Xp XQ); XpiXQ2 (2.5)

The subscripQ of the Laplace operator denotes differentiatiox gpand (x) is the
Dirac-delta function. Note thab (xp;xgq) := 1=2 log(=r (xp;xgq)), 2 R",
is also a fundamental solution for the Laplace operator. fdmmmeter can be
chosen as a characteristic length scale of the domaihus making the argument of
the logarithm dimensionless.
Green's second identity for two functiomsandv states that
Z

u(Xq)r 2v(xq) V(xo)r 2u(xq) d =

z
u(xQ)%xe) v(xQ)% xo) d : (2.6)
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Figure 2.2: The pointxp lies in the interior of the domain.

For u we substitute the solution of the BVP (2.2), and foiwe substitute the
fundamental solutionG(xp;Xq), where xp is regarded as a parameter. As
r 2u(xQ) =0 in , Green's second identity yields

z

u(xQ)r §G(xp;xq)d o =
Z @G
U(XQ)@—@(XP;XQ) G(xp;xQ)d(xq) d q: (2.7)

The integrals that appear in this identity must be evaluatacefully, as the
fundamental solutiorG has a logarithmic singularity atqo = xp. Hence the
location ofxp greatly in uences the outcome of the integrals.

First we consider the case thas is in the interior of the domain . In that case
we position a small circl&- with radius" and boundary - around the poinkp,
such that the entire circle is in the interior of as is shown in Figure 2.2. In this way
G does not have a singularity in the domain B- and we have éG = 0 in this
new domain. Green's second identity applied to the domainB- becomes

Z

u(xo)@%;(xp;xfg) G(xpixQ)(xq) d g=0:xp 2 ; (28)

+

Note that no domain integrals appear in this identity. Thmai@ing boundary
integral consists of two contributions; an integral oveand an integral over the
circular boundary . The outward normal on- is in the direction of the poirntp.

Therefore the local coordinatethat describes -, runs in clockwise direction over
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the boundaryD < 2 . To calculate the integral over we note that

@G @ 1 1
——(Xp; = —(Xp; = — = —: (2.
@@(XP’XQ) XQ2 - @?XP’XQ) xQ2 » 2r xqg2 - 2" (29)
Hencezthe integral over- amounts to
@G
U(XQ)@—(XP;XQ) G(xp;xq)a(Xxq) d q
)
2
1 1 ;
= 5> u(xqQ)w logs d(xq) "d
0
2
= > uU(xq) + "log"q(xgq) d: (2.10)
0
As"log" ! Ofor" # 0, the last integral approache¢xp) when" tends to zero.

Substituting th'f in (2.8) we obtain

U(xp) + u(xQ)@QS(xp;xQ) G(xpixQ)d(xq) d g=0;  (2.11)

forxp 2 . This identity relates the values ofin internal pointsxp to values ofu
andq at the boundary.

Next we consider a pointp at the boundary . Again we position a small circle
B~ with radius" and boundary - around the poinkp. A part of the circleB- lies
within the domain ; this part is denoted bB?. Likewise, the part of the boundary

« that lies within  is denoted by ?, as is shown in Figure 2.3.

We apply Green's second identity on the new domain BY. In this domain
r 2u(xq) =0 andr §G(xq;xp) =0, since the singular pointq = Xp is outside
the domain. The boundary of the domain BPis givenby + ? C., where
C- is the part of the boundary that lies withinB. Hence Green's second identity
results inZ

Q) G (Xaixe) Gligixe)ae) d =0i  (212)
+ 9 C
which can be split into an integral over C- and an integral over?. When" tends
to zero, thezintegral over C- becomes an integral over the whole boundary.e
lim, u(xQ)@%?xQ;xP) G(xqixp)d(xq) d g
Cr 7 06
= UkxQ) g (Xaixe)  Glxoixe)d(xo) d i (213)
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22

Figure 2.3: The pointxp lies on the boundary of the domain.

If the boundary is smooth aridis small, the circle segment? will be the half of
the circle -. Therefore, wheri tends to zero, the integral ovef equals half the
integral over -, i.e.

lim u(xQ)@%;(xQ:xP) G(xqixp)a(xq) d g

9
z

1 @G
= = U(Xo)—(Xo; X G(Xo; X X d o: (2.14
> (Q)@@(Q p) G(xqixp)a(xg) d o: (2.14)
As shown in the case in whictp is in the interior of , the latter integral approaches
u(xp)as" ! 0. Substituting this result and (2.13) into (2.12) yields

1 G
Luxp) + u(xo)%@(xp;xQ) G(xpixq)d(xq) d g =0; (2.15)

forxp 2 . This identity relates the boundary valuesuoAndqg. No interior points
appear in the equation and thus we have obtained a boundagrahequation. By
solving this integral equation we nd the valueswéndq at the boundary. Knowing
these values, equation (2.11) can be used to directly eealu internal points. This
is one of the bene ts of the BEM, i.e. internal values are ot#d without having to
solve additional integral equations.

We can summarizze the results in (2.11) and (2.15) with thegiiad equation

o(xp)u(xp) + u(xQ)@%f(xP:xQ) G(xpixQ)d(xq) d o =0;

(2.16)
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where the functiort(x p) is given by

- L xp2
o(xp) = L xp2 (2.17)
Forxp 2 andxg 2 we introduce two kernel functions,
1 1
KS(xp; = G(xp; = —log ——;
(Xp;XQ) (XpiXQ) = 5 %9 (xpx0)
1 hx Nl
Kd(Xp;XQ) = QG(XP;XQ): _w; (218)

@w

wherehx 1; x»i is the standard inner product. These de nitions turn thegrdl
equation into

2 r?(xp;xq)

Z
c(Xp)u(xp) + Kd(xp;xQ)u(xQ) KS(Xp;Xg)a(xq) d o =0:

(2.19)
At this point we introduce theingle and double layer potentiajiven by
z
K°g (xp) =  K%(Xp;iXq)d(XxQ)d o (2.20a)
z
Kiu (xp) = KYxp;xQ)u(xq)d q; (2.20Db)

respectively. The operator&s and K9 are called thesingle and double layer
operator With the potentials, we write the integral equation (2.i®}hort-hand
notation,

o + K9 u= KSq; (2.21)

wherel is the identity operator. In the sequel we assume that thetibns u and

g are as smooth as is required for the mathematical procdssethéy are involved

in. The boundary integral operatdss andK 9 are well-known and their continuity
properties have been investigated in detail [29]. Someclrasults are presented in
the next section.

2.2 Operator theory

The boundary integral operatoks’ andK Y have been the topic of extensive study.
In this section we list some basic results for these opesator
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Theorem 2.1 Let be a bounded domain iR? with smooth boundary. The single
layer operatorK® maps functions from the Sobolev sp&tg() isomorphically to
H r+l ( ) .

Proof. See [14, p. 258, 287].

Theorem 2.2 Let be a bounded domain iR? with smooth boundary . The
boundary integral operatoK given by
Z
@G 1

1
— f = K94+ | f
Kf := @pf(y)d y+ 2f K+ 2| f; (2.22)

is a so-called Fredholm operator with index zero that meigg) toH"() .
Proof. See[14, p. 263, 289].

If the Fredholm operatdK has index zero it follows that the kernel kfand the
kernel of its adjointK have the same dimension. In Chapter 5 we make use of this
concept to apply the well-known Fredholm alternative.

Theorem 2.3 The single layer operatdk® is a compact and self-adjoint operator.

Sketch of proof. It can be proven that fdk in Lo([a; ] [a;b]) and satisfying
k(s;t) = k(t;s) almost everywhere, the integral operatode ned by
Zy
(Kf)(t) := k(t;s)f (s)ds (2.23)

a

is compact and self-adjoint oh,([a;b]) [46]. After parameterisation of the
boundary, the operatdf® de ned in this chapter can be written in this form, and
thusK* is compact and self-adjoint. Note that also the single lay@rator for the
Stokes equations, which will be introduced in Chapter 5, lmamvritten in a similar
way as (2.23). Hence the single layer operator for the Stegjaations is a compact
and self-adjoint operator.

Theorem 2.4 The eigenvalues of the single layer operatdrhave an accumulation
point 0.

Sketch of proof. As K% is compact and self-adjoint the spectral theorem can
be applied, which is formulated as follows [46]. Li€tbe a compact self-adjoint
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operator on a Hilbert spa¢¢. Then there exists an orthonormal system »,;::: of
eigenvectors oK and corresponding eigenvalues, »;:::such thatforalk 2 H,
X

Kx = k(X k) ks (2.24)
k
where( ; ) is an appropriate inner product &h If f gis an in nite sequence, then

it converges to zero. We remark that the spectral theorenalsanbe applied to the
single layer operator for the Stokes equations.

The last theorem indicates that the eigenvalues of the l@wyndtegral operator
KS converge to zero, regardless of the domain In the next chapter we will
analytically compute the eigenvalues Kf for a circular domain and we will see
that indeed the eigenvalues accumulate. at

2.3 Algebraic Equations

To transform the integral equation into a system of algeleguations, we start with
the integral equaztion as given in (2.19) and czhooseZ ,

:—2Lu(xp)+ Kd(xp;xQ)u(xQ)d o= K3Xxp;xq)a(xg)d o: (2.25)

are connected by a straight line elemept which is called doundary elemenfThe
center of each element is referred to aHocation nodexx. Then we replace p

in (2.25) by the-th collocation nodex;, | = 1;:::; N, and replace the integral over
by a sum of integrals overy, yielding
1 W Z ; W Z
Sulxi) + KX xQ)u(xq)d q = KS(x1;xQ)a(xq)d q;
k=1 k=1
k k
(2.26)
forl =1;:::;N. Ateach elementy the functionsu andq are approximated by the
constant coef cientau, := u(xg) andg := q(Xk) respectively. This gives us
1 X 2 oz
St ue KAxiixQ)d o= g KE(xiixQ)d o (2.27)
k=1 k=1
k k
forl =1;:::;N. One can also choose to approximatendq by linear, quadratic, or

even higher order functions. This does not make the BEM muatermomplicated,
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Figure 2.4: The boundary of the domain is approximated\byinear elements.

though the amount of work needed to solve the equationsdeege In the subsequent
chapters we will use constant or linear approximations.only
We introduceN N matricesG andH by

Z
Gk = KS(X1;x)d o5 bk =1;:11;N;
Va
Hk = K9(x;;x0)d o; Lk =1;:::;N; (2.28)
k
and vectorss andq by
u = [ugun]’
q = [o:on]™ (2.29)
Then equation (2.27) can be written as
:—2Lu + Hu = Gq: (2.30)
With H := 11 + H we have
Hu = Gq: (2.31)

This linear system consists dfl algebraic equations, whereas there an
coef cients, namely the coef cientsiy andg at theN elements . However, the
BVP (2.2) gives us Dirichlet and Neumann boundary cond#ifor u andq at the
boundary. If  is a boundary element at which a Neumann condition is givesm t
Ok is a known coef cient whileuy is an unknown coef cient. Vice versa, ify is
a boundary element at which a Dirichlet condition is givdrertuy is known and



Section 2.3 Algebraic Equations 19

0k unknown. In this way the boundary conditions eliminatecoef cients and we
obtain a system dfl equations for the remaining unknown coef cients.

At this point all coef cientsuy are at the left-hand side of (2.31), including the
ones that are known. All coef cienty, are at the right-hand side, including the ones
that are unknown. Obviously, we want to have all the unknowef cients on the
same side to solve the equations ef ciently. For this goalneed to reorder the
equations in a suitable way. Theh equation of (2.31) is given by

Hiup + Hppua + 20+ Hinun = Giuge + Gop + 12+ Gy on: - (2.32)

Suppose thati; is given via a Dirichlet condition at the rst elemeng while ¢ is
unknown. To move the term witly in (2.32) to the right-hand side and the term with
g1 to the left-hand side, we substrdgt;u; andG,;q; from the equation, yielding

Giu + Higuz + 1:i+ Hiyuny = Hjzur + G + 1+ Gy Oy - (2.33)

In this way we move all unknown coef cients to the left-hanidesand all known
coef cients to the right-hand side. Without loss of genigyalwe may assume that
the rst m boundary elements have Dirichlet conditions and the reimgiN  m
have Neumann conditions. (We can always obtain such aisituby renumbering
the elements.) After reordering, the¢h equation is given by

G 0 GmOn + Him+1Um+1 + 120+ Hiy Uy
= Hjur b FHimUm+ G+t Om+r + 10+ Gn v (2.34)

We deneN N matricesA andG by

0 1
Gn Gim Him+1 H1n
A=l I -k
0 Gn1 Gnm  Hnm+1 Hnn 1
H11 Him Gim+1 Gin
Gi=%> : : : : X (2.35)
N Hnm  Gnm+1 Gnn
and vectors andb by
X = [0 0 Umer; i U]
b = [U1i:UmiGnersiiion]T (2.36)

With these de nitions the equations can be written in théofwing way,

Ax = Gb: (2.37)
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The proces described above can be formalized by introdunaigicesP ; andP ,,

Po= M. p, = IN; : (2.38)
) m

wherel is the identity matrix of siz&k. The matrixP 1 has sizeN m and is a
matrix that selects the rsin columns from a matrix. Likewise, the matriX; is of
sizeN (N m) and selects the ladt  m columns from a matrix. With these
matrices A andG are constructed froat andG with

A
G

[ GP1jHP3];
[ AP 1jGP2]; (2.39)

By introducingf := Gb, the system in (2.37) is written as
Ax = f: (2.40)

This notation gives the linear system of equations in thedsted form. The matrix
A is a dense matrix, but in many cases the matrix is not vergldfgr such a matrix
a direct solver can be used to solve the linear system.

2.4 Matrix Elements

The matricesA and G are constructed from the matricés and G, which are
obtained by evaluating the integrals given in (2.28). Sgppihat the elementy
is a straight line fronx ¢ := (Xo;Yo)' tox1 := (X1;y1)". A parameterisation of this
element is given by

1 1
x():= 5(Xo+ X1)+ > (X1 Xo); (2.41)
where is a local coordinate at the elementl 1. The Jacobian of the
parameterisation is
S 2 2
n dx dy < 1P 5 5 _. Lk,
J():= a T 9 73 (X1 X0)*+(y1 VYo)* = > (2.42)

whereL  is the length of elementy.
Substitution of the parameterisation and the Jacobiandnritegrals of (2.28)
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Figure 2.5: The local representation of an element.

yields the following expressions for the matrix elements,

Z
1 1
Gk = — log———d
. 2 Ogr(><|;xQ) ©
k
L z
_ Lk X1 X1 Xo .
= 7 log X, > > d;
1
Z .
H _ 1 X xQ;and
T2 2(xixg) - ©
k
L Zth| X0 X1 X1 Xo.n |
P 2 2 Q4. (2.43)

4 X KX | X02X1 X12X0k2
Whenl| 6 Kk, the integrands are nonsingular and we can evaluate thgratgeby
using standard numerical integration, see Section 2.5.

Whenl = k, the collocation poink is in the center of the element over which
is integrated. As a consequence the integrands have aiftogan) singularity and
we cannot use standard numerical integration schemes. \ldoVire this case we can
evaluate the integrals analytically. Since the integran@®,j is symmetric inr we
only need to parametrise one half of the element, i.e.

x()=x (X1 Xi); (2.44)
where0 1. The Jacobian of this parameterisation is
s
dx 2 dy >_p 1
0= T+ =T 2 y?E Sl (249)
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This leads to the following expression for the matrix elet@p,
z A
1

1 1 1
- 2 2— |Og §L| d §L|

otz Pkt e
[ 0

>L(1+log LEI): (2.46)

To compute the matrix elemeiid;, the inner productx; xqg;nqgi has to be
evaluated. Here the vectgey X coincides with the element, as bothx| andx g
are at |. Hence this vector is perpendicular to the normgl at the element, and
consequentlyx; Xq;ngi =0, forallxg 2 . This implies that the diagonal
elementd, vanish,

Hy =0: (2.47)

2.5 Numerical integration

After parameterisation of the boundary elements, the mategthat have to be
evaluated are of the form
Z,
f()d: (2.48)
1

If f is nonsingular on the intervgl 1;1], we may approximate the integral with a
standardsauss-Legendre quadratuseheme,

f()d wif (i) (2.49)
1 i=1
where ; are theknotsandw; theweights If f has a weak or logarithmic singularity at
the interval[ 1; 1], we either have to resort to analytical expressions as ithesicin
the previous section, or use special numerical integra@hemes for integrals with
weak or logarithmic singularities. For an integral with aried that has a logarithmic
singularity the following approximation is often used [348],

f()logd = wf(5); (2.50)
0 i=1

where 5 andw; are the knots and weights for the quadrature rule with |digrauic
weight function. Note that the integration interval forglapproximation runs from
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Figure 2.6: Two boudary parts are separated by a distadce

zero to one, so a transformation of the original integraitmerval is required to apply
this quadrature rule.

One other situation in which the numerical integration rsesplecial attention
is a geometry with a thin structure. If two boundaries or gafta boundary are
separated by a small distantesome integrals become near singular and are dif cult
to evaluate numerically. This is caused by the fact thatsfoell d, a collocation
nodex, at one boundary approaches an elemgnbver which is integrated at the
other boundary, see Figure 2.6. This phenomenon is c#iieeshape breakdown
(TSB) and has been reported for the Helmholtz boundary riategjuation [32, 69].
In this thesis we show that a similar phenomenon occurs @Bt for the Stokes
equations in 2D (Section 5.6). In this case, the Gauss-ldrgequadrature is not
accurate enough. A more ef cient way to evaluate the intisgis by using an
adaptive numerical integration scheme.



Chapter 3

Laplace equation at
two-dimensional domain

In the current chapter and the subsequent chapter we igatesthe boundary integral
equation (BIE) for the Laplace equation on a two-dimendialmenain. It turns out
that for certain sizes and shapes of the domain this BIE gutan. In this chapter we
concentrate on Laplace equations on circular domains. ®tletsymmetry of these
domains the boundary integral operators can be analysdg. esparticular it is
possible to compute the eigenvalues of the integral operataalytically. Moreover,
in the case of Dirichlet or Neumann boundary conditions fidssible to use these
eigenvalues to derive a accurate estimate for the conditionmber of the BEM-
matrices. Also for mixed boundary conditions an estimatelfe condition number
of the BEM-matrix can be obtained by combining the informiatirom the Dirichlet
and Neumann problems.

3.1 Eigenvalues oKs and K¢

In many BIEs thesingle and double layer operata@ppear. The analysis of these
boundary integral operators is a well-chartered area. Ndaprs discuss the spectral
properties of the Laplace and Helmholtz integral operaasraell as the eigenvalues
of the corresponding discrete operators [1, 15]. When cocting preconditioners
for the BEM-matrices, the spectral properties of the bomnddegral operators also
need to be addressed [71, 81, 87]. We use the spectral pespeftthe boundary
integral operators to investigate the condition numbeith@f discrete counterparts,
the BEM-matrices. First we compute the eigenvalues of tlegaiprs for a circle.

For a circular domain with radiusR it is possible to compute the eigenvalues

24
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of the boundary integral operatoks’ andK ¢ analytically. First we introduce polar
coordinateg ; ) and( ¢ 9, and write the pointg andx%in as

(cos : sin )':
OCcos %sin 9T: 0<; %<R; 0<: %< 2: (3.1)

X
0

X

Using these new coordinates the distanpe; x 9 between two points andx %at the
boundary is given by

r’(x;x9=2R?[1 cos( 9]; x;x°2 ; (3.2)
while the normaln ~ n( 9 at a pointx® 2 is given byn = [cos %sin 9T.
Substitution of these expressions in the single and doalker Ipotentials yields

RZH i
4~ 2logR+log 2 2cos( 9 g( 9d ©
0

2
T u( 9d ¢ (3.3)

0

(K%a)( )

(Kdu)( )

The eigenvalues of the double layer operato? are easily computed. We
subsequently insert far the functionsl, cosk ), andsin(k ), k = 1;2;:::, and
nd

2
dq  _ 1 o_ 1
K1 = = d% 3
0
L2
Kdcosk ) = 4 cosk 9d °=0;
0
x:
Kdsin(k ) = 5 sink 9d 9= 0: (3.4)

0

From this we conclude that1=2 is an eigenvalue dk¢ with eigenfunctionu = 1,
and 0 is an eigenvalue with eigenfunctions = cos(k ) andu = sin(k ), k =
1,20

To determine the eigenvalues of the single layer opeigfowe introduce the
functionf (x) :=log(2 2cosx). The Fourier series of this function is

X 2
f(x) o coshx): (3.5

n=1
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eigenvalueKs eigenfunctionKs eigenvalueX? eigenfunction&®
1
RlogR 1 > 1
2 sin(k ) 0 sin(k )
cosk ) cosk )

Table 3.1: The eigenvalues and eigenfunction&&fandK 9 for  a circle with radiusR.

We setx = Oand substitute the series in the single layer potential taiob
R Zh R o i
(Keq)( ) = 7 2logR =cosn( 9 q( %d°

0 n=1 n

r Zh )

= T 2logR = cosfh )cosn 9
0 n=1 n I
+sin(n )sin(n 9 q( 9d © (3.6)

Also for qwe insert the functiong, cosk ), andsin(k ),k =1;2;:::. Using some
well-known results for integrals of products of trigonometunctions, we nd

R 2
KS1 = 4 2logRd = RIogR;
0
R Z 2 R
s — =~ “ 0- :
Kécosk ) = 4 . cosk yeos?(k 9 d o Cosk );
0
R Z 2 R
S . _ o = . . 2 0= o . .
K>sin(k ) = ) ksm(k )sin(k 9 d K sin(k ): 3.7)

0

From this we conclude that RlogR is an eigenvalue oK* with eigenfunction
g= 1, andR=2k is an eigenvalue with eigenfunctiogs= cos(k ) andq=sin(k ),
fork=1;2;:::.

Table 3.1 gives an overview of the eigenvalues and eigetiumgcof the operators
Ks andK ¢ for a circle with radiuRR, cf. [1, 15].
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3.2 Eigenvalues of the matrices

In this section we investigate the eigenvalues of the BEMrigcesG andH , which
originate from the operatoi§® andK 9, see Chapter 2. In particular we are interested
in the correspondence between the eigenvalues of the @tegerators and the
eigenvalues of the matrices.

First we investigate the correspondence between the eilyes/of the integral
operatorKs and the eigenvalues @& . We do this for the casB = 1. Using the
results from the previous section, we know that the integpatator has the following
eigenvalues,

K(K®) 2 f1=2; 1=4; 1=6; 1=8;:::; Og: (3.8)

N  1(G) 20G) 3(G) 4(G) N (G)
8 05122 0:2472 0:1686 0:1482 2:0 10 2
16 0:5031 0:2480 0:1627 0:1207 39 103
32 0:5008 0:2493 0:1652 0:1230 89 10 *
64 0:5002 0:2498 0:1663 0:1244 2:1 10 *
128 0:5000 0:2500 0:1666 0:1248 51 10 °

Table 3.2: The four largest eigenvalues Gf and the smallest foR = 1.

Let N be the number of boundary elements at ThenG has sizeN N
and hasN eigenvalues 1(G) o N (G). In Table 3.2 we give the four
largest eigenvalues;, », 3 and 4 and the smallest eigenvalug, of the matrix
G for several values oN. We observe that the eigenvalues @f approximate
the eigenvalues oKS. The numerical test shows that the largest eigenvalue of
G converges to the corresponding eigenvalueKdf with O(N 2). The other
eigenvalues in Table 3.2 converge to the correspondingnesdiges ofKS slower.
In general the convergence for the smallest eigenvaluesisldwest.

Further on in this chapter we need the eigenvalugs td compute the condition
number ofG, in particular the largest and smallest eigenvalue. TaldesBows that
we can approximate these eigenvalues by the corresponijagvalues oKs. We
observe that the eigenvalues are approximated rather well.

In Figure 3.1 we show the relative error made by approxingative largest and
smallest eigenvalues @& by the largest and smallest eigenvalue&#f In this case
we choos&r = 2. We see that the error for the largest eigenvalue decreagietyrto
zero. The error for the smallest eigenvalue is much larggmaimatelyl6%. Later
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Figure 3.1: The errors for approximating the largest and smallest eigdume ofG by the
largest and smallest eigenvaluekf forR = 2.

on we will see which in uence these errors have on the est@maf the condition
number of the system matrices.

The results from Section 3.1 show that the boundary integparatorK® has
only two distinct eigenvalues. Let;(H) o n (H) be the eigenvalues of
H, then we may expect that the rét 1 eigenvalues will be (almost) equal.
Hence it is suf cient to study ;(H) and N (H). The eigenvalues of the integral
operatorK9 are independent dR, so we may expect that the eigenvalues of the
corresponding BEM-matriid are also independent &. Hence we choosR = 1
and compute the eigenvaluestbffor several values dfl . Table 3.3 shows the largest
and smallest eigenvalue &f, which approach the eigenvaluestof asN goes to
in nity. The numerical test shows that the rate by which thappens i4=N. Hence
the eigenvalues okY provide accurate estimates of the eigenvalues of the BEM-
matrix H . However, for the circular domain we can even compute therm@ues of
H analytically. Indeed, for the matrix elementstdfwe nd for | 6 k,

4 4
1 1
Hk = Kd(Xp;XQ)d Q -~ 4— d Q= HLK; (39)

k k

with Ly the length of elementy. Note that all elements have equal length, namely
Lk = 2Rtan( =N ). Substituting this in the matrix elements above results in

1
H = —tan —: | 6 k: 3.10
Ik 5> tan g (3.10)
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N n(H) 1(H) abs. error 1(H)
8 6:59 10 2 0:462 385 10 2
16 3:17 10 2 0:475 251 10 2
32 1:57 10 2 0:486  1:41 10 2
64 7:82 10 3 0:493  7:40 10 3
128 391 10 3 0:496 380 10 3
256 1:95 10 3 0:498 1:90 10 3

Table 3.3: The eigenvalues ¢ forR = 1.

Recall that the diagonal elementstbfare equal to zero (see (2.47)). Thus the matrix
H has a very simple structure, namely zeros on the diagondltfe same non-
zero number in all off-diagonal elements. For such a makexdigenvalues can be
computed analytically, which results in

N 1 1 1 1
= — — 4+ —+ —_
1(H) > tanN >t 5 O NERL
1 1
H) = 4 —_ A1
n(H) > tanN N @] N3 (3.11)

One may verify that these expressions give the same eigmw/als presented in
Table 3.3.

3.3 Dirichlet problem

In the subsequent sections we investigate the conditiorbruimf the matrices that
appear in the BEM. For a geneffdl N matrix A, the condition number is de ned
as the ratio of the largest and smallest singular value,

max (A) .

min (A) .
For symmetric matrices the singular values are equal to liselate values of the
eigenvalues. Hence when is symmetric, the condition number is computed as

cond(A) := (3.12)

maxj (A)j.

cond(A) := mini (A}

(3.13)

Consider the Laplace equation on the circle with Dirichletitdary conditions.
In this casey = d is prescribed at the whole boundary. The BIE (2.21) reduzes t

KSq = f: (3.14)
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Heref = (%I + K9%u is a known function depending on the boundary data
Similarly the algebraic equations (2.30) reduce to

Gqg = f; (3.15)

wheref = ( %I + H)u is a known vector. As the elements and nodes are uniformly
distributed over the boundary, the matrixG is symmetric. In that case the condition
number ofG can be computed as the ratio of largest and smallest eigeneals .
Let N be even. Then thdl eigenvalues oG may be approximated by the réf
eigenvalues oK?,

R R
RlogR; x N (3.16)
with k = 1;2;:::;N=2 1 and where the eigenvalud’=2k have geometric
multiplicity two and the other eigenvalues geometric nuliitity one. The condition

number can thus be approximated by

max max; x n=2 13 ;RjIOgR]

cond(G)
min- ming x n=2 14¢ ;RjlOgR]
1'. .
max 5;jlogR
= T 97 (3.17)
min :jlogRj

In Figure 3.2 we plot the approximation of (3.17) as a functad the radiusR
for four different values ofN: 4, 8, 12, and16. Note that the behaviour of the
condition number as shown in the gure is in good agreemerth Wie results in
literature [19, 20]. FOR = 1 the condition number jumps to in nity. This implies
that the linear systei®q = f is singular for the unit circle. In Chapter 4 we elaborate
on modi cations of the standard BEM formulation to avoid Bugingular systems.
ForR ! 0 the condition number also increases to in nity, re ectirfietequations
becoming singular when the domain shrinks to a single pairfeigure 3.2 a number
of regimes can be distinguished, in which the behaviour efabndition number is
different. To distinguish these regimes we write the esinadithe condition number
in (3.17) as

1 = =] .
E m e =N R < 1 al’ldl < R el N,
cond(G) 5 e’ R e ™ ande™ R e%(3.18)
3 _ _
NjlogRj 0 R e ¥ ande'? R< 1:

To study the accuracy of the approximation in (3.17), we eed® = 2 and
N 2 Inthatcase™ R < 1 and the condition number @ is estimated by

cond(G) N logz (3.19)
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Figure 3.2: The approximation of the condition numberAfas a function of the radiuR
for several values dN .

N cond(G) estimate error cond(G) for estimate error
N logR (%) modiedfund. sol. N=2 (%)

8 5:06 555 97 3:68 4 8.0
16 9:65 11:09 149 6:96 8 14:9
32 19:.09 2218 162 1375 16 164
64 3807 4436 165 2744 32 16:6
128 76:.09 8872 166 54:88 64 16:6

Table 3.4: The exact condition number &, and its approximation, for standard BEM and
for BEM with a modi ed fundamental solution.

In the second and third column of Table 3.4, we give the trdeevaf condition
number ofG and its estimate for several values Nf In the fourth column we
give the relative error between true value and its estimatas error is related to
the difference between the eigenvalues of the makiand the eigenvalues of the
operatorK s,

In Figure 3.2 and (3.18) we observe that the condition nurab@r has a minimal
value ofN=2fore > R e ™ ande™ R ™. By rescaling the circle
such that its new radius is in one of these two intervals, trition number can
be minimized. Another way to minimize the condition numbgihy modifying the
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fundamental solution of the Laplace operator by includirigcior
1
G (r)= 2—Iog R (3.20)

This changes the eigenvalueR logR of K® to Rlog(R= ). In that case the
estimate for the condition number Gf becomes

max %;jlogR=j
min &;jlogR=j

cond(G) (3.21)

By choosing = Re 172 the nominator reduces 2 and the denominator tb=N.
As a consequence we hawend(G) N=2, which is the smallest value reached in
Figure 3.2. This agrees with the theory that the conditiomiper of the BEM-matrix
for a Laplace equation with Dirichlet conditions on any 2Dvdon can be minimized
to O(N) [97]. Inthe last three columns of Table 3.4 we show the effétiie strategy
of modifying the fundamental solution. We give the true dtaod number ofG with
modi ed fundamental solution, the corresponding estin@t&l=2, and the relative
error. We observe that the condition number for the new masriapproximately
25% smaller than the condition number of the original matrix.eThost important
gain however is that the condition number does not becomdtily large anymore.

3.4 Neumann problem

In this section we study the Laplace equation on a circle Wigdumann boundary
conditions. In this casq = ¢ is known at the whole boundary and the BIE (2.21)
reduces to

(%| + KYu = f: (3.22)

Heref := KSgis a known function depending on the boundary data. Singildue
algebraic equations (2.30) reduce to

Hu = f; (3.23)

wheref := Gq is a known vector. As thé&l elements and nodes are uniformly
distributed over the boundary, the matrixH is symmetric. Hence the singular
values of H are equal to the absolute values of the eigenvaluedipfand
consequently

cond(H) = max((g)) = Nl((i)): (3.24)
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Figure 3.3: The condition number d¢ff as a function oN .

Note that both ;(H) and \ (H) are positive. As the exact eigenvaluestbfare
known andi = 31 + H we thus nd

1(F) +

N (F)

—t —_
7Rk

N 1

> > tan N (3.25)

2
1

Consequently the condition numberkfis equal to

+tan =N .
(N 1tan =N j

cond(H) = j (3.26)

In Figure 3.3 we show the condition humberksfas a function oN. ForN 10,
the condition number shows a strong linear behaviolt irRealizing that for large

N we havetan =N =N , we nd for the condition number
d(H AN N 3.27

which con rms the linear behaviour from the gure.

The Laplace equation with Neumann boundary conditions issgence an ill-
posed problem. This is re ected by the zero eigenvalue ofldbendary integral
operator%l + K9 the corresponding BIE (3.22) is singular. Hence we may eixae
singular system for the discrete equatidiis = f, i.e. an in nitely large condition
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number ofA. Nevertheless, the condition numbertdfonly grows linearly withN .
This is a consequence of the discretisation of the problehe smallest eigenvalue
of the discrete problem, i.e. the smallest eigenvalué& ofis not exactly equal to
zero, but approaches zero as the discretisation of the laoyibgcomes ner, i.e. the
number of elementhl increases.

3.5 Mixed boundary conditions

In this section we consider the Laplace equation on a ciréte mixed boundary
conditions. We assume that the rat elements of the boundary have Dirichlet
boundary conditions and the last m elements Neumann conditions. We can
always reach such a situation by renumbering the elemehtsBIE reads

%I + K% u= Ksq; (3.28)
while the set of algebraic equations is given by
:—ZLI +H u=Gq: (3.29)
As described in Section 2.3 the latter equations can beenréds
Ax = f; (3.30)
where the matriX is constructed from the matric& andH by
A = [ GP.jHP, (3.31)

In this section we derive an estimate for the condition nunalbéhe BEM-matrixA .
Due to the symmetry of the boundary discretisation the wedc andH are

circulant matrices [33]. Given the rst row of such a matrix, one obgathe other

rows by a cyclic shift of the rst row. An important propertyf a circulant matrixX

is that it can be decomposedXs= F F ,where is a diagonal matrix containing

the eigenvalues ok . The matrixF is the so-calledrourier matrix whose elements

are de ned by

Fie := plﬁw(' bk D, (3.32)

The asterisk denotes complex conjugation ang: €N is theN -th root of unity.
The Fourier matrix+ is a unitary matrix. We apply the decomposition property of
circulant matrices t& andH,

G=F GF;

H=F uxF: (3.33)
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Here ¢ and 4 are diagonal matrices containing the eigenvalue&oéand H
respectively. Here the eigenvalues®fare replaced by the eigenvalueskof and

for the eigenvalues o we use the exact expressions in (3.25) Substituting the
decompositions fo6 andH in (3.31), we writeA as

A=F[ gFP1j nFP3 (3.34)

We de neF; := FP;andF, = FP,to nd

A=F [ GcF1] nF2l (3.35)
By introducing two other diagonal matrices andD by  := (13:2 H1:2 and
D:= &% L7 we obtain

A=FD[ Fij ', (3.36)

We also introduce QR-decompositionsBf 1 and  'F, as

Fi1 = QUy
'F, Q.U (3.37)

The columns 0fQ, andQ, form bases of the subspaces which are spanned by the

columns of F ;and F,. The matricedJ ; andU , are upper triangular matrices.

With these decompositions can be written as

h [

. U ;

A=F DI Q%JQz} 0,

—V— | _{z——_
o l—z—)

= F DQU : (3.38)

Since the unitary matrik has condition number equal love nd

cond(A) cond(D) cond(Q) cond(U): (3.39)
Hence to bound the condition number Af we need estimates of the condition
numbers of the matricd3, Q andU .
Estimating cond(D)

The matrixD is the product of two diagonal matrices of which we can apipnaxe
or determine the singular values, namelg and . For convenience we list the

De ning andD as the square root ofc and 1 may yield complex nhumbers when a diagonal
elementof ¢ or u is negative. However, in order to estimate the condition loers, we only need
to evaluate thequaredsingular values of andD, thus avoiding complex numbers.
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Figure 3.4: Condition number oD as a function oN withR = 1=2andm = N=2. Dots
represent the exact values while the dashed line reprefiemsstimate.

largest and smallest singular valuefsquared,

1(D)?

n(D)?

max

min

1=2 1=2
G H
RjlogRj =
1=2 1=2

G H
RjlogRj

NI =

R
+ —tan —

e R Y

1 "R

The condition number oD is the square root of the ratio of these two expressions.
Figure 3.4 shows the condition number®fas a function oN . The dots give the
exact value of the condition number while the dashed lineesgnts the estimate
as constructed in this section. We observe that there isyageerd correspondence
between exact values and the estimated values.
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Estimating cond(@Q)
The Kantorovich-Wielandt angle is found by taking pairs of orthogonal vectots
andy and calculating the smallest angle between their imagesripd48],

— j(Qx;Qy)j .
cos = T'?)y( kQTkak (3.41)

The condition number o is related to the Kantorovich-Wielandt angle by
cond(Q) = atar( =2); (3.42)

It can be proven that the angles the angle between the two subspaces spanned by
the columns ofF ;and 'F».

Lemma 3.1 The Kantorovich-Wielandt angleis equal to the angle between the two
subspaces spanned by the column§of, and  F,.

Proof. The angle between the two subspaces that are spanned by the columns of
F 1and 'Fjisdenedas[8]

QR
COS = max max —= 3.43
12R(F 1) ,2R( 'Fp) K 1kk 5K ( )
To evaluate the Kantorovich-Wielandt angle we realize glewing. The matrixQ
consists of two blocks, and therefore we select two speeietiovsx andy, namely

Clearly we havex ? y. Moreover, we observe th@ix = Qx1andQy = Q,y;.
We substitute this into the de nition of the Kantorovich-&1andt angle and nd

1(Q1x1;Qoy 1) .

COS = max max : 3.44
M58 T 0 kQ X akkQ,y 1k (3.49)

Recall that the columns of the matric€; and Q, form an orthogonal basis for
the subspaces spanned by the column&of and  'F,. This means that we can
introduce ; 2R (F 1)and ,2R( !F,)suchthat; = Q;x;and , = Q,y;.
Then (3.44) becomes

101 2.
coS = max max —_ & 3.45
DA ATk kK ok (3.43)

which is the de nition of the angle between the subspacesusTthe Kantorovich-
Wielandt angle is equal to the angle between the two subspaces.
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Lemma 3.1 is used to prove the following theorem.
Theorem 3.2 The condition number @ is equal tol.
Proof. The angle can be calculated from

cos =  max 0 Y)]

x2R (F 1)y2R ( 1Fy) kxkkyk

= max max €y ) 1X’y )

x2R (F1) y2R (F2) k xkky k

. 1 . .
= max max J(l—Xy)J (3.46)

x2R (F1) y2R (F2) k xkky k
ForO<R 1, isadiagonal matrix with real elements, hence= , and we

nd

CoOs = max max I y)) (3.47)

x2R (F1)y2R (F2) k  Ixkky k'

However, sincR (F1) ? R (F2), the inner product between the vectarg R (F1)
andy 2 R (F») is equal to zero. Henosos = 0 and consequentlgond(Q) = 1.
For R > 1, the rst diagonal element of ¢ is negative, and hence the rst

diagonal elementof = &° " isimaginary. In that case
i .
( xy)= ap (BXwi+ Xayz+ i+ Xnyn =0; (3.48)
wherea;,j = 1;:::;N, are the diagonal elements of So also in the case > 1

cos =0 andcond(Q)=1.

Since the condition number € is equal to one, it is interesting to note tigats
a unitary matrix.

Corollary 3.3 The matrixQ is unitary.

Proof. Recall that the matri®Q consists of a unitarid  m blockQ; and a unitary
N (N m)blockQ,. Accordingly we can split any vector2 RN into two parts,
x =[x];x2]". The matrix-vector produd® Qx then reads

_ X1 QiQxX2 |
X = : 3.49
QQ 0,0,%1 + X» (3.49)
The subspaces that are spanned by the columnsFof and F, are
perpendicular. The matriceQ, and Q, are bases of these subspaces, and
consequenthyQ,Q, = Q,Q; = 0. Thus we ndQ Qx = x. Likewise we can
prove thatQQ x = x. HenceQ Q = QQ = | andQ is a unitary matrix.
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Estimating cond(U)

To estimate the condition number Of we need estimates of the singular values of
U1 andU ». For this observe that

k(U1) = «(QiU1)= «(F 1) «( ) 1(F)= «( );
KU2) = k(QuU2)= «( F2) (Y aF)= «( b
(3.50)
fork =1;:::;mandk =1;:::;N m respectively. Here we used the facts that

Q; andF; have orthogonal columns and have singular vallieg/e also made use
of estimates of the singular values of products of matrid&g. [ Furthermore, with
Fi= !Q;UiandF,= Q ,U>we obtain

=
|

k(F1)= «( QU1 1 Y «(QuUo= 1( Y «Uy);
k(F2)= «(Q 2U2)  1( ) k(QxU2)= 1( ) «(U2);
(3.51)

=
|

fork = 1;:::;mandk = 1;:::;N m respectively. This yields the following
lower bounds,

k(U1) = N( ) k=150m;

k(U 2) = n( YH:k=1;:::N m: (3.52)

With (3.50) and (3.52) we have upper and lower bounds for iigutar values of
Ui andU ;. The singular values dﬁsare the singular values &f; plus the singular
values ofU,, i.e. (U) = (Uy) (U>2). For the condition number df we

obtain

1(U) max 1( ); 1( 1)

cond(V) v(0)  min n( ) n( D

max  1( );ﬁ

min - n( ); 1(1)

1
n( )?

= max 1( )%

(3.53)
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Figure 3.5: Condition number o) as a function oN , whereR = 1=2andm = N=2. The
dashed line is the estimate whereas the large dots give Hut ealue for several values bf.

Since s the product of the square roots of and Hl, we can derive its singular
values, resulting in

2R jlogRj R
2 _ : :
1) max (N Itan =N ' +tan =N '
. 2R jlogRj 2R=N
2 _ .
n( )7 = min (N 1)tan =N ' +tan =N (3:54)

We plot the condition number d and its approximation in Figure 3.5. As
is seen from (3.53), the approximation provides an uppentidor the condition
number ofU . The difference between the exact value and the estimatespamds to
the error that is made by approximating the smallest eigeevaf G by the smallest
eigenvalue oK.

Estimating cond(A)

The condition number oA is estimated by the product of condition numbergof
andU, where the condition number &f is obtained from the singular values of
Let us use a rst order approximation fean =N to approximate the largest and
smallest singular values of the matrid@sand as given in (3.40) and (3.54). We
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nd
1(D)? R ax 2jlogRj;N +1 ;
4N ' '
R 1
2 o . . ., - .
n(D) N min jlogRj; 1+ N
1
2 ; " .
1( ) RN max 2jlogRj; N+l
1
2 P " .
n( ) 2RN min jlogRj; NN +1) (3.55)
For a circle with radiu®k = 1=2 we obtain
S
N +1
cond(D) 21092
condU) . N +1; (3.56)
wich gives the following estimate for the condition numbéiAg
1 _
cond(A) . —— (N +1)%2 3.57
(A) %( ) ( )

Figure 3.6 shows this estimate for the condition number. ddshed line gives
the estimate as a function Nf, whereas the dots give the exact value of the condition
number for several values BF. For this example we choose = N=2, i.e. as many
elements with Dirchlet conditions as elements with Neumaomditions. However,
the parametem does not appear in the estimates, and will not play any role. W
observe that the estimate is of higher order than the actlakwof the condition
number. In fact the condition number &f turns out to be linear ilN, while the
estimate is of ordeN 3=2. Later on we will show how this discrepancy is caused.

Figure 3.7 gives the condition number Afand its estimate as a function Bf
We chooseN = 12 andm = 6. Again the estimate i©(N 372), while the actual
value isO(N). The estimate does capture the large condition numb& at 1
though.

Let us recapitulate the steps that we have taken to boundotidition number
of the matrixA. We decomposed in a product of matrices and derived that
cond(A) cond(D)cond(U). We can evaluate or approximate the condition
numbers ofD andU very well, but the condition number & is over-estimated.
This must be caused by the decompositioiofAs a simple example, consider the
matricesX andY , given by

10 1 0

X = o " Y = 0 1= (3.58)
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where0Q <" 1. Clearly both matrices have a large condition number 1, while
the product matrixZ := XY has condition numbet. Exploiting the fact thaZ is a
product ofX andY vyields,

1

cond(Z) cond(X)cond(Y) = 5;

(3.59)

which highly over-estimates the condition number &f Thus decomposing a
matrix and multiplying the condition numbers of the sevdeaitor matrices does
not nessecarily yield a good approximation of the conditiomber of the original
matrix.

3.6 Decoupled equations

The decomposition of the BEM-matriX that we derived in the previous section
has been useful for nding an estimate for the condition namiif A. Besides this
estimate the decomposition can also be used to decouplgug@ns from the BEM
formulation. This allows us to separately retrieve the mgénformation ofu at »
andg at ;. Recall equation (2.37), relating the boundary date the unknown
vectorx,

Ax = Gb: (3.60)
In the previous section we have shown tAais decomposed as

A =F DQU : (3.61)
The matrixG can be decomposed in a smiliar manner. First we v@itas

G = [ AHP1jGP,]
= [ F wFP1jF GFPJ]
= F[ wF1j cF2l
= FDJ Fij F o2l (3.62)

Realizing that the vectds is constructed from the boundary dataandet,, namely
b =[t1; €], we can write the right-hand side of (3.60) as

Gb = FD 'Fie1+ F 24, = F Df: (3.63)
Using the new expressions f&r andGb , equation (3.60) becomes

F DQUx = F Df: (3.64)
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Multiplying by Q D F yields
Ux = Q f; (3.65)
or

U d;
;o U up

=[ Q1jQ,]f= 8;; ; (3.66)

So we obtain a set of two linear systems,

Uigy = Qaf; (3.67a)
Uoup = szl (3.67b)

We are given data; on ; ande, on ». Assume that we are interestedunp, i.e.
the unknown coef cients ofi at ». In the original BEM formulation we would then
calculate bothu at , andgat 1. With equation (3.67b) we can directly calculate
at » without computinggat 1.

Let us summarize which steps we have to take in order to camput ».
First we need the Fourier matrix, whose two components; and F, appear in
the vectorf. We also need the diagonal matrix which contains the eigenvalues
of the matricesG andH ( = gz lez). These eigenvalues are approximated
by the eigenvalues of the single and double-layer potentiihen we need a QR-
decomposition of the matrix product F,, which yields us the matrice®, and
U . Finally we solve the system in (3.67b). Note that the mdtrixin this system
is an upper triangular matrix, so the system is solved vegjegitly by backward
elimination. The most costly step in this procedure is the-dgRomposition of

1F,. However, note that 'FisaN (N m) matrix. With the original
BEM procedure we would have to nd a QR-decomposition fdt a N matrix.

The method described above works similarly if we want to Walke g at ;
without computingu at ». Then we need a QR-decomposition fBr ; and solve
equation (3.67a).

Example 3.1
Consider the following problem on the circlewith radiusR,
ru = 0; X2
u = Rcos; x2 1 (3.68)
q = cos; X2 o

which has exact solution = Rcos andg = cos at . We chooseR = 2,
m = N 1, so all elements have Dirichlet boundary conditions, ekéapthe last
element. We calculate the value wfin this last element, following the procedure
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BEM BEM decoupled
N time(s) rel. error time(s) rel. error
100 0:44 393 10 4 0:10 3:96 10 4
200 1:85 9:95 10 4 0:39 9:95 10 °
300 456 444 10° 1:27 443 10 °
400 914 251 10° 297 249 10 °
500 1580 161 10 ° 564 160 10 °

Table 3.5: Calculation time and relative error for both BEM and decoeghBEM. Problem
that is solved is almost purely Dirichletn(= N 1).

BEM BEM decoupled

N time (s) time (s)
100 0:43 0:12
200 1:82 0:56
300 4:63 1:86
400 9:13 4:.08
500 1580 7:79

Table 3.6: Calculation time for both BEM and decoupled BEM. Problent fkasolved has
mixed boundary conditionsn( = N=2).

described above. In Table 3.5 we see that the computatiaftimnding u with the
decoupled BEM is a factd@ to 4 lower than ndingu with the original BEM. At the
same time the accuracy is equally good.

Now let us choosen = N=2 and calculates at , andgat ; separately using
the decoupled BEM and compare this to the original BEM. Thamatation time is
given in Table 3.6. Again we see that the decoupled BEM iefabian the original
BEM. The reason for this is simple: it is more ef cient to seltwo small systems
than one large system.

We can improve the ef ciency even more, as we do not need tedbk systems
in (3.67) by backward elimination. For this we multiply (38 byQ;,

QiUi1q; = Q4Q,f; (3.69)
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and replace the produ@,U; by F 1,

F 1g:= Q1Q;f: (3.70)
We next multiply byF, *to nd
9= F; 'QiQ,f: (3.71)

The linear system in (3.67b) can be transformed in a similanmar, and the two
systems in (3.67) are solved with

9, = F; 'Q.Qif; (3.72a)
U2 = F2Q 2Q2f (372b)

In this wayq, anduy are found without using backward substitution. Nevertsele
the expressions on the right-hand sides involve many megixor multiplications
and may therefore be not very ef cient. Moreover we still dée nd Q, andQ,,
i.e. perform QR-decompositions.

For a pure Dirichlet problem, i.an = N, we haveQ = Q, which is a unitary
matrix. Therefore the matrix produ@,Q, in (3.72a) is equal to th8 N matrix
In. Also P] = Iy and the vectof is equal tof = IFw. Hence, for the
Dirichlet problem (3.72a) becomes

q= F Y 'Fe)=F  Fa=F ' nFw (3.73)

All matrices in this expression are known or can be approtechaccurately. Thus
we obtaing by performing a simple matrix-vector product. In a similaammer we
nd u from boundary datg with

U=F o e (3.74)



Chapter 4

Logarithmic capacity

In this chapter we investigate the uniqueness of the solatidhe boundary integral
equation (BIE) for the Laplace equation on a general twoetisional domain.
Three different types of boundary conditions are distisad: Dirichlet, mixed
and Neumann boundary conditions. For a Laplace equatidn®iiichlet boundary
conditions it has been shown that a unique solution doeslwaya exist, depending
on the size of the domain. A similar result is proven for theecaf mixed boundary
conditions. The BIE for the Laplace equation with Neumanuorgary conditions
does never have a unique solution.

4.1 Introduction

It is well-known that the Laplace equation in differentiakrin with either Dirichlet
or mixed boundary conditions has a unique solution. Howewéen the Laplace
equation is transformed to a BIE this is not so straightfodranymore. It is noted
that the BIE for the Dirichlet Laplace equation does not glsvaave a unique solution
[53, 56, 75, 85]. Certain domains can be distinguished orchvtiie BIE becomes
singular and a non-trivial solution of the homogeneous tguas can be found.
A multiple of this solution can be added to the solution of tim-homogeneous
equations, which is then no longer unique. For each domaire texists exactly one
rescaled version of this domain for which the BIE becomegigar. This introduces
an extraordinary phenomenon for the BIES; uniqueness a$ahdions depends on
the scale of the domain.

The domains on which no unique solution can be guaranteettkted to the
so-calledlogarithmic capacity The logarithmic capacity is a real positive humber
being a function of the domain. This concept originates ftbm eld of measure
theory, but it also appears in potential theory. The conoépt capacity applied to

a7
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a single domain may be a bit confusing, as usuallydleetrical capacity is de ned
as a charge difference between two conducting objects. dgpithmic capacity
however is related to a single domain.

In potential theory it is shown that when the logarithmic aefy of a domain
is equal to one, then the homogeneous BIE for the Dirichlgldee equation at the
boundary of that domain has a non-trivial solution [52, 68]. 9This allows us to
a-priori detect whether a BIE will become singular on a certain domalamely,
we have to compute the logarithmic capacity and verify whiethis equal to one.
Additionally, the logarithmic capacity also enables us tdify the BIE such that it
does not become singular. We can scale the domain in such thatehe logarithmic
capacity does not become equal to one. The BIE on the comdsmpboundary will
then be nonsingular.

The BIE for the Laplace equation with mixed boundary coodsi did not receive
much attention until now [39]. However, a similar phenomea for the Dirichlet
case takes place for mixed conditions. For each domain tvasts exactly one
rescaled version of this domain for which the BIE becomegugar. This result is
proven in Section 4.4.

Research has been done on the BIE for the biharmonic equé#tisrshown that
the BIE for the biharmonic equation with Dirichlet condit®on a circle does not
admit a unique solution when the radius of the circle is etualor e ! [23]. A few
years later it was shown that a more general result is truearfgp 2D domain there
exists two critical scalings for which the BIE does not havena&jue solution [44].
For the BIE for the biharmonic equation, the number of citiscaling can even
increase to three or four for domains that consist of two ar f@parate squares [30].
Apart from rescaling the domain there are two options to @uae nonsingular BIEs
and a unique solution. The rst option is to add two suppletagnconditions [23],
while the second option involves modi ed fundamental siolus for the biharmonic
equation [28].

Another class of BIEs for which uniqueness properties has lievestigated is
the class of BIEs for the Helmholtz equation. It is derivedttthere is a countable
set of critical wave numbers for which the condition numbgboth the integral
operator as the related discrete operator becomes inynidege [2, 59, 60, 61]. By
introducing a coupling parameter between the various bayniohtegral operators
it is shown that the condition numbers can be minimized. Thguar BIE for
the Helmholtz equation is different from the singular BIEs the Laplace and
biharmonic equation. The singularity appears at certaimewaumbers, and not
at certain critical scalings. Moreover singular BIEs alppear for the Helmholtz
equation in 3D. This is not the case for the BIEs for the Lagpland biharmonic
equation.

In this chapter we investigate both the BIE for the Laplaagagign with Dirichlet
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conditions and mixed conditions, and we also include the RIEthe Laplace
equation with Neumann conditions. Thus we study three rdiffeproblems. First
we describe the setting of these three problems.

Let be a simply connected domain in 2D whose boundary a closed curve.
In the interior of the Laplace equation holds for the unknown function u(x),

r2u=0;x2 : (4.1)
Recall that thdundamental solutio of the Laplace operatar 2 is given by

1

1
G(x;y) = 2—Iog 7~ yk: (4.2)

We denote byg the derivative ofu with respect to the outward normal at
Introduce thesingle and double layer potentialy

z
(Keg)(x) = G(x;y)aly)d y; x 2 ;
‘ @
(Klu)(x) = @y CYIIUD yix 2 (4.3)
respectively. The BIE for the Laplace equation deduced iapidr 2 reads (cf. [6])
%’u + Ku=KSq;x 2 : (4.4)

At each point on the boundary we prescribe either g. We distinguish three types
of boundary conditions.
Dirichlet problem

u = 4;x2 : (4.5)

Mixed problem

= H; X2 1
= X2 2 (4.6)

Neumann problem
q = ¢ x2 : 4.7)

where [ 2= and 1\ ,=;.
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4.2 Logarithmic capacity

To study the uniqueness properties of the Dirichlet and tixedrproblem in the next
section we need to introduce the notioragjarithmic capacity We de ne the energy
integrall by 5 5

l@:= log o a)ay)d «d (4.8)
and the logarithmic capacit@ () is related to this integral by
logCi() = infq I (g): (4.9)

Here che in mum is taken over all functiorggwith the restriction that
qx)d x =1: (4.10)

Let us give a physical interpretation of the logarithmic aefy. For simplicity
let the domain be contained in the disc with radi@s?2. In that case it can be shown
that the integral (q) is positive. The functiom can be seen as a charge distribution
over a conducting domain. Faraday demonstrated that this charge will only reside
at the exterior boundary of the domain, in our case .atWe normalizeq in such a
way that the total amount of charge atis equal to one, cf. condition (4.10). The
functionK=q s identi ed as the potential due to the charge distributipNote that
the integrall canzalso be written as

I(@=2  (K%g)(x)a(x)d x: (4.11)

Hencel can be seen as the energy of the charge distribugiohe charge will
distribute itself over in such a way that the energdyis minimized. So the quantity
logCi() isthe minimal amount of energy. Hence the logarithmic capdg ()
is a measure for the capability of the boundario support a unit amount of charge.
For most boundaries the logarithmic capacity is not knowplieily. Only for a
few elementary domains the logarithmic capacity can beutatied analytically [66];
we have listed some in Table 4.1.
There are also some useful properties [5, 52] that help ustegmhine or estimate
the logarithmic capacity.

1. If isthe outer boundary of a closed bounded domaithenC;() = C;() .
This agrees with the idea of Faraday's cage, mentioned above

2. Denote byd the Euclidean diameter of, thenC,() d . Hence the
radius of the smallest circle in whichis contained is an upper bound for the
logarithmic capacity of .
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boundary

logarithmic capacityC;()

circle with radiusR

square with sidé
ellipse with semi-axea andb

interval of lengtha
isosceles right triangle side

R
(2L 059017 L
(a+ b)=2

za

LT 0476l

Table 4.1: The logarithmic capacity of some domains. Note thaj represents the gamma-

C |( 1). Hence the logarithmic capacity

behaves linearly with respect to scaling and is invarianth wespect to

function.
3.1f = x+ g, thenC() =
translation.
4.1f 1 2thenCi( 1) Ci( 2).
5. For a convex domain,
ared) 12

Ci()

(4.12)

If the properties from the list above do not supply accurateugh estimates, the
logarithmic capacity can also be approximated numericaith the help of linear

programming [82].

4.3 Dirichlet problem

For the BIE that arises from the Laplace equation with Digtboundary conditions

we have the following result.

Theorem 4.1 There exists a nonzegp such that

(K°g))= 5 10gCi() ; x 2

Sketch of proof.

(4.13)

In the following we brie y present the major steps in the girof

the theorem [52, 70, 98]. We observe that for the values oéttexgy integral (4.8)

we havel <1(q 1

. If the in mum of the energy integral is in nitely large,

then by de nition the logarithmic capacity is equal to zero.
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Suppose thaf|() > Oandthusl <1 (g) < 1. Itisproven[52, p. 282] that for
each boundary there exists a unique minimizeg of | (q), i.e.
z

I () = in(l; I(q)= logCi() with qg(x)d x =1: (4.14)

For the minimizerge the following result is proven [52, p. 287]. Letbe a closed
bounded domain with positive logarithmic capacity and anemted complement.
Then2 KSg logC,() in the whole plane an@ KSg. = logCi() at ,
except possibly for a subset which has zero logarithmic @gpa

Theorem 4.1 leads to the following result.
Corollary 4.2 If C;() =1 there exists a nonze such thatKg, = 0.

Thus in the speci ¢ case thaE () = 1 the single layer operatd s admits an
eigenfunctionge with zero eigenvalue. Hend€® is not positive de nite and the
Dirichlet problem does not have a unique solution.

If we rescale the domain such that the Euclidean diameten&ler than one,
then the second property in Section 4.2 shows us that theitlogéc capacity will
also be smaller than one. In this way we can guarantee thteeges of a unique
solution of the BIE.

Recall that the non-trivial solutioge of the homogeneous BIE®g = 0 has a
contour integral equal tth. At the same time we realize that a solutipof KSg = 0
has to satisfy

Z Z

qd = ud =0 ; (4.15)

where we make use of Gauss' theorem. By adding this requitefoeq to the BIE,
we exclude the possibility thag is a solution of the homogeneous BIE. This provides
a second strategy to ensure unique solutions of the BIE.

A third option to guarantee a unique solution is to adjustiitegral operatoKs.
Note that the functiolG ,

G (x;y):= Zilogr 2 R; (4.16)

yk’
is also a fundamental solution for the Laplace operator. ddreesponding single
layer potential reads

Z

1
K®q:= 5 log o —aly)d y = KSq+

oK qd : (4.17)

log
2
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For the minimizeme we get

K = K3+ g Ged = zilogC|()+ Zilog

I
|
o
Q

(4.18)

This is only equal to zero if = C;() . We may choose any positive real number
unequal taCi() and obtairK®ge 6 0. In that casey is no longer an eigenfunction
of the single layer potential operator with zero eigenvaldence the BIE (4.4) with
Dirichlet conditions is uniquely solvable K* is replaced byK® [26, 70]. The
advantage of this procedure is that we do not need a resaaflititte domain, nor
do we have to add an extra equation. Furthermore, we do nat teeknow the
logarithmic capacity explicitly; a rough estimate of the@aeity suf cies to choose
suchthat 6 Ci() .

There are also ways to ensure a unique solution of the BIEHerLiaplace
equation tha can be used without having to know the logar@theapacity. For
instance, adding an extra collocation node at the inteniaxterior of the domain
can change the BIE in such a way that it is not singular anydofij7]. This does
depend on the location of the extra collocation node thoégiother option is to use
the hypersingular formulation of the BIE [18]. The hypeggifar BIE is the normal
derivative of the standard BIE and does not involve the sii@yer operator. As a
consequence the BIE does not become singular at certainigwma

4.4 Mixed problem

To investigate the Laplace equation with mixed boundarydié@mns we have to

rewrite the BIE in (4.4). For = 1;2 we introduce the functions; := uj , and
G = ¢ , and the boundary integral operators
Z
(KPa)(x) = G(x;y)ay)d y; x 2 ; (4.19a)
Z' @
(Kfu)(x) = @y yix 2 (4.19b)

Note that the boundary conditions (4.6) provide = o andg = € By
distinguishingx 2 ;andx 2 5, we write (4.4) as a system of two BIEs,

1
Kiu, K S = Kse Ser K Qo x 2 1; (4.20a)

1
Suz+ Kdu K Squ Se K u; X2 3 (4.20b)
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In this system all prescribed boundary data are at the hightd side of the equations.

Theorem 4.3 1f C;() =1 , the homogeneous equations of (4.20a) and (4.20b) have
a non-trivial solution pair(qgy; us).

Proof. = We have to nd a non-trivial pair of functiongy ; uz) such that the left-
hand sides of (4.20a) and (4.20b) are equal to zero \théh= 1 . To this end we
chooseu; Oando = G , + h1, with the functionh; satisfying

Kfhy = K3Ge; x 2 : (4.21)
With these choices both the left-hand sides of (4.20a) ar2D} are equal to
Kim = (KiGe+Kih)= (KiG+ K3g)= K
= zilogC|()=0 : (4.22)

We still have to prove that it is possible to nd a functibn that satis es (4.21). First
we note that the right-hand side of (4.21) isigi” , since
Z Z

(K506; Ge) G(X;Y)%(Y)d yGe(x)d x
z 72

G(X;y)0e(x)d xCe(y)d y

(K%iq) ,= 5 ogCO iq) ,=0: (429

Here(; ) stands for the inner product over the boundarnyAs the right-hand side
of (4.21) is inhgei 7, we can generalize the question: is it possible to nd a fiamct
hy such thaK$hy; = forall 2 hgei” ? If so, then = K3$ge completes the proof.

For all functionsq 2 hoei? with g 6 0 we havel (q) > | (Ge), sincege is the
unique minimizer of . Usingl (q) =2 (K®%q; 9 we nd that

(K09 > 1 (@)= - 10gCi()=0 ; a2hgi’; q80:  (4.24)
SoKS is positive de nite and invertible on the function spatgi ” . This means that
forall 2< qge >? there is a functiorh with KSh = . Leth be the solution of
Ksh = , then it can be decomposed as

_ hy x2 g
h= hy X2 o (4.25)

Recall that we search for a functién such thak$h, = , for 2 hoei 7 . We add
the functionK3h, to this equation,

KShy+ KSho =  + KShy; (4.26)
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which is equivalent to

KSh= + Kshy: (4.27)
The right-hand side of this equation istigsi ? , since 2 hgei? and
Z Z
(K3hz;Ge) = G(x;y)ha(y)d yGe(x)d x
Z 7

G(X;Y)%(x)d xha(y)d y

2

(Kogihy) ;= 5 10gCIO( ih) , =01 (4.28)

SinceKs is invertible on the function spadeei ” , and the right-hand side of (4.27)
is inhgei ? , there exists a solution of (4.27). The functiorh; is then the restriction
ofhto 1

Theorem 4.3 tells us that the BIE for the mixed problem dogdawve a unique
solution whenC() =1 , i.e. the BIE is singular. Moreover the division ofinto
a part 1 with Dirichlet conditions and a part, with Neumann conditions does not
play a role in this. It does not make a difference whether e ta very small or
very large; the singular BIE relates solely to the whole tuang .

To guarantee a unique solution for the mixed problem we Hayesame options
as for the Dirichlet problem. The simplest remedy is to rkestlae domain, thus
avoiding a unit logarithmic capacity. A second option is &rdhnd that the function
g has a zero contour integral. Since partqof already prescribed this yields the
following condition for the unknown part af,

Z Z

qd = egd : (4.29)
1 2
As a last option to obtain nonsingular BIEs, we can also meplhe single layer
operatorKs by K$, see Section 4.3.

4.5 Neumann problem

It is well known that the classic Neumann boundary value lgrobfor the Laplace
equation does not have a unique solution. Hence the comdsmpBIE will also not

have a unique solution. For completeness we prove the folpwheorem for the
BIE (4.4) with Neumann boundary conditions in which it is simathat the Neumann
problem has a solution which is unique up to a constant [237p.
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Figure 4.1: The pointx 2 s the center of a small circlB- with radius".

Theorem 4.4 For any closed curve
1 d
5+ K9 1=0: (4.30)

Proof.  To show that operato%l + K9 applied to the constant functidhyields
zero, we need to prove th&t91 $ at the boundary. Lex be a point at the
boundary , then using Gauss' theorem we nd

z z
@

K91 (x) = @—pe(x;y)d y=  riG(x;y)d y; (4.31)
where the subscripg means integration or differentiation with respectyto The
fundamental solution is de ned such tha@G(x;y) = (x y). Hence, when
integrating ovel , we have to take special care at the pgint x. LetB- be a small
circle with radius” around the poink and letB? be the part of that circle that lies
inside ,i.e.B%= B\ ,see Figure 4.1. The domain integral in (4.31) can be split
in

z Z

KI1 (x) = T JG(x;y)d y+ BQr JG(x;y)d (4.32)

Within the domain =B? the fundamental solution does not have a singular point
and thusr §G(x;y) =0 in this domain. As a consequence the rst integral at the
right-hand side of (4.32) is equal to zero. If the boundarig smooth enough, the
circle B?is half the size of the circlB-. Likewise, if" goes to zero, the integral over
B2in (4.32) is half the size of the same integral oBer Hence we obtain
z
K91 (x) =

NI =

5 r5G(x;y)d (4.33)
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We use Gauss' theorem to transform the domain integral Bveto a boundary
integral over -, the boundary of the circlB-,
z
1 @
d - . .
K"1 (x) = 5 @—OG(x,y)d y: (4.34)
We introduce polar coordinate@; ) at the circleB-, the pointx being the
local origin. Recall the de nition of the fundamental sodut (4.2) in which now
kx yk rfory 2 B-. Itis straightforward to see that

@ 1@ 1_ 11

@—E]G(X’y) = Z—@rlog F = 2_r . (435)
Substituting this in the integral of (4.34) results in
z
172 11 1
d - + L4 - .
K1 (x) = 2, 2 rrd > (4.36)
The direct consequence of this is that
%I + K9 1=0: (4.37)

with which Theorem 4.4 has been proven.

4.6 Examples

In this section we illustrate the results from the previoastisns. We do this by
calculating the condition number of the matrices that appeahe BEM. After
discretisation of the boundary, the BIE transforms intachadir system of equations.
If the BIE is singular, we may expect that the linear systealimost) singular. As a
consequence the condition number of the correspondingraystatrix is very large.

For the BIE related to the Laplace equation with Dirichletibdary equations we
obtain the following linear system

Gq = f; (4.38)

wheref := f(t). We compute the condition number Gf for two cases: a circular
domain with radiusR and a square domain with side In both cases we choose
N = 36 boundary elements.
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Figure 4.2: The condition number d& for the Laplace equation with Dirichlet boundary
conditions.

Example 4.1

For the circular domain the logarithmic capacity is equaht® radius of the circle,
see Table 4.1. Thus if the radilsis equal to one also the logarithmic capacity is
equal to one. In that case the BIE does not have a unique @olaitid the condition
number of the matrixG will be very large. In Figure 4.2(a) we show the condition
number ofG as a function of the radiuR. We observe that indeed the condition
number goes to in nity whermR approache® := 1, cf. [19], [20]. Note that these
obervations ara-posterioriobservations; rst the matrixz is constructed and then
its condition number is computed. Itis also possibladariori estimate the condition
number for the Dirichlet problem on a circle [37, 38].

Example 4.2

For the square domain the logarithmic capacity is approtéina0:59L, see
Table 4.1. Hence if the side lendthis approximately equaltb :=1=0:59 169,
then the logarithmic capacity is equal to one. Analogousiéociase of the circle the
condition number of the matrig is very large in that case. In Figure 4.2(b) the
condition number ofG is plotted as a function df . We observe that it grows to
in nity when L approache4.:69.

The scaling parametei® andL are calledcritical (or degenerate scalings
Throughout this thesis we will adopt the term critical segli The corresponding
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Figure 4.3: The smallest singular value of the matridg@s(circles) andG ; (diamonds) for
the Laplace problem with mixed boundary conditions on ap®tidal domain.

domain is referred to as thaitical domain A description for the boundary of a
critical domain which frequently appears in literature isontour[56].

It is obvious that we cannot use the boundary element fortioulaf the
logarithmic capacity is equal to one. In Section 4.3 we saggkto search for
solutionsq of the Dirichlet BIE that also satisfy the requirement (4,1i%. have
contour integral equal to zero. Translating this requinetme the discrete problem,
we have to search for solutiogsthat also satisfgy + :::+ gy = 0. Hence we have
to solve the rectangular system

2 5 3 2f13
G Qi ]
E 29 : §=§ : z: (4.39)
T ETE I
|—{z—}
G1

Here the additional condition is multiplied by a non-zeralacH in order to obtain a
well-balanced matrixz 1. As we have a rectangular system, we require other solution
techniques to solve the system, compared to the origin&isys

Example 4.3

To investigate the conditioning of the new system in (4.88),compare the smallest
singular values o andG ;. We illustrate this for an ellipsoidal domain with axis
a anda=2. In Table 4.1 it is given that the logarithmic capacity of istan ellipse
is equal to3a=4. Hence if we choosa equal to the critical value = 4=3
the logarithmic capacity is equal to one. In Figure 4.3 both,(G) (circles)
and nin(G1) (diamonds) are plotted as a function of the scaling parameete
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Figure 4.4: The condition number d& (circles) andG (diamonds) for a circular domain
with radiusa. Here =2.

We observe that foa = a, min(G) is going to zero, while min (G1) remains
O 10 2 . Hence the system witB is singular ab = a , while the system witl ;
is nonsingular.

As explained in Section 4.3, a nonsingular BIE can also baioét by replacing
the integral operatd<s by KS. This affects the matri& in the algebraic equations;
the elements of thg-th column of G is augmented with a factgr jjlog = (2 ),
wherej jj is the length of thg -th boundary element. We denote this new matrix
byG .

Example 4.4

In Figure 4.4 we show the condition number@f(circles) andG (diamonds) for a
circular domain with radius. In this case we choose = 2. The condition number
of the matrixG goes to in nity asa approaches one, i.e. the unit circle. The condition
number ofG remains bounded.

After discretisation of the boundary the BIE for the Laplacgiation with mixed

boundary conditions transforms in the linear system
1
Gqg = EI +H u (4.40)

We assume that on the rst part of the boundaryrepresented by the rst
m(@© m N) elements, Dirichlet boundary conditions are given. On the
remainingN  m elements we have Neumann boundary conditions. This implies
that the rstm coef cients ofu and the lasN  m coef cients of g are given. By
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Figure 4.5: The condition number of the matrice& (circles) and G (squares)
corresponding to the Laplace equation with mixed boundawgditions and Dirichlet
boundary conditions respectively.

moving all unknown coef cients to the left-hand side andlaibwn coef cients to
the right-hand side in (4.40) we arrive at the standard faneslr system

Ax = b: (4.41)

If the BIE is not uniquely solvable, then the linear systemsiisgular, and the
condition number of the matri& is very large. We illustrate this with two examples:
a triangular domain and an ellipsoidal domain.

Example 4.5

The triangle is an isosceles right triangle with sides ofjterh. For such a triangle
the logarithmic capacity is given by

3 2(1=4)

C(triangle = o2 32

| 0:476l: (4.42)

This implies that the condition number will be large when $ealing parametdris
close to the critical scaling := 1=0:476 2:1. The ellipse has semi-axes of length
a anda=2, which has logarithmic capacity equal 3a=4. Hence we may expect a
large condition number when the scaling paramatisrclose toa = 4=3.

In Figure 4.5 we show the condition numbers for the matriseandG. We
chooseN = 32 andm = N=2, i.,e. the number of elements with Dirichlet
conditions is equal to the number of elements with Neumamditons. The circles
represent the condition number for the mixed problem, wihieesquares represent
the condition number for the Dirichlet problem. We obserattthe the critical
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Figure 4.6: The critical scaling parametest for which the condition number & goes to
in nity.

scaling parameter is (almost) the same for both matriseand G. The small
difference that is present is caused by numerical inac@sgaltie to the discretisation.
Hence it does not matter whether we solve a Dirichlet prolierm mixed problem;
for both problems there exists the same critical scalinghefdomain such that the
problems are not uniquely solvable. As was predicted fotrthegle, the point where
the condition number is very large is closd to 2:1. For the ellipse we observe that
indeed the point where the condition number is large & at1:3.

Example 4.6

Figure 4.6 gives more details about the critical scaling vidrich the condition
number goes to in nity. Again we consider an ellipsoidal d@mwith semi-axes
of lengtha anda=2, having a critical scalingg = 4=3. This, of course, holds for
a perfect ellipse. In reality we work with an approximatioinaa ellipse, namely a
polygon withN sides. IfN is large, the ellipse is approximated very well, and we
expect to nd a scaling parametar that is close to that of the ellipse, i.@. = 4=3.

In Figure 4.6(a) we see the accuracyainas a function oN. We observe that for
largeN the error between theoretical value and actual value geyssveall.

In Section 4.4 it was already mentioned that the divisiorheftioundary into a
Dirichlet and a Neumann part does not play a role in the sargylof the BIE. Figure
4.6(b) illustrates this. Here we vamg, the number of elements that have Dirichlet
boundary conditions. The total number of elementdlis= 32. Hencem = 32
corresponds to the Dirichlet problem, while = 1 is a problem with Neumann
conditions, except for one element. For each valuenoive compute the critical
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scalinga . We see that there is little change in the valuaoasm varies betweeid
andN .

As the mixed problem is ill-posed when the logarithmic céiyas equal to one,
we may add an extra condition like we did for the Dirichletlgem. Sinceu satis es
the Laplace equation on the interior of the domain we know ghraust have a zero
contour integral. This leads to the following condition tbe solution vectoq of the
linear system in (4.40),

tht i+ 0gm= = (Gnser Tl NS (4.43)

since part of the vectar is already prescribed by the boundary condition atLike
we did for the Dirichlet case we formulate a new linear systerwhich the extra
condition is incorporated,

2 32X 3 2 by 3
1 .
E A 29 : gzg : z: (4.44)
H:::H 0:::0 XN b,|.|\l
| {z }
Al

Here the additional condition is multiplied by a non-zeralacH to obtain a well-
balanced system matrix.

Example 4.7

We compare the smallest singular valugin (A) of the original matrixA to the
smallest singular valuen, (A 1) of the new matriXA 1 for the example of the ellipse
with semi-axesa anda=2. In Figure 4.7 we give the smallest singular values of the
matricesA (circles) andA; (diamonds) as a function of the scaling paramater
We observe that for the scalimgy= a, min(A) drops to zero, while min (A1)
remainsO 10 2 . Hence the system witA is singular aa = a while the system
with A 1 is nonsingular.

Another procedure to obtain a nonsingular BIE is to replaeartegral operator
KS by K*, see Section 4.4. This affects the mat@xas described before, and As
inherits a block fromG, alsoA is affected. We denote the new matrix Ay .

Example 4.8

In Figure 4.8 we show the condition number/f(circles) andA (diamonds) for
a circular domain with radiuR. In this case we choose the parametegqual to
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Figure 4.7: The condition number of the matricés (circles) andA ; (diamonds) for the
Laplace problem with mixed boundary conditions on an etligal domain.
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Figure 4.8: The condition number d& (circles) andA (diamonds) for a circular domain
with radiusR. Here =2.

two. As we have seen before, the condition number of the rmAtrgoes to in nity
atR = R :=1. The condition number oA remains bounded.

Another technique to ensure low condition numbers is byruitg the matrix
elements of5 andH with a suitable scaling parameter of the domain [72].



Chapter 5

Two-dimensional Stokes ow

It was observed in Chapter 3 and 4 that the boundary integradten (BIE) for the
Laplace equation may become singular at certain criticatdiwnensional domains.
The main cause for this lies in the logarithmic kernel thatesgrs in the boundary
integral operator. In the boundary integral operator fer$iiokes equations on a two-
dimensional domain the logarithmic kernel also appearerdfbre we may expect
singular BIEs for the Stokes equations too. This is thegetbe topic of this chapter.

The Stokes equations describe the ow of a viscous uid. We rintroduce
the Stokes equations in differential form and the corredpwnboundary integral
formulation in dimensionless notation. For more detailsrefer to Chapter 6, in
which the equations are derived in a three-dimensionaingettFor the boundary
conditions we either choose Dirichlet or mixed boundarydittons. We will show
that for both cases there are critical sizes of the uid danfar which the Stokes
equations in boundary integral form are singular.

This chapter is an elaboration of earlier work of the auth@l.€[35] concerning
condition numbers of BEM-matrices that appear for the 2[k&a@quations.

5.1 Boundary integral equations for 2D Stokes ow

The Laplace equation and the Stokes equations have at feasting in common: the
Laplace operator appears in both equations. As we have sgaevious chapters,
the Laplace equation may lead to a singular BIE for certaiticat domains. The
guestion arises whether this is also the case for the Staljeatiens: can the
corresponding BIEs become singular on certain critical aiosf?

In this chapter we study the BIEs following from the Stokesia@pns. In
particular we focus on the eigenvalues of the integral dpesa It is shown that
for certain critical domains these integral operators admio eigenvalues. Hence,

65



66 Chapter5 Two-dimensional Stokes ow

again we nd that the BIEs become singular for a number ofaaitdomains.

For the Laplace equation it is possibleariori determine the critical domains.
For a number of simple domains, the logarithmic capacity loarused to exactly
compute the critical size. For more involved domains thalitgmic capacity can be
used to estimate the critical size of the domain. Unforteiyathe critical domains
for the Stokes equations do not coincide with the criticaindms for the Laplace
equations. Hence we cannot use the logarithmic capaci@ypoori determine the
critical domains on which the BIEs for Stokes equations bexgingular. It is only
by numerical experiments that we can distinguish the alitiomains.

Let be a two-dimensional simply-connected domainwith a smooth
boundary . The Stokes equations for a viscous ow inread

rvr p = O
rv = 0; (5.1)

wherev is the velocity eld of the uid andp its pressure. Let be divided into a
part 1 on which the gelocityv is prescribed, and a parb on which the pressune

is prescribed, = 3 2. Hence the Stokes equations are subject to the boundary
conditions
VvV = ¥ X2 g
= Prx2 g (5.2)

Either ; or , can be empty, leading to a purely Neumann or Dirichlet proble
respectively. The Stokes equations in differential form ba transformed to a set of
two BIEs [65, 75, 76]

Z

%Vi (X) + Gij (X,y)vj (y)d y
Z

= ui(x;y)g(y)d y; x2 5i=1;2 (5.3)

Here a repeated index means summation over all possibles/aluthat index. The
vector functionb is the normal stress at the uid boundary,

b:= (p;v)n; (5.4)
with n the outward unit normal at the boundary and the stress tendemed by
@y @y
. V) = o = 4+ =2 55
ij (P;Vv) P i @5 @x (5.5)

Hence the boundary integral formulation involves two Vales, the velocityw and
the normal stresk. In correspondence to (5.2), at each point of the boundégrei
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v or b is prescribed,

\Y; ' X2 1)

b = pn; X2 (5.6)
The kernelasj andg; in the integral equations are de ned as
. _ 106 v Y (Xk YNk
Gj (x;y) = oy ;
ey L 1 Xy y)
fori;j =1;2. We introguce boundary integral operators,
(G i(x) = uij (x5y)" j(y)d y;
z
(H )i(x) = G (x;y) j(y)d y; (5.8)
which enables us to write (5.3) as
(%I + H)v = Gh: (5.9)

The operator& andH are called theingle and double layer operatdor the Stokes
equations. For the Dirichlet problem the velocityt the boundary is given ¢ = ;)
and we would like to reconstruct the normal strbsd the boundary. To this end we
need to invert the operat@. This can only be done when all eigenvaluesGaodire
unequal to zero. In this chapter we investigate under whasfditions G admits a
zero eigenvalue.

For the mixed problem the velocity at is prescribed and the normal stress at

2 is prescribed. We would like to reconstruct the unknown eigyoat , and the

unknown normal stress at;. After rearranging known and unknown terms (see
Section 5.4) we again need to invert a boundary integralatper This can only be
done when all eigenvalues of the operator are unequal to Yézavill show that zero
eigenvalues occur under the same conditions as for thehbatiproblem.

This chapter does not address the Stokes equations with &euoonditions. It
is well known that the corresponding BIEs do not have a ungpletion, due to the
existence of rigid body motions. The Completed Double L&EM [75] shows one
way to get around this problem.

5.2 Eigensystem of the single layer operatd® at a circle

For a circular domain it is possible to compute the eigemslaf the single layer
operatorG analytically. These eigenvalues will show that for a cinglth a particular
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radius the BIE becomes singular. For general domains ittipossible to compute
the eigenvalues db analytically. However the BIEs become also singular atadert
domains. This phenomenon for arbitrary domains is predeint¢he next section.
In the current section we compute eigenfunctions and eajees of the operatds

for a circular boundary . Here we make use of the fact that the rst term in the
kernelu;; is related to the fundamental solution for the Laplace dpeia 2D. This
results in the following decomposition of the single layeematorG for the Stokes
equations,

Z
iy Y)
kx  yk?

The operatoKSs is the single layer operator for the Laplace equation. Farcircle
with radiusR, the single-layer potentidd ® admits the following eigensystem [38],

(G )i(x) = % i (K" j)(x) + 4i 'i(y)d yi (5.10)

R
KS - .
cos(t) K cost);
R
S oij — H .
K®sin(kt) = oK sin(kt);
K1 = RlogR; (5.11)

with k 2 N. We introduce the following polar coordinates,
X := R[cost; sint]; y := R[coss;sins]; 0 t;s< 2: (5.12)
Thenkx yk?®=2R?( cost s)) andwe nd

ua(t;s) = 8in log 2R?(1 cost s)) +%O;
up(t's) = 8i(cost 1co§z)s(§ints) sins);

U(t's) = 8i(sint 1sincsggztosts) Coss) = Up(t:S):

Upo(t;s) = 17 log 2R%(1 cost s)) + MO: (5.13)

1 cost 9

Using the integral kernels in polar coordinates given ingbit is straightforward to
compute the eigenvalues and eigenvectors of the opeBafbhe results are given in
Table 5.1.

We observe that the functido(x) = n = [cost; sint]", representing the unit
outward normal, is an eigenfunction with eigenvalue zeroisTan be explained as
follows: when we apply a stress in the direction of the norataéach point of the
boundary, each stress having the same magnitude, the riebation will be equal
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eigenvalue eigenfunctions

cost
g sint
R sint
2 cost
R cost _  sint
4 sint ' cost
B 5m coskt) . coskt) .
qic (K=2:3,:20) sin(kt) ’ sin(kt) ’
sin(kt) . sin(kt)
coskt) ’ cos(kt)
1 0
1 1 .
zRIogR + 7R 0o 1

Table 5.1: Eigenvalues and eigenfunctions of the single layer opei@to

to zero. This phenomenon is not restricted to the circle applies to any shape of
the boundary, as will be proven in Section 5.3. Hence, whénrgpthe BIE (5.9)
with Dirichlet boundary conditions, one has to exclude tbemal from the solution
space.

For the cas® = R := exp(1=2), we see that there is another zero eigenvalue,
which has an eigenspace with dimension two. The eigenfumetcorrespond to a
uniform stress distribution; at each point of the boundaryegqual stress is applied
in the same direction. This particular stress distributidgh cause a translation of
the body. The circular boundary witR = R is called acritical boundaryand the
circle itself acritical domain The radius or scal® is called thecritical scaleor
degenerate scaleEquation (5.9) with Dirichlet conditions at the criticabindary
cannot be solved as the operat®admits a zero eigenvalue. The corresponding BIE
is singular and does not have a unique solution.

The situation in which the BIE is not uniquely solvable foriecke with critical
scale also occurs for the Dirichlet Laplace equation in 2®, A0, 22, 24, 38]. It is
shown that the single-layer operator for the unit circle #sli@ zero eigenvalue, and
consequently it cannot be inverted. Hence, the same phetwmragppears for both
the Laplace and Stokes equations. The critical scale havievet the same for the
Laplace and Stokes equations.
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5.3 Invertibility of single layer operator on general doman

In this section we study the solvability of the BIE (5.9) wiilirichlet conditions
on a smooth closed boundary We search for eigenfunctiorts of the boundary
integral operatoG with zero eigenvalue, hené& = 0. If such eigenfunctions exist,
the boundary integral operat@ is not invertible and the integral equation (5.9) is
not uniquely solvable. First we show that at least one sugénéunction with zero
eigenvalue exists.

Theorem 5.1 For any smooth boundary the outward unit normah (x) is an
eigenfunction of the boundary integral operatemwith eigenvalue zero.

Proof. Thei-th component oGn equals
z
uij (X;y)nj(y)d y
z

(Gn);

Bl

- _Z i 109 yk+ kx yk?

—
4z

— i +

@x log kx, yk kx  yk2

@ .
@u}d y = ro'd=0: (5.14)
Here the vectou' is the velocity due to Stokesle[65], i.e. the velocity eld induced
by a point force in the; -direction. This velocity eld satis es the incompressiby
conditionr :u' =0.

In Section 5.2 we already saw that for a circular boundaryntbrenal vecton
is an eigenfunction ofs with eigenvalue zero. The current theorem generalizes
this result to arbitrary smooth closed boundaries. In tlguskof this section we
assume that the solutions of the Dirichlet problem (5.9) s;eght in a function
space that excludes the normal. Hence the eigenfundtiafiss we are looking for
are perpendicular to.

We now show that for each boundarythere exist (at most) two critical scalings
of the boundary such that the operat@rin the Dirichlet problem (5.9) is not
invertible. This phenomenon has been observed and prodgrapdl we will partly
present the analysis here. In analogy to Section 5.2 thengdal which the operator
G is not invertible is called aritical scaling and the corresponding boundary a
critical boundary The domain that is enclosed by the critical boundary isrreteto
as thecritical domain
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Theorem 5.2 For all given functionsf and constant vectorsl the system of
equations

gotc = f;
bd = d;

has a unique solution paiib; c), whereb is a function anct a constant vector.

(5.15)

Sketch of proof.  The main idea is to show that the operator that maps the pair
(b; c) to the left-hand side of (5.15) is an isomorphism [41].

We proceed by introducing the two unit vectars = [1;0]" ande, = [0;1]".
Theorem 5.2 quarantees that two p4l; c1) and(b?; c2) exist that are the unique
solutions to the two systems

Gg'+ct = 0 Gg°+c? = O
bld = ey bd = ey (5.16)

We de ne the matrixC asC :=[cljc?].
Theorem 5.3 If det(C ) = 0, then the operatoGis not invertible.

Proof. Suppose thadet(C ) = 0, then the columns! andc? are dependent, say
cl= c2forsome 2R, 60. Inthatcase

0 = Gbt+ct Gb? + c?
— G(bl b2)+ CZ C2
= Gb* b?: (5.17)

R
The functionb®  b? cannot be equal to zero, since this requiregp®  b?)d
to be equal to zero, while we have
Z

(b bHd= e e, 80: (5.18)

Sob!  b?is an eigenfunction o with zero gigenvalue. This eigenfunction cannot
be equal to the normal, sincen also requires nd =0 .

Corollary 5.4 There are (at most) two critical scalings of the domairfor which
the operatorGis not invertible.

Proof. We rescale the domainby a factora, i.e. ! a . With the de nition of
the operatofs it can be shown that

Gb!G 2b:= 4i alogabd + aGb: (5.19)
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Then the two systems in (5.16) change into

. . R .
aGhl +c ;- alogabd

a bd _ gj’;j =1:2 (5.20)
De ne bl, := abl forj = 1,2, then we obtain
Go,+cd 2L R logabd = 0 (5.21)
bd = g;j=1;2 '
Substituting the second equation into the rst equationgee
i+ o L - 0
Gb]a + C 4 !:ngljdej _ g;; =12 (5.22)

These systems have the same form as the original systemsl8),(&xcept for the
changec! ! ¢ 4i logaej forj =1;2. De ne the new matrixC, by

1
Cq =C 4—IogaI2; (5.23)
thenG? is not invertible wherdet(C, ) = 0. Hence, Wheril— logais an eigenvalue
of C , the operatoz? is not invertible. This implies that, whed has two distinct
eigenvalues, there are two critical scalirgfor which G is not invertible. IfC has
one eigenvalue with double multiplicity these critical lsngs coincide.

The result of Corollary 5.4 shows that the BIEs for the DilétlStokes equations
become singular for certain sizes of the domain. As a corsegy the equations
are not uniquely solvable. This solvability problem is atifact of the boundary
integral formulation; the Stokes equations in differenfitam always have a unique
solution. In Chapter 3 and 4, and in literature [53, 56, 79, 8Similar phenomenon
is observed for the Laplace equation with Dirichlet comudis; in its differential form
the problem is well-posed, while the corresponding BIE i smvable at critical
boundaries.

For the Laplace equation the critical scaling is relatedhéoldgarithmic capacity
of the domain. By calculating or estimating the logarithnei@pacity one can
determine or estimate the critical domains, without conmguBEM matrices and
evaluating their condition numbers. It is thaspriori information that allows us to
modify the standard BEM formulation such that the BIE becamiguely solvable
(see Section 5.3).

For the Stokes equations, there does not exist an equiviaehe logarithmic
capacity. Hence we cannatpriori determine the critical domains. One way to
determine the critical domains is by computing the BEM-meas and evaluating



Section 5.4 Invertibility of operator on general domain with mixed conditiof@8

their condition numbers. If the condition number jumps tanity for a certain
domain, then this domain is a critical domain. Hence, thiatstjy requires the
solution of many BEM problems.

Another possibility to determine the critical domains isdmjving the systems in
(5.16). This yields the matri€ , and subsequently the matitx, . By calculating
the eigenvalues of the latter matrix the critical scalings be found. Again we have
to solve two non-standard BEM problems to compute the atigcalings.

REMARK: The BIEs for the Stokes ow in 2D are similar to the equations
for plane elasticity. Hence the BIEs for the latter equatisuffer from the same
solvability problems as the Stokes equations. A proof &f fienomenon for plane
elasticity is found in literature [95] and is similar to theopf sketched above.

5.4 Invertibility of operator on general domain with mixed
conditions

In the previous section we showed that the boundary integpetatorG for the
Dirichlet Stokes equations is not invertible for all domginIn this section we
show that this phenomenon extends to the Stokes equaticghsmwiied boundary
conditions.

The starting point is again the BIE for the Stokes equations,

%v + Hv = Gb; at (5.24)

Suppose that the boundaryis splitinto two parts, = 3 S 2. On 1 we prescribe
the velocityv ! while the normal streds’ is unknown. On » we prescribe the normal
stressb? while the velocityv?2 is unknown. The boundary integral operat@snd
H are split accordingly,

Z Z A
[Gbli = ujhd=  ujgd+  ujbd =[ G'bY] +[G?;
Z Z* Z?
Hv] = g vid = g vitd + gy vid = [ Hi' +[H?v?);:
1 2
(5.25)
With these notations the BIE is written in the following way,
%vk + HWW '+ HA? = Glbl+ Gb?% at ¢ k=1;2 (5.26)

We arrange the terms in such a way that all unknowns are agttllednd side and all
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knowns are at the right-hand side,
1
H2v2 Gt = Gb? H ! évl; at q;
1
SVi+HA2 Gt = @b H What o (5.27)

Now we can de ne an operatdk that assigns to the pajb’; v2) the two functions
at the left-hand side of (5.27),

bl |A H2V2 G lbl
VZ : %VZ_}_ H2V2 G lbl

To study the invertibility of this operator we need to stutlg homogeneous version
of the equations in (5.27),

H%v? G b = 0;at q;
1
é\/2+ H%v? G 'b' = 0;at (5.29)

(5.28)

Theorem 5.5 There are (at most) two scalings of such that the homogeneous
equations (5.29) have a non-trivial solution, i&.is not invertible.

Proof.  From the Dirichlet problem we know that there are (at magt scalings
of for which Gis not invertible. So there a anda;; 2 R and vector functions
g, andq,, such that

Gy = 0; atax ; k= 1;II: (5.30)

The scalingsy and functionsy may coincide but this does not affect the proof of the
theorem. Denote the nullspace of the oper&diy N (G). The normal vecton is
always inN (G). If is a critical boundary then alsp andq,, areinN (G). Assume
that issuch acritical boundary. Lgt2 N (G), thatisq = 19, + 20, + 3n,for
some ;, 2and 3in R, andGg = 0. Consider the homogeneous equations (5.29).
We will show that there is a non-trivial pgib'; v2) that satis es these equations. We
choosev? = 0 andb! = g + h'. Hereq' is the restriction o to ;,i = 1;2,
andh? is still unknown. Substituting these functions in the lefind sides of the
homogeneous equations yields for both equations

G ''= G'q" G'h'=Gq* G'h¥ (5.31)
where we made use @&q = Glq! + G292 = 0. If we can nd a functionh?® such
thatGth! = G?q?, then the left-hand sides of the homogeneous equatiors zéeb

and we have found a non-trivial solution. Our task is thenrawve that a functiorn
exists such that

G'hl = G’g%: (5.32)
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A function b is in N (G)? if it is perpendicular toq 2 N (G)?. Hence, the inner
product ofq andb should be equal to zero, i.e.
z

G(x)b(x)d x=0: (5.33)

First we note that the right-hand side of (5.32) is contaiinel (G)? , since
Z Z Z
G[G*a’lid « G(x) Ui (Gy)gy)d yd «
¢ z z
Fy) Uy (x:y)g(x)d «d y
Z 2
¢ (y)[Galid y =0: (5.34)
2

So we may generalize our task: prove that a solutibmof
Gthl= (5.35)

exists, forany 2 N(G)?. If so, then = G?’q? completes the proof. It is known
that the operatoG is a Fredholm operator with index zero [29]. Hence the Frédho
alternative can be applied [70, p. 37]. This states that tiradgeneous equation
Gh = 0 either has the trivial solution, or a set of non-trivial lars independent
solutions. We are in the second situation, as the nullspa&i®non-empty and is
spanned by, g, andq,, . The Fredholm alternative further states tsht = is
solvable if and only if is perpendicular to the solutions & f = 0, whereG
denotes the adjoint operator Gf However, the single layer operator for the Stokes
equations is self-adjoint, s6 = G. Consequently the solvability condition says
that has to be perpendicular to the solutiongGbf = 0. This is the case since we
dened 2 N(G)?. Consequently there exists hrwith Gh = ,for 2 N(G)?.
We split thish into two parts,

hi; at g

h= h2; at o

(5.36)

Recall that we search for! such thaiGth® = . We addG?h? to both sides of this
equation, obtaining

Gthl+ G?h%2= + G’h?% (5.37)
or shorter

Gh = + G’h?% (5.38)
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The right-hand side of this equation isN(G)? , since 2 N(G)? and
Z Z Z

qu[GZhZ]id x G(x)  uj (x;y)hA(y)d yd &

Z Ve
he(y)  uij (x;y)a(x)d xd y
Z 2
h?(y)[Galjd y =0; (5.39)

soG?h?is also inN (G)? . Recall thatGh = + G?h? is solvable if the right-hand
side is inN (G)?, so there exists ah satisfying (5.38). Then we may construct
by simply restrictingh to 1,i.e.h! = hj ..

This result shows that also the BIE for the Stokes equatiatismixed boundary
conditions may become singular. This happens for the saitiatboundaries as for
the Stokes equations with Dirichlet boundary conditiongnét the mixed problem
inherits the singularities from the Dirichlet problem. Tdigision of the boundary
into a Dirichlet and a Neumann part does not play a role in this

Note that the Laplace equation exhibits the same behavidure boundary
integral equation for the Laplace equation with mixed bargdconditions also
inherits the solvability problems from the BIE for the Dinlet case [39].

5.5 Numerical examples

To solve the BIEs (5.9), the boundaryis discretised into a set &f linear elements.

At each element the velocity and normal streds are approximated linearly. In this
way the BIEs are transformed into a linear system of algelaguations (for details
about the discretisation we refer to any BEM handbook [6). Mg introduce vectors
v andb of length2N containing the coef cients of andb at the nodal points. Then
the system of equations can be written in short-hand notatso

(%l + H)v = Gb: (5.40)

HereG andH are the discrete counterparts of the single and double &pyenator.
For the Dirichlet problem, the coef cients of the velocitgatorv are given, say
Vv = v, and we need to solve

Gb = f(v):=( %| + H)v (5.41)

to nd the unknown coef cients of the normal stress veckar
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If the boundary integral operat@ is not invertible then its discrete counterpart,
the matrixG is ill-conditioned. To visualize this we compute the coimlitnumber
of G: if the condition number is in nitely large, then the matisnot invertible. As
a consequence, the linear system (5.41) is singular anatharsolved for arbitrary
right-hand side vectoifs If the condition number is bounded but very large, thel stil
the problem (5.41) is dif cult to solve numerically.

In the following examples we construct the mat@xfor a certain boundary
and compute the condition number of this matrix. Then wealesthe boundary
by afactora,i.e. ! a . Again we compute the condition number of the ma@ix
We do this for several values of the scaling paramatekccording to the theory in
the previous sections there are two critical scalings factwthe integral operatd®
is not invertible. For these two scalings also the ma@ixs not invertible, or at
least very ill-conditioned. Hence we expect that the caminumber ofG jumps
to in nity at these two scalings. The scaling for which sualge condition numbers
appear is again calledaiitical scalingand has ideally the same value as the critical
scaling de ned for the BIE in the previous section. Howewkre to the discretisation
of the equations, the critical scaling for the discrete frwbmay be slightly different
from the critical scaling for the BIE. In the limNl ! 1 these differences vanish.
Analogously to the critical scaling, we de ne toatical boundaryto be the boundary
for which the condition number gets very large.

Example 5.1

In Figure 5.1 we show the condition number as a function ofstedea. We do
this for an ellipse with aspect ratm4 (to which we refer to as ellipse 1) and for an
ellipse with aspect rati@:7 (to which we refer to as ellipse 2). We observe that for
both cases two critical scalings exist for which the condithumber goes to in nity.
Moreover, these critical scalings differ signi cantly ftve two ellipses. For ellipse 1
we nd critical scalings1:9 and 2:9 approximately, while for ellipse 2 we nd:8
and2:1. Hence the shape of the ellipse, i.e. its aspect ratio, lgreatiences the
values of the critical scalings.

Figure 5.2 visualises all ellipses for which the conditiasmber of G is very
large, i.e. all critical ellipses with different aspectioat At the horizontal axis we
put the lengtha of the horizontal semi-axis of the ellipse, at the verticeisahe
lengthb of the vertical semi-axis of the ellipse. We compute the dommdnumber of
G for several values dad andb. We call the values od andb for which the condition
number goes to in nity thecritical sizesand the corresponding ellipse the critical
ellipse. At thecritical sizeswe plot a dot in thga; b)-plane of Figure 5.2. We see
that the critical sizes lie on two curved lines, which are sytric around the line
a = b It can be concluded that for an ellipse with xed aspectaati= a=b6 1,
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Figure 5.1: Condition number o6 for an ellipsoidal domain with aspect rati@4 and0:7
as a function of scaling parameter
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Figure 5.2: The critical sizes of an ellipse for which the condition neméf G is very large.
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Figure 5.3: The critical sizes of a rectangular domain with rounded am

two critical sizes exist. For a circle, whede= 1, only one critical size exists. The
values corresponding to this critical size are approxilgaéde= b = 1:65, which
agrees with the critical scabxp(1=2) 1:649that we found in Section 5.2.

Example 5.2

In Figure 5.3 we show the critical sizes for a rectangle watinded corners. The
results look similar to those of the ellipse; again thereadweys two critical sizes,
except when the aspect ratio of the domain is equal to one.

Example 5.3

In the case of mixed boundary conditions we may rearrangesten the linear
system (5.40) and put all known coef cients at the right-thae and all unknown
coef cients at the left-hand side. Then we obtain a lineatey of the form

AXx = g: (542)

The matrixA consists of a block from the matri® and a block from the matrix
H. We compute the condition number of the matixfor the case of an ellipsoidal
boundary. This ellipse is approximated &g linear elements. At the rst eight
elements we impose Dirichlet boundary conditions and alateeight elements we
impose Neumann boundary conditions. Then we rescale thedaoy by a factoa
and compute the condition number for the new situation.
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Figure 5.4: Condition number oA for an ellipsoidal domain with aspect rati@s4 and0:7
with mixed boundary conditions, as a function of scating
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Figure 5.5: The critical sizes of an ellipse with mixed boundary cowdisi for which the
condition number oA is very large.

Figure 5.4 shows the condition number of the matrix for aipgdl with aspect ratio
0:4 and an ellipse with aspect rallor. We see that there exist two critical scalings for
each ellipse. For these critical ellipses the condition benofA becomes in nitely
large.

The critical sizes of the ellipse in the case of mixed condsgi are close to the
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Figure 5.6: The critical sizes of rectangle with rounded corners withxewdi boundary
conditions for which the condition numberAfis very large.

critical sizes for the case of Dirichlet conditions. In Figlb.5 we show all critical
sizes of the ellipse for the case of mixed conditions. Oneatzserve that this plot
resembles the plot in Figure 5.2 for Dirichlet condition$islcon rms the idea that
the BIE for the mixed case inherits the solvability probleroni the BIE for the
Dirichlet case. Note that the graph in Figure 5.6 is not symicmanymore, as was
the case for Dirichlet boundary conditions. This asymrestdre caused by the fact
that the Dirichlet elements and Neumann elements are nmibdited symmetrically
over the boundary.

Example 5.4

In Figure 5.6 we show the critical sizes of a rectangular dométh rounded corners
with mixed boundary conditions. The results look similathose of rectangle with
Dirichlet conditions (Figure 5.3).

Example 5.5

We now turn our attention to a time-dependent problem. WaystLviscous drop of
uid of ellipsoidal shape that deforms to a circle due to sid tension. The evolution
of the boundary of the drop is governed by the Stokes equatod can be solved
using the BEM [78, 93]. The velocity of the boundary and the normal strdsat

the boundary are related by the BIE (5.9). The normal strasgproportional to the
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Figure 5.7: An ellipse with aspect rati0:5 deforming to a circle.

mean curvature of the boundary,
b= 2 n;: (5.43)

with  the surface tension amdthe outward normal at the boundary.
At time levelt = t; we compute the velocity at all discretisation nodes. We
x atime step t and update the boundary of the drop with an Euler forward, step

X x+ tv(x); (5.44)

obtaining a new boundary. For this new boundary we again céertpe velocity, and
perform another Euler forward step. In this way we can sthdyshape evolution of
the boundary. In Figure 5.7 we see the evolution of the @lipsa circle. The initial
shape is an ellipse with aspect raii® and the longest semi-axis has a lentyth We
choose40 points to discretise the boundary, the size of the time stepti= 0:375
and we computéOtime steps.

In the problem described above the normal stress is prescahbd the velocity
has to be reconstructed with equation (5.9). We can alsouiate a problem in
which we try to reconstruct the normal stress given the bagngelocity. It is this
problem that we study in this example. To solve this probleennged to invert the
matrix G at each time step. We know that there are certain criticahfaries for
which the matrixG will not be invertible. In the problem of the deforming elipwe
go through a whole range of ellipses with different shaped,vae risk to encounter
one or more of those critical boundaries.

In Figure 5.8 we show the condition number of the ma@ixat each time step
for a certain ellipse. An increase in the condition numbdrdates that the boundary
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Figure 5.8: The condition number @& at each time step without scaling.
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Figure 5.9: The condition number d& at each time step with temporary scaling when the
domain is close to a critical domain.

under consideration is close to a critical boundary. We Isegthere is one time level
in which such a critical boundary is reached. In this caseo®se20 discretisation
points, a time step sizet = 0:002and30time steps.

There is a simple way to avoid a critical boundary. When the ef the boundary
gets close to the critical boundary, we temporarily scaeedbmain. In Figure 5.9
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without scaling with scaling difference

area 10:59729837 105972852  1:315( 05
length 1297535126 129751271 2:2412 04
a 2:759578290 2:75949155 8:674 05
b 1:241866240 1:24190168 3544 05

Table 5.2: Difference in the BEM with and without temporarily rescglinListed are the
surface area, the length of the boundary and the length of¢inei-axes at time= 0:06.

we show the outcome of this strategy. At each time step betwee 0:038 and

t = 0:046 we scale the domain by a fact@i02. Then we solve the BEM problem
for each of these time steps and the solutions are rescaladdmtor1=1:02. As a
consequence the condition number of the BEM-matrices isettiene steps does not
become very large. The scaling of the domain during some sii@es does hardly
affect the outcome of the test. In Table 5.2 we give the saréaea, the length of the
boundary and the sizes of the semi-axes at the nal time lewed :06. Their values
hardly change when we perform temporary scaling.

Of course, for this strategy certain knowledge is neededutalize critical
boundaries, although we do not need to know the exact dritimandary. We only
have to make sure we do not get too close to it. In the currshinte only scaled at
a restricted number of time steps. In general one could stadeery time step, thus
excluding the possibility that a critical boundary is enctauwed.

The size of the initial ellipse strongly affects the coratithumber of the matrix
at each time level as the ellipse deforms. In Figure 5.10 v ghe size & andb)
of an ellipse while it deforms. The size of the initial elljps shown with a large
dot, whereas the sizes it takes as it deforms to a circle aretel@ by the trajectory
starting in the dot. All ellipses deform to a circle, whichsisen from the fact that all
trajectories converge to the straight dashed line whereb.

The dashed-dotted lines represent all critical ellipsds,Figure 5.2. When the
trajectory of an ellipse crosses one of the two dashed-ldities, it means that the
ellipse at that time level is a critical ellipse. For this farlar ellipse the condition
number will be large. The trajectories of some ellipses nevess such a line of
critical ellipses. This means that they never get a critiiaé as they deform to a
circle. For other ellipses there is one point along theijettry where the ellipse
is a critical ellipse. It is also possible that an ellipse drees critical twice during
the deformation. An example is the ellipse with initial see= 4 andb = 0:8.
The trajectory of this ellipse crosses the line with critiellipses twice. Figure 5.11
shows the condition number for this particular case. It cagden that the condition
number gets very large at the beginning and at the end ofriteititerval.
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Figure 5.10: Each solid line represents the size of an ellipse as it defdora circle. The
initial size, i.e. the lengtha andb of the semi-axes, is denoted with a large dot. The dashed-
dotted lines represent the critical sizes. The dashed kpeasents all circles.
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Figure 5.11: The condition number for the ellipse with initial values= 4 andb = 0:8.
During the deformation to a circle this particular ellipsets a critical size twice.
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y!
préssur)e:]_x:1+d

Figure 5.12: A viscous uid is positioned into a mould. The boundary of thid consists of
two semi-circles having radii and1 + d.

5.6 Blowing problem in 2D

It is shown that the Helmholtz boundary integral equatiardfmmains with thin parts
causes numerical instabilities, especially as the thiskioé the thin part approaches
zero; this phenomenon is calléin-shape breakdow[82, 69]. In this section we
investigate whether a similar phenomenon exists for thesBdEthe Stokes equations
in 2D. In particular we want to know how the BEM-matrices dffe@ed by a part of
the domain whose thickness approaches zero.

To this end we study a special application of the Stokes @msta problem that
occurs in the blowing of glass bottles, as explained in Gitapt. In this problem
an amount of viscous uid is positioned into a mould as degzidn Figure 5.12. At
the topy = 0 ( ) the uid is xed, while it is free to move everywhere else. Kte
boundary 1 a pressurg; is applied, which causes the uid to move downwards and
sideways, into the mould. In the current section we invastighe blowing problem
for an arbitrary viscous uid. We do not address the timeatetent problem: for a
certain initial shape we compute the velocity eld of the dui

The ow of viscous uids is described by the Stokes equatiofi©ie BEM can
solve these equations and yields the velocity eld at therlgawy of the uid. In
this section we investigate whether the BEM-matrices tppear when solving the
blowing problem become singular. We assume that the uidtationally symmetric
such that we can investigate the ow in a 2D setting. Theahitioundary of the uid
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consists of two concentric semi-circles separated by anlistd, as can be seen in
Figure 5.12. The inner circle has radiiisso the outer circle has radidst+ d. The
idea is thatd will always be small compared to the radii of the circles,stloveating
a thin structure.

The boundary value problem that has to be solved for the bipwwroblem is
given by (for more details we refer to Chapter 6)

rvr

p = 0;at ;
rov = 0;at ;

n = 0;at g

n = pin; at ;
%

= 0;at 2 (5.45)

Hence we prescribe the normal stress at the part of the boundeere the pressure
is applied. At the other part of the free boundary we prescrbro normal stress.
The BEM transforms the boundary value problem into a lingatesn,

(%I + H)v = Gb; (5.46)

wherev andb are vectors with the coef cients of the velocity and the nafstress
at each of thé\ nodes along the boundary. In this example we use linear elesme
hence the velocity and normal stress vary linearly over edement. As the two
boundary parts , are very small, each part is modelled by one element onlyceSin
the boundary of the domain mainly consists of two parts,the.inner and the outer
semi-circle, the matrixs can be written as a block matrix,
n G G #
G= 172 . (5.47)
G3 |Gy

The block matrixG 1 corresponds with integration over the inner semi-circlevhile

all collocation nodes are at;. Similarly G 4 is related solely to the outer circle,.
Hence to compute these blocks we do not require any infoom#tom the opposite
boundary part. The block matric€s, and G 3 correspond to integration over one
semi-circle while the collocation nodes are at the oppasitai-circle. Let us assume
that the number of boundary elemehtss an even number.

If the unknowns in the vectds are ordered as

b= (b b= s TR T (5.48)
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d kG Gk, d kG Gk,
0:1 3:26 10 2 0:0025 1:72 10 3
0:05 2:06 10 2 0:001 7:57 10 4
0:025 1:23 10 2 0:0005 3:90 10 *
0:01 578 103 0:00025 1:99 10 *
0:005 3:18 10 3 0:0001 9:87 10 °

Table 5.3: The matrixG approaches the matri$ as the thickness goes to zero.

and the equations in the BEM are ordered in the following way,

equation ak ;

: in x-direction
equation ak y-»

equation ak ;

: in y-direction
equation ak n=»

. X 5.49
equation ak y ( )
: in x-direction
equation ak n=»+1
equation ak
: in y-direction

equation ak n=s4+1

it can be shown that the matr& approaches the singular matfiin the limitd # 0,

G1 Gg

e o (5.50)

imG = G :=

d#0
Table 5.3 shows the max-norm &f G for decreasing values of We see that as
d#0indeedG ! G. Thus the matrbXG can be seen as a perturbation of the matrix
G around the pointl = 0. Table 5.3 suggests that the difference betw@eandG
depends linearly od.

Itis straightforward to see that any vecioof the formx = [x; x1]",x1 2 RN,

is an eigenvector of with eigenvalued. Hence the eigenvalu@has an eigenspace
with dimension (at least)l, and is spanned by

[1,0;:::;0; 1;0;:::;O]T;:::;[O;:::;0;1;0;:::;0; 1]T : (5.51)
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m kG Gsky m kG Gsky

4 20 10 3 20 58 10°
8 52 10 4 24 26 10°
12 21 10 ¢ 28 27 10°
16 11 10 4 32 1.7 10°

Table 5.4: The difference between the mai@x computed with the help of a Gauss-Legendre
scheme withm knots, and the matri s, computed with the help of an adaptive Simpson
scheme.

Consider the matrixc as a function ofl, G = G(d), and introduce a function
F:R™N R1! RN py

F(x;d):= G(d)x: (5.52)

If G(d) is computed exactly, there exist roots of the equatiofr = 0, namely
(x ;d), wherex =[x1 x1]",x1 2 RN, andd = 0. However in realityG
cannot be computed exactly since we make use of numeriegration schemes to
approximate integrals, so in fact we deal with a ma@ix+t E, with kKEk small. If
the numerical integration is performed very accuratelg, rttatrixE approaches the
zero matrix. For the true matri¢ + E we nd M N of roots of the equation
F =0, namely(x ;d ), wherex [x1 x1]7,x1 2 RN, andd small, but not
necessarilp.

The numerical integration error that is made by the Gaugghere quadrature
scheme that we use here is particularly large for the bloywiodplem that we study.
To illustrate this we rst compute the BEM-matri@ by using an adaptive Simpson
scheme with accuracl0 6. Adaptive schemes put more effort in approximating the
integrals near singularities. These schemes keep inogedse number of knots near
singularities, until the required accuracy is obtained.e Bauss-Legendre scheme
treats each subinterval of the integration path equallgl,does not verify whether a
certain accuracy is obtained. Therefore the adaptive Simpsheme approximates
integrals with a logarithmic singularity much more accarttan the Gauss-Legendre
scheme. We denote the matrix whose integrals are appraedhvaith an adaptive
Simpson scheme b s and compare it to the matric&s that are computed by
using a Gauss- Legendre scheme wittknots. In Table 5.4 we show the max-norm
of G Ggs. We see that the matric€s approachG g very slowly. Even with as much
asm = 32 knots the difference betwedd andGg is still 10 °. Hence the Gauss-
Legendre scheme is much less accurate than the adaptives@inggheme. The
cause of this large error lies in the fact that the two semules of the boundary are
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Figure 5.13: The condition number of the BEM-matf as a function of the thicknesisof

the geometry.
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separated by a small distance. In the computations of the tttix G, integrals
that involve the termogkx  yk have to be evaluated, whexeis a point at one
semi-circle ang/ a point at the opposite semi-circle. Hence wideapproaches zero,
the distancé&x yk betweernx andy becomes very small, and a nearly logarithmic
singularity appears in the integrals. The Gauss-Legerairense cannot approximate
such integrals accurately enough [49, 84].

As a consequence, the mati& is not computed accurately, and the equation
F = 0 has a number of rootéx ;d ) in which thed are unequal to zero. To
illustrate this we compute the BEM-matr@@ for several values ofi and compute
its condition number. In Figure 5.13(a) we show the conditrumber ofG as a
function ofd. For this example the boundary of the uid is discretisedhit = 18
boundary elements and the Gauss-Legendre schemernuses knots. We observe
that for 6 values ofd the condition number jumps to in nity. These values af
correspond to the roots &f = 0.

If we increase the number of boundary elemeNtsand compute the matrix
elements ofG exactly, the number of roots & = O also increases, as there are
N such roots. IiG is not computed exactly, as is the case with the Gauss-Legend
scheme, we may also expect to nd more rootsFof= 0. Figure 5.13(b) and
Figure 5.13(c) con rm this idea. For Figure 5.13(b) we cheobds = 20 boundary
elements and for Figure 5.13(c) we chodse= 22 boundary elements. F&f = 20
we observeB values ofd for which the condition number jumps to in nity, and for
N =22 evenl0of such values.

If we improve the accuracy of the numerical integration, wpeet to approach
the exact matrixG better. As a consequence the rootsFof= 0 should also
approach the roots of the exact equation better. Hence tbhesvafd should go
to 0 if we improve on the numerical integration. Figure 5.14 cons this idea. The
matricesG whose condition numbers are shown in Figure 5.14(a) are atedpvith
a Gauss-Legendre scheme with= 6 knots. For the matrices in Figure 5.14(b) and
Figure 5.14(c) we usm = 7 andm = 8 knots respectively. Indeed we observe that
the values ofl for which the condition number jumps to in nity approach aersm
increases.

As we already noted before, the Gauss-Legendre schemesottben most
appropriate numerical integration schemes for this pagic blowing problem.
Adaptive schemes are better equipped for the blowing pnobla the next example
we compute the BEM-matri& for several values off using an adaptive Simpson
scheme with accuracy0 6. With this accuracy the integrals (& are approximated
accurately enough compared to the Gauss-Legendre schdmoge &ccuracy is only
10 ®for m = 32. The condition number & is plotted in Figure 5.15. We see that,
except ford # 0, there is no other value af for which the condition number d&
goes to in nity. The large condition number fdr# O is expected, a& approaches
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Figure 5.14: The condition number of the BEM-matfi as a function of the thicknesiof
the geometry. The number of boundary elemerits is18.
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Figure 5.15: The condition number of the BEM-matr as a function of thicknesd.
The number of boundary elementsNs = 18. Numerical integration is performed with
an adaptive Simpson scheme with accura@y®.

the singular matrixs very well in these cases.

The blowing problem covered in this section shows that theerical integration
needs special attention in the case of thin domains, i.e. bovmdary parts of the
domain are separated by a small distance only. For such dsmiaiparticular for
the thin parts of such domains, the Gauss-Legendre quaglratiheme performs
poorly when approximating the integrals that appear in tlMBnatrices. As a

consequence, for some valuesdthe condition number o becomes in nitely
large.



Chapter 6

Three-dimensional Stokes ow

In this chapter and the subsequent chapter we extend owarcbsen the Stokes
equations to three dimensions. We develop a mathematicdelnfor a particular

application: the blowing problem in 3D. We show that the BE81a suitable
numerical method to solve such problems. These chapteraramtaboration of
earlier work of the author et al. [36, 40] concerning the ntioa modelling of

the blowing phase in the production of glass containers.

6.1 Simulating the blowing of glass containers with the
BEM

In 3D the Stokes boundary integral equations cannot becorgelar at speci ¢ sizes
or shapes of the domain, contrary to the Stokes boundargraitequations in 2D.
The reason for this is the absence of a logarithmic term irfihdamental solution
for the 3D Stokes equations. It is this logarithmic term tisathe essence of the
existence of critical domains in 2D. Hence we can safely ttaosa 3D BEM model
for the class of blowing problems. In the blowing problem scaus uid is blown to
a desired shape. We want to see whether the BEM is an apgepumerical method
to solve this blowing problem. As a special application wasider the blowing of
glass containers.

The industrial production of glass containers like bottesd jars consists
of several phases. First glass is moulten in a furnace wheregkass reaches
temperatures betweel200and 1600 C. The molten glass is then cut ingmbs
which are transported to a forming machine.

The gob falls into a mould, and a plunger is pushed into theldh@haping the
glass to an intermediate form called therison This phase of the production process

94
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- B

(a) Pressing phase (b) Blowing phase

Figure 6.1: The production of glass containers consists of a pressirag@land a blowing
phase.

is called thepressing phas@-igure 6.1(a)). The parison is put into a second mould in
which it is allowed to creep in vertical directiosggging due to gravity for a short
period of time. Then the parison is blown to its nal shape hyraow of pressurized
air. This phase of the production process is calledolbeving phasdFigure 6.1(b)).

For the glass industry it is important to optimize each phafsihe production
process. One can think of optimizing the shape of the paritdom speed of the
plunger, the sagging time, the pressure of the air duringpkbwing phase, etc [68].
Experiments to tune these parameters are cumbersomey, andttime consuming.
Therefore computer simulation of the various productiomsgs can offer useful
information to optimize the production.

In this thesis we study the ow of the glass during the blowplgse. We assume
that the shape of the parison and the shape of the mould age,gand also the
pressure of the in owing air is prescribed. Given theseisg# the BEM computes
the velocity at the boundary of the glass by solving the Si@quations. Then we
perform a time integration step to obtain the shape of thesght the next time level.
For this new shape we again compute the velocity at the boysatal perform a new
time integration step. This iterative procedure enables study the shape evolution
of the glass during the blowing phase. The computations arfoymed in three
dimensions. This allows studying bottles and jars that ateatationally symmetric,
for instance due to small imperfections in the initial panis

Numerical modelling of the production process of glassléstand jars has been
the topic of several papers. Mostly nite element methods ased to simulate the
glass ow [12, 13], sometimes using a level set method toktthe position of the
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glass boundary [45]. In many cases rotationally symmetigspns are modelled and
computations are limited to two dimensions. To the authkmswledge our work is
the rst to address the blowing problem in three dimensiosiagithe BEM.

During the blowing phase the temperature of the glass clsadge to heat
exchange with the mould. The viscosity of the glass depemdghe temperature
in an essentially non-linear fashion. As the viscosity @ppén the Stokes equations,
the heat and ow problem are coupled. However we show thainduhe blowing
phase we may consider a homogeneous temperature. Contgg@lsmthe viscosity
becomes homogeneous and the heat and ow problem can besaddrseparately.
In the papers mentioned above the heat problem is studiedsintly. In this thesis
we therefore focus on the ow problem.

In Figure 6.2 we schematically depict the glass and the maklassume that at
the top 6,) the glass touches the mould and cannot move. At the othes waere
the glass touches the moul8s] it is allowed to slip along the mould. At the inlet
of the mould §;) pressurized air ows in, while at the bottom of the moulgp)
standard pressure is maintained.

Special attention has to be paid to the contact problem leetwlee glass and the
mould. Most papers assume a no-slip condition at the moufda) i.e. glass cannot
slip along the surface. In practice this is not the case. Some the mould is even
covered with a lubricating substance to improve the sliphefglass. Therefore we
choose to work with a partial-slip boundary condition imstef a no-slip boundary
condition.

The procedure described above results in a simulation kadldan be used to
study the blowing phase for glass products. We have testedithulation tool on
several bottles and jars. The results of the tests are pirtgrasid may contribute to
a better understanding of the production of bottles and jars

6.2 Mathematical model

In this section we derive the mathematical model that dessrithe ow of a
Newtonian uid with high viscosity in three dimensions. Lite uid domain be
denoted by , bounded by a closed surfaBe The velocity and pressure of the uid
are denoted by andp respectively. Furthermore the uid is characterized by the
dynamic viscosity , a surface tension and a typical length scale. In general the
viscosity depends on the temperature of the glass. As the temperaayrbearspace
dependent, also the viscosity may be space dependent. ldgveger on we show
that for the blowing problem the glass has a uniform tempeeatlistribution, and
henceforth the viscosity is uniform also.
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The motion of the uid is governed by two equations. The couitly equation
expresses conservation of mass,

r.v=0; (6.1)

where we assume that the densityf the uid is constant and uniform, i.e. the
uid is incompressible. Vector elds that satisfy (6.1) acalled solenoidal The
Navier-Stokes equatiorexpress conservation of momentum,

@

—+ (rv)v=r: + 0Q; 6.2
ot V) 9 (62)
whereg is a body force (here we consider only gravitational fagce=  ge, with

g the gravitational constant) andis the stress tensor. For the Newtonian uid that
we consider the following constitutive law for the stressstar holds,

i = PpPjt 2 E'j : (6.3)

Here j is the Kronecker delta arilis the rate of deformation tensor, de ned as
1 @v,6 @y
5732 @x" @ ©4)

With the constitutive law for the Navier-Stokes equations become

@ 2

—+ : = + + g .

at (rv)vy=r1 p+t r“v g (6.5)

We distinguish four types of boundary conditions at différgarts of the surface,
as can be seen in Figure 6.2. At the surfa8gandS; the normal stress is related to
the prescribed pressurpg andp; onto the surface and the surface tension

n = pon n; atSp;
n = p1n n; atS;: (6.6)

The rstterm in the boundary condition accounts for the ex#t pressure acting onto
the surface. Here stands for the outward unit normal at the surface. The second
term accounts for the surface tension due to the curvatutteecfurface. In the uid

all molecules attract one another. A molecule that is intiterior of the uid domain

is attracted by all its neighbours, so the average forcepieggnces is equal to zero.

A molecule at the surface of the uid has only neighbouringlecales at one side,
and experiences a force into the uid. For highly curved aceis this force will be
larger than for at surfaces. The curvature of the surfaceneasured by thenean
curvature with dimensionL 1. In Appendix A we present a way to approximate
the curvature numerically.
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S
S

Figure 6.2: Cross-sectional view of the set-up of the blowing problehe glass is positioned
in a mould. The surface of the glass is divided into four parts

At the surfaces; we assume that the uid is in contact with the mould. The uid
is not allowed to slip and hence we set the velocity equal to,ze

v =0; atSy: (6.7)

At the surfacess the uid is in contact with the mould, but is allowed to slippalg the
wall of the mould. This means that the velocity componenhartormal direction to
the wall is equal to zero, i.e. the uid cannot penetrate tlad,w

v:in =0; atSs: (6.8)

The velocity components in the tangential directions maybeozero. Navier's slip
law states that the tangential component of the velocitgleged to the normal stress
by [57, 67],

(n+ pv)it=0; atSs: (6.9)

Heret is a vector in the tangential direction at the wall apgis a friction parameter.

If m ! Othere is no friction between uid and wall. If,, ! 1  the friction

between uid and wall is very large and the uid cannot ow ag the wall.

Condition (6.8) together with (6.9) yields the no-slip cdiwh (6.7) when ,, = 1 .
We introduce a dimensionless presspitevelocity vPand body forcey®by

o._ P Po. o._ V _ \ } 0._
= Vs — = ———— =
P P1 Po Ve  (p1 po)L J

ez (6.10)
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We also de ne a characteristic time scdle:= L=v.. Using these characteristic
variables and usind. as a characteristic length, we rewrite the Navier-Stokes
equations in dimensionless form as
QO o) 0 _ 0 @,,0
Re +(r SWOvO = r Q%+ r B0+
(@)
Here the differential operator © denotes differentiation with respect to the
dimensionless spatial coordinates. The dimensionlessbarstRe and Fr are the
Reynolds numbeand theFroude numberespectively, de ned as

Re
ik (6.11)

Re := LVC;
2
Fr = g\;/_CL: (6.12)

For the type of uids that we consider here, the Reynolds neiib about10 3
or smaller. For instance, for glass the Reynolds number eacomputed with the
values of the material properties and process parametérabie 6.1, and we nd
Re=2:5 10 4. This implies that the convective term at the left-hand siti¢6.11)
can be neglected. This reduces the Navier-Stokes equdtidhe Stokes equations
with body force term,

r &% r 9%+ o°=o0; (6.13)
where := Re=Fr. Together with the dimensionless form of (6.1)
r 2v0=0; (6.14)

we obtain a system of four equations that describe the owhef uid. It can be
veri ed that the dimensionless stress tens8is given by

0._ Po |, 1

P1 Po P1 Po

We also introduce a dimensionless curvatuféy °:= L . Substitution of ®and
Ointo the boundary conditions & andS; yields

G = %h; atSo;
% 1+ Yn: atSy; (6.16)

where the dimensionless numbers de ned as

(6.15)

“ P oL 6.17)
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The boundary condition &, becomes
vP= 0; atSy: (6.18)

It can be veri ed that substitution of®andv®into the second part of the boundary
condition atS3 yields

pon:t+(p1 po)( S+ L—mv‘?):t =0: (6.19)

The rst term vanishes sinca:t = 0. We divide byp;  pp and and obtain the
following boundary conditions &s,
( h+ 2v9it 0;
vin = 0; atSg; (6.20)

where the dimensionless numbe is de ned as

—Lom. (6.21)

0
m
In the sequel we drop tHdo simplify to notation.
We introduce a modi ed pressugeby [77, p. 164]
p=p+ z; (6.22)

wherez is the vertical coordinate. Sincep=r p+ e, =r p ¢, the momentum
balance simpli es to

rev r p=0;in : (6.23)
We may de ne a new stress tenseby
~=~(p;v)= zl + (p;v): (6.24)

Substitution of this new stress tensor into the boundarylitions atSy andS; yields

~n = (z + )n; atSp;
~n = a1+ z + )n; atS;: (6.25)
Thus we have moved the body force term from the Stokes eausatiiothe boundary

conditions. It can be veri ed that substitution ef into the second part of the
boundary condition &B3 yields

znt+(~n+ p[v)it=0: (6.26)
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The rst term vanishes since:t = 0 and we obtain the following conditions &g,
(~n+ pv)it = 0;
vin = 0; atSg; (6.27)

To summarize, the equations and boundary conditions in riBioeless form are
given by

r<v.r p = 0;in ;
rov = 0;in ;
~n = (z + )n; atSp;
~n = 1+ z + )n; atSy;
v = 0; atSy;
(~n+ V)it = 0; atSg;
vin = 0; atSs: (6.28)

In the sequal we will omit the

This thesis does not aim addressing the heat change in the gial the heat
exchange between glass, air and mould. However, the tetnperdoes enter the
Stokes equations via the viscosity of the glass. In genkeaVviscosity depends on
the temperature of the glass. Often in glass problems thisrdience is modelled
with the Vogel-Fulcher-Tamman relatiof], which is given by

= pexp 'I'BiTVF X (6.29)
HereT is the temperature of the glass ang B andTy g are the so-calletlakatos
coef cients
We show that for the blowing problem it is not necessary tduie the
temperature dependence of the viscosity into our model. e€otlsis consider the
energy equation (still in dimension-full notation)

cp%-[+ Vvir T = ker 2T+ 1 (ke(T)r T)

+ (rv+rv):irv : (6.30)

The three terms on the right-hand side of this equation semitethe conduction,
the radiation and the viscous dissipation respectivelye pawrameters,, kc andk;
are the speci c heat, the conductivity and the Rosselandmater respectively. We
introduce a dimensionless temperatlifby T = T+ TTOwith T =Ty Tn,
Ty being the initial temperature of the glass, anhg being the temperature of the
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parameter value dimension

L 0:01 m

Ve 0:01 ms 1
2500 kgm 3
1000 kgm 1s !

Cp 1350 Jkg K 1

Ke 1.5 Wm K !

Tg 1100 C

1+ 600 C

Po 1:.00 10° kgm 1s 2

p1 1:38 1° kgm s 2
0:3 kgs 2

Table 6.1: Material properties and process parameters for the glassviig problem.

mould. The dimensionless form of the heat equation readsirfwieediately omit
the?)

@T 1, ke (T) 1

—+vr T = —r“T+r =rT

@t Pe ke Pe
Ec T
+ — (rv+r rvoo 6.31
e VHrvhiry (6.31)

Here thePéclet numberand theEckert numbenre de ned as

Vel
pe= Vb, peouo
Ke

(6.32)

Typical values of the parameters involved (see Table 64lpyi=Pe 10 3 and
EcRe 10 ’. Hence the terms on the right-hand side can be neglectedhand t
energy equation reduces to

@T, .. 1t_¢

@t-'- vir T=0: (6.33)
This implies that the temperature remains constant alaegrsiines. If we assume
that the initial temperature of the glass is uniform in spaod the mould has a
uniform temperature too, it follows that the glass is isatha&. As a consequence,
also the viscosity can be taken uniform. This shows that thkeS equations and the
heat equation are decoupled and can be solved separattiis thesis, however, we
are only interested in the ow problem.
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6.3 Boundary integral equations

In this section the mathematical model summarized in (6i2&ansformed into a
set of boundary integral equations [65]. We introduce aoreeid u*(x:;y) and a
scalar functiorg(x ; y) that satisfy the following Stokes equations,

(x y)e
0: (6.34)

r2uk(xy) roxd(x;y)
rx:u(x;y)

The vectoreX is a unit vector directed along tlke th coordinate axisk = 1;2; 3.
The subscriptx means that differentiation is performed with respect togpatial
coordinatex. The pointy is an arbitrary point ifR3. Physically the equations (6.34)
describe the velocity and pressure due to a unit point somrdbe eX-direction
located at the poing. Using the requirements

uf(x;y)= 0 ~ lyk and d‘(x;y)= o(1); forkxk!1l ;(6.35)
it can be seen that the solution of (6.34) is given by
h i
1 1 (X YY)
Ky - — . i i .
1 x
K (y - _ ko Yk .
axy) = —— (6.36)
4 kx  yk3

This solution is called thundamental singular solutioof the Stokes equations. The
functions also satisfy the adjoint system,

rouk(y)+ ryd(xiy) (x y)es;
ry:uf(x;y) = O: (6.37)
To proceed to a boundary integral formulation we require@neen's identity for

the Stokes equationd.etu andv be two solenoidal vector elds, anglandg two
suf ciently smooth scalar functions. Then the followingegral identity holds [65]

Z
r2ViZ@Q}?Ui r2ui+@@fvid=
S[ i (p;v)uing i ( g;u)vinj]dS: (6.38)

Note that the stress tensofq;u) is equal to

@u, @y

o ox (6.39)

j (Qsu)= Qg +



104 Chapter 6 Three-dimensional Stokes ow

For the functionsu and q in the Green's identity we substitute the fundamental
solutions uk(x;y) and d¢(x;y) and we consider these as functions yaf thus
satisfying the adjoint system (6.37). Furthermore wevl@indp be the solutions of
the Stokes equations described in the previous sectiom Whebtain the following
integral identity,
Z Z

wx)= i ( d5uf)yvingds, i (p;v)uknds,; x 2 ;  (6.40)
S S

for k = 1;2; 3. We substitute the fundamental solution daif; u¥) in the expression
for , to obtain

i (d5uby 4—( ' y')(k)i ://Jk)“( SR 0% (6.41)
We introduce a new variable
b:= (p;v)n; (6.42)

which represents the normal stress at the surface. Undeasthanption that the
surface of is smooth, we lex approach the surface. Then it can be deduced that
z z

Gjj Vj (X) + Squ (X;y)vi (y)dSy = . uij (x;y)b (y)dSy; i =1;2;3:(6.43)
Here the kernelsjj andu; are de ned as

B )X Y (Xe V)N

G (X;y) =
J 4 kx ykd
h [
1 1 (X yi)(x; y)
Syt = - : 44
L L e e (6.44)
The coef cientcj depends ox according to [65]
< X2 ;
Gi=. 3 X2@; (6.45)

0 elsewhere

From now on we choose 2 @ , which givescj = % ij - We introduce the integral

operatorsG andH, .

(G )i

uj (x;y) j(y)dSy;
7

(H )i gj (X;y) j(y)dSy: (6.46)
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These operators are called tsiagle and double layer operatdor the Stokes ow.
With these operators the boundary integral equation (6s48)itten as steno

%I +H v=CGo (6.47)

This boundary integral equation expresses the relationdsat the velocity at the
surface of the uid and the normal strelsst the surface.

The double layer operatét admits several eigenfunctions with eigenvalue zero.
Hence the Neumann problem in whiblis prescribed ang unknown at the whole
boundary is not uniquely solvable. To overcome this nomueiness we follow
the procedure of de ating the operatét [94, p. 32]. The eigenfunctions df
correspond to the six rigid body motions of including three translations and three
rotations,

'Mix) = e m=1;23;

"Ax) = xze? xped;

'3(x) = xgel+ x.e%

"O(x) = xpel xie%: (6.48)

Heree™ is the unit vector in then-th direction. These rigid body motions are still
in dimensionfull notation. We introduce the total surfacezgSj, the center of mass
x! and the mZoment of inertia by

z
jSj:= dS; x':= 1 xdS; 1:= kx x'kdS: (6.49)
s ST s
The dimensionless rigid body motions are given by
rm
A= p=m =123
IS]
1
n o= Py (xa x5)' % (x2 xh)' °;
1
R O A TR I
1
B S GRS R IR S (6.50)
We de ne six projection operato®™ by
PMi= M, AMym=1;::1:;6 (6.51)
We introduce the de ated form of the operatdr,
X6
H+P:=H+ pm: (6.52)

m=1
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We replace the operatdt by the de ated operatoH + P in the boundary integral
equation and obtain

(%I + H+ P)v=0CGb (6.53)

This boundary integral equation is uniquely solvable. TperatorP can also be
written as

(P )i= 'j(xyy) jy)dsy; (6.54)
s
where the kernel jj is given by

X6
Y= e My (6.55)
m=1
Note that de ating the operatdtl is only necessary for pure Neumann problems, i.e.
whenb is given at the whole boundary. For many applications intésis we have
problems with mixed boundary conditions and we do not neele tate the operator.

6.4 Numerical solution

In this section we transform the boundary integral equati@53) to a linear system
of algebraic equations. The surfa& is approximated byK linear triangular
elements. Each element consists of three nodesc?, x 2, which are located at
the corners of the triangle. The total number of nodes is @ehoyN . We introduce
three linear shape functions,

(152 =1 1 2
2015 2) = 1
3(1 2 = 2 (6.56)

where0 1; » 1land 1+ » 1. Consider th&-th elementS, with nodesx?,
x 2 andx 3. The elemen§y is parameterized by

y=y(1 2)= wx'+ x?+ x* (6.57)

At each elemen§y the functionsv andb are linearly approximated with the same
shape functions,

v(y) = vt v+ v

by) = ib*+ b7+ 3b%: (6.58)
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Herevs = v(x%) is the velocity at the nod&S andb® := b(xS) is the normal
stress at the node®. We approximate the surface integrals o®m (6.53) by a
sum of integrals over the elemer8g, and substitute the approximations foandb,
yielding

1 x Z
SVix) + G (GY) v+ v+ av? dS,
k=1 Sk
Z
A 1 2 3
+ j (X5y) avi+ 2vi+ gy dSy
k=1 Sk
¥ Z
= i (x;y) ibf+ P+ s dS;;x2S;  (6.59)
k=1 Sk

fori = 1;2;3. In these three equations there 8\ velocity coef cients and3N
normal stress coeffcients. At each node either the velamityhe normal stress
is prescribed, leavin@N unknown coef cients. Hence we ne€2N equations
to calculate these remainir@N coef cients. By substitutingx = xP in (6.59),

vo= o vhvEvEovwow)y T
T

b = bhbhbhpeE (6.60)
This allows us to write (6.59) in a matrix-vector form,

(H+ )v=0_Gb: (6.61)
To compute the matricdd, andG, we have to evaluate integrals of the form

z z z

Gj (xP;y) rdSy; Vi (xPy) (dSy; uj (xPy) rdSy: (6.62)
Sk Sk Sk

The integrals can be evaluated by using a Gaussian quaslstbheme, but special
care has to be taken of the third type. When the noblés in the surface element
Sk the integrand is singular. In this case we perform an aday@iauss quadrature
scheme to approximate the integral. The rst integral alsodmes singular when
xPis in the surface elemei8x. However in this case the integral can be calculated
analytically and it can be shown that its contribution ysefro.
In the case of mixed boundary conditions, we either know tleéooity

coef cients at a node or the normal stress coef cients. Hemt (6.61) some of
the unknowns are in the vectbrat the right-hand side and some of the knowns are
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in the vectorv at the left-hand side. By moving the known coef cients to tight
and the unknown coef cients to the left we arrive at the staddorm linear system

Ax = f: (6.63)

Here x contains all unknown coef cients antl is a vector with the prescribed
boundary data.

WhenS; 6 f;g , i.e. a slip condition at the wall of the mould, there are rsoae
which both the velocity and normal stress coef cients argnawn, though related
via the slip conditions (6.27). Lat,r = 1;2, be the two tangential vectors at the
wall at such a nod& 2 Ss. Sincev:n = 0 atx andfn;t!;t?gforms a local basis
of R3, we may write

v(x) = artl(x) + apt?(x); ar;a» 2 R: (6.64)

Substitution intab+ v):it" =0 yieldsa, = (b:it")= .

In this way we expresg in terms ofb. In the boundary integral equations we can
replacev by this expression and thus eliminate We then solve the linear system,
which is again of the forrdx = f. The solution yield$ atx and we reconstruct
atx with the expression (6.64).

The matrixA is a dense matrix and the linear system can be solved by using a
LU-decomposition technique. Due to the dense nature of titexnthis may become
costly, especially when the size of the matrix is large. Haevehe BEM reduces
the dimension of the problem by one, as it involves varialliethe surface only.
Hence compared to nite element methods or nite volume noeli)y the number
of unknowns is relatively low. Henceforth the matx is also not as large as in
other numerical methods. In our numerical tests the numbeoadesN ranges from
75010 150Q This leads to matrices of at mo$500 4500 entries. It turns out
that computing these entries consumes most of the compuititine, approximately
90% Solving the linear system consumes oB®p of the time.

6.5 Time integration and post-processing

The movement of the boundary surface of the uid domain iscdbed by the
velocity eld v(x;t) that is the outcome of the Stokes equations in Section 6.4. In
fact we calculate the velocity at a set Nf nodes at the boundary. To study the
evolution of the boundary we need to solve an ordinary diffieal equation,

%tz v(x;t): (6.65)
Attimet = t""9 we know the locations of the nod&$"9 and the velocity at these

nodesv(x"9;tf"9) = vf"9 We do not have any information of the nodes or
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velocity in the future. Therefore we cannot make use of ini@itime integration
schemes to solve (6.65).

An option is to use arktuler forward scheme, in which we approximate the
locations of the nodes at the next time lev/éI*19 by

an+1g - ang + tang; (666)

where t = tf"*19 "9 However this scheme is only rst order accurate.
Another option is to use a modi ed version bfeun's methodwhich is also called
the improved Euler methadlIn this method the location of the node at time level
tfn+19 js approximated by
L i
xfN+1g = yfng 4 5 ving+ v(xfn9+  tyfng) - (6.67)

This method is known to be second order accurate [11]. Homfev¢éhis method we
need the velocity at the next time level’"*19 in the new locatiorkf"*19 of the
node. As we remarked before we do not have information ofréutime levels. To
get around this problem we rst predict the location of thele@t the next time level
using an Euler forward step (6.66). For this predicted nod&!9 we again solve
the Stokes equations and we obtain the velocity in this notdemat'"*19. Then we
use Heun's method (6.67) to correct our predictionx BF19.

In the procedure to numerically solve the Stokes equatisndeacribed in this
chapter, two types of errors are made. First we make a disatien error with
the BEM. As we use linear elements this erroQigh?), whereh is the (maximal)
element size. Second we make an error in the time integratitich is O( t)
for Euler forward, andO( t?) for Heun's method. We have to realize that to
decrease the total error we have to decrease both the diatimt error and the
time integration error. Therefore it does not help to uséfigler time integration
schemes when the total error is dominated by the discrietisarror. In our
numerical tests the latter is the case. The discretisatiar & larger than the time
integration error and in that view it suf ces to use Euleniard for time integration.

After we obtain the solution of the Stokes equations with Bt&M there are
several ways to improve the quality of the solution. First pexform velocity
smoothing on the velocity eld that is the outcome of the BEMis smoothing
step takes away irregularities in the velocity eld that a physical. The amount
of velocity smoothing must be moderate, as it directly dffabe solution of the
Stokes equations. In Appendix C we give a more detailed gaiser of the velocity
smoothing process.

Another type of smoothing is Laplacian smoothing, whicheet the
discretisation of the uid surface. Again it takes away guéarities, yielding a
smoother surface. Appendix C introduces the Laplacian §mgptechnique.
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When we study the blowing problem for glass, the ow is regéd to the interior
of the mould. In all our numerical examples this mould is gil®y a parametric
representation. In Appendix B we develop a strategy to make #at the uid
remains inside the mould, i.e. nodes of the discretised auidface cannot penetrate
the wall of the mould. The basic idea is that, in rst instaniteese nodes are allowed
to cross the wall. At the end of each time step we verify if ange has moved
through the wall. If so, we determine a new location for suob@e, and also account
for the volume change caused by this relocation.

As the uid surface expands in time, the triangular elemehtd constitute the
discretised surface increase in size. This may lead to aivegular and coarse
surface discretisation. To avoid this we measure the Isngthithe edges of the
elements. If such an edge becomes larger than a certaiariokewvalue, the edge
is subdivided into two new edges. A new node is introducechatcenter of the
subdivided edge, and the two elements sharing the edge hdivisied into four
smaller elements. In this way the number of nodes and boyreleaments increase
in time, but it ensures the surface to remain smooth andaegul



Chapter 7

Results

This chapter shows numerical results from the mathematicatiel that was
developed in the previous chapter. In Section 7.1 we presevéral numerical
examples for the glass blowing problem. Section 7.2 shovasngles for another
type of problem, the evolution of viscous drops of uid duediarface tension. In
both sections all computations are performed in three déioes, without making
any assumptions on symmetry of the domains. We concludectidpter with a
parameter analysis in Section 7.3.

7.1 Glass blowing

The set-up of the blowing process of glass bottles and jesshiematically depicted
in Figure 7.1. A preform of hot liquid glass, often callegparison is positioned
into a mould. Pressurized air ows into the mould causingdlass to move deeper
into the mould. Eventually the whole mould is covered by a thyer of glass. We
simulate this blowing process with the BEM model that we ttgwed in the previous
chapter. We take several shapes for the mould and the pamsbatudy the ow of
the glass in time. In all simulations we assume that the tapefjlass $,) is xed
to the mould and cannot move.

The material properties of glass and the process parametettse blowing
problem can be found in Table 6.1. With these properties itnesionless numbers
that appear in the model have the following values,

=0:006  =0:00L (7.1)

This implies that the effect of gravity and surface tensiisrmall compared to the
effect of the in ow of pressurized air. Ideally the value bEtdimensionless friction
coefcient p, is determined experimentally. Unfortunately these expents are

111
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Figure 7.1: The parison is suspended in the mould, attachef,atPressurized air ows
into the mould from above.

very complex to perform and we are not aware of any such exgerts reported in
literature. Therefore we perform a number of numericalstéstdetermine realistic
values of ,, see Example 7.6.

Example 7.1

The rst simulation concerns a parison without mould. To fkeereference point,
we still assume that the parison is xed at the top. As theredsnould the glass
is free to move in all directions. In Figure 7.2 we show sixpsiets of the parison
as it expands and Figure 7.3 shows a cross-sectional vigw=ad. The snapshots
should be viewed from left to right, from top to bottom. Thdkoof the glass is
at the bottom of the parison, while the thinnest parts of thespn are at the sides.
It is at these parts where the uid ow is strong, while the tmoh of the parison
remains almost unchanged. Although the initial parisorotationally symmetric,
small a-symmetries appear during the simulation. This isresequence of the fact
that the surface mesh is not rotationally symmetric. If werdase the mesh size the
parison will become almost rotationally symmetric.

In principle this simulation can be continued for a long tim€he glass will
expand further, but numerical problems start to arise. tRhe layer of glass
becomes very thin and special care has to be taken to ensrthéhinner and outer
surface remain separated by a small distance. Anothernmdassiop this particular
simulation after some time is the increasing number of banndlements. To ensure
smooth surfaces the number of nodes and elements has torbased signi cantly
for large expansions of the glass.
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Example 7.2

The next simulation shown in Figure 7.4 and 7.5 concernsiagrathat is suspended
in a mould. The air that ows in in from above causes the glasske the shape of
the mould. When the glass touches the wall of the mould, iaiesnconnected to the
mould, though it is allowed to slip along the mould. In thigmple we take ,, = 1.
The mould has a cylindrical shape with rounded corners. €hean to choose for
rounded corners is twofold. First, in practice the corndra bottle or jar are never
90-degree corners. Second, it turns out that it is very harddkenthe glass Il the
whole mould if the corners are straight. Even with roundedhers we still need to
re ne the mesh suf ciently to Il the corners with glass.

The cross-sectional view in Figure 7.5 shows that we gefpstamners at the top
of the parison where the surface patsandS, touch. This is a direct consequence
of the choice to keep the glass xed®, while it is allowed to move &B;. In reality
these sharp corners do not appear.

Example 7.3

Figure 7.6 and 7.7 show a simulation with a slightly more adeal mould. The
lower part of the mould has a smaller width than the upper @fatie mould. Again
the corners are rounded and the glass is allowed to slip alengall of the mould.
In the previous two simulations the only driving force was firessure of the air that
is blown into the mould from above. In reality, in rst inste@the glass is subjected
to gravity only. The glass will sag to the bottom of the moutdi avhen it almost
touches the bottom, air starts to blow into the mould. Theufation in Figure 7.6
and 7.7 distinguishes these two stages. The rst three bioépsorrespond to the
sagging stage while the last three snapshots correspohd tddwing stage.

Example 7.4

The simulation that is presented in Figure 7.8 and 7.9 i@k parison and a mould
that are not rotationally symmetric. We opt for square shapi¢h rounded corners.
Hence the parison and mould are symmetric in the plane® andy = 0. However
these symmetries are not exploited in the computationsinAga consider the two
stages that occur in the production process: sagging amdrigo The rst three
snapshots correspond to the sagging stage while the lagt shiapshots correspond
to the blowing phase. In this case it is clearly visible thed glass moves only in
vertical directionduring the sagging stage. In the blowstage the glass also moves
in radial direction.
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Figure 7.2: 3D Snapshots of the glass as it expands due to the air blowirfigin above.
For this simulation no mould is present, so the glass can edpeeely in all directions. The
only restriction is that the glass is xed at the top of the isan.
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Figure 7.3: Cross-sectional view of Figure 7.2 at= 0.



116 Chapter 7 Results
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Figure 7.4: 3D Snapshots of the glass as it expands due to the air blowifigin above.
The mould has a cylindrical shape with rounded corners. Thegis allowed to slip along
the wall.
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Figure 7.5: Cross-sectional view of Figure 7.4 at= 0.
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Figure 7.6: During the rst three snapshots the glass is sagging to thiédmo of the mould.
During the last three snapshots air is blowing into the mduddh above. The glass is allowed
to slip along the wall of the moud.
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-1 0 1 -1 0 1

Figure 7.7: Cross-sectional view of Figure 7.6 at= 0.
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Figure 7.8: A square parison with rounded corners and a square mould witinded
corners. During the rst three snapshots the glass is sagdmthe bottom of the mould.
During the last three snapshots air is blowing into the madindan above. The glass is not
allowed to slip along the wall.
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Figure 7.9: Cross-sectional view of Figure 7.8 at= 0.
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Figure 7.10: Comparison between a rotationally symmetric parison anédspn with a
dent. The parisons are shown at three different time lewets0:0,t = 1:0andt = teng.

Example 7.5

In Figure 7.10 we show the cross-sections of two parisons gt blown into a
mould. The parison at the left-hand side, which we call pari&, is perfectly
rotationally symmetric, while the parison at the right-tlaside, which we call
parison 2, has a dent in the initial shape (at the right-haael af the parison). Let
teng represent the (dimensionless) time level at which the gasduct is nished,
i.e. when the glass more or less covers the wall of the wholgano

We compare the evolution of the two parisons at three diftetene levels:
t =0:0,t = 1:0andt = teng. The value ofteng differs for the two simulations.
For parison 1 we ndtgng = 3:5 while parison 2 haseng = 4:5. Parison 2 takes
approximately28:9% longer to nish.

The dent is still present in the nal product. The glass lagethe lower right
corner of parison 2 is thinner than the glass layer at the dacagion of parison 1.
Moreover the the glass layer at the lower left corner of pari is thicker than the
glass layer at the same location of parison 1. This is caugelebfact that the thin
parts of the glass are easier to move than the thick partsceHiie ow at the dent
is relatively large. Since the total amount of glass needsap constant, the ow at
other parts is relatively small. This is exactly what hagpenthe lower left corner
of parison 1.
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7.2 Curvature driven ow

In the absence of external forces, droplets of viscous aitlto evolve to a perfect
sphere, regardless of the initial shape of the uid. Thisxplained as follows. A
molecule in the interior of the uid is completely surrourttiby other molecules. It
experiences an attraction from all neighbouring moleguldgch sums to zero. On
the other hand, a molecule that is at the surface of the ujzeeences a net inward
attraction. When the curvature of a convex surface is latlye,inward attraction
is large and when the curvature is small also the inward citra is small. This
introduces a potential energy of the uid, which may be tfammed to kinetic energy.
For a spherically shaped uid, the curvature is equal at gaaint of the surface.
Hence the inward attraction is the same at each point. The¢isuin an equilibrium
state and the potential energy will not be transformed teticrenergy. In this section
we show that the BEM model developed in Chapter 6 is also egdgk for this type
of evolution processes. Related work on two-dimensiona domains can be found
in literature [78, 79, 94], in which both the direct and thdirect formulation of the
BEM are used.

In this section we illustrate the evolution of viscous drbgdooking at a number
of uid shapes that evolve to a sphere due to the surfacedansising the notation
from Chapter 6, we hav®; = S, = S3 = f;g andS Sy, i.e. the uid surface is a
free surface. The boundary condition for this surface reads

n= (z+ )n: (7.2)

Since we do not want to take gravitational effects into aotewe take =0, and as
the only driving force of the ow is the surface tension, weynset =1.

Note that the choic& S implies that we have to solve a Neumann problem.
Hence we use the de ated form of the boundary integral opetat as is described
in Section 6.3.

Example 7.6

In Figure 7.11 we see a beam-shaped volume of uid evolving gphere. Figure
7.13(a) shows a cross-sectional viewyat 0 of the same uid. The dimensions of
the beam ar@, 2and1. The corners of the initial beam are rounded, as a viscoub Ui
will never have straight corners. For this particular siatioin the initial number of
nodes at the surface i = 500 and the number of triangular elementsis= 996.
The initial volume of the beam B0:6465and the volume of the nal sphere to which
it evolves is20:6355 Hence we have a volume loss of less tBat?o. Since the uid
approaches a sphere we can compute the radius that suchnaevadquires to nd

r = 1:702 The average radius of the nodes at the nal surfadei&4with standard
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Figure 7.11: A beam with size®, 2 and1 evolves to a sphere.



Section 7.2 Curvature driven ow 125

Figure 7.12: An ellipse with semi-axes of leng®h2 and1 evolves to a sphere.
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(a) Beam (b) Ellipse

Figure 7.13: Cross-sectional views of Figure 7.11 and 7.1%at 0.
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Figure 7.14: Volume change of the ellipsoid while evolving to a sphere.

deviation0:025 which implies that the nal surface is indeed a sphere withast
the appropriate radius. During the simulation we apply aesnng technique that
assures that all edges of the boundary elements are sninalied.89. This leads to a
nal discretisation withN = 684 nodes and& = 1364 elements.

Example 7.7

In the next example we watch an ellipsoidal volume of uid keto a sphere
(Figures 7.13(b) and 7.12). The initial ellipsoid has sexes of lengtlB, 2 and1
and hasN = 500 nodes anK = 996 elements at its surface. The volume of the
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initial ellipse is equal t®4:56 while the volume of the nal sphere is equal 2d:54.
Hence the volume change @08% During the simulation we apply a remeshing
technique that assures that all edges of the boundary etsrmsnsmaller thaf:4.
This leads to a nal discretisation with = 666 nodes andK = 1328 elements. In
Figure 7.14 we show the relative volume change of the eliipdaring its evolution
to a sphere. We observe that the volume rst increases waikr lon it decreases
again.

In Section 6.5 we mentioned two types of smoothing techrsgieeimprove
the quality of the BEM solution. We use Example 7.6 to study ¢fffect of these
smoothing techniques and to determine optimal settinggé®smoothing.

The rst technique is Laplacian smoothing, see Appendix. Clhis technique
smooths the discretised surface and involves two paragéternumber of iterations
N; and the weightv;. The second technique is the smoothing of a vector eld at a
surface, see Appendix C.3. This technique smooths the iteladd that is the
solution of the Stokes equations. Involved are also tworpaters; the number of
iterationsN, and the weightv,.

Similar to Example 7.6 we let a beam-shaped volume of uide¥®o a sphere.
We vary the smoothing parameters and determine for whichegathe nal uid
approximates a sphere optimally.

The initial beam-shaped uid has a volume23.6. When the radius of the nal
sphereis equal B := 1:702 the sphere volume is al@®:6. This gives us a criterion
to determine whether the discretised surface approxineatgsere accurately. We
compute the distance of each node at the surface to the geooestter of the uid.
The average of these values should approxirhat@2 We also compute the standard
deviation of these values. If the standard deviation is the, uid is close to a sphere.
In this way we can study the effect of the smoothing techrsaqurethe nal geometry.

In the rst test we choosev; = w, = 0:4 and vary the number of iterations.
The results are shown in Table 7.1(a). We see that the avesdgses is close to the
exact value in each case. The standard deviation is minon&lf = N, = 3. In the
second test we choodé; = N, = 3, i.e. the optimal choice from the previous test,
and vary the weights/; andw,. The results are shown in Table 7.1(b). We observe
that the best results are obtained when= w, = 0:1. In this case the radius is
closest to the exact radius and the standard deviation ismain

Until now we chose the same number of iterations and weigbtsbbth
smoothing techniques. In the next test we choase= w, = 0:1 and we take
several combinations of numbers of iteratiovis andN»,. The results are shown in
Table 7.2(a). Clearly the effect of the velocity smoothiagmaller than the effect of
Laplacian smoothing.

In the last test we do not perform velocity smoothidp (= 0) and we choose
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N1 N> r std(r) W1 W r std(r)
0 0 1:7100 0:0550 0.1 0.1 1:7081 0:0110
1 1 1:7080 0:0162 0.4 0.4 17093 0:0139
3 3 1:7093 0:0139 0.7 0.7 17096 0:0154
6 6 17074 0:.0213 1.0 1.0 1:7124 0:0242

Table 7.1: The mean radius and standard deviation of all nodes at thiasarof the sphere
for (a) wi = wp =0:4and(b) N7 = N, = 3.

N1 N> r std(r) W1 r std(r)
3 3 1:7090 0:0124 0.1 1:7081 0:0105
1 3 1:7131 0:0145 0.2 1:7078 0:0169
3 1 1:7081 0:0114 0.3 1:7071 0:0097
3 0 17081 0:0105 0.4 1:7089 0:0180
6 0 1:7085 0:0166 0.6 1:7115 0:0218

Table 7.2: The mean radius and standard deviation of all nodes at thiasarof the sphere
for(a) wy = wy, =0:1and(b) N; =3 andN, =0.

N1 = 3. We let the weightv, vary. The results are shown in Table 7.2(b). We see
that the best results are obtained when= 0:3. In this case the average radius is
very close to the exact radius and the standard deviatiornigal.

The main conclusions from these tests on smoothing techsigte:

Velocity smoothing has less effect than Laplacian smogthin
The optimal number of iterations for Laplacian smoothinijlis= 3;
The optimal weight for Laplacian smoothingvig = 0:3.

In all simulations presented in this chapter we perform theahing techniques with
the settings equal to or close to the optimal settings liatem/e.
7.3 Parameter analysis

In this section we investigate the role of several model patars for the glass
blowing problem. To this end we simulate the ow of a cup-sb@@amount of glass.
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Example 7.8

In the rst example we let gravity act on the glass, which w#luse the glass to sag
downward. We study the signi cance of the surface tensiomngpthis process. The
effect of surface tension is represented by the value of ithhermsionless number,
which involves the surface tension. As gravity is the digvfarce we set = 1. The
values of that we use in this example lie in the rangeddito 0:4. If = 0:0, then
the glass does not have surface tension. A large positiveeval implies a high
surface tension.

We let the glass sag downwards for a xed amount of time antth®resulting
shape in Figure 7.15. We do this for several values.oT he left pane of the gure
gives a cross-section of the glass, while the right pane sdoran the lowest part of
this cross-section. Several lines are plotted, each reptieg a speci c value of .
In the left pane, the various shapes, corresponding to theugvalues of , more
or less coincide. In the right pane we are able to distingthishvarious shapes. We
observe that the glass ow has moved downward the furthest fo 0:0, while for
large values of the glass has not moved very far. Hence the surface tensiars sl
down the ow of the glass.

Table 7.3 gives the height of the lowest point of the glas$aserfor several
values of . We compare these heights with the height for 0:0. We observe that,
for = 1:0, the glass surface is more thafo higher than for = 0:0. Hence the
surface tension plays a small role in the case of gravityedriow. Therefore we
include surface tension in all numerical simulations tlwater the sagging stage.

Zanm difference o)
0:0 0:8970 -
0:1 0:8908 +0:69
0:2 0:8858 +1:25
0:3 0:8813 +1:75
0:4 0:8765 +2:29

Table 7.3: Thez-coordinate of the lowest node after sagging for severaleslof the surface
tension .

Example 7.9

In the next example we investigate the signi cance of théase tension during the
blowing stage. Hence the glass does not sag due to gravihysicase, but it ows
due to a pressure difference between upper and lower laytbeaflass. In this case
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0.4r

0.2r

Figure 7.15: The effect of the surface tension on the ow of the glass coedpta the effect
of gravity. High values of represent strong surface tension. In the left pane a crestien
of the glass is shown, the right pane zooms in on the lowergddhis cross-section.
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Figure 7.16: The effect of the surface tension on the ow of the glass coedp® the effect
of pressure. High values ofrepresent strong surface tension. In the left pane a crestien
of the glass is shown, the right pane zooms in on the lowesbp#ris cross-section.

we set = 6:45 10 3, which indicates that the contribution of the gravity is #ma
compared to pressure. The values afange from0:0 to 2:6 10 3. The left pane

of Figure 7.16 shows a cross-section of the glass, whileig¢ pane zooms in on
the lowest part of this cross-section. We see that the vaigbapes that correspond
to various values of are almost similar. This shows that the surface tension is
of no importance during the blowing stage. The ow is dométhby the pressure
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Figure 7.17: The effect of the gravity on the ow of the glass compared ® dffect of
pressure. In the left pane a cross-section of the glass iwshtie right pane zooms in on the
lowest part of this cross-section.

difference. Therefore we do not need to include surfaceidena the numerical
simulations for the blowing stage.

Example 7.10

In this example we investigate whether we may also negleatityr during the
blowing stage. Figure 7.17 shows the shape of the glass iblthwéng stage after
some time. Two shapes are plotted: one shape corresporiasdiortulation in which
gravity is included, and the other shape corresponds tdrtihdation without gravity.
The left pane gives a cross-section of the glass but we sed#feedces between the
two shapes. In the right pane we zoom in on the lower part ofithgs-section. Here
we see that in the simulation where gravity is included, thsgmoved downward a
bit further than in the simulation without gravity. Stillétdifferences are very small
and we may conclude that gravity is negligible during thenihg stage.

Little is known about the friction parametey,. To the author's knowledge there
are no references in literature to experiments in which tleidn parameters for
glass towards metals are determined. Therefore we perfaeni@s of simulations
in which we vary ,. This shows how the ow of the glass depends on the friction
parameter and helps us to determine realistic valueg,of

Example 7.11

Figure 7.18 shows the new parison after a xed number of titepss for several
values of . Both the mould and initial parison have a rotationally syetric
shape. In this simulation gravity is the only driving forag the ow of the glass.



132 Chapter 7 Results

-0.15¢

-0.1F -0.2 -
02! -0.25¢
03l -03r

-0.35¢
-0.4

-0.4
05+

-0.45 ¢
-0.6

-05r
-0.7 -

-0.55
-0.8 -0.6 b= —¥-"m
0.9 -0.65 o

bm: 15
-0.8 -0.6 -0.4 -0.2 0 0.5 0.6 0.7 0.8 0.9
X X

Figure 7.18: Deformation of the glass after a xed number of time stepgiftierent values
of m.

Theoretically, for , = 1 the friction between glass and mould is in nitely large
and the glass does not slip at all along the wall of the mowld; §, = O there is no
friction, and the glass can ow freely along the wall of the mheh We observe that for
m = 5 the glass has slipped a little along the wall of the mould sHfip becomes
larger if the friction parameter is lowered further. Fex =2 and , = 1:5we see
that the glass that is in contact with the wall moves fastevroeard than the glass
that does not touch the wall. Hence these values,pre not realistic. Appropriate
choices for 1, lie in the range oBto 1 . Note that we use the dimensionless friction
parameter here, which depends on the length scale and tbesitys Hence for
examples that have other characteristic lengths and vigsyssuitable values for
m Mmay be slightly different than the values that we nd for teisample.

Example 7.12

Example 7.11 shows that a minimal value for the friction pagter is ,, = 3, based
on observations of intermediate shapes during sagginghdcarrent example we
elaborate a bit more on values of, that are in the interval5;1 ). For several
values of ,, we simulate the blowing stage and plot the nal shapes in fE@gul9.
We observe that the shapes vary signi cantly.

In Table 7.4 we give the height of the lowest point of the gls$ace for several
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Figure 7.19: The effect of friction on the ow of the glass compared to tfiea of pressure.
High values of , represent much friction.

w i difference o)

1 0:90 -
30 1:05 6
15 1:09 9
10 1:12 12
5 1:17 18

Table 7.4: Thez-coordinate of the lowest node after the blowing stage foess values of
the friction parameter , .

values of ;. We compare these heights with the height fgr = 0. We see that
m = 5 gives a glass surface thatli8%lower than the surface for,, = 1 . Hence
the friction between glass and mould is very important amthoaibe neglected.
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Curvature approximation

This appendix describes the approximation of curvaturarpaters of a discretised
surface. When a surface is given by a parametric repregamttitese curvature
parameters can be calculated analytically. However in nmamyerical applications
the surface is a discretised surface, consisting of a largeer of triangular elements
and nodes. For such discretised surfaces it is not so sti@iglard to compute
curvature parameters. However, there exists a numberaitgtes to approximate
curvature parameters, of which tiparaboloid t methodappears to be the most
accurate one [89]. We use a similar method in whidbicubic polynomial is tted
through data points.

Assume that a surfac® is uniquely described by = f (X;y), where(x;y) is in
a closed and bounded €8t R?. TheGaussian curvaturef the surface at a point
(x;y) 2 D isde ned as

Faxfyy fx2y

K= _-"—2 2 : A.l
(L+f2+12)2 xy)’ A1)

and themean curvatures
- @a+ fxz)fXX 20 fyfuy +(1+ fyz)fyy (A2)

2(1+ 2+ £2)32 (xy)’

Related to these two curvature parameters areghacipal curvatures 1 and ».
They satisfy the relations

K= 12 H=%(1+ 2): (A.3)

The principal curvatures can also be found as follows. >dbie a point at the
surfaceS and let a vertical plane intersect the surface in the pointhe intersection
of the surface and the plane yields a cufve By rotating the planes around the

134
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in the origin and its normal vector points in the vertical eation.

vertical axis we get a set of curvé€s. For each curve we calculate its the second

derivative at the poinx. The largest second derivative is the largest principal

curvature ;1 and the smallest second derivative is the smallest prihcipaature .
The triangulated surfac€ is described by a set of nodes, at the surfaces,

three nodes. We want to approximate the curvature in eacéxgdsing only the
information of the locations of neighbouring nodes. A nosl@ineighbour ok
if they share a triangldy. The procedure to approximate the curvature goes as
follows. Letv® be the node at which we want to approximate the curvature. Let

vector inv? at the surface points in vertical direction, see Figure Avbte that a
translation and rotation of the surface does not affect tineature parameters.

squares technique. The translation and rotation of thesngdarantees that such a
polynomial exists. The polynomial provides a local parasrisation of the surface

of the formz = p(x;y). Hence we can use (A.1) and (A.2) to calculate the curvature
parameters iifix; y) = (0 ; 0) at the parametric surfac.

We describe the procedure above in more detail. De ne the eéegweerv® and
vibye := v0 v i =1;::::m. Let thek-th triangle be given by the nodes
vO, vki andv*2, For the outward normal at this triangle we use the straigiird
de nition,

K ekl ek2

N7 ek ekek

(A.4)
The normal vector at the point® can be de ned in several ways. In each case the
normal vector av® is a weighted sum of the normals at the surrounding triangles
For the weights several options are available.
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1. Average of normals at surrounding triangles,

xn
n= 27 ks (A.5)
M =1

2. If Ay is the area of th&-th triangle,

n:=  —nk (A.6)

3. De ne the weight by

heki;ekzj
CoSs i = ek Kkekz Kk’ (A.7)
i.e. the angle between the two edges of a triangle that meet iand
xn
n = Knk: (A.8)
k=1

Later on we will demonstrate the effect of the different déons of n on the
curvature approximation. It turns out that the last deaitigives the most accurate
approximation.

in either positive or negative vertical direction. For tgisal we de ne two rotation
matrices

. 3 2 3
cos 1 O sin 1 1 0 0
Ro:=4 0 1 0 95:; Ry:=40 cos, sin »9;(A9)
sin 1 O «cos 1 0O sin  cos

which rotate the nodes over an anglgwith respect to thg-axis and over an angle

» with respect to thec-axis respectively. Writéh = [n1;n,;n3]" and denote the
rotation ofn over ; byn?!:= Ron. We writen? = [n};n3;ni]" and denote the
rotation ofn! over , byn?:= Rin?. It can be shown that? points in positive or
negativez-direction if 1 and » are chosen as follows,

arctan(t) ifn3 80;
: 5 if nz=0:
arctan(:—%) ifn}60;

3

- if ny=0: (A10)
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Having determined the appropriate rotation angleand », we can rotate all nodes

vO;vli:::v™, using the rotation matri® := R;R,. This yields a set of new
nodes,

wl = PVvO

W= Pv:ii=1:iiom: (A.11)

It may occur that at this stage the normal vectowdtis pointing in the positive
z-direction. In that case we simply mirror all nodes with redpto the(x; y)-plane.
Thus the normal ai*® always point in the negative-direction. Finally we translate
all nodes over the same distance such whais located in the origin. This yields the
following set of nodes,

wl = w? wl=o;

0
wi=1:::0m: (A.12)

who=ow!
Let p(x;y) := aix?+ apxy + azy? + aux® + asy® be a bicubic polynomial. The
equationz = p(x;y) describes a 2D surface. We use a linear least squares taehniq
to nd the polynomial p that gives the best t of the nodes®;w?!;::::w™. In
this way we create a parametric representation of a surfeatédcally approximates
the discretised surfac. The Gaussian and mean curvature at the ndtef the
discretised surface are obtained by evaluating (A.1) an@)(#vith f p at the
point (x;y) = (0;0). They can be expressed in terms of the coef cients of the
polynomialp,

K
H

Aajaz a3,
a + ag: (A.13)

We illustrate the procedure to approximate the curvature discretised surface for
a sphere and an ellipsoid.

Example A.1

In Figure A.2(a) we show a unit sphere discretised Wth= 704 nodes. It can be
shown that the unit sphere has a Gaussian curvature eqtidhteach point at the
surface. The color at the surface represents the value db#ussian curvature as
approximated by the polynomial t method. We observe that dipproximation is
not equal tal everywhere.

We repeat the curvature approximation for the unit sphetie @ther numbers of
nodesN . In Figure A.2(b) we show the maximum and mean error of theature
approximation as a function of number of nodés To our surprise the mean error
does not decrease if the number of nodes increases, i.e.istrettsation re nes.
Moreover the maximal error is even increasing with the nunatb@odes.
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Figure A.2: Gaussian curvature approximation for a sphere. All neighireg nodes are
used in the approximation.
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Figure A.3: Gaussian curvature approximation for a sphere. Only the nearest
neighbouring nodes are used in the approximation.
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Figure A.4: A sphere with a more regular discretisation. Color repreasethe Gaussian
curvature.

max nr. of neighbours max. error(%) mean erro(%)

4 4:08 1:88
5 4:08 1:70
6 2918 5:86
7 2918 5:54
8 2918 5.:62
all 2918 5.:62

Table A.1: The maximal and mean error in the curvature approximatioremwia certain
number of neighbours is used for creating a polynomial t.

Example A.2

The way to improve the curvature approximation is by usindy dhe nearest
neighbours of a node when constructing the bicubic polyatmin Figure A.3
we show the curvature approximation when at most ve neiginbare used. We
see that the errors are much smaller and that the accuragages when we take
more nodes. We also investigate what number of neighboues ghe best curvature
approximation. In Table A.1 we give the maximal and meanrenroen a certain
number of neighbours is used. We see that for ve neighbduesapproximation is
the most accurate.
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weight max. error(%) mean erro(%)

1 57:08 7:35
= 36:27 5:94
k
K 4.08 1:70

Table A.2: The maximal and mean error in the curvature approximatianasphere for
each of the three de nitions of the normal at a node. Numberoafes idN = 704.

Example A.3

The accuracy of the curvature approximation also dependseotiscretisation of the
surface. In Figure A.3 we see that the largest errors areabphof the sphere, where
we have a number of narrow triangular elements. In Figurewedshow a sphere
with a more regular discretisation, i.e. all elements hgweraximately the same
shape and size. Although the accuracy is more or less the aafioe the sphere in
Figure A.3, the largest errors are not concentrated at aee ar

Example A.4

We mentioned that there are several possibilities to deneaibrmal vector at a node.
In Table A.2 we show the maximal and mean error in the cureafyoproximation
for each of the three de nitions. It is clear that the de oiti in which we use the
weights | results in a higher accuracy.

Also for an ellipsoid the Gaussian curvature can be caledlaplicitly. For a
point (x;y; z) at the surface of the ellipsoid the Gaussian curvature sngby

1 x> y2  z2 2_
@R A I (A14)

wherea, bandc are the lengths of the semi-axes.

Example A.5

In Figure A.5(a) we show an ellipsoid where the semi-axeeHangth3, 2 and

1, discretised withN = 932 nodes. The color at the surface represents the
Gaussian curvature of the surface. We see that at thextips3 the curvature is
maximal, which agrees with the maximal value of the analgtipression foK . We
repeat the curvature approximation for the ellipsoid witeo numbers of nodds .

In Figure A.5(b) we give the maximal error and the mean erifothe curvature
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(a) A discretised ellipsoid wittN = 932 nodes.(b) The maximal and mean error in the curvature
Color represents the Gaussian curvature. approximation of the ellipsoid as a function of

number of node$\ .

Figure A.5: Gaussian curvature approximation for an ellipsoid. Onl tlve nearest
neighbouring nodes are used in the approximation.

approximation as a function ®f . We see that for a ne discretisation of the surface
(N > 550 the mean error is lower th&?ao.



Appendix B

Contact problem

In this appendix we address the contact problem of a uid veitivall. In many
mathematical models for uid ow it is assumed that the uid already in contact
with a wall. At the contact area a slip or no-slip boundaryditiaon is prescribed
that ensures that the uid remains in contact with the watir the blowing problem
covered in this thesis the uid may, in rst instance, not Y& in contact with the
wall. However as the uid expands into the direction of thdlyeat a certain moment
it will touch the wall. From that moment on, the uid will stagonnected to the
wall at that speci ¢ point. Thus a uid particle may at rst §tance be part of a free
boundary, while some time later it is xed at a wall (althouigimay slide along the
wall in the case of a slip boundary condition).

For a ow that is computed numerically the touching of the Maldif cult to
implement. In boundary element methods, the uid domaindsadibed by a set of
nodes and elements at the surface of the domain. Moreovérajeetory of a node
or uid particle is only known at a discrete set of time point§hus it may occur
that at timet = t" a uid particle is not yet at the wall, while at time= t"*! the
particle has moved to the other side of the wall, see Figute Bhysically this is not
possible, but it is very dif cult to “tell” the uid particlethat it cannot move through
the wall.

When an explicit time integration method is used to track tve of the uid,
e.g. Euler forward, there is a simple way to avoid nodes ngptmough the wall.
One can nd an intermediate tim# <t < t"*! such that the node that crossed
the wall lies exactly at the wall dt= t . In this way we effectively decrease the
time step of the time integration method to a suitable sizeprhctice one should
thus verify all nodes at = t"*1 whether they moved through the wall. The node
that has moved through the wall the furthest determines ¢letime step size. The
drawback of the procedure is that the time steps can becomesn®ll, especially
when the number of nodes is large.
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Figure B.1: Attimet = t" a uid particle is at the left-hand side of a wall, while it t"*!
the particle is at the right-hand side of the wall.

In the sequel we present an alternative method to preveit pairticles from
moving through a wall for the 3D blowing problem. Let the siwéS of a uid
domain be represented by nodes and a set of triangular elements, the nodes lying
at the corners of the triangles. L\&t be a (possibley curved) surface representing the
wall, for which a parametric representation is given. Atditre t" the coordinates
of all nodes are given. With a numerical method the coordimat timet = t"** are
computed. Assume that a node with coordinatdsas crossed the surfawé during
the time intervalt"; t"*1). Letx°!d denote the old coordinates ofatt = t". The
strategy is to translate over a distancelx , back into the direction of °, such that
X + dx lies exactly aWV .

The straight line fronx °'9 to x can be parameterised by

y=y()=@ x%+ x;0 ik (B.1)

Using the parameterisation of the surfabkit is possible to nd the value such
that

y =y( )2 W (82)

The pointy can be considered as the pointVet where the uid particle crossed
the wall during its travel fronx®9 to x. Therefore we relocate the nodeat the
pointy . Thus the node has moved over a distaticegiven by

dx == x y: (B.3)

By movingx toy atthe surfac&/ we lose an amount of uid, see Figure B.2(a).
This volume loss is unwanted and should be accounted fast Wi need to exactly
compute the volume loss. To this end we need the coordindtgs y and their
neighbours. Denote the nodes that share an edge of a trarglament withx by
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(a) By movingx back to the surfac®/ a certain(b) The nodex is surrounded bym
amount of uid is lost (cross-sectional view). triangular elements anah neighbouring
nodes.

Figure B.2: Procedure to relocat& at the wall.

given by [64]

1 X .
dv = 6hclx; e eltli: (B.4)
j=1

Hereel is the edge connecting andx! , wheree™ el

For the blowing problem covered in this thesis the uid domai in fact a layer
of uid. For this particular shape we develop a strategy tonpensate the volume
loss. In Figure B.3(a) we give a schematic overview of theasibn. The node& is
located at the lower boundary of the uid and is moved backh® pointy atW.
Letw be the node at the upper boundary that is closegt td/Ve replacev over a
distancedw such that the volume loss is compensated. It is easy to sedvthhas
to satisfy

dv = Zhdw; f)  fI*l; (B.5)

wheref | is the edge between and itsj -th neighbour. Note that the vector quantity
dw has to satisfy a scalar equation. This means that we haveetbedm to choose
the direction ofdw . We choos@&lw = wgn", wheren" is the outward normal at .
If we substitute this into the condition fow we nd
6dV
= (»] .
TN T

(B.6)
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Figure B.3: One or multiple nodes are moved to compensate the volume loss

In the procedure described above only one neds relocated to compensate the
volume loss caused by relocatingto the wall. The procedure can be improved by

loss. Figure B.3(b) illustrates this idea for a 2D settingneThodex has moved
through a wall, which is a curved line at a certain height. \igéiryuish5 nodesw'
in the neighbourhood of that are candidates to be relocated. Lebe5 weights
that sum tal. Each of the nodew' is relocated over a distancv' following the
procedure described above, with the difference that themelloss thatv' has to
compensate is multiplied by the weight. In this way the amount of uiddV is
distributed over a larger part of the total uid, which is fggally more correct.

Example B.1

We demonstrate the procedure described in this appendia thin layer of uid
that is slightly curved, see Figure B.4. In this example wl arse a single node
to compensate the volume loss. Located at the right is agktravall, represented
graphically by the light-gray surface. At tinte= t" all nodes at the uid surface
are at the left side of the wall (Figure B.4(a)). A numericathod provides the
coordinates of the nodes at the new time levet t"*!, see Figure B.4(b). We
observe that a number of nodes has moved through the wall. divect this by
relocating these nodes at appropriate points at the wallactount for the volume
loss, we also relocate a number of nodes that are at the opgae of the uid layer.
The new situation is shown in Figure B.4(c). We observe that tiid perfectly
touches the wall.

Figure B.5 shows a cross-section of the situation. The diolerepresents the
uid layer, for which some nodes move to the right-hand sitithe wall. The wall is
repesented by the vertical dashed line. In the third guee thd perfectly touches
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(@t=t" ()t =t (c)t=t"*

Figure B.4: A uid layer near a wall (a). Attime = t"*! some nodes of the discretised
uid surface have moved through the wall (b). These nodesrelecated at the wall.
Simultaneously some other nodes at the opposite side ofuilddayer are also relocated
to compensate the volume loss (c).

(@t=t" (byt=t""t (c)t=t"*

Figure B.5: Cross-sectional view of Figure B.4
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Figure B.6: Several nodes are used to compensate the volume loss causdadatingx to
the wall. The gray dashed line shows the uid before, thelblae the uid after correction.
The numbers near the nodes represent the weights

the wall. At the same time we see that a number of nodes at {hesdp side of the
uid have also been relocated.

When a single node crosses the wall while all its neighbaiarsat the other side,
it turns out that the procedure described above is volume&epving. In the case that
also some neighbours cross the wall, small errors are mduigislcaused by the fact
that we have to relocate nodes simultaneously, while thesiatiare information.
For instance, when a node moves over a small distance, tmeaheectors at all
neighbouring elements alter. Subsequently the normabxgdh all neighbouring
nodes also alter. However the errors that are made due te dflests are relatively
small. For the current example the volume loss is @B/ 10 2%.

Example B.2

In this example we demonstrate the strategy to use multgdiesito compensate the
volume loss after relocating nodes at the wall. For a thiredayf uid in 2D the
lowest node has moved through a horizontal line, reprasgtitie wall. This node is
relocated at the wall. To account for the volume loss we atmcate the ve nearest
nodes. By varying the weights;, we obtain various shapes of the uid. Figure B.6
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present several shapes, each one corresponding to a |garsetl of weights. The

rst shape is the result when only the node oppositis relocated, as we did in the
previous example. Apart for this particular choice, thesotshapes only have small
differences. Itis a matter of taste to determine which shagewhich set of weights,

is preferrable.



Appendix C

Smoothing techniques

In this appendix we present a number of smoothing techniqliée smoothing is
applied to a triangulated surface directly, or to a scalacfion or vector eld at this
discretised surface.

C.1 Laplacian smoothing

A well-known technique to smooth a triangulated surfacehis technique called
Laplacian smoothing42, 64, 96]. LetS be a triangulated surface witd nodes
andK triangular elements. The idea is that the coordinates ohtues contain
noise due to inaccuracies in the numerical method thatrié@tes these coordinates.
The noise causes the surface to look unsmooth and irreguégniacian smoothing
attempts to remove the noise, thus obtaining a smootheacgurf

triangular element witkx. For each node we compute the geometric averagg,
of the neighbouring nodes,

1 X
Xay = — X" (C.2)
i=1

If the nodex is too far away fromx 4y, it is relocated to a weighted average>of
andxX ay,

X! (1 w)X+ WXay; (C.2)

wherew is a suitably chosen weighf) w 1. In this way x is moved
nearer tx5,. If w = 1, x is placed atx 4, if w = 0, x stays at its own place.
We can relocate every node at the surface, in which case Wy gigbal smoothing

149
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Figure C.1: A triangulated sphere whose coordinates contains noisenisoshed to an
almost perfect sphere.

We may also replace only if the distance tx 5, exceeds a certain tolerance value.
In that case we applpcal smoothing In other words, we smooth the surface only at
nodes where it is most needed. For both global and local $imaptthe process can
be repeated several times. In each iteration the surfasesgeiother.

A side-effect of the smoothing is that the volume that thefamgr encloses
decreases. This is a typical disadvantage of standard ¢iaplamoothing. There are
several modi cations to the standard technique to avoidin@ loss. The simplest
modi cation is to restrict the movement of the nogeto a direction perpendicular
to the normal at the surface xat Unfortunately this reduces the performance of the
smoothing. Another possibility is to consider pairs of r®tieat are connected by an
edge [64]. The two nodes are relocated to new positions @mebusly. In this way
we have more freedom to move the nodes to the desired losatidrile conserving
the volume. In the examples of this section we use the latbeli gation to Laplacian
smoothing.

Example C.1

As an example we consider a triangulated unit sphere, asoigrsin Figure C.1.
Normally distributed noise is added to the coordinates efribdes. By applying
several iterations of Laplacian smoothing the noise is rd@nd a smooth surface
appears.

Example C.2

For the Laplacian smoothing technique three parametensesm@ed. The weigh,

the number of iterations and the type of smoothing, which can be global or local. In
Figure C.2 we let these parameters vary and study the peafarenof the smoothing.
Again we consider the example of the noisy unit sphere. ledll nodes are at a
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Smoothing scalar function
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(a) Number of iterations = 1. (b) Weightw = 0:5.

Figure C.2: The error of the discretised surface after Laplacian smoah The circles
represent global smoothing while the squares represefa Ernoothing.

distancel from the origin. For the noisy sphere this is not the case amdam de ne
the error at a node as the difference betwedam k andl.

In Figure C.2(a) we show the mean error as the weighiaries between zero
and one. We both apply global smoothing (circles) and looadathing (squares)
and perform one iteration. We observe that global smootperforms better than
local smoothing. For global smoothing the best choice ofatbigght isw = 0:5.

In Figure C.2(b) we show the mean error as the number of ibesih varies
between0 and8. The weight is kept atv = 0:5. For the local smoothing we see
that the error decreases as we perform more iterations. wawiee calculation time
grows linearly with the number of iterations. Since the sthimg process is mostly a
post-processing step, the computations should not becoonnte-consuming. For
global smoothing there is an optimumrmf 3 iterations, which leads to a relatively
short computation time.

C.2 Smoothing scalar function

We use the technique of Laplacian smoothing to develop aniggeb to smooth a
scalar function at a triangulated surface. Lebe a smooth scalar function at the
surfaceS. We assume that the values ofat the nodes are computed numerically
and contain noise. We want to remove this noise such thegcomes smoother. For
each nodex we compare the value(x) to the average function valugy, (x) of the
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function at the neighbours df,

av(X) = — (x'): (C.3)
i=1

The value of atx is replaced by a weighted average ¢k ) and 4y (X),
)t @ w X))+ w a(x): (C.4)

If we do this for every node we apply global smoothing. We mksp alecide to
change (x) only if the difference between(x) and 4 (X) is larger than a certain
tolerance value. In that case we apply local smoothing. Thelevprocess can
be repeated several times, in each iteration improving i@oghness of the scalar
function .

Example C.3

To demonstrate the smoothing of a scalar function we congli@eunit sphere. This
time we do not add noise to the coordinates of the nodes ofitrggtilated sphere,
so the sphere is a perfect sphere. As a test function we chqage= x + y + z
and add normally distributed noise to the function valugb@inodes. In analogy to
Laplacian smoothing three parameters exist: the weigtthe number of iterations
n and the type of smoothing, which can be global or local. InuFégC.3 we let these
parameters vary and study the performance of the smootRorghis goal we de ne
the following error measure. We consider the vector withcexanction values of

and the vector with smoothed function values ofThen we determine the mean
difference between these two vectors.

In Figure C.3(a) we let the weigkt vary between zero and one. We apply global
smoothing (circles) and local smoothing (squares). As \Wwascase for Laplacian
smoothing, global smoothing gives better results thanl lsceothing. The optimal
choice forw in the case of global smoothing g = 0:6. In Figure C.3(b) we let
the number of iterationa vary betweerD and6. We observe that =2 orn = 3
iterations of smoothing yield the smallest error.

C.3 Smoothing vector eld

In the same way as we smoothed a scalar function at a triglegukurface we
may also smooth a vector eld at a surface. lebe a smooth vector eld at the
surfaceS. We assume that for each noxléhe vectow (x) is computed numerically
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Figure C.3: The error in a scalar function at the discretised surfaceeafimoothing. The
circles represent global smoothing while the squares regmélocal smoothing.

and contains noise. We want to remove this noise suclvtbatomes smoother. For
each nodex we compare the vectar(x) to the average value,, (x) of the vectors
at the neighbours of,

1 X0 .
Vav(X) = —  v(x'): (C.5)
M iz
The value ofv atx is replaced by a weighted averagevgk ) andv ay(X),
vix)! (1 w)v(X)+ wvga(X): (C.6)

If we do this for all nodes we apply global smoothing. For lssraoothing we look
at the difference in magnitude and direction betwgér) andvg,,(x). If one of
these two is larger than a certain tolerance value, the igliocx is replaced by the
weighted average. The whole process is repeat#des, in each iteration improving
the smoothness of the vector eld

Example C.4

As an example we consider the smooth vector ‘eld [ x?;y?; z?] at the surface of
the unit sphere. We add normally distributed noise to theesbfv at the nodes and
apply the smoothing technique to obtain a smoother vectlo. &here exist three
parameters: the weight, the number of iterations and the type of smoothing,
which can be global or local. In Figure C.4 we let these patarsevary and study
the performance of the smoothing. For this goal we de ne aoreneasure. At each
node we take the Euclidean norm of the difference betweeexhet vector eld and

the smoothed vector eld. Then we take the average of alleimesms.
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Figure C.4: The reduction of the error at a vector eld at the discretiseaiface due to
Laplacian smoothing. The circles represent global smagthihile the squares represent
local smoothing.

In Figure C.4(a) we let the weight run from zero to one and apply global
smoothing (circles) and local smoothing (squares). Fraxgtaph we see that global
smoothing performs better than local smoothing for smalbhis. If a weightw is
chosen larger thaf@:6 it is better to use local smoothing. However the best results
are obtained for global smoothing with a weight= 0:3. Figure C.4(b) shows the
error as a function of the number of iterations. For globabsthing the best choice
isn = 3 iterations. If local smoothing is performenl,= 12 iterations give the lowest
error. Performing more iterations does not lower the error.
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Summary

The boundary element method (BEM) is an efcient numericaétimod that
approximates solutions of various boundary value problddespite its success little
research has been performed on the conditioning of therlgyestems that appear in
the BEM.

For a Laplace equation with Dirichlet boundary conditionsreamarkable
phenomenon is observed; the corresponding boundary aiteguation (BIE) is
singular for a certain critical size of the 2D domain. As asmmuence the discrete
counterpart of the BIE, the linear system, is singular toatdeast ill-conditioned.
This is re ected by the condition number of the system matwikich is in nitely
large, or at least very large. When the condition number @BEM-matrix is large,
the linear system is dif cult to solve and the solution of thestem is very sensible
to perturbations in the boundary data.

For a Laplace equation with mixed boundary conditions alaimghenomenon
is observed. The corresponding BEM-matrix consists of twarhs; one block
originates from the BEM-matrix belonging to the Dirichlebplem, the other block
originates from the BEM-matrix belonging to the Neumanrbtea. The composite
matrix inherits the solvability problems from the Dirichlgock. In other words, for
the Laplace equation with mixed boundary conditions th&rst®also a critical size
of the 2D domain for which the BEM-matrix has an in nitely g condition number.
Hence the size and shape of the domain affects the solyadiiithe BEM problem.

The critical size of the domain for which the BIE becomes glagis related to
the logarithmic capacity of the domain. The logarithmic aefy is a positive real
number that is a function of the size and shape of the domdithisl logarithmic
capacity is equal to one, the domain is a critical domain, fandhis domain the
BIE becomes singular. Thus by computing the logarithmicacé#p we cana-priori
determine whether the BIE will be singular or not. The lotiamic capacity depends
linearly on the scale of the domain, and thus a domain withritigmic capacity equal
to one can always be found by rescaling the domain. Unfotéiyéhe logarithmic
capacity can only be computed analytically for a few simptendins; for more
involved domains the logarithmic capacity can be estim#tedgh.
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There are several possibilities to avoid large conditiombers, i.e. singular BIEs
that appear at critical domains. The rst option is to reedhle domain such that the
logarithmic capacity is unequal to one. One can also add pleugntary condition
to the BIE and the linear system. A drawback of this optiorhé& the linear system
has more equations than unknowns and different techniqeegquired to solve the
system. A third option is to slightly modify the fundamensalution of the Laplace
operator. This fundamental solution directly appears énBkE and it can be shown
that a suitable modi cation yields BIEs that do not beconregsiar.

The critical domains for which the BIEs become singular do rmestrict to
Laplace equations only. Also for BIEs applied to the bihanncequation or the
elastostatic equations and the Stokes equations suatatuibmains exist. As the
last two equations are vectorial equations, also the quoreing BIE consists of
two equations. As a consequence two critical domains caouraffor which these
BIEs become singular. To obtain nonsingular BIEs techrécgimilar to the Laplace
case can be used. Unfortunately we caremgqiriori determine the sizes for which
the BIEs becomes singular, and thus do not know to what sizehweld rescale the
domain to obtain nonsingular BIES.

The existence of critical domains is in essence caused biogfagithmic term
in the fundamental solutions for the elliptic boundary eajroblems in 2D. This
logarithmic term does not depend linearly on the size of tiraain. When a domain
is scaled, i.e. multiplied by a scale factor, the argumentheflogarithm is also
multiplied by this scale factor, but the logarithm turnsstimto an additive term. Thus
the logarithm transforms multiplication into addition. ilaffects the BIEs in such a
way that critical domains can appear. The fundamental isolsitof boundary value
problems in 3D do not contain a logarithmic term. Hence agatif the domain does
not affect the fundamental solution, and consequently #sBIE is not affected.
Hence we may safely rescale 3D domains without the risk t@w@mer a critical
domain.

An example in which a domain takes many different sizes arapeh is the
blowing problem. In this problem a viscous uid is blown to &gired shape.
Typically the time is discretised into a set of discrete tisteps, and at each step
the shape of the uid is computed by solving the Stokes equatiWhen attempting
to simulate this problem in 2D, we meet a large number of 2Dalos and we risk
that one of these domains is equal to or approaches a cdtcaiin. In such a case
the BEM will have dif culties with solving the Stokes equattis for that particular
domain.

When simulating the blowing problem in 3D, no critical domsi are
encountered. It turns out that the BEM is a very ef cient nuiced method for this
particular 3D problem with a moving boundary. As we are meneferested in the
shape of the uid, we only need to know the ow of its boundarjhe BEM does
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exactly that; it does not compute the ow at the interior of thid. Furthermore itis
rather easy to include other effects from the blowing pnobie the model, such as
gravity, surface tension and friction from the contact @ thid with a wall. As only
the boundary of the uid is discretised, the system matrited appear in the BEM
are smaller than the system matrices that appear when galvinproblem with a
nite element method, for example. Though the BEM-matriees dense, while the
nite element matrices are sparse, the computational efforthe BEM is relatively
low. In short, the BEM is a very appropriate numerical metivben solving blowing
problems.



Samenvatting

De boundary element method (BEM) is een ef ciéente numerigkethode om
oplossingen van randwaardeproblemen te benaderen. Omndiaak succes is er
weinig onderzoek gepleegd naar het goed of slecht gecondérd zijn van de
stelsels van lineaire vergelijkingen die voorkomen in deVBE

Voor de Laplace vergelijking met Dirichlet randvoorwaarde een opmerkelijk
verschijnsel geobserveerd; the bijbehorende randirdabgnaelijking (BIE) is
singulier voor een bepaalde kritieke grootte van het 2D aegkbiDaardoor is de
discrete versie van de BIE, het stelsel van lineaire vegkyaien, ook singulier,
of tenminste slecht geconditioneerd. Dit wordt zichtbaahét conditiegetal van
de systeemmatrix, welke oneindig groot is, of tenminstd keg groot. Als het
conditiegetal van de BEM-matrix groot is, is het stelselgedifkingen moeilijk op
te lossen en ook is de oplossing van het stelsel gevoelig pedurbaties in de
randvoorwaarden.

Voor een Laplace vergelijking in 2D met gemengde randvoardan wordt een
vergelijkbaar verschijnsel geobserveerd. The bijbehdeeBEM-matrix bestaat uit
twee blokken; een blok uit de BEM-matrix behorende bij hetiddiet probleem,
en een blok uit de BEM-matrix behorende bij het Neumann peil De
samengestelde matrix erft de oplosbaarheidsproblemenhearDirichlet blok.
Daardoor bestaat er voor de Laplace vergelijking met gearemgndvoorwaarden
ook een kritieke grootte van het gebied waarvoor het caghtal van de BEM-
matrix oneindig groot wordt. Met andere woorden, de groeti@ het gebied
be nvloedt de oplosbaarheid van het BEM probleem.

De kritieke grootte van een gebied waarvoor de BIE singwiandt is gerelateerd
aan de logaritmische capaciteit van het gebied. De logetme capaciteit is een
positief reéel getal dat een functie is van de grootte enotie wan het gebied. Als
deze logaritmische capaciteit gelijk is aan één, dantigbbied een kritiek gebied,
en is de BIE singulier. Door de logaritmische capaciteit éeekenen kunnen we
a-priori bepalen of een BIE singulier is. De logaritmische capécitangt lineair
af van de schaal van een gebied, en een gebied met logathimispaciteit gelijk
aan één kan dus altijd gevonden worden door het gebiedrszlaen. Helaas
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kan de logaritmische capaciteit alleen analytisch wordegetekend voor een paar
eenvoudige gebieden; voor ingewikkeldere gebieden kangiitmische capaciteit
worden geschat.

Er zijn verschillende mogelijkheden om grote conditietieta i.e. singuliere
BIEs als gevolg van kritieke gebieden, te voorkomen. Dete@stie is het gebied te
herschalen zodanig dat de logaritmische capaciteit gkgelaan €één. Men kan ook
een extra vergelijking toevoegen aan de BIE en het stetsailie vergelijkingen. Een
nadeel hiervan is dat we een stelsel krijgen met meer vgdigejen dan onbekenden,
en we hebben andere technieken nodig om deze stelsels opstnloEen derde
optie is de fundamentaaloplossing van de Laplace operatorte passen. Deze
fundamentaaloplossing komt voor in de BIE en het kan aaogetavorden dat een
geschikte aanpassing tot BIEs leidt die niet meer singaljer

De kritieke gebieden waarvoor de BIEs singulier zijn beparkich niet tot
de Laplace vergelijking. Ook voor BIEs voor de biharmonésalergelijking of
de elastostatische vergelijkingen en de Stokes vergalighi bestaan zulke kritieke
gebieden. Aangezien de laatste twee vergelijkingen viéttovergelijkingen zijn,
bestaat de bijbehorende BIE ook uit twee vergelijkingerengngevolge kunnen er
ook twee kritieke gebieden gevonden worden waarvoor dege 8ihgulier zijn. Om
niet-singuliere BIESs te verkrijgen kunnen vergelijkbarethodes gebruikt worden als
voor het geval van de Laplace vergelijking. Helaas kunnemieta-priori bepalen
voor welke kritieke gebieden de BIEs singulier zijn, en dwetem we ook niet hoe
we de gebieden moeten herschalen om niet-singuliere Basiejgen.

Het verschijnsel van kritieke gebieden wordt in essentieomzaakt door
de aanwezigheid van een logaritmische term in de fundamleplassing voor
elliptische randwaardeproblemen in 2D. Deze logaritmegelnm hangt niet-linear af
van de grootte van het gebied. Als een gebied wordt gescghaaldermenigvuldigd
met een schaalfactor, dan wordt het argument van de logadbk vermenigvuldigd
met deze schaalfactor, maar de logaritme verandert ditnnogéelling. Op deze
manier verandert de logaritme een vermenigvuldiging in egtelling. Hierdoor
worden de vergelijkingen dusdanig veranderd dat versegligm als kritieke gebieden
kunnen optreden. De fundamentaaloplossing voor randwpesbdlemen in 3D
bevat geen logaritmische term. Een herschaling van hetedeheeft daardoor
geen signi cante invioed op de fundamentaaloplossing, @k ae BIE wordt niet
essentieel benvloed. Hierdoor kunnen we een 3D gebiethalen zonder het risico
te lopen op een kritiek gebied te stuiten.

Een voorbeeld waarin een gebied veel verschillende getteormen aanneemt
is het blaasprobleem. In het blaasprobleem wordt een \dsceloeistof in een
gewenste vorm geblazen. De tijd wordt vaak gediscretisgestn aantal discrete
tijdstappen, en in elke stap kan de vorm van de vloeistofkesiet worden door de
Stokes vergelijkingen op te lossen. Als we dit probleem inskDuleren doorlopen
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we een groot aantal gebieden, en we lopen het risico dat wemkrdiek gebied
stuiten of op een gebied dat bijna kritiek is. In zo'n gevdldmBEM moeite hebben
om de Stokes vergelijkingen op te lossen.

Als we het blaasprobleem simuleren in 3D komen we geen keitgebieden
tegen. Het blijkt dat de BEM een zeer ef ciente numeriekehmode is voor dit type
probleem in 3D met een bewegende rand. Omdat we eigenlgkralyje nteresseerd
zijn in de vorm van de vloeistof, hoeven we alleen de strorvengde rand te weten.
De BEM doet dit precies; ze berekent de stroming in het inwggndiet. Verder is het
gemakkelijk om andere aspecten van het blaasprobleem wedgen aan het model,
zoals zwaartekracht, oppervlaktespanning en wrijvinggaiglg van contact tussen
vloeistof en een wand. Omdat alleen de rand van de vloeistitgretisseerd wordt,
zZijn de systeemmatrices die voorkomen in de BEM veel kletfzgr de matrices die
voorkomen in bijvoorbeeld de eindige elementen methodek @aijn de BEM-
matrices vol, terwijl eindige elementen matrices ijl zifte rekentijd voor de BEM
is relatief kort. Kortom, de BEM is een uitermate geschikiieneriecke methode om
blaasproblemen te simuleren.
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