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1
I N T R O D U C T I O N

Linear algebra is present across all sciences as its elementary and ele-
gant theory is often the basis of scientific calculations. Problems such
as eigenvalue and singular value problems arise in many scientific
and engineering areas. Examples of disciplines are physics, economics,
chemistry, oceanography, control theory, dynamical systems, mechan-
ics, signal and image processing, and so forth. The matrices at the core
of these problems are frequently of large dimension and sparse, i.e.,
many of its elements equal zero. Since direct methods may not be fea-
sible for large-scale problems, iterative methods are developed to solve
the eigenvalue problems and sparse linear systems of large dimensions.
Iterative methods have been extensively studied in the last decades, see
for instance [1, 70]. Subspace methods, a widely used subclass of itera-
tive methods, are an attractive approach considering the matrix-vector
operations that can be computed efficiently. Krylov methods are a well-
known and broadly used variant of subspace methods, projecting the
problem onto a subspace of low dimension. While the computing time
is reduced, and the memory usage is diminished, the solution can be
approximated solving a small-scale problem. This dissertation presents
three new versions of the Lanczos method, a specific type of Krylov
subspace method, that are developed to tackle eigenvalue and singular
value problems involving large-scale matrices.

1.1 eigenvalue and singular value problems

It is important in many scientific problems to obtain specific knowl-
edge about the matrices that are involved in the problem description.
The eigenvalues and eigenvectors of a matrix are an example of impor-
tant properties of a matrix. We start with a description of three matrix
problems that are fundamental for this dissertation.

1



2 introduction

1.1.1 The standard eigenvalue problem

The standard eigenvalue problem corresponding to a matrix A ∈ Cn×n

is to find eigenvalues λ ∈ C and eigenvectors x ∈ Cn\{0} such that

Ax = λx.

If the matrix A is diagonalizable, i.e., a matrix that is similar to a di-
agonal matrix, it can be represented in terms of its eigenvectors and
eigenvalues also known as the eigendecomposition. Depending on the
available properties of the matrix A, the problem can be formulated
more specifically and the appropriate numerical methods to solve the
problem may be chosen accordingly. For example, if A is Hermitian
(A∗ = A, where A∗ is the conjugate transpose of A), then we are deal-
ing with a Hermitian eigenvalue problem. In that case, the eigenvalues
of A are real, and the Lanczos method can be used to approximate its
eigenvalues and vectors. For non-Hermitian A the eigenvalues will be
complex and the Arnoldi method is one of the standard methods to
solve the eigenvalue problem.

1.1.2 The singular value decomposition

An other way to factorize a matrix is by the singular value decompo-
sition. For any matrix A ∈ Cm×n the singular value decomposition is
defined as A = XΣY∗, where X is an m×m unitary matrix (X−1 = X∗),
Y an n× n unitary matrix, and Σ an m× n diagonal matrix containing
non-negative real numbers (the singular values of A) on the diagonal.
The orthonormal columns of X and Y contain the left and right singu-
lar vectors of A, respectively. As for the eigenvalue problem, for many
applications it is important to find the singular values and correspond-
ing singular vectors. However, for large matrices it may not be feasible
or unattractive to compute the singular value decomposition itself. It-
erative methods such as Lanczos bidiagonalization are then used to
approximate the singular triplets (the singular values and the corre-
sponding left and right singular vectors) of interest.
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1.1.3 Non-linear eigenvalue problems

The standard eigenvalue problem can be defined in a more general way
by writing it as finding eigenvalues λ ∈ C and eigenvectors x ∈ Cn\{0}
such that M(λ)x := (A− λI)x = 0. Other choices for the operator M
lead to more general problems, for example M(λ) = A − λB corre-
sponds to the generalized eigenvalue problem. We consider nonlinear
eigenvalue problems of the form: find λ ∈ C and x ∈ Cn\{0} such that
M(λ)x = 0, for

M(λ) = g0(λ)A0 + . . . + gm(λ)Am,

where Ai ∈ Cn×n are constant coefficient matrices and gi are functions
such as polynomials, rational functions, or the exponential function.
Note that the nonlinearity is contained in λ; the eigenvector x is only
linearly involved in the problem description. As an example, the delay
differential equation (DDE) gives rise to such a nonlinear eigenvalue
problem. Consider therefore the linear time-invariant DDE with several
discrete delays:

ẋ(t) = A0x(t) +
m

∑
i=1

Aix(t− τi),

for A0 . . . , Am ∈ Cn×n, and τ1, . . . , τm ∈ R. The solution x(t) = e−λtx0

gives rise to the nonlinear eigenvalue problem

M(λ)x = (λI − A0 −
m

∑
i=1

Aie−τiλ)x = 0.

Various methods such as Newton’s method, contour integration, or lin-
earization are used to solve these types of problems. See [33] for a
recent overview on nonlinear eigenvalue problems.

1.2 lanczos methods

To solve the large-scale problems as the ones presented in the previous
section, iterative methods are used. In this dissertation we develop ad-
vanced Lanczos methods, a specific type of Krylov subspace methods.
Cornelius Lanczos1 (1893-1974) was a Jewish Hungarian mathemati-
cian and physicist. Apart from inventing the Lanczos method and the τ

1 See the series of video tapes produced in 1972, in which Cornelius Lanczos tells about
his life as mathematician, made available online: guettel.com/lanczos/.
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method, he was the assistant of Albert Einstein, and he (re-)discovered
the fast Fourier transform and the singular value decomposition. Below
we describe three well-known Lanczos methods that form the basis of
the methods that are developed in this dissertation. See for instance [1]
for a more detailed description of the presented (and related) methods.

1.2.1 The standard Lanczos method

The aim of the Lanczos method is to approximate eigenvalues λ ∈ R

and eigenvectors x ∈ Cn\{0} of the Hermitian eigenvalue problem
Ax = λx, for the Hermitian matrix A. With a properly chosen starting
vector v1 ∈ Cn, the method builds an orthogonal basis Vj =

[
v1, · · · , vj

]
of the Krylov subspace Kj(A, v1) := span{v1, Av1, . . . , Aj−1v1}. The
procedure can be represented as follows

v1
A−−→ v2

A−−→ v3
A−−→ . . . ,

where the orthogonalization of each new vector with respect to the pre-
viously constructed vectors is not shown. After j steps of the iteration
we obtain the recursion relation

AVj = VjTj + β jvj+1e∗j ,

where V∗j vj+1 = 0. The matrix

Tj =


α1 β1

β1 α2
. . .

. . . . . . β j−1

β j−1 αj


is the representation of A in the orthogonal basis Vj. The matrix A is ac-
cessed only in the form of matrix-vector multiplications. Furthermore,
the method can be performed using short (three-term) recurrences. The
Lanczos method is closely related to the power method, where the main
difference is that the eigenvalue approximation of the Lanczos method
is based on all previously computed vectors instead of only the current
vector. In fact, if Tjsi = θisi is an eigensolution of Tj, then the Ritz value
θi and the Ritz vector xi = Vjsi are an approximation to an eigenpair
of A. As soon as one eigenvalue converges the orthogonality of the
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computed vectors is lost; a known drawback of the Lanczos method.
One can either reorthogonalize (fully, selectively or locally), or discard
spurious eigenvalues.

1.2.2 The Lanczos bidiagonalization method

The Golub–Kahan–Lanczos bidiagonalization, first described in [31]
(and abbreviated as Lanczos bidiagonalization throughout the rest of
this dissertation), is among the most used strategies for approximating
selected singular triplets (σ, u, v) for σ ∈ R and u, v ∈ Cn\{0}, of a
given matrix A, such that Av = σu and A∗u = σv. With a properly cho-
sen starting vector v1 ∈ Cn and defining u1 := Av1, the method builds
two orthogonal bases, Vj =

[
v1, v2, · · · , vj

]
and Uj =

[
u1, u2, · · · , uj

]
of

the Krylov subspaces Kj(A∗A, v1) and Kj(AA∗, u1), respectively. The
procedure can be represented as follows

v1
A−−→ u1

A∗−−−→ v2
A−−→ u2

A∗−−−→ v3 . . . .

The orthogonal projection of the vectors (not shown in the above repre-
sentation) is done in such a way that V∗j Vj = I and U∗j Uj = I. After j
steps of the iteration we obtain the recursion relations

AVj = UjBj,

A∗Uj = VjB∗j + β jvj+1e∗j ,

where V∗j vj+1 = 0, and A is reduced to the bidiagonal matrix (nonzero
main diagonal and first superdiagonal)

Bj =



α1 β1

α2 β2
. . . . . .

αj−1 β j−1

αj


.

If (µi, ci, di) is a singular triplet of Bj, then (µi, Ujci, Vjdi) is an approxi-
mation to a singular triplet of A. As in the Lanczos method, the matrix
A is involved only via matrix-vector multiplications and the method is
based on short recurrences. The Lanczos bidiagonalization method is
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mathematically equivalent to the Lanczos method applied to the matrix
A∗A (or to the matrix AA∗) and also to the Lanczos method applied to

H(A) =

[
0 A

A∗ 0

]
.

Therefore, the same convergence properties hold as for the Lanczos
method.

1.2.3 The two-sided Lanczos method

The two-sided Lanczos method, also called the non-Hermitian Lanczos
method or the bi-Lanczos method, is an oblique projection method for
non-Hermitian matrices. It tackles the non-Hermitian eigenvalue prob-
lem: find eigenvalues λ ∈ C and right and left eigenvectors, x, y ∈
Cn\{0}, respectively, such that

Ax = λx,

y∗A = λy∗.

With two properly chosen starting vectors q1, p1 ∈ Cn, the method
builds two bi-orthogonal bases Qj =

[
q1, · · · , qj

]
and Pj =

[
p1, · · · , pj

]
of the Krylov subspaces Kj(A, q1) and Kj(A∗, p1), respectively. The
bases are constructed such that Qj and Pj are bi-orthogonal, meaning
that P∗j Qj = I (note that Q∗j Qj 6= I 6= P∗j Pj). This method allows for
a freedom in scaling the vectors differently, such that P∗j Qj is a diago-
nal matrix. The simultaneously built subspaces have the advantage to
cover the approximation of both the left and right eigenvectors. The
process can be represented as follows

q1
A−−−→ q2

A−−−→ q3
A−−−→ . . . ,

p1
A∗−−−→ p2

A∗−−−→ p3
A∗−−−→ . . . ,

where the bi-orthogonalization of each new vector with respect to the
previously constructed vectors of the other basis is not shown. It is clear
from this representation that the method asks for the availability of the
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matrix-vector operations Aq and A∗p. After j steps of the iteration we
obtain the recursion relation

AQj = QjTj + β jqj+1e∗j ,

A∗Pj = PjT∗j + γ̄j+1 pj+1e∗j ,

P∗j Qj = I,

where Q∗j pj+1 = 0 and P∗j qj+1 = 0. The non-Hermitian tridiagonal
matrix

Tj =


α1 γ2

β2 α2
. . .

. . . . . . γj

β j αj

 ,

is the representation of A in the Lanczos bases. If Tjzi = θizi and
T∗j wi = θiwi denote an eigensolution of Tj, then the eigenvalues of
A are approximated by the eigenvalues θi of Tj, and the approximate
eigenvectors are defined as xi = Qjzi (right) and yi = Pjwi (left). As the
Lanczos methods presented above, also this method can be performed
using short recurrences, namely two three-term recurrences per itera-
tion. However, since the method is not based on orthogonal transfor-
mations, the method suffers from numerical instability and there is a
risk of breakdown.

1.3 outline

This dissertation contains three research chapters. In each of the chap-
ters a novel Lanczos method is developed to solve a particular large-
scale matrix problem. We give a short overview of the subjects covered
in the following chapters.

1.3.1 Chapter 2

In chapter 2 we focus on the matrix condition number. Reliable esti-
mates for the condition number of a large, sparse, real matrix A are
important in many applications. We propose to approximate the condi-
tion number κ(A) by approximating both the smallest and the largest
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singular value of A. The Lanczos bidiagonalization method, see sec-
tion 1.2.2, provides satisfying approximations for the largest singular
value, but it is usually unsuitable for finding a good approximation
to the smallest singular value. Therefore, we develop a new extended
Lanczos bidiagonalization method, which turns out to be ideal for the
simultaneous approximation of both the smallest and largest singular
value of a matrix, providing a lower bound for the condition number.
Moreover, the method yields probabilistic upper bounds for κ(A). The
user can select the probability with which the upper bound holds, as
well as the ratio of the probabilistic upper bound and the lower bound.
This chapter is based on [26].

1.3.2 Chapter 3

In chapter 3 we treat the problem of approximating the norm of a large-
scale matrix function. More precisely, given a large square matrix A
and a sufficiently regular function f so that f (A) is well defined, we
are interested in the approximation of the leading singular values and
corresponding left and right singular vectors of f (A), and hence in par-
ticular in the approximation of ‖ f (A)‖, where ‖ · ‖ is the matrix norm
induced by the Euclidean vector norm. We assume that neither f (A)

nor f (A)v can be computed exactly, and thus the Lanczos bidiagonal-
ization, see section 1.2.2, cannot be applied. Therefore, we introduce
a new inexact Lanczos bidiagonalization procedure, where the inexact-
ness is related to the inaccuracy of the operations f (A)v, f (A)∗v. The
lack of a true residual requires particular outer and inner stopping cri-
teria that will be devised. This chapter is based on [28].

1.3.3 Chapter 4

Chapter 4 deals with nonlinear eigenvalue problems (NEP) as pre-
sented in section 1.1.3. We propose a new two-sided Lanczos method,
inspired on the two-sided Lanczos method presented in section 1.2.3.
Compared to the standard two-sided method, this new method im-
plicitly works with matrices and vectors with infinite size. Particular
(starting) vectors are used, enabling the method to carry out all com-
putations efficiently with finite matrices and vectors. We specifically in-
troduce a new way to represent infinite vectors that span the subspace
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corresponding to the conjugate transpose operation for approximating
the left eigenvectors. This chapter is based on [27].

The concluding chapter, chapter 5, gives a brief overview of the issues
that are discussed in this dissertation. Finally, various perspectives for
further research are listed.

1.4 notation

The following notation will be used throughout. Vectors are indicated
by lowercase Roman letters, whereas capital Roman letters refer to ma-
trices or operators. However, lowercase Roman letters will also be used
to indicate sizes, dimensions, functions, and indices. Lowercase Greek
letters represent scalars. Calligraphic uppercase letters (e.g., B) refer to
block-matrices. Letters in bold face correspond to matrices and vectors
of infinite size. R and C stand for the real and complex numbers, re-
spectively. The 2-norm of a matrix A is denoted by ‖A‖, where ‖ · ‖
is the matrix norm induced by the Euclidean vector norm, and it is
defined as

‖A‖ = max
0 6=x∈Cn

‖Ax‖
‖x‖ , (1.1)

where the Euclidean vector norm is defined as ‖x‖ = (∑n
i=1 |xi|2)

1
2 , for

x ∈ Cn. The vector ei indicates the ith column of the identity matrix
of a given dimension. The conjugate transpose of a matrix A will be
denoted by A∗, and for symmetric matrices we use AT to indicate its
transpose. We will use the MATLAB-like notation [x; y] to denote the
column vector[

x

y

]
, x ∈ Cnx , y ∈ Cny .

For A ∈ Cn×n, spec(A) denotes the set of its eigenvalues, span(A) refers
to the space spanned by the columns of A, and W(A) = {z ∈ C : z =

(x∗Ax)/(x∗x), x ∈ Cn\{0}} is its field of values.

1.5 hardware and software

The simulations were carried out with an implementation in MATLAB
(R2012b and R2015b), and using a computer with an Intel Core i5-
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3360M processor and 8 GB of RAM, unless mentioned otherwise. Vari-
ous MATLAB codes that are used to produce the results in this disserta-
tion are available online: www.win.tue.nl/~hochsten/eigenvaluetools/
and www.math.kth.se/~eliasj/src/infbilanczos/.



2
P R O B A B I L I S T I C B O U N D S F O R T H E M AT R I X
C O N D I T I O N N U M B E R W I T H E X T E N D E D L A N C Z O S
B I D I A G O N A L I Z AT I O N

Adapted
from [26]Reliable estimates for the condition number of a large, sparse, real ma-

trix A are important in many applications. To get an approximation for
the condition number κ(A), an approximation for the smallest singular
value is needed. Standard Krylov subspaces are usually unsuitable for
finding a good approximation to the smallest singular value. Therefore,
we study extended Krylov subspaces which turn out to be ideal for the
simultaneous approximation of both the smallest and largest singular
value of a matrix. First, we develop a new extended Lanczos bidiago-
nalization method. With this method we obtain a lower bound for the
condition number. Moreover, the method also yields probabilistic up-
per bounds for κ(A). The user can select the probability with which
the upper bound holds, as well as the ratio of the probabilistic upper
bound and the lower bound.

2.1 introduction

Let A ∈ Rn×n be a large, nonsingular matrix. Let A = XΣYT be the
singular value decomposition of A, as defined in section 1.1.2, where
X and Y are n× n matrices with orthonormal columns containing the
left and right singular vectors of A, respectively. Furthermore, Σ is an
n× n diagonal matrix with positive real entries containing the singular
values of A that are numbered in decreasing order: σ1 ≥ · · · ≥ σn > 0.

We are interested in the important problem of approximating the
condition number of A,

κ(A) = ‖A‖ ‖A−1‖ = σ1

σn
,

where ‖ · ‖ stands for the 2-norm. The (Golub–Kahan–)Lanczos bidiag-
onalization method [31], as introduced in section 1.2.2, provides an ap-
proximation, a lower bound, for the maximum singular value σ1 of A.
In addition, an upper bound for the minimum singular value is ob-

11



12 probabilistic bounds for the matrix condition number

tained, but this is usually a rather poor bound. To approximate the
condition number, good approximations to σn are needed.

2.1.1 Contributions of this chapter to the problem

This chapter has three contributions. First, we develop a new extended
Lanczos bidiagonalization method. The method generates a basis for
the extended Krylov subspace:

Kk+1,k+1(ATA, v) = span{(ATA)−kv, . . . , v, ATAv, . . . , (ATA)kv}.

Extended Krylov subspace methods have been studied in the last 15

years by various authors [18, 49, 50, 56, 74]. The second contribution
of this chapter is that we obtain simultaneously a lower bound for σ1

and an upper bound for σn, which leads to a lower bound of good
quality for κ(A). Third, we obtain a probabilistic upper bound for the
condition number. Probabilistic techniques have become increasingly
popular, see, for instance, [16, 17, 38, 46, 59]. Whereas in [16, 38, 59]
the power method is used, this paper is based on Krylov methods, as
are the techniques in [17, 46, 59]. An important feature of the Lanczos
bidiagonalization procedure is that the starting vector can be (and often
is) chosen randomly. Therefore, the probability that this vector has a
small component in the direction of the desired singular vector (relative
to 1/

√
n) is small. Another characteristic of the procedure is that during

the bidiagonalization process polynomials implicitly arise. These two
properties are exploited in [46] to obtain probabilistic upper bounds for
σ1.

In this chapter, we will expand the techniques from [46] to obtain
both probabilistic lower bounds for σn and probabilistic upper bounds
for σ1, leading to probabilistic upper bounds for κ(A). These upper
bounds hold with user-chosen probability: the user can select an ε > 0
such that the bounds hold with probability 1− 2ε, as well as a ζ > 1
such that the ratio of the probabilistic upper bound and the lower
bound for κ(A) is less than ζ. The method will adaptively perform a
number of steps k to accomplish this. Probabilistic condition estimators
in [16] or [59] provide a ratio between the probabilistic upper bound
and the lower bound, given a fixed k and ε. The method presented here
does not come with an analogous relation; however, the method we
propose generally gives sharper bounds as is shown in section 2.7.
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We stress the fact that the method developed in this chapter requires
an (exact) LU decomposition. If this is unaffordable, there are alter-
native methods available that only need a preconditioner such as an
inexact LU decomposition. The JDSVD method [44, 45] is one of these
methods. However, because of the current state of both numerical meth-
ods and hardware, LU decompositions have increasingly become an
option, sometimes even for rather large matrices.

The theory discussed in this chapter considers only real matrices.
For general complex matrices the theory from this chapter to obtain
probabilistic bounds needs to be adapted in a nontrivial way, and will
be subject to future study.

2.1.2 Overview of the chapter

The rest of this chapter is organized as follows. In section 2.2 we intro-
duce the extended Lanczos bidiagonalization method, and the special
structure of the matrices obtained by this method are examined in sec-
tion 2.3. Section 2.4 focuses on the Laurent polynomials arising in the
procedure. In section 2.5 we elaborate on the computation of a prob-
abilistic bound for the condition number. Section 2.6 discusses some
comparisons with several other (probabilistic) condition number esti-
mators. We end with some numerical experiments and conclusions in
sections 2.7 and 2.8.

2.2 extended lanczos bidiagonalization

The method we will develop starts with a random vector v0 with unit
norm. We express v0 as linear combination of the right singular vectors
yi of A

v0 =
n

∑
i=1

γi yi. (2.1)

Notice that both the yi and γi are unknown. Given the matrix A and
the starting vector v0, the extended Lanczos bidiagonalization method
repeatedly performs matrix-vector operations with the matrices A, AT,
A−T, and A−1 (note that, apart from A, the aforementioned matrices
are not constructed explicitly). In every step a generated vector is or-
thogonalized with respect to the previously constructed vectors, and
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subsequently normalized. This procedure can be visualized as a string
of operations working on vectors:

v0
A−−→ u0

AT
−−−→ v1

A−T
−−−−→ u−1

A−1

−−−−→ v−1
A−−→ u1

AT
−−−→ . . .

Note that in this visualization the orthonormalization of the vectors
is not shown. In this scheme, applying the operation A−T after AT

(and A after A−1) may seem contradictory, but since the vectors are
orthogonalized in between this truly yields new vectors. Another way
to represent this procedure is the table below:

Step Action Generated Action Generated Action Generated Action Generated

0 Av0 u0 ATu0 v1 A−Tv1 u−1 A−1u−1 v−1

1 Av−1 u1 ATu1 v2 A−Tv2 u−2 A−1u−2 v−2
...

k− 1 Av−k+1 uk−1 ATuk−1 vk A−Tvk u−k A−1u−k v−k

During the procedure, the generated vectors vj are normalized after
being orthogonalized with respect to all previous generated vi, i.e., for
k ≥ 1

vk ⊥ {v0, v1, v−1, . . . , vk−1, v−k+1},
v−k ⊥ {v0, v1, v−1, . . . , v−k+1, vk}.

Similarly, all generated vectors uj have unit norm and

uk−1 ⊥ {u0, u−1, u1, . . . , uk−2, u−k+1},
u−k ⊥ {u0, u−1, u1, . . . , u−k+1, uk−1}.

Define the matrices V1 = [v0] and U1 = [u0], and for k ≥ 1

V2k = [V2k−1, vk], U2k = [U2k−1, u−k],

V2k+1 = [V2k, v−k], U2k+1 = [U2k, uk].

The columns of these matrices are orthonormal and span the corre-
sponding subspaces V2k, V2k+1, U2k, and U2k+1, respectively. We assume
for the moment that no breakdowns occur, so all spaces are of full di-
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mension; how to handle a breakdown is discussed in section 2.7. After
k ≥ 1 steps the algorithm gives rise to the following matrix equations:

AV2k−1 = U2k−1H2k−1,

ATU2k−1 = V2k−1(H2k−1)
T + βk−1 vk eT

2k−1,

A−TV2k = U2k(K2k)
T,

A−1U2k = V2kK2k + δk v−k eT
2k, (2.2)

and furthermore,

AV2k = U2k H2k + β−k uk eT
2k,

ATU2k = V2k(H2k)
T,

A−TV2k+1 = U2k+1(K2k+1)
T + δ−k u−k−1 eT

2k+1,

A−1U2k+1 = V2k+1K2k+1. (2.3)

Here, and throughout the chapter, Hm,p is an m × p matrix. We will
use only one subscript if the matrix is square, i.e., Hm is an m × m
matrix, and we will refer to the matrices Hm,p and Km,p as H and K
if the size is not of interest. Furthermore, ei is the ith unit vector and
the coefficients β j and δj are entries of the matrices H and K which
will be specified in section 2.3. More details on the recurrence relation
between the vectors u and v will be given in the next section, where we
show that orthogonalization can be done using 3-term recurrences. In
particular, the pseudocode for the algorithm that will be introduced in
section 2.7 shows that only 3 vectors of storage are needed.

Let θ
(2k−1)
1 ≥ · · · ≥ θ

(2k−1)
2k−1 be the singular values of H2k−1, and let

θ
(2k)
1 ≥ · · · ≥ θ

(2k)
2k be the singular values of H2k. Similarly, let ξ

(2k−1)
1 ≥

· · · ≥ ξ
(2k−1)
2k−1 be the singular values of K2k−1, and let ξ

(2k)
1 ≥ · · · ≥ ξ

(2k)
2k

be the singular values of K2k. These values are approximations of the
singular values of A and A−1, respectively. We will avoid the use of su-
perscripts if this is clear from the context. Further, let cj and dj indicate
the corresponding right singular vectors of H and K, respectively. We
will now study the behavior of these values θj and ξ j to obtain bounds
for the extreme singular values of A.

Proposition 2.2.1 For 1 ≤ j ≤ 2k− 1,

(a) the singular values of H converge monotonically to the largest singular
values of A: θ

(2k−1)
j ≤ θ

(2k)
j ≤ σj(A),
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(b) the inverse singular values of K converge monotonically to the smallest
singular values of A:

σn−j+1(A) =
(
σj(A−1)

)−1 ≤
(
ξ
(2k)
j

)−1 ≤
(
ξ
(2k−1)
j

)−1.

Proof. The matrix H2k−1 can be seen as the matrix H2k from which the
2kth row and column have been deleted. The same holds for the ma-
trices K2k−1 and K2k. Now we apply [47, corollary 3.1.3] and obtain
the first inequalities of both (a) and (b). The second inequalities hold
because of [47, lemma 3.3.1]

In the next section we will see that H−1 = K, and therefore the equality
{θ−1

1 , . . . , θ−1
2k } = {ξ1, . . . , ξ2k} holds. Proposition 2.2.1 shows in particu-

lar that the largest singular value of the matrices H converges monoton-
ically to σ1, and the inverse of the largest singular value of the matrices
K converges monotonically to σn. After the kth step of the procedure,
we obtain the value θ

(2k)
1 , a lower bound for σ1, and the value (ξ

(2k)
1 )−1,

an upper bound for σn.

Corollary 2.2.2 After the kth step of extended Lanczos bidiagonalization we
obtain a lower bound for the condition number of A:

κlow(A) =
θ1

ξ−1
1

≤ σ1

σn
= κ(A). (2.4)

The experiments in section 2.7 show for different matrices that the
lower bound achieved by extended Lanczos bidiagonalization may of-
ten be very good.

We can reformulate the expressions in (2.2) and (2.3) to see the simi-
larities with the extended Lanczos method, see, e.g., [49], with starting
vector v0 and matrix ATA, so that for k ≥ 1:

ATAV2k−1 = ATU2k−1H2k−1

= V2k−1(H2k−1)
T H2k−1 + βk−1 vk eT

2k−1 H2k−1

(ATA)−1V2k = A−1U2k(K2k)
T

= V2kK2k(K2k)
T + α−1

k δk v−k eT
2k

AATU2k = AV2k(H2k)
T (2.5)

= U2k H2k(H2k)
T + αk β−k uk eT

2k

(AAT)−1U2k−1 = A−TV2k−1K2k−1

= U2k−1(K2k−1)
TK2k−1 + δ−k+1 u−k+1 eT

2k−1K2k−1.
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This way of representing the procedure will be convenient in the next
sections where we will investigate the structure of the generated matri-
ces and introduce Laurent polynomials.

2.3 the special structure of the generated h and k ma-
trices

In the previous section we introduced the extended Lanczos bidiago-
nalization method. The four leading submatrices arising in (2.2) and
(2.3) are given by

H2k−1 = UT
2k−1AV2k−1, K2k−1 = VT

2k−1A−1U2k−1,

H2k = UT
2k AV2k, K2k = VT

2k A−1U2k.

These matrices H and K turn out to be tridiagonal matrices with a
special structure as we will show in the next proposition. Note that we
assume for all j ∈ {−k, . . . , k} that the entries αj, β j and δj are nonzero.

Proposition 2.3.1 (a) The matrix H is tridiagonal and of the form

α0 β0

α1

β−1 α−1 β1

α2

β−2 α−2 β2

α3
. . .


, (2.6)

where its entries satisfy

h2j,2j = αj = ‖A−Tvj‖−1 = ‖ATu−j‖,

h2j+1,2j = β−j = uT
j Avj,

h2j+1,2j+1 = α−j = uT
j Av−j,

h2j+1,2j+2 = β j = ‖ATuj − (uT
j Avj)vj − (uT

j Av−j)v−j‖.
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(b) The matrix K is tridiagonal and of the form

α−1
0 δ0

α−1
1

δ1 α−1
−1 δ−1

α−1
2

δ2 α−1
−2 δ−2

α−1
3

. . .


, (2.7)

where its diagonal entries are defined in (a) and its off-diagonal entries
satisfy

k2j+1,2j = δj = ‖A−1u−j − (vT
−j+1A−1u−j)v−j+1 − (vT

j A−1u−j)vj‖,

k2j+1,2j+2 = δ−j = vT
−j A

−1u−(j+1).

Proof. We will focus first on the transposed matrix HT
2k. Note therefore

that ATU2k = V2k HT
2k. The (2j + 1)st column of ATU2k is ATuj, and thus

the (2j + 1)st column of HT
2k can be described using the step of the

algorithm in which the vector vj+1 is constructed

β jvj+1 = ATuj −
j

∑
i=−j

γi vi,

where γi = vT
i ATuj = uT

j Avi and β j is a factor such that vj+1 has unit
norm. For all i ∈ {−j + 1, . . . , j− 1} we have

Avi ∈ span{(AAT)−j+1Av0, . . . , (AAT)j−1Av0}

= span{u0, u−1, u1, . . . , u−j+1, uj−1},

and therefore γi = 0 for all i ∈ {−j + 1, . . . , j− 1}. We obtain the three-
term recurrence relation

ATuj = (uT
j Avj) vj + (uT

j Av−j) v−j + β jvj+1,

which implies that the (2j + 1)st column of HT
2k has only three nonzero

entries. This gives us the three nonzero entries of the odd rows of H,
h2j+1,2j, h2j+1,2j+1, and h2j+1,2j+2.
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For the description of the (2j)th column of HT
2k another step of the

algorithm is used, namely

α−1
j u−j = A−Tvj −

j−1

∑
i=−j+1

γiui,

where γi = uT
i A−Tvj = vT

j A−1ui and α−1
j is a factor such that u−j has

unit norm. For all i ∈ {−j + 1, . . . , j− 1} we have

A−1ui ∈ span{(ATA)−j+1v0, . . . , (ATA)j−1v0}

= span{v0, v1, v−1, . . . , vj−1, v−j+1},

and therefore γi = 0 for all i ∈ {−j + 1, . . . , j − 1}. We obtain the
recurrence relation

A−Tvj = α−1
j u−j, and therefore ATu−j = αjvj,

implying that the (2j)th column of HT
2k has only one nonzero entry. The

entries of the matrix K can be obtained by a similar reasoning.

This description of the matrices H and K leads to the following recur-
rence relations:

Av−k = α−kuk, k ≥ 0, ?

Avk = βk−1uk−1 + αku−k + β−kuk, k ≥ 1,

ATu−k = αkvk, k ≥ 1,

ATuk = β−kvk + α−kv−k + βkvk+1, k ≥ 1, ?

A−Tvk = α−1
k u−k, k ≥ 1, ?

A−Tv−k = δku−k + α−1
−kuk + δ−ku−(k+1), k ≥ 1,

A−1uk = α−1
−kv−k, k ≥ 0,

A−1u−k = δ−(k−1)v−(k−1) + α−1
k vk + δkv−k, k ≥ 1, ?

(2.8)

and ATu0 = α0v0 + β0v1, A−Tv0 = α−1
0 u0 + δ0u−1. The relations in-

dicated by a ? correspond to the matrix vector multiplications that are
done explicitly during the procedure, while the other lines are added to
give a complete representation of the relations in (2.2) and (2.3). These
relations suggest that this method requires at most 6 vectors of storage,
and the algorithm presented in section 2.7 even shows only 3 vectors
have to be stored. Furthermore, having found this explicit form of the
two matrices, it can be seen that the matrices H and K are inverses.
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Proposition 2.3.2 The leading submatrix of H of order j is the inverse of the
leading submatrix of K of the same order, i.e., for 1 ≤ j < n,

HjKj = KjHj = Ij.

Proof. If we would carry out n steps of extended Lanczos bidiagonaliza-
tion, we would obtain orthogonal matrices Vn and Un satisfying

HnKn = UT
n AVnVT

n A−1Un = In,

KnHn = VT
n A−1UnUT

n AVn = In.

Due to the special tridiagonal structure, it is easy to see that the state-
ment of the proposition holds.

The previous proposition implies that the singular values of K are the
inverses of the singular values of H, and therefore we can adjust corol-
lary 2.2.2.

Corollary 2.3.3 After the kth step of extended Lanczos bidiagonalization we
obtain a lower bound for the condition number of A:

κlow(A) =
θ1

θ2k
≤ σ1

σn
= κ(A). (2.9)

The matrices in the reformulated expressions (2.5) also have a special
structure, just as the matrices formed in the extended Lanczos method
in [49]. The four symmetric matrices generated in this extended Lanc-
zos process, for k ≥ 1, are given by

R2k−1 = (H2k−1)
T H2k−1 = VT

2k−1ATAV2k−1,

R̃2k = H2k HT
2k = UT

2k AATU2k,

S̃2k−1 = (K2k−1)
TK2k−1 = UT

2k−1(AAT)−1U2k−1,

S2k = K2kKT
2k = VT

2k(ATA)−1V2k.

(2.10)

They are all four the product of two tridiagonal matrices with a special
structure, namely the matrices obtained from extended Lanczos bidiag-
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onalization. The matrices R2k−1 and R̃2k are pentadiagonal and of the
form

R2k−1=



× ×
× × × ×
× × ×
× × × × ×

× × ×
× × . . .


, R̃2k =



× × ×
× × ×
× × × × ×

× × ×
× × × ×

× . . .


.

The matrices S2k and S̃2k+1 have similar structures. The product of the
matrices R and S is a rank-one modification of the identity. Again, if
we would carry out n steps of extended Lanczos bidiagonalization, we
would obtain orthogonal matrices Vn and Un with the following identi-
ties:

SnRn = VT
n (ATA)−1VnVT

n (ATA)Vn = In = RnSn,

S̃nR̃n = UT
n (AAT)−1UnUT

n (AAT)Un = In = R̃nS̃n.

Due to the special pentadiagonal structure of the matrices, for 1 ≤ j <
n, the product is a rank-one modification of the identity, where we have
to distinguish between the even and odd cases:

S2kR2k = I2k + ẘ2keT
2k, S2k+1R2k+1 = I2k+1 + e2k+1ẘT

2k+1,

R2kS2k = I2k + e2kw̌T
2k, R2k+1S2k+1 = I2k+1 + w̌2k+1eT

2k+1,

S̃2kR̃2k = I2k + w̃2keT
2k, R̃2k+1S̃2k+1 = I2k+1 + e2k+1w̃T

2k+1,

R̃2kS̃2k = I2k + e2kŵT
2k, S̃2k+1R̃2k+1 = I2k+1 + ŵ2k+1eT

2k+1.

Here, the various vectors w2k ∈ R2k and w2k+1 ∈ R2k+1 are such that
only the last two entries are (possibly) nonvanishing.

The matrices S, S̃, R, and R̃ are used in the next section to give an ex-
plicit expression for the Laurent polynomials arising in extended Lanc-
zos bidiagonalization.
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2.4 polynomials arising in extended lanczos bidiagonal-
ization

In every step of the extended Lanczos bidiagonalization procedure four
different vectors are generated. Since these vectors lie in an extended
Krylov subspace, they can be expressed using polynomials:

vk = pk(ATA)v0 ∈ Kk,k+1(ATA, v0),

u−k = q−k(AAT)Av0 ∈ Kk+1,k(AAT, Av0),

v−k = p−k(ATA)v0 ∈ Kk+1,k+1(ATA, v0),

uk = qk(AAT)Av0 ∈ Kk+1,k+1(AAT, Av0).

(2.11)

The polynomials pk and p−k are Laurent polynomials of the form

pk(t) =
k

∑
j=−k+1

µ
(k)
j tj, p−k(t) =

k

∑
j=−k

µ
(−k)
j tj. (2.12)

Similarly, q−k and qk are Laurent polynomials and are defined as

q−k(t) =
k−1

∑
j=−k

ν
(−k)
j tj, qk(t) =

k

∑
j=−k

ν
(k)
j tj. (2.13)

The recurrence relations in (2.8) give rise to recurrence relations con-
necting the polynomials p and q:

p−k(t) = α−kqk(t), k ≥ 0,

pk(t) = βk−1qk−1(t) + αkq−k(t) + βkqk(t), k ≥ 1,

tq−k(t) = αk pk(t), k ≥ 1,

tqk(t) = β−k pk(t) + α−k p−k(t) + βk pk+1(t), k ≥ 1,

t−1 pk(t) = α−1
k q−k(t), k ≥ 1,

t−1 p−k(t) = δkq−k(t) + α−1
−kqk(t) + δ−kq−(k+1)(t), k ≥ 1,

qk(t) = α−1
−k p−k(t), k ≥ 0,

q−k(t) = δ−(k−1)p−(k−1)(t) + α−1
k pk(t) + δk p−k(t), k ≥ 1,

and tq0(t) = α0 p0(t) + β0 p1(t), t−1 p0(t) = α−1
0 q0(t) + δ0q−1(t).

Define the following two inner products

〈 f , g〉 = vT
0 f (ATA) g(ATA)v0, (2.14)

[ f , g] = vT
0 f (ATA) ATA g(ATA)v0. (2.15)
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Lemma 2.4.1 Let i, j ∈ {−k, . . . , k}. The polynomials pi and pj are orthonor-
mal with respect to the inner product (2.14), whilst the polynomials qi and qj
are orthonormal with respect to the inner product (2.15).

Proof. By construction of the vi’s and ui’s we have

〈pi, pj〉 = vT
0 pi(ATA) pj(ATA)v0 = vT

i vj =

{
1 if i = j

0 if i 6= j
,

and

[qi, qj] = vT
0 qi(ATA) ATA qj(ATA)v0 = uT

i uj =

{
1 if i = j

0 if i 6= j
.

Recall that, for 1 < j ≤ 2k, θj is a singular value of H, ξ j is a singu-
lar value of K, and cj and dj indicate the corresponding right singular
vectors of H and K, respectively.

Proposition 2.4.2

(a) The zeros of the polynomial pk are exactly θ2
1 , . . . , θ2

2k−1.

(b) The zeros of the polynomial p−k are exactly θ2
1 , . . . , θ2

2k.

(c) The zeros of the polynomial q−k are exactly θ2
1 , . . . , θ2

2k−1.

(d) The zeros of the polynomial qk are exactly θ2
1 , . . . , θ2

2k.

Proof. The proof is similar for all the polynomials; we will give the
details only for the first two. Starting with pk, let j ∈ {1, . . . , 2k − 1}.
Using (2.5) it can be easily seen that the Galerkin condition holds for
the pair (θ2

j , V2k−1cj):

ATAV2k−1cj − θ2
j V2k−1cj ⊥ V2k−1.

Further, since V2k−1cj ∈ V2k−1 it follows that

(ATA− θ2
j I)V2k−1cj ∈ span{(ATA)−k+1v0, . . . , (ATA)kv0}.

For each j = 1, . . . , 2k− 1 we have that (ATA− θ2
j I)V2k−1cj ∈ V2k but is

orthogonal to V2k−1. This means that for all j = 1, . . . , 2k− 1 the vector
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(ATA − θ2
j I)V2k−1cj is a nonzero multiple of vk = pk(ATA)v0. Hence

pk(t) contains all factors t− θ2
j , i.e., its zeros are exactly θ2

1 , . . . , θ2
2k−1.

Similarly for the polynomial p−k, let i ∈ {1, . . . , 2k}. Again, using
(2.5), it can be easily seen that the Galerkin condition holds for the pair
(ξ2

i , V2kdi). For each i = 1, . . . , 2k the vector ((ATA)−1 − ξ2
i I)V2kdi is a

nonzero multiple of v−k = p−k(ATA)v0, since it is orthogonal to V2k but
an element of V2k+1. Thus p−k contains all factors (t−1 − ξ2

j ), and thus
all the factors (t−1 − θ−2

j ), since H−1 = K.
Similar proofs can be given for (c) and (d). Note that the proofs in

[46, p. 467] and [67, p. 266–267] follow the same line of reasoning.

We know from (2.12) that pk(t) = ∑k
j=−k+1 µ

(k)
j tj, which, using the result

of proposition 2.4.2, implies that pk is of the form

pk(t) = µ
(k)
k · t

−k+1 · (t− θ2
1) · · · (t− θ2

2k−1). (2.16)

Similarly, p−k, qk, and q−k are of the form

p−k(t) = µ
(−k)
−k · tk · (t−1 − θ−2

1 ) · · · (t−1 − θ−2
2k ),

q−k(t) = ν
(−k)
−k · tk−1 · (t−1 − θ−2

1 ) · · · (t−1 − θ−2
2k−1),

qk(t) = ν
(k)
k · t−k+1 · (t − θ2

1) · · · (t − θ2
2k).

(2.17)

It turns out that the coefficients µ
(k)
k , µ

(−k)
−k , ν

(−k)
−k , and ν

(k)
k can be ex-

pressed as a product of certain entries of the matrices H and K intro-
duced in (2.6) and (2.7), respectively.

Lemma 2.4.3 The coefficients µ
(k)
k , µ

(−k)
−k , ν

(−k)
−k , and ν

(k)
k of the polynomials

pk, p−k, q−k and qk can be expressed as the product of entries of the matrices
H and K defined in (2.6) and (2.7), respectively:

ν
(−k)
−k = (−1)k

k

∏
i=−k+1

αi

k−1

∏
i=0

β−1
i

k−1

∏
i=1

δ−1
i , and µ

(−k)
−k = δ−1

k ν
(−k)
−k ,

ν
(k)
k = (−1)k

k

∏
i=−k

α−1
i

k−1

∏
i=0

β−1
i

k

∏
i=1

δ−1
i , and µ

(k)
k = β−1

k−1ν
(k−1)
k−1 .

(2.18)

Proof. From the equations in (2.2), the expressions in (2.11), and from
the form of the matrices H and K whose entries are described explicitly
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in (2.6) and (2.7), respectively, the following recurrence relations for the
polynomials can be derived:

q−k(t) = αkt−1 pk(t),

p−k(t) = δ−1
k (q−k(t)− δ−k+1 p−k+1(t)− α−1

k pk(t)),

qk(t) = α−1
−k p−k(t),

pk+1(t) = β−1
k (tqk(t)− βk pk(t)− α−k p−k(t)).

(2.19)

Manipulating these relations one obtains recurrence relations for the
coefficients:

ν
(−k)
−k = (−1)k α−k+1 αk β−1

k−1 δ−1
k−1 ν

(−k+1)
−k+1 ,

µ
(−k)
−k = (−1)k α−k+1 αk β−1

k−1 δ−1
k µ

(−k+1)
−k+1 ,

ν
(k)
k = (−1)k α−1

k α−1
−k β−1

k−1 δ−1
k ν

(k−1)
k−1 ,

µ
(k+1)
k+1 = (−1)k α−1

k α−1
−k β−1

k δ−1
k µ

(k)
k .

(2.20)

From these relations, the expressions for the coefficients follow easily.

The results of proposition 2.4.2 and lemma 2.4.3 lead to the following
corollary.

Corollary 2.4.4 The polynomials pk and p−k can be expressed as

pk(t) = µ
(k)
k · t−k+1 · det(tI2k−1 − R2k−1),

p−k(t) = µ
(−k)
−k · tk · det(t−1 I2k − S̃2k),

where µ
(k)
k and µ

(−k)
−k are defined in (2.18), and S̃2k is the leading submatrix

of order 2k of S̃2k+1 defined in (2.10). The polynomials qk and q−k can be
expressed analogously.

We recall from proposition 2.2.1 that for increasing k the largest sin-
gular value of H2k−1 converges monotonically to σ1, and the inverse of
the largest singular value of K2k converges monotonically to σn. This im-
plies that the largest zero of polynomial pk increases monotonically to
σ2

1 . Likewise, the smallest zero of polynomial p−k decreases monoton-
ically to σ2

n . These polynomials are used in the next section to obtain
probabilistic bounds for both the largest and smallest singular value
of A.
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2.5 probabilistic bounds for the condition number

After step k, extended Lanczos bidiagonalization implicitly provides
Laurent polynomials pk and p−k. In the previous section we have seen
that the zeros of pk and p−k are closely related to the singular values
of the matrices H and K (proposition 2.4.2). Moreover, the polynomials
|pk| and |p−k| are strictly increasing to the right of their largest zero
and also to the left of their smallest zero, for t → 0. These properties
will lead to the derivation of a probabilistic upper bound for κ(A).
Therefore, we first observe the two equalities

1 = ‖vk‖2 = ‖pk(ATA)v0‖2 = ‖
n

∑
i=1

pk(ATA)γiyi‖2 =
n

∑
i=1

γ2
i pk(σ

2
i )

2,

1=‖v−k‖2=‖p−k(ATA)v0‖2=‖
n

∑
i=1

p−k(ATA)γiyi‖2=
n

∑
i=1

γ2
i p−k(σ

2
i )

2.

Here we used, in view of (2.1), that ATAyi = σ2
i yi and the fact that the

right singular vectors yi are orthonormal. Since the obtained sums only
consist of nonnegative terms, we conclude that

|pk(σ
2
1 )| ≤

1
|γ1|

, and |p−k(σ
2
n)| ≤

1
|γn|

. (2.21)

Similarly,

1 = ‖uk‖2 = ‖qk(AAT)Av0‖2

= ‖
n

∑
i=1

qk(AAT)γiσixi‖2 =
n

∑
i=1

γ2
i σ2

i qk(σ
2
i ),

1 = ‖u−k‖2 = ‖q−k(AAT)Av0‖2

= ‖∑n
i=1 q−k(AAT)γiσixi‖2 =

n

∑
i=1

γ2
i σ2

i q−k(σ
2
i ).

Here we used that AATxi = σ2
i xi and the fact that the left singular

vectors xi are orthonormal. Again, the sum we obtain only contains
nonnegative terms and thus 1 ≥ σ1 |γ1| |qk(σ

2
1 )|, which gives us the

inequality

σ1 |qk(σ
2
1 )| ≤

1
|γ1|

, σn |q−k(σ
2
n)| ≤

1
|γn|

. (2.22)
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pk

1
|γ1|

σ2
up

pk(σ
2
1 )

σ2
1

1
δ

(σ
prob
up )2

Figure 2.1: Schematic representation on how the probabilistic bound (σ
prob
up )2

is related to the polynomial pk. Note that non of the values pre-
sented in black are known. Only in case the computed 1

δ is smaller
than pk(σ

2
1 ) (probability < ε), the computed probabilistic upper

bound (σ
prob
up )2 is a lower bound for σ2

1 .

If γ1 were known, the first estimates in (2.21) and (2.22) would provide
an upper bound for ‖A‖2 = σ2

1 , namely the largest zero of the functions

f1(t) = |pk(t)| −
1
|γ1|

, f2(t) = t |qk(t)| −
1
|γ1|

.

Similarly, if γn were known, the second estimates in (2.21) and (2.22)
would both provide a lower bound for ‖A−1‖−2 = σ2

n , namely the
smallest zero of the functions

g1(t) = |p−k(t)| −
1
|γn|

, g2(t) = t |q−k(t)| −
1
|γn|

.

However, both γ1 and γn are unknown. Therefore we will compute a
value δ that will be a lower bound for |γ1| and |γn| with a user-chosen
probability. Suppose that |γ1| < δ. Then the largest zero of f δ

1 (t) =

|pk(t)| − δ−1 is smaller than the largest zero of f γ1
1 (t) = |pk(t)| − |γ1|−1

and thus may be less than σ2
1 . This means that δ may not give an upper

bound for σ1. We now compute the value δ such that the probability
that |γ1| < δ (or |γn| < δ) is small, namely ε. We refer to figure 2.1 for
a schematic representation of the polynomial pk and the upper bounds
that we are interested in.
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Let Sn−1 be the unit sphere in Rn. We choose the starting vector v0

randomly from a uniform distribution on Sn−1, see, e.g., [59, p. 1116],
which (by an orthogonal transformation) implies that (γ1, . . . , γn) is
also random with respect to the uniform distribution on Sn−1, (MAT-
LAB code: v0=randn(n,1); v0=v0/norm(v0)).

Lemma 2.5.1 Assume that the starting vector v0 has been chosen randomly
with respect to the uniform distribution over the unit sphere Sn−1 and let
δ ∈ [0, 1]. Then

P(|γ1| ≤ δ) = 2B( n−1
2 , 1

2 )
−1
∫ arcsin(δ)

0
cosn−2(t) dt

= B( n−1
2 , 1

2 )
−1
∫ δ2

0
t−

1
2 (1− t)

n−3
2 dt,

where B denotes Euler’s Beta function: B(x, y) =
∫ 1

0 tx−1(1− t)y−1dt, and P
stands for probability.

Proof. For the first equality see [17, lemma 3.1], and for the second see
[55, theorem 7.1].

The user selects the probability ε = P(|γ1| ≤ δ), i.e., the probability
that the computed bound may not be an upper bound for the singular
value σ1. Given this user-chosen ε we have to determine the δ for which

ε =
Binc(

n−1
2 , 1

2 , δ2)

Binc(
n−1

2 , 1
2 , 1)

, (2.23)

where Binc(x, y, z) :=
∫ z

0 tx−1(1− t)y−1dt is the incomplete Beta func-
tion. The δ can be computed using MATLAB’s function betaincinv. With
this δ we can compute two probabilistic bounds, i.e., the square root of
the largest zero of the function f δ

1 and the square root of the smallest
zero of the function gδ

1. Computing these values can be done with New-
ton’s method or bisection. We use the value θ2

1 , the largest root of pk, as
lower bound of the interval to search, to ensure we find the largest root
of the function f δ

1 (similar reasoning holds for the function gδ
1). Note

that one could equally choose to use the functions f δ
2 and gδ

2. We thus
acquire a probabilistic upper bound for σ1 and a probabilistic lower
bound for σn:

σ1 < σ
prob
up and σn > σ

prob
low .
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Both inequalities are true with probability at least 1− ε. Since the coef-
ficients γ1 and γn are chosen independently, the probability that both
inequalities hold is at least 1− 2ε. This proves the following theorem.

Theorem 2.5.2 Assume that the starting vector v0 has been chosen randomly
with respect to the uniform distribution over Sn−1. Let ε ∈ (0, 1) and let δ be
given by (2.23). Then σ

prob
up , the square root of the largest zero of the polynomial

f δ
1 (t) = |pk(t)| − 1

δ , (2.24)

is an upper bound for σ1 with probability at least 1− ε. Also, σ
prob
low , the square

root of the smallest zero of the polynomial

gδ
1(t) = |p−k(t)| − 1

δ , (2.25)

is a lower bound for σn with probability at least 1− ε.

Note that the implementation of the polynomial uses the recurrence
relations in (2.19). Therefore, we approximate directly the singular val-
ues σ1 and σn, and avoid taking squares or square roots. Combining
these two bounds leads to a probabilistic upper bound for the condi-
tion number of A.

Corollary 2.5.3 The inequality

κ(A) =
σ1

σn
≤

σ
prob
up

σ
prob
low

= κup(A). (2.26)

holds with probability at least 1− 2ε.

The probabilistic upper bounds usually decrease monotonically as a
function of k. The lemma below gives some intuition for this behavior.

Lemma 2.5.4 Let t1 and t2 be such that |pk(t1)| = 1
δ , |pk+1(t2)| = 1

δ and
define M := αkα−kβkδk. If t1 ≥ θ2

1 + M−1(1 +
√

Mθ2), then t2 ≤ t1.

Proof. We investigate when |pk+1(t1)| ≥ 1
δ , since this implies t2 ≤ t1.

Denote by θ2
1 ≥ · · · ≥ θ2

2k+1 the zeros of the polynomial pk+1(t), and by
η2

1 ≥ · · · ≥ η2
2k−1 the zeros of pk(t). Then∣∣∣∣ pk+1(t1)

pk(t1)

∣∣∣∣ =
∣∣∣∣∣ µk+1 t−k

1 (t1 − θ2
1) · · · (t1 − θ2

2k+1)

µk t−k+1
1 (t1 − η2

1) · · · (t1 − η2
2k−1)

∣∣∣∣∣ = δ |pk+1(t1)|.
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The relations in (2.20) show that
∣∣∣ µk+1

µk

∣∣∣ = (αkα−kβkδk)
−1 =: M. By the

interlacing properties of singular values (η2i−1 ≥ θ2i+1 for i = 1, . . . , k)
we obtain the inequality

δ |pk+1(t1)| ≥ M
(t1 − θ2

1)(t1 − θ2
2)

t1
.

So we are interested in finding t1 such that M (t1 − θ2
1)(t1 − θ2

2) ≥ t1,
which is

Mt2
1 − (M(θ2

1 + θ2
2) + 1)t1 + Mθ2

1θ2
2 ≥ 0.

This holds for

t1 ≥ 1
2M

(
M(θ2

1 + θ2
2) + 1 +

√
(M(θ2

1 + θ2
2) + 1)2 − 4M2θ2

1θ2
2

)
= 1

2 (θ
2
1 + θ2

2) +
1

2M + 1
2M

√
(M(θ2

1 − θ2
2) + 1)2 + 4Mθ2

2 .

Therefore δ |pk+1(t1)| ≥ 1 (and hence t2 < t1) holds for t1 ≥ θ2
1 +

M−1(1 +
√

Mθ2).

2.6 other condition estimators

In this section we will first compare probabilistic results for κ2(A) ob-
tained by Dixon [16] and Gudmundsson, Kenney, and Laub [34] with
those of our method. Subsequently, we will briefly mention some con-
dition number estimators for κ1(A) and κF(A).
As for the method introduced in this paper, for all methods to approx-
imate either κ1(A), or κF(A), or κ2(A), discussed in this section, an
LU decomposition is needed and O(1) vectors of storage are required
(see for our method the recurrence relations (2.8) and the algorithm
presented in section 2.7). Note that of the approaches discussed in this
section only the block method by Higham and Tisseur [41] is also suit-
able for complex matrices.
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2.6.1 Probabilistic condition estimators based on the 2-norm

Theorem 2.6.1 (Dixon [16, theorem 1]1) Let B be a symmetric positive defi-
nite (SPD) matrix with eigenvalues λ1 ≥ · · · ≥ λn, and ζ > 1. If v is chosen
randomly on the unit sphere, then

vTBv ≤ λ1 ≤ ζ · vTBv (2.27)

holds with probability at least 1− 0.8
√

n/ζ.

Note that the left inequality always holds; the probabilistic part only
concerns the second inequality. Dixon [16, theorem 2] subsequently ap-
plies this result to both Bk = (ATA)k and B−k = (ATA)−k, which gives
the following theorem.

Theorem 2.6.2 (Dixon [16, theorem 2]) Let A be a real nonsingular n× n
matrix and k be a positive integer. For v, w ∈ Rn, define

ϕk(v, w) = (vT(ATA)kv · wT(ATA)−kw)1/2k.

If v and w are selected randomly and independently on Sn−1 and ζ > 1 then

ϕk(v, w) ≤ κ(A) ≤ ζ · ϕk(v, w)

holds with probability at least 1− 1.6
√

n/ζk.

Kuczyński and Woźniakowski [59] present several probabilistic bounds
for quantities that are better estimates of the largest eigenvalue of an
SPD matrix than the one considered by Dixon, with the same num-
ber of matrix-vector products. They appropriately call the method that
leads to the quantity (vTBkv)1/k studied by Dixon the modified power
method. The more common power method considers, with the same
number k of matrix-vector products, the Rayleigh quotient of Bk−1v,
that is, the quantity (Bk−1v)TBBk−1v = vTB2k−1v. This generally re-
sults in a better approximation than the quantity considered by Dixon.
In [59], the following results are given for the power method and the
Lanczos method.

1 Note that [16, theorem 1] contains a typo: k should be 1.
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Theorem 2.6.3 (Kuczyński and Woźniakowski [59, theorem 4.1(a)]) With the
same notations as in theorem 2.6.1, let 0 < η < 1. Let θpow be the largest Ritz
value obtained with k ≥ 2 steps of the power method. Then the probability
that

λ1 < (1− η)−1 θpow (2.28)

holds is at least 1− 0.824
√

n (1− η)k− 1
2 .

Theorem 2.6.4 (Kuczyński and Woźniakowski [59, theorem 4.2(a)]) With the
same notations as in theorem 2.6.3, let θLan be the largest Ritz value obtained
with k steps of Lanczos. Then the probability that

λ1 < (1− η)−1 θLan (2.29)

holds is at least 1− 1.648
√

n e−
√

η (2k−1).

The proof of theorem 2.6.4 makes use of a Chebyshev polynomial, a
well-known proof technique in the area of Krylov methods. Extended
Lanczos bidiagonalization adaptively constructs a polynomial that is
optimal in some sense for the given matrix and starting vector. There-
fore, as we will see below, our probabilistic bounds are usually better
than that of theorem 2.6.4.

We can now apply theorems 2.6.3 and 2.6.4 to the matrices B = ATA
and B = (ATA)−1 as above. The following results are new, but follow
directly from [59].

Corollary 2.6.5 Let A be a real nonsingular n× n matrix and k be a positive
integer, and let v and w be random independent vectors on Sn−1.
(a) [Power method on ATA and (ATA)−1] Let θ

pow
max = vT(ATA)2k−1v

vT(ATA)2k−2v be the

approximation to σ2
1 obtained with k steps of the power method applied to ATA

with starting vector v, and let θ
pow
min = wT(ATA)−(2k−1)w

wT(ATA)−(2k−2)w
be the approximation

to σ−2
n obtained with k steps of the power method applied to (ATA)−1 with

starting vector w. Then

κ(A) ≤ (1− η)−1 (θ
pow
max · θ

pow
min)

1/2

holds with probability at least 1− 1.648
√

n (1− η)k− 1
2 .

(b) [Lanczos on ATA and (ATA)−1] Let θLan
max be the largest Ritz value

obtained with k steps of Lanczos applied to ATA with starting vector v, and
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let θLan
min be the largest Ritz value obtained with k steps of Lanczos applied to

(ATA)−1 with starting vector w. Then

κ(A) ≤ (1− η)−1 (θLan
max · θLan

min)
1/2

holds with probability at least 1− 3.296
√

n e−
√

η (2k−1).

Example 2.6.6 We now give an indicative numerical example for the
diagonal matrix A = diag(linspace(1,1e12,n)) of size n = 105 and
κ(A) = 1012. In table 2.1, the probabilistic upper bounds by Dixon (the
modified power method, theorem 2.6.2), Kuczyński and Woźniakowski
(the power method and the Lanczos method, corollary 2.6.5), and the
extended Lanczos bidiagonalization method are considered. We give
the ratio κup/κlow(A), where κup denotes the various probabilistic up-
per bounds, and the requirement is that each holds with probability at
least 98%. As expected, the power method gives a smaller ratio than the
modified power method (see also [59] for more details). The ratio gen-
erated by a Chebyshev polynomial is even better, taking into account
the subspace effect of a Krylov method. However, the ratio obtained
with the polynomial implicitly generated by the method of this paper
is the best.

k Dixon K&W (power) K&W (Lanczos) Ext LBD

10 7.60 2.92 1.49 1.16

20 2.76 1.68 1.08 1.04

30 1.97 1.41 1.04 1.02

Table 2.1: Ratios κup(A)/κlow(A) for A = diag(linspace(1,1e12,n)) of size
n = 105, where κup denotes the probabilistic upper bound provided
by Dixon [16], Kuczyński and Woźniakowski (corollary 2.6.5), and
the extended Lanczos bidiagonalization method (Ext LBD). We take
k = 10, 20, and 30 steps, and require that all upper bounds κup hold
with at least 98% (ε = 0.01).

2.6.2 Condition estimators based on other norms

Next, we mention the successful block method by Higham and Tis-
seur [41] to estimate κ1(A) = ‖A‖1 ‖A−1‖1, the 1-norm condition num-
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ber. Although κ2(A) and κ1(A) are equivalent norms in Rn in the sense
that 1

n κ1(A) ≤ κ2(A) ≤ n κ1(A), these bounds are much too crude to
be useful for large matrices. Therefore, we may well view κ2(A) and
κ1(A) as independent quantities in practice; which one is preferred
may depend on the user and application.

Gudmundsson, Kenney, and Laub [34] present an estimator for the
condition number based on the Frobenius norm. They select k vectors
from Sn−1, compute an orthonormal basis Q for the span, and take√

n/k ‖AQ‖F ‖A−1Q‖F as an estimate for κF(A). Again, although κ2(A)

and κF(A) are related in the sense that κ2(A) ≤ κF(A) ≤ n κ2(A), they
can be seen as independent quantities in practice.

2.7 numerical experiments

We present the pseudocode for the extended Lanczos bidiagonaliza-
tion method including the computation of a lower bound and a proba-
bilistic upper bound for the condition number, see algorithm 2.1. This
pseudocode shows that this method requires only 3 vectors of storage.
Because of the modest number of steps needed to achieve the given ra-
tio, it turns out that in our examples reorthogonalization with respect
to more previous vectors is not needed.

Experiment 2.7.1 First, we test the method on some well-known di-
agonal test matrices to get an impression of the performance of the
method. In figure 2.2, we plot the convergence of the probabilistic up-
per bound κup(A) and lower bound κlow(A) as a function of k for the
matrix A = diag(linspace(1,1e12,n)), for n = 105 (a) and for an “ex-
ponential diagonal” matrix of the form A = diag(ρ.ˆ(0:1e5-1)) where
ρ is such that κ(A) = 1012 (b). The plots suggest that the spectrum of
the latter matrix is harder. Note that there seem to be two different rates
of convergence in the dashed lines. A deeper understanding is needed
to explain this behavior, and it may be subject to future research. The
related question to define an a priori stopping criterion may be investi-
gated as well.

Next, for figure 2.3(a), we carry out k = 5 steps of the method for
A = diag(linspace(1,1e12,n)), n = 105, and investigate the behavior
of the ratio κup(A)/κlow(A), where κup(A) is an upper bound with
probability at least 1− 2ε, as a function of ε. In figure 2.3(b) we plot
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Algorithm 2.1: Extended Lanczos bidiagonalization method

Input: Nonsingular (n× n) matrix A, random starting vector w = v0, probability level

ε, ratio ζ, maximum extended Krylov dimension 2k.

Output: A lower bound κlow(A) and a probabilistic upper bound κup(A) for the

condition number κ(A) such that κup/κlow ≤ ζ. The probability that κ(A) ≤ κup(A)

holds is at least 1− 2ε.

1: Determine δ from n and ε, see (2.23)

2: for j = 0, . . . , k− 1

3: u = Aw

4: α−j = ‖u‖
5: if α−j = 0, abort, end

6: u = u / α−j

7: u = ATu

8: if j > 0, β−j = vTu, u = u− β−jv, end

9: u = u− α−jw

10: β j = ‖u‖
11: if β j = 0, abort, end

12: v = u / β j

13: u = A−Tv

14: if ‖u‖ = 0, abort, end

15: αj+1 = ‖u‖−1

16: Create H2(j+1) using the obtained coefficients α’s and β’s (see (2.6)

17: Determine singular values θ1 and θ2(j+1) of H2(j+1)

18: Compute κlow(A) = θ1/θ2(j+1) (see (2.9))

19: Determine σ
prob
up for σ1 with probability ≥ 1− ε using f δ

1 (see (2.24))

20: Determine σ
prob
low for σn with probability ≥ 1− ε using gδ

1 (see (2.25))

21: Compute κup(A) = σ
prob
up / σ

prob
low (see (2.26))

22: if κup/κlow ≤ ζ, quit, end

23: u = αj+1u

24: u = A−1u

25: δ−j = wTu

26: u = u− δ−jw− α−1
j+1v

27: δj+1 = ‖u‖
28: if δj+1 = 0, abort, end

29: w = u / δj+1

30: end
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Figure 2.2: The relative errors κup(A)/κ(A)− 1 (dash) and 1− κlow(A)/κ(A)
(solid) as function of k, for A = diag(linspace(1,1e12,n)), n =
105 (a), and a matrix of the form A = diag(ρ.ˆ(0:1e5-1)) with
κ(A) = 1012 (b). Here, κlow(A) is a lower bound and κup(A) is an
upper bound with probability at least 98%.
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Figure 2.3: For A = diag(linspace(1,1e12,n)), n = 105, after k = 5 steps
of the method: (a) the ratio κup(A)/κlow(A) where κup(A) is an
upper bound with probability at least 1− 2ε, as function of ε; (b)
the iteration k needed to ensure that κup(A) ≤ 1.1 · κlow(A), where
κup(A) is an upper bound with probability at least 1 − 2ε, as a
function of ε.



2.7 numerical experiments 37

the iteration k that is needed to ensure that κup(A) ≤ 1.1 · κlow(A), as a
function of ε.

Experiment 2.7.2 We test the method to estimate the condition num-
ber for some large matrices. The matrices we choose are real and non-
symmetric. Most of these matrices can be found in the Matrix Mar-
ket [80] or the University of Florida Sparse Matrix Collection [14, 81].
The starting vector v0 is randomly chosen from a uniform distribution
on Sn−1 as explained in section 2.5. For these experiments we choose
ε = 0.01 which corresponds to a reliability of at least 98% for the
bounds for the condition number to be true (see section 2.5). Also, we
choose ζ = 2 and ζ = 1.1 such that the ratio of the probabilistic upper
bound and the lower bound is ≤ ζ. To accomplish this, the method
adaptively chooses the number of steps k. Note that k steps correspond
to k operations with ATA and k operations with (ATA)−1. We use MAT-
LAB’s betaincinv to compute δ and bisection to compute the largest
and smallest zero of f δ

1 and gδ
1, respectively (see (2.24) and (2.25)).

In table 2.1 the results for ζ = 2 are presented. The reason of the
choice of ζ = 2 is a comparison of our method to the block method
by Higham and Tisseur [41] to estimate the 1-norm condition number
κ1(A), which is reported to give almost always an estimate correct to
within a factor 2. Although κ1 and κ2 are independent quantities (see
section 2.6.2 for comments), the methods have both a storage of O(1)
vectors and for both methods (only) one LU-factorization is computed
which is needed for the inverse operations A−1 and A−T. The com-
parison is made to indicate that the running time of the two methods
usually does not differ much (see table 2.1). As is shown in table 2.1, es-
pecially for the larger matrices, a large part of the computational time
is spent on the LU-factorization. Therefore, for such matrices extended
Lanczos bidiagonalization may be seen as a relatively cheap add-on.
For ζ = 2, usually only a modest number of steps k are sufficient. Of
course, choosing a larger ζ will decrease this number of steps even
more. While decreasing ζ will make the method computationally more
expensive, for many matrices this will be a relatively small increase in
view of the costs of the LU decomposition. In table 2.2 the results for
ζ = 1.1, giving very sharp bounds, show that even for this small ζ the
number of steps k and the running time remain modest.

Experiment 2.7.3 We compare the new method with the following al-
ternative method to derive a lower bound for κ2(A). First, one applies k
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Matrix A Dim. κ κlow κup k CPU LU CPU1

utm5940 5940 4.35 · 108 3.98 · 108 7.21 · 108 4 0.17 55 0.12

dw8192 8192 3.81 · 106 3.81 · 106 5.07 · 106 6 0.10 49 0.08

grcar10000 10000 3.63 · 100 3.59 · 100 5.80 · 100 6 0.07 30 0.05

memplus 17758 1.29 · 105 1.29 · 105 2.47 · 105 6 0.17 57 0.13

af23560 23560 1.99 · 104 1.93 · 104 2.82 · 104 6 0.93 73 0.88

rajat16 96294 ? 5.63 · 1012 5.69 · 1012 5 9.29 97 9.19

torso1 116158 ? 1.41 · 1010 1.42 · 1010 3 26.8 94 28.5

dc1 116835 ? 2.39 · 108 4.59 · 108 5 5.87 94 5.57

twotone 120750 ? 1.75 · 109 2.91 · 109 4 1.37 75 1.33

FEM-3D-thermal2 147900 ? 3.05 · 103 5.15 · 103
7 13.1 80 12.7

xenon2 157464 ? 4.29 · 104 8.14 · 104
7 19.4 83 19.6

crashbasis 160000 ? 6.30 · 102 1.21 · 103
7 3.35 64 2.59

scircuit 170998 ? 2.40 · 109 4.69 · 109
7 2.11 58 1.39

transient 178866 ? 1.02 · 1011 2.00 · 1011
8 7.76 87 7.12

stomach 213360 ? 4.62 · 101 9.02 · 101
6 13.7 80 13.7

Table 2.2: The approximations of the condition number κ of different matri-
ces using extended Lanczos bidiagonalization. The method gives a
lower bound κlow for κ and also a probabilistic upper bound κup that
holds with probability at least 98% (ε = 0.01). The method continues
until the ratio κup(A)/κlow(A) is below the indicated level of ζ = 2.
The number of steps k needed to obtain this ratio and the CPU-time
in seconds are shown. Also the percentage of the time taken by the
LU-decomposition is displayed. Lastly we give CPU1 of condest(A).
The symbol ? is used when the value is too expensive to compute.
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Matrix A Dim. κ κlow κup k CPU LU

utm5940 5940 4.35 · 108 4.35 · 108 4.71 · 108 10 0.36 60

dw8192 8192 3.81 · 106 3.81 · 106 4.06 · 106 9 0.13 35

grcar10000 10000 3.63 · 100 3.62 · 100 3.97 · 100 13 0.13 20

memplus 17758 1.29 · 105 1.29 · 105 1.41 · 105 15 0.28 31

af23560 23560 1.99 · 104 1.99 · 104 2.12 · 104 9 1.10 63

rajat16 96294 ? 5.63 · 1012 5.69 · 1012 5 9.39 97

torso1 116158 ? 1.41 · 1010 1.42 · 1010 3 26.9 94

dc1 116835 ? 2.39 · 108 2.45 · 108 8 6.01 92

twotone 120750 ? 1.75 · 109 1.91 · 109 7 1.69 64

FEM-3D-thermal2 147900 ? 3.15 · 103 3.43 · 103
12 15.1 70

xenon2 157464 ? 4.32 · 104 4.67 · 104
14 22.5 71

crashbasis 160000 ? 6.40 · 102 7.01 · 102
18 5.21 40

scircuit 170998 ? 2.45 · 109 2.67 · 109
16 3.29 37

transient 178866 ? 1.03 · 1011 1.11 · 1011
21 9.24 73

stomach 213360 ? 4.82 · 101 5.24 · 101
14 17.3 64

Table 2.3: The approximations of the condition number κ of different matri-
ces using extended Lanczos bidiagonalization. The method gives a
lower bound κlow for κ and also a probabilistic upper bound κup
that holds with probability at least 98% (ε = 0.01). The method con-
tinues until the ratio κup(A)/κlow(A) is below the indicated level
of ζ = 1.1. The number of steps k needed to obtain this ratio and
the CPU-time in seconds are shown. Also the percentage of the time
taken by the LU-decomposition is displayed. The symbol ? is used
when the value is too expensive to compute.
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Lanczos iterations with ATA to a starting vector v, providing an approx-
imation to σ1(A) from the standard Krylov subspace Kk+1(ATA, v) =

K1,k+1(ATA, v). Subsequently, one applies k Lanczos iterations with
(ATA)−1 to the same starting vector v, giving an approximation to
σn(A) from Kk+1((ATA)−1, v) = Kk+1,1(ATA, v). Together these two
values form a lower bound for κ(A) as in (2.9). The lower bound of ex-
tended Lanczos bidiagonalization is at least as good as the lower bound
obtained by the alternative approach, as the former approach considers
subspaces of the extended space Kk+1,k+1(ATA, v). Furthermore, since
in the extended Lanczos bidiagonalization procedure we can control
the ratio ζ, a natural stopping criterion arises for this method, as well
as a good measure of the quality of both upper and lower bound. For
the other approach these features are both missing.

As an example, the lower bound of κ(A) for the matrix A = af23560

(taken from [81]) using extended Lanczos bidiagonalization (k = 6) is
1.93 · 104 in 0.93 seconds. Using twice a Lanczos procedure (k = 6)
gives the lower bound 1.87 · 104 in 0.99 seconds. For the same number
of steps, the matrix stomach (taken from [81]) gives 4.62 · 101 for ex-
tended Lanczos bidiagonalization (13.7 seconds) and 4.54 · 101 for the
alternative approach (14.5 seconds). Besides a better lower bound, an
important advantage of extended Lanczos bidiagonalization is that, al-
most for free, a probabilistic upper bound is provided as well. Note
that in this example the CPU time for extended Lanczos bidiagonaliza-
tion includes the time for the computation of the probabilistic upper
bounds.

Experiment 2.7.4 Another alternative to approximate the condition
number of A is to use the svds command in MATLAB. We compared
our method, with the parameters ζ = 1.1 and ε = 0.01, to the outcome
of the command svds(A,1,’L’)/svds(A,1,0). The results in table 2.4
show that our method significantly outperforms the svds approach con-
cerning the running time (in these examples our method is 8 to 13

times faster), giving the same lower bound for κ(A). Again, as stated
in the previous experiment, our method also gives a probabilistic upper
bound for the condition number, almost for free.

Finally some words on a breakdown. A breakdown takes place when
the method has found an invariant subspace. This is a rare event; in
exact arithmetic the probability that this happens for a k � n is zero
since we have selected a random vector (a k-dimensional subspace of
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Matrix Ext LBD CPU svds CPU

memplus 1.294 · 105
0.28 1.294 · 105

2.30

af23560 1.988 · 104
1.10 1.989 · 104

15.1

rajat16 5.629 · 1012
9.39 5.629 · 1012

100.9

Table 2.4: For three matrices the lower bound given by the extended Lanczos
bidiagonalization (Ext LBD), with the parameters ζ = 1.1 and ε =
0.01, and the corresponding CPU time in seconds. Also the bound
given by the procedure using svds and the corresponding CPU time
in seconds is shown.

Rn has zero measure). A breakdown has not been encountered in our
numerical experiments. However, it might happen in rare cases that in
the algorithm α−j (Step 5), β j (Step 13), ‖u‖ (Step 15) or δj+1 (Step 28)
are zero or very small. In such a case, we can just stop the method, and
return the lower and probabilistic bounds obtained before the break-
down. If these do not yet satisfy the requirements of the user, we can
restart the method with a new random vector. An extra run of the
extended Lanczos bidiagonalization method will not significantly in-
crease the overall costs. With this adaptation we trust that the method
can result in a robust implementation for the use in libraries.

2.8 final considerations

We have proposed a new extended Lanczos bidiagonalization method.
This method leads to tridiagonal matrices with a special structure. The
method provides a lower bound for κ(A) of good quality and a proba-
bilistic upper bound for κ(A) that holds with a user-chosen probability
1− 2ε. Although we have not encountered any breakdown in the exper-
iments, the algorithm may abort (in case of a division by zero) and not
return any estimate. When choosing k adaptively, given a user-selected
ε and desired ratio κup(A)/κlow(A) < ζ, the results show that gener-
ally this k is fairly small, even for ζ = 1.1. Only 3 vectors of storage
are required. This method can be used whenever an LU-factorization is
computable in a reasonable amount of time. When this is not an option,
methods such as the one in [44, 45] can be used.





3
A P P R O X I M AT I N G L E A D I N G S I N G U L A R T R I P L E T S
O F A M AT R I X F U N C T I O N

Adapted
from [28]Given a large square matrix A and a sufficiently regular function f

so that f (A) is well defined, we are interested in the approximation
of the leading singular values and corresponding left and right singu-
lar vectors of f (A), and in particular in the approximation of ‖ f (A)‖,
where ‖ · ‖ is the matrix norm induced by the Euclidean vector norm.
Since neither f (A) nor f (A)v can be computed exactly, we introduce a
new inexact Golub-Kahan-Lanczos bidiagonalization procedure, where
the inexactness is related to the inaccuracy of the operations f (A)v,
f (A)∗v. Particular outer and inner stopping criteria are devised so as
to cope with the lack of a true residual. Numerical experiments with
the new algorithm on typical application problems are reported.

3.1 introduction

Given a large n× n complex matrix A and a sufficiently regular func-
tion f so that f (A) is well defined, we are interested in approximating
the largest singular values and corresponding left and right singular
vectors of the matrix function f (A); we shall refer to these three quan-
tities as triplet. This computation will also give an approximation to
the 2-norm ‖ f (A)‖, where ‖ · ‖ is the matrix norm induced by the Eu-
clidean vector norm, as defined in (1.1). In this chapter we will mainly
discuss this norm approximation because of its relevance for applica-
tions. However, we shall keep in mind that the considered procedure
allows us to also determine singular triplets (σ, u, v), and that a group
of singular triplets can be determined simultaneously.

3.1.1 Appearances of the norm of a matrix function

The problem of approximating the norm of a matrix function arises in
the solution of stiff linear initial value problems [29, 71], in the evalu-
ation of derivatives and perturbations of matrix functions, which arise

43
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for instance in electronic structure theory [30, 54, 68], and in monitor-
ing the magnitude of the inverse of distance matrices [2]. In numerical
linear algebra the norm of matrix polynomials may be used in the anal-
ysis of iterative procedures, and in the norm of rational matrix func-
tions. In particular the transfer function may give information on the
sensitivity of the matrix itself to perturbations; see, e.g., [11, 83] and
their references. Some of the functions we considered in our numeri-
cal experiments are related to the explicit solution of time-dependent
differential equations. Physical phenomena may call for moderately ac-
curate approximations of ‖ f (tA)‖ to analyze the transient phase of the
solution u(t) = f (tA)u(0) for A nonnormal; see, e.g., [83, chapter 14].
We also recall that the best rank p 2-norm approximation to f (A) is
the one formed by the p leading singular triplets; this approximation
can be used for instance in model order reduction where the quantity
u∗ f (A)v may have to be approximated for a sequence of vectors u, v;
see, e.g., [62, section 3.9] and references therein.

3.1.2 Contributions of this chapter to the problem

If A were normal, then the approximation could be stated in terms of
an eigenvalue problem in A. Indeed, if A = QΛQ∗ is the eigendecom-
position of A with Q unitary and Λ diagonal, then f (A) = Q f (Λ)Q∗

[47], so that the leading singular values of f (A) could be determined
by a procedure that approximates the eigenvalues of A.

The problem is significantly more challenging if A is large and non-
normal, since there is no relation between eigenvalues and singular
values that can be readily exploited during the computation. More-
over, although A may be sparse, in general f (A) will be dense, and
it cannot be computed explicitly. We are thus left with procedures that
use f and A by means of the action of f (A) to a vector v. As stated
in chapter 1, Lanczos bidiagonalization is a commonly used strategy
for approximating selected singular triplets of a given matrix. Given a
matrix F, this procedure generates a sequence of orthonormal vectors
{v1, v2, . . .} and {u1, u2, . . .} by alternating products of Fv and F∗u. In
our case, F = f (A) with A of large dimensions, therefore these matrix
vector products cannot be computed exactly and the standard Lanczos
bidiagonalization process fails.
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We introduce a novel inexact Lanczos bidiagonalization process, where
at each iteration the action of f (A)v and f (A)∗u is approximated with
some loose tolerance by means of a projection method. The problem
of approximating f (A)v has seen a great interest growth in the past
fifteen years, due to the emerging occurrence of this computation in
many scientific and engineering applications; see, e.g., [6, 19, 25, 36, 39,
42, 43], and their references. For our purposes we shall use Krylov sub-
space methods for approximating f (A)∗u and f (A)v at each iteration,
equipped with a cheap stopping criterion that may also be adapted
to the outer current accuracy. We shall show that the inexactness in
the Lanczos bidiagonalization causes the loss of the known symmetry
structure of the process. Nonetheless, as is the case in finite precision
analysis [60], orthogonality of the basis can be preserved, so that the
recurrence maintains its effectiveness.

3.1.3 Overview of the chapter

If a rough approximation to ‖ f (A)‖ is the only quantity of interest, in-
stead of a group of singular triplets, other approaches could be consid-
ered. For instance, f could be approximated by some other more con-
venient functions, and then the resulting matrix function norm could
be more easily estimated. As an alternative, equivalent definitions of
f (A) could be used, from which the norm could also be estimated.
Or, the relation of ‖ f (A)‖ with other norms or with some other spec-
tral tool could be used. Some of these approaches are briefly recalled
in section 3.2. Methods in the mentioned classes, however, usually at
most provide the order of magnitude of the actual norm and are thus
inappropriate if more correct digits are needed.

In section 3.3 the standard Lanczos bidiagonalization is recalled and
the general notation used in this chapter is introduced. Section 3.4
presents the inexact Lanczos bidiagonalization procedure, including
the details on the stopping criteria in section 3.4.1. Section 3.5 discusses
the approximation of the matrix function multiplication, and a stop-
ping criterion for its accuracy, while in section 3.6 a stopping criterion
in the case of an inner flexible strategy is analyzed. In section 3.6.1 we
show how specific spectral properties allow us to make a variable accu-
racy for the inner iteration feasible, which is finalized in section 3.6.2.
Section 3.7 focuses on the practical implementation and the numerical
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results are presented in section 3.8. We will conclude with some discus-
sion in section 3.9.

3.2 available techniques for estimating the norm

The Lanczos bidiagonalization method is widely recognized as the
method of choice for approximating selected singular triplets of a large
matrix. However, if one is only interested in estimates of ‖ f (A)‖2 with
A non-Hermitian, rather different procedures could also be used. A
simple approach consists of roughly estimating ‖ · ‖2 by using some
other matrix norm. For instance,

‖ f (A)‖2 ≤
√

n‖ f (A)‖p, p = 1, ∞,

or

‖ f (A)‖2 ≤
√
‖ f (A)‖1 ‖ f (A)‖∞,

where ‖ f (A)‖p is once again an induced norm [48, p. 365]. These
bounds are usually pessimistic, and they are clearly unsatisfactory for
n large. The fact that for A large the entries of f (A) are not all readily
available provides an additional challenge.

In the following we describe a few approaches available in the litera-
ture that are tailored to the matrix function case. The first three initially
determine an explicit upper bound for the norm, which only depends
on scalar quantities. The core computation will then be to provide a
good approximation to the theoretical upper bound. The quality of the
final estimate of ‖ f (A)‖2 will thus depend both on the sharpness of the
initial upper bound and on the accuracy of the computation. For gen-
eral nonnormal matrices the initial bound is often not very sharp, limit-
ing the quality of the overall estimation. Finally, a purely computation-
oriented estimation is obtained with the power method, which directly
approximates ‖ f (A)‖2 as the square root of the largest eigenvalue of
f (A)∗ f (A). A more detailed list follows.

1. Let r(A) be the numerical radius of A, that is r(A) = max{|z| :
z ∈ W(A)}, where W(A) is the field of values of A. Since (see,
e.g., [35, theorem 1.3-1])

r(A) ≤ ‖A‖2 ≤ 2 r(A),
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by applying the bounds to f (A) instead of A, it is possible to es-
timate ‖ f (A)‖2 by means of r( f (A)); see, e.g., [65, 86] for numer-
ical methods to compute the numerical radius of a given matrix.
A related special case is given by the exponential function, for
which the bound

‖ exp(A)‖ ≤ exp(α) (3.1)

holds, where α is the largest eigenvalue of the Hermitian part of
A, that is of 1

2 (A + A∗) [39, section 10.1].

2. If it is possible to find K > 0 and Ω ⊂ C such that

‖ f (A)‖2 ≤ K‖ f ‖Ω,

then it is sufficient to estimate ‖ f ‖Ω; here ‖ f ‖Ω is the L∞-norm
of f on Ω. This can be done for instance when f is a polynomial,
for which K is known to be less than 11.08 and conjectured to
be equal to 2, and Ω coincides with the field of values of A, see
[12] for its derivation. We refer to the Ph.D. thesis of D. Choi [11],
for a discussion on the use of this bound when A is normal, or
when A is a contraction; see also [83] for a detailed analysis of
this bound when using pseudospectral information. The compu-
tationally intensive task is given by the determination of Ω. If Ω
coincides with W(A), then the cost of accurately approximating
Ω may be higher than that of approximating the single quantity
‖ f (A)‖2.

3. This approach is in the same spirit as the one above. For ε > 0,
let σε(A) = {z ∈ spec(A + E) : ‖E‖ < ε} and assume that f
is analytic in σε(A). If Lε denotes the length of the boundary
∂σε(A) = {z ∈ C : ‖(zI − A)−1‖ = ε−1}, then by using the
Cauchy integral expression for f (A) we obtain (see, e.g., [83])

‖ f (A)‖ ≤ Lε

2πε
‖ f ‖∂σε

.

Although the involved quantities may be easier to compute than
in the previous case, the dependence on ε > 0 remains not fully
controllable.

4. Using the relation ‖ f (A)‖2
2 = λmax( f (A)∗ f (A)) a run of a few

iterations of the power method can give an estimate to the value
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λmax( f (A)∗ f (A)); see, e.g., [39, algorithm 3.19] for an algorithm
specifically designed for the largest singular triplet.

The power method is probably the most appealing approach among
the ones listed above. If a rough approximation is required, typically to
determine the order of magnitude, then the power method provides a
satisfactory answer in a few iterations. However, if more than one digit
of accuracy is required, then the process may need many iterations to
converge. As far as A is concerned, the stability in the computation
may be highly influenced by the squaring; we refer to section 3.8 for an
example of this well known phenomenon.

3.3 lanczos bidiagonalization

We start by recalling the Lanczos bidiagonalization process, introduced
in section 1.2.2, in the context of this chapter in terms of the matrix func-
tion f (A). Then we will discuss how to actually obtain f (A) times a
vector. Let u0 = 0 and β1 = 0, and given the vector v1 of unit norm, then
for j = 1, . . . , m the following recurrence relations define the algorithm
for the Lanczos bidiagonalization

β2juj = f (A)vj − β2j−1uj−1,

β2j+1vj+1 = f (A)∗uj − β2jvj. (3.2)

The coefficients β2j and β2j+1 are computed so that the corresponding
vectors uj and vj+1 have unit norm. By collecting the two sets of vec-
tors as Um = [u1, . . . , um], Vm = [v1, . . . , vm], we observe that U∗mUm = I,
V∗mVm = I, V∗mvm+1 = 0. Moreover, the two recurrences can be com-
pactly written as

f (A)Vm = UmBm,

f (A)∗Um = VmB∗m + β2m+1vm+1e∗m, (3.3)

where Bm is the following bidiagonal matrix

Bm =


β2 β3

β4 β5
. . . . . .

 ∈ Rm×m.
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It can be shown that the columns of Vm span the Krylov subspace
Km( f (A)∗f (A), v1) and the columns of Um span the Krylov subspace
Km( f (A) f (A)∗, f (A)v1). Define

B2m =

[
0 Bm

B∗m 0

]
, and W2m =

[
Um 0

0 Vm

]
,

and

F =

[
0 f (A)

f (A)∗ 0

]
.

Then the recursion (3.3) can be rewritten in the more compact matrix
notation

FW2m =W2mB2m + β2m+1

[
0

vm+1

]
e∗m, em ∈ R2m. (3.4)

Via a permutation this expression reflects its equivalence to the stan-
dard Lanczos method for the symmetric matrix F , for which the equal-
ity span(W2m) = K2m(F , [0; v1]) holds, see also [13, p. 178–186], [32,
p. 486]. The eigenvalues of B2m occur in ± pairs. Within this setting,
it is thus possible to approximate the singular values of f (A) by the
positive eigenvalues of B2m, or, equivalently, by the singular values of
Bm. In particular, for the largest singular value it holds that (see [47,
corollary 3.1.3, lemma 3.3.1.])

σ1(Bj−1) ≤ σ1(Bj) ≤ σ1( f (A)), 2 ≤ j ≤ m.

There are several advantages of the Lanczos bidiagonalization over the
simpler power method applied to f (A)∗ f (A), which are mainly related
to the fact that the eigenvalue squaring in this latter problem may lead
to severe loss of information in the case very small or very large sin-
gular values arise. In the inexact case the bidiagonal formulation also
allows us to better trace the inexactness during the whole approxima-
tion process; this is discussed in the next section.

3.4 inexact lanczos bidiagonalization

When neither the explicit computation of the matrix f (A) nor the accu-
rate operation f (A)v (or f (A)∗u) are feasible, then approximate com-
putations must be performed, resulting in an inexact Lanczos bidiago-
nalization procedure. As a consequence, the recurrence (3.3) needs to
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be significantly revised so as to acknowledge for the quantities that are
actually computed.

For a given v, the exact matrix-vector multiplication f (A)v has to be
replaced by an inner procedure that approximates the resulting vector
up to a certain accuracy. The same holds for the operation f (A)∗u for a
given vector u. For the sake of the analysis, at each iteration j we shall
formalize this difference by writing, for some matrices Cj and Dj,

β2juj = ( f (A)vj + Cjvj)− β2j−1uj−1,

β2j+1vj+1 = ( f (A)∗uj + Djuj)− β2jvj,

where Cj, Dj implicitly represent the perturbation induced by the ap-
proximate computations. Since in general f (A)∗ + Dj is no longer the
conjugate transpose of f (A) + Cj, orthogonality of a new vector vm+1

has to be enforced by explicit orthogonalization against all previous
vectors vj, 1 ≤ j ≤ m. The same holds for the vectors uj, j = 1, . . . , m.
Therefore, instead of one bidiagonal matrix Bm in the exact relation,
we now obtain an upper triangular matrix Mm and an upper Hessen-
berg matrix Tm. This leads to the following relations for the inexact
(perturbed) Lanczos bidiagonalization:

( f (A) + Cm)Vm = Um Mm,

( f (A)∗ +Dm)Um = VmTm + tm+1,mvm+1e∗m, (3.5)

where Cm = ∑m
j=1 Cjvjv∗j and Dm = ∑m

j=1 Djuju∗j . The matrices Vm and
Um are different from the matrices in the exact relation, but they still
have orthonormal columns.

The inexact Lanczos bidiagonalization can also be described using
the notation of (3.4). Define

B̃2m =

[
0 Mm

Tm 0

]
, W2m =

[
Um 0

0 Vm

]
,

and the perturbation matrix

G2m =

[
0 Cm

Dm 0

]
W2m =: EmW2m.

The perturbed relation thus becomes

FW2m + G2m =W2mB̃2m + tm+1,m

[
0

vm+1

]
e∗m, (3.6)
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where em ∈ R2m, and

FW2m + G2m = (F + Em)W2m

=

[
0 f (A) + Cm

f (A)∗ +Dm 0

]
W2m =: F̃2mW2m.

In contrast to the exact case, the space spanned by the columns ofW2m

is not a Krylov subspace. However, when tm+1,m is small, this new space
is close to an invariant subspace of the perturbed matrix F̃2m, because
then F̃2mW2m ≈ W2mB̃2m. Notice the similarity of (3.6) with equation
(3.1) in [73], which shows that with this formulation, the inexact pro-
jection problem amounts to solving a structured eigenvalue problem,
where the original Hermitian matrix F has been perturbed by a struc-
tured non-Hermitian perturbation Em. The theory in [73] can then be
used to analyze and monitor the inexact computations, although the
general results in [73] should be carefully adapted to the new problem
structure.

If Em is small in norm, the eigenvalues of the non-Hermitian matrix
F̃2m are small perturbations of the eigenvalues of the Hermitian matrix
F . Indeed, the eigenvalues of the perturbed matrix F̃2m lie in discs
with radius ‖Em‖ and center the (real) eigenvalues of F (see, e.g., [76,
section IV, theorem 5.1]). Therefore, for small perturbations in the com-
putations, the eigenvalues of the symmetric matrix F will be perturbed
accordingly. On the other hand, in the following we shall consider the
case when ‖Em‖ is larger than usually allowed by a perturbation anal-
ysis argument. Therefore, different strategies need to be devised to en-
sure good approximations to the wanted eigenvalues of F .

Following the standard procedure of the exact case, we should con-
sider the matrix B̃2m to approximate the largest eigenpairs of F̃2m, and
according to the discussion above, of F . Due to the non-Hermitian
structure of B̃2m, however, there are different matrices that can pro-
vide the sought after singular value information, namely the matrix
B̃2m itself, and the two distinct matrices Tm or Mm. The last two ma-
trices yield approximations to the corresponding singular triplets of
f (A) + Cm and f (A)∗ +Dm. The following bound between the largest
eigenvalue of B̃2m and the largest singular values of Tm and Mm shows
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that all these quantities can be easily related. Let q = [x; y] and let θ be
an eigenvalue of B̃2m. Using ‖x‖‖y‖ ≤ 1

2

(
‖x‖2 + ‖y‖2) we obtain1

|θ| ≤ max
q 6=0

∣∣∣∣∣q∗B̃2mq
q∗q

∣∣∣∣∣ = max
[x;y] 6=0

∣∣∣∣ x∗Mmy + y∗Tmx
x∗x + y∗y

∣∣∣∣
≤ max

[x;y] 6=0

‖x‖‖Mmy‖
‖x‖2 + ‖y‖2 + max

[x;y] 6=0

‖y‖‖Tmx‖
‖x‖2 + ‖y‖2

≤ 1
2 (σ1(Mm) + σ1(Tm)).

If the inexactness of the bidiagonalization is very large, Mm and T∗m are
very different from each other. In this case, the leading singular values
of these two matrices - and thus their mean - may be significantly larger
than the biggest (in modulus) eigenvalue of B̃2m, since they are related
to the numerical radius of B̃2m, rather than to its spectrum. This moti-
vated us to use the eigenvalues of B̃2m in the approximation, rather than
the singular values of its blocks. Moreover, working with B̃2m made the
analysis of the relaxed strategy particularly convenient, since known
results on relaxed eigenvalue computation could be exploited.

3.4.1 A computable stopping criterion

In this section we analyze a strategy for monitoring the convergence
of the inexact bidiagonal iteration. Some stopping criterion needs to be
introduced to exit the process. This can be based for instance on the
problem residual. As it is common to other inexact processes, the true
problem residual is inaccessible as soon as inexactness takes place, so
one could for example use an approximation to the true residual. As
a result, however, the computed approximate residual may no longer
be meaningful for the original problem, if the approximation was too
coarse. We thus discuss a meaningful and computable stopping crite-
rion.

Let (θ, q) be an eigenpair of B̃2m, where q is a unit vector. As the
iterations proceed, (θ,W2mq) tends to approximate an eigenpair of F̃2m.
We would like to ensure that (θ,W2mq) also tends to an eigenpair of F .
To monitor the convergence of θ and to define a stopping criterion for
the outer iteration, the residual is used. We call FW2mq− θW2mq the
true residual, which is not available, since F cannot be applied exactly.

1 Another bound can be obtained for the geometric mean, that is |θ| ≤
√

σ1(Mm)σ1(Tm).
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We thus introduce the computed residual, which is the residual of the
actually computed quantities, namely (see (3.6))

r2m := F̃2mW2mq− θW2mq = tm+1,m

[
0

vm+1

]
e∗mq, (em ∈ R2m).

In the sequel, we shall use the following obvious inequality to estimate
the true residual norm:

‖FW2mq− θW2mq‖ ≤ ‖r2m‖+ ‖(FW2mq− θW2mq)− r2m‖, (3.7)

where ‖(FW2mq − θW2mq) − r2m‖ is the gap between the computed
and the true residuals, in short the “residual gap”. If this gap can be
imposed to be small, then the computed residual will give an estimate
for the true residual. In this case, convergence can be monitored by only
using the (available) computed residual. More precisely, the following
relative stopping criterion can be employed:

if
|tm+1,me∗mq|
|θ| < εout then stop (3.8)

for some outer tolerance εout, where θ is the largest (in modulus) eigen-
value. Finally, as the computed residual norm goes to zero, the quantity
‖(FW2mq − θW2mq) − r2m‖ will tend to dominate again, playing the
role of the final attainable accuracy level.

To see how we can impose the residual gap to be small, and recalling
the definition of G2m, we first consider a more convenient expression
for G2mq, with q = [x; y], that is

G2mq =

[
CmVmy

DmUmx

]
=:

[
G(1)

m y

G(2)
m x

]
.

Let G(`)
m = [g(`)1 , . . . , g(`)m ], for ` = 1, 2. Then

‖(FW2mq− θW2mq)− r2m‖ = ‖G2mq‖ =
∥∥∥∥∥
[

G(1)
m y

G(2)
m x

]∥∥∥∥∥
=

∥∥∥∥∥∥
m

∑
j=1

g(1)j e∗j y

g(2)j e∗j x

∥∥∥∥∥∥ ≤
m

∑
j=1

∥∥∥∥∥∥
g(1)j e∗j y

g(2)j e∗j x

∥∥∥∥∥∥
=

m

∑
j=1

(‖g(1)j ‖
2 |e∗j y|2 + ‖g(2)j ‖

2 |e∗j x|2) 1
2 . (3.9)
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The vectors g(`)j , ` = 1, 2, implicitly carry the error associated with the
inexact computation of f (A)v and f (A)∗u, respectively, in the inner it-
eration. If every term of this sum is small, the computed residual will
be close to the true residual. The following lemma relates the inaccu-
racy in the matrix-vector products to the residual gap; its proof is an
adaptation of the corresponding result in [73], where the structure is
exploited to highlight the dependence on m while the problem has size
2m.

Lemma 3.4.1 Assume that m iterations of the inexact Lanczos bidiagonaliza-
tion process have been taken. If ‖g(1)j ‖, ‖g

(2)
j ‖ < 1

m ε for 1 ≤ j ≤ m, then
‖(FW2mq− θW2mq)− r2m‖ < ε.

Proof. From ‖q‖ = 1 with q = [x; y] it follows that ‖[e∗j x; e∗j y]‖ ≤ 1. From
(3.9) we obtain

‖(FW2mq−θW2mq)−r2m‖ ≤
m

∑
j=1

(‖g(1)j ‖
2|e∗j y|2 + ‖g(2)j ‖

2|e∗j x|2) 1
2

<
m

∑
j=1

1
m

ε(|e∗j y|2 + |e∗j x|2) 1
2

≤ 1
m

ε
m

∑
j=1

1 = ε.

This result shows that if ε is sufficiently small, then the residual gap
will stay below the computed residual norm until convergence. In our
experiments, m will play the role of the maximum number of Lanczos
bidiagonalization iterations, which is usually set to a number between
50 and 500.

3.5 approximation of f (A)v and f (A)∗u

The performance of the inexact Lanczos bidiagonalization process de-
pends on the approximation accuracy of the matrix-vector products
f (A)v and f (A)∗u. Due to the size of A, we consider approximat-
ing these quantities by means of a projection-type iterative method as
follows; we limit our discussion to f (A)v, and a corresponding proce-
dure can be used for f (A)∗u. We also notice that in general, f (A)v
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and f (A)∗u require distinct approximations. This is also true for func-
tions satisfying f (A∗ ) = f (A)∗ . Starting with the unit vector v and
the matrix A, we construct a sequence of approximation subspaces K i
of Rn , i = 1, 2, . . . , and define the matrix Pi = [ p1 , p2 , p3 , . . . , p i ] ∈
Cn× i , whose orthonormal columns span the subspace, and v = p1 =

Pi e1, in a way such that the spaces are nested, that is K i ⊆ K i+1.
Typical choices are Krylov and rational Krylov subspaces [36, 39]. The
desired approximation is then obtained as

f (A)v ≈ Pi f (Hi)e1, Hi = P∗i APi.

For small i, the reduced non-Hermitian matrix Hi has small size, so
that f (Hi) can be computed efficiently by various strategies such as
decomposition-type methods [39].

3.5.1 A computable inner stopping criterion

Our stopping criterion of this approximation process is based on an
estimation of the error norm, and it uses an approach previously intro-
duced in [56, proposition 2.2]; see also [22] for an earlier application to
the exponential.

Proposition 3.5.1 [56, proposition 2.2] Assume that i + d inner iterations
have been executed. Let zi+d = Pi+d f (Hi+d)e1 be an approximation to f (A)v
and define ωi+d = ‖zi+d − zi‖/‖zi‖. If ‖ f (A)v− zi+d‖ � ‖ f (A)v− zi‖
and ‖ f (A)v‖ ≈ ‖zi‖, then

‖ f (A)v− zi‖ ≈
ωi+d

1−ωi+d
‖zi‖. (3.10)

Under the stated hypotheses, the result in (3.10) shows that after i + d
iterations it is possible to provide an estimate of the error norm at
iteration i. The first hypothesis aims to ensure that after d additional
iterations the error has decreased enough to be able to disregard the
error at step i + d compared to that at step i. The second hypothesis
ensures that after i iterations the approximate quantity is close, in terms
of Euclidean norm, to the exact one. Similar results are employed in the
algebraic linear system literature; see, e.g., [77]. The proposition above
provides a theoretical ground for the following more heuristic stopping
criterion for the approximation of f (A)v:

if
ωi+d

1−ωi+d
≤ ε in then stop
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for some inner tolerance ε in. In the numerical experiments presented in
section 3.8 we have used d = 4, and we assumed that the conditions of
the above proposition were satisfied. The accuracy of the inner iteration
will influence the final accuracy of the inexact Lanczos bidiagonaliza-
tion. In the notation of the previous section, if after i inner iterations
the stopping criterion is satisfied, we have thus derived the following
estimate for the perturbation occurring at the jth step of Lanczos bidi-
agonalization,

‖ f (A)vj − zi‖ = ‖Cjvj‖ ≈ ε in‖zi‖.

We recall that the matrix Cj is not explicitly determined, and it is used
to express the inexactness at iteration j in terms of a matrix-vector prod-
uct with vj. Note that here ‖Cjvj‖ = ‖g(1)j ‖, with the notation in (3.9).

An analogous relation holds with respect to f (A)∗uj and thus ‖g(2)j ‖.
Since the approximation process changes at each iteration, the thresh-
old for the quantity ‖Cjvj‖ may vary as the Lanczos bidiagonalization

proceeds, so that ε in = ε
(j)
in . As experienced with other eigenvalue and

linear system problems, ε
(j)
in may even be allowed to grow during the

iteration, without significantly affecting the overall process. This is dis-
cussed in the next section.

3.6 relaxing the inner solution accuracy

The bound in (3.9) on the residual gap suggests that the accuracy of the
inner solution approximation can be relaxed as convergence takes place.
Indeed, following similar strategies in [10, 75, 73], we observe that to
ensure a small gap it is the product ‖g(1)j ‖ |e∗j y| in (3.9) that needs to

be small, and not each factor; a similar argument holds for ‖g(2)j ‖ |e∗j x|.
Therefore, if |e∗j y| is sufficiently small, indicating that the (m+ j)th com-

ponent of the eigenvector q is small, then ‖g(1)j ‖ is allowed to be larger,
and the required accuracy εout can still be achieved. This induces a vari-
able accuracy in the inner iteration, which drives the size of ‖g(1)j ‖. In
the following we shall first show that the quantities |e∗j y| and |e∗j x| do
tend to decrease as the approximation improves. We then derive a com-
putable expression for the stopping tolerance in the approximation of
f (A)v and f (A)∗u at each iteration of the resulting “relaxed” Lanczos
bidiagonalization process. This strategy may be convenient in case the
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cost of approximating f (A)v and f (A)∗u is very high, as is the case for
instance if an accurate approximation to the leading singular triplets is
requested.

3.6.1 Spectral properties of the approximate singular triplets

To ensure that the magnitude of ‖g(`)j ‖, ` = 1, 2, can be relaxed in the
bound (3.9), we need to verify that |e∗j x| and |e∗j y| become small as
convergence takes place. This fact has been verified in the eigenvalue
setting in [73]. However, the peculiar structure of the Lanczos bidiago-
nal recurrence requires the ad-hoc modifications of the results in [73].
To this end, we first define the submatrix of B̃2m of size 2k as

B̃2k =

[
0 Mk

Tk 0

]
,

where Mk, Tk are the leading portions of the corresponding m×m ma-
trices. Let (θ(2k), q(2k)) be an eigenpair of B̃2k, where q(2k) = [x; y] has
unit norm, and x, y ∈ Ck. Further, let

q̃ =


x

0

y

0

 , (3.11)

where the 0-vectors have length m− k. Define X = [q̃, Y], where Y is
chosen such that X is unitary, and at last we define B̃2m = Y∗B̃2mY ∈
C(2m−1)×(2m−1). The following proposition shows that under certain hy-
potheses some of the components of the approximate eigenvectors do
tend to zero as convergence takes place.

Proposition 3.6.1 Let (θ(2k), q(2k)) be an eigenpair of B̃2k, and q̃ be as defined
in (3.11). Let s∗2m = q̃∗B̃2m − θ(2k)q̃∗, δ2m,2k = σmin(B̃2m − θ(2k) I) > 0, and

r2k = tk+1,k

[
0

vk+1

]
e∗k q(2k). If

‖r2k‖ <
δ2

2m,2k

4 ‖s2m‖
, (3.12)
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then there exists a unit norm eigenvector q = [x1; x2; y1; y2] of B̃2m with
x1, y1 ∈ Ck, x2, y2 ∈ Cm−k, such that∥∥∥∥∥

[
x2

y2

]∥∥∥∥∥ ≤ τ√
1 + τ2

,

with τ ∈ R, 0 ≤ τ < 2 ‖r2k‖
δ2m,2k

. Moreover, if θ is the eigenvalue associated with
q, we have

|θ − θ(2k)| ≤ ‖s2m‖τ. (3.13)

Proof. Define the submatrix of B̃2m of size 2k as

B̃2k =

[
0 Mk

Tk 0

]
, i.e. B̃2m =


0 0 Mk M?

0 0 0 ?

Tk T? 0 0

tk+1,ke1e∗k ? 0 0

 .

Define the vector q̃ = 1√
2
[x; 0; y; 0], where the 0-vectors have length

m− k. Let X = [q̃, Y] be such that X is unitary, where Y = [Y1; Y2; Y3; Y4].
This implies that 1√

2
(Y∗1 x + Y∗3 y) = 0, Y4Y∗4 = I = Y2Y∗2 and Y2Y∗4 =

Y4Y∗2 = 0. Now, write

X ∗B̃2mX =

[
q̃∗B̃2mq̃ q̃∗B̃2mY

Y∗B̃2mq̃ Y∗B̃2mY

]
=

[
θ(2k) g∗1
g2 B̃2m

]
.

Here

‖g2‖ = ‖Y∗B̃2mq̃‖ = ‖ 1√
2

Y∗


Mky

0

Tkx

tk+1,ke1e∗k x

 ‖
= ‖ 1√

2
Y∗4 tk+1,ke1e∗k x‖ = ‖r2k‖.

Further, since s∗2mY = q̃∗B̃2mY− θ(2k)q̃∗Y = q̃∗B̃2mY, we have

‖g1‖ = ‖q̃∗B̃2mY‖ = ‖s∗2mY‖ ≤ ‖s2m‖.
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Now, by [76, theorem 2.1, p.230],

if
‖r2k‖ ‖s2m‖

δ2
2m,2k

<
1
4

, i.e., ‖r2k‖ <
δ2

2m,2k

4‖s2m‖
,

then there exists a vector p ∈ C2m−1 satisfying τ = ‖p‖ < 2 ‖r2k‖
δ2m,2k

, such
that the unit norm vector

q =


x1

x2

y1

y2

 =
1√

1 + ‖p‖2

 1√
2


x

0

y

0

+


Y1

Y2

Y3

Y4

 p


is an eigenvector of B̃2m. Moreover,∥∥∥∥∥

[
x2

y2

]∥∥∥∥∥ =

∥∥∥∥∥ 1√
1 + τ2

[
Y2

Y4

]
p

∥∥∥∥∥ ≤ τ√
1 + τ2

.

This same theorem also states that |θ − θ(2k)| = ‖g∗1 p‖ ≤ ‖g1‖‖p‖ ≤
‖s2m‖τ.

This proposition states that if after k ≤ m iterations of Lanczos bidi-
agonalization the computed residual ‖r2k‖ is sufficiently small, then
there exists an eigenvector of B̃2m such that some of its components are
bounded correspondingly. These are precisely the (small) components
that allow us to relax the accuracy of the inner iteration. Note that
δ2m,2k gives an indication of the distance between the spectrum of B̃2m
and θ(2k). It should be kept in mind that for nonnormal matrices, the
value of δ2m,2k may be much smaller than the separation between the
spectrum of B̃2m and θ(2k) [76, example 2.4, p. 234]. On the other hand,
since B̃2m is a perturbation to a Hermitian matrix, the quantity s2m is an
approximate residual for (θ(2k), q(2k)) as an eigenpair of B̃2m, and thus
it will be small as m grows. As a consequence, condition (3.12) in the
proposition is likely to be satisfied. Moreover, since s2m is going to be
small, the eigenvalue error (3.13) may be much smaller than τ. In our
practical implementation we assumed that condition (3.12) is satisfied
after the first two iterations.
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3.6.2 Variable accuracy in the inner approximation

In this section we show that relaxation in the inner accuracy at step
k ≤ m is possible if there exists an eigenpair (θ2(k−1), q2(k−1)) of B̃2(k−1)
such that

‖r2(k−1)‖ <
δ2

2m,2(k−1)

4‖s2m‖
, (3.14)

∀θj ∈ Λ(B̃2m), θj 6= θ, |θj − θ2(k−1)| > 2
‖s2m‖‖r2(k−1)‖

δ2m,2(k−1)
. (3.15)

The first condition (3.14) ensures that there exists an eigenvector q
of B̃2m whose specified components are small, according to propo-
sition 3.6.1. Let θ be the eigenvalue associated with this q. The sec-
ond condition, (3.15), guarantees that the eigenvalue θ2(k−1) of B̃2(k−1)

is a perturbation of the eigenvalue θ of B̃2m, which is the final ap-
proximation to the original problem. In particular, the two conditions
ensure that θ2(k−1) is closer to θ than to all other eigenvalues θj of
B̃2m. It is also interesting to observe that if (3.14) holds, then (3.15)
can be replaced by the stricter but possibly more insightful condition
|θj − θ2(k−1)| > δ2m,2(k−1)/2.

The following theorem shows that a variable accuracy will still guar-
antee a small residual gap; hence a true residual can be obtained whose
norm is bounded by the accuracy of the gap, in agreement with (3.7).

Theorem 3.6.2 Assume m inexact Lanczos bidiagonalization iterations are
carried out. Let (θ, q) be an eigenpair of B̃2m, where θ is simple and ‖q‖ = 1.
Given 0 < εout ∈ R, with the notation of (3.9) assume that for k = 1, . . . , m,
and i = 1, 2,

‖g(i)k ‖ ≤


δ2m,2(k−1)

2m‖r2(k−1)‖
εout

if k > 1, and there exists

(q2(k−1), θ2(k−1)) of B̃2(k−1)

satisfying (3.14) and (3.15),
1
m εout otherwise.

(3.16)

Then ‖(FW2mq− θW2mq)− r2m‖ ≤ εout.

Proof. Although the strategy used for the proof is similar to that of theo-
rem 3.1 in [73], the block structure of our problem requires specialized
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technical details. Suppose that at the (k − 1)th iteration there exists
an eigenpair (θ2(k−1), q2(k−1)) of B̃2(k−1) satisfying the conditions (3.14)
and (3.15). This implies that θ2(k−1) is a perturbation of the considered
eigenvalue θ of B̃2m, since θ is the only eigenvalue of B̃2m such that

|θ − θ2(k−1)| ≤ 2
‖s2m‖‖r2(k−1)‖

δ2m,2(k−1)
.

Let K ⊂ {1, . . . , m} be defined such that for each k ∈ K there exists
an eigenpair (q2(k−1), θ2(k−1)) of B̃2(k−1) satisfying the conditions (3.14)
and (3.15). Then, similar to the reasoning in the proof of lemma 3.4.1
and using (3.9),

‖(FW2mq− θW2mq)− r2m‖ = ‖G2mq‖

≤
m

∑
k=1

(‖g(1)k ‖
2 |e∗k y|2 + ‖g(2)k ‖

2 |e∗k x|2) 1
2

≤ ∑
k∈K

(‖g(1)k ‖
2 |e∗k y|2 + ‖g(2)k ‖

2|e∗k x|2) 1
2

+ ∑
k/∈K,
k≤m

(‖g(1)k ‖
2 |e∗k y|2 + ‖g(2)k ‖

2|e∗k x|2) 1
2

≤ ∑
k∈K

δ2m,2(k−1)εout

2m‖r2(k−1)‖
(|e∗k y|2 + |e∗k x|2) 1

2

+ ∑
k/∈K,
k≤m

εout

m
(|e∗k y|2 + |e∗k x|2) 1

2

≤ ∑
k∈K

δ2m,2(k−1)εout

2m‖r2(k−1)‖
2
‖r2(k−1)‖
δ2m,2(k−1)

+ ∑
k/∈K,
k≤m

εout

m

=
|K|
m

εout +
m− |K|

m
εout = εout.

3.7 practical implementation

Algorithm 3.1 implements the inexact Lanczos bidiagonalization to ap-
proximate ‖ f (A)‖2 and the associated singular vectors. As in the previ-
ous chapter the function rgs(z, Z) represents the reorthogonalization of
the vector z with respect to the orthogonal columns of Z, and returns
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Algorithm 3.1: Inexact Lanczos bidiagonalization

Input: A ∈ Cn×n non-Hermitian, a function f , a maximum number of (outer) itera-

tions m, an (outer) tolerance εout.

Output: An approximation to the leading singular triplet.

1: Choose v1 with ‖v1‖ = 1, and set V = [v1], U = [], M = [], T = [].

2: for j = 1, . . . , m

3: z ≈ f (A)vj

4: uj, mj ←− rgs(z, U)

5: Expand basis: U = [U, uj]

6: Expand matrix: M = [M, mj] (the old M is padded with a zero row)

7: z ≈ f (A)∗uj

8: vj+1, tj ←− rgs(z, V)

9: Expand basis: V = [V, vj+1]

10: Expand matrix: T = [T, tj] (the old T is padded with a zero row)

11: K = [zeros(j,j), M ; T(1:j,:) , zeros(j,j)]

12: [Q, D]←− eig(K)

13: (θ, q)←− with θ = maxi |Dii| (extract x, y from q = [x; y] with

‖x‖ = 1, ‖y‖ = 1)

14: Convergence check: if |T(j + 1, j)q(j)|/θ < εout then return (θ, Ux, Vy)

and stop

15: If required: compute variable tolerance to be used in the next iteration

16: end

the orthogonalization coefficients. The same algorithm can be used to
approximate more singular triplets.

At every iteration of the Lanczos bidiagonalization, two inner itera-
tions (line 3 and line 7) approximate the corresponding matrix-vector
multiplication f (A)v and f (A)∗u, respectively. The inner iteration uses
one of the algorithms for approximating the action of a matrix function
to a vector, as discussed in section 3.5. In theory, any such algorithm
could be used; in our experiments we employed both the standard and
extended Krylov subspace methods.

If the variant with variable inner tolerance is employed, the next in-
ner tolerance is computed at the end of every Lanczos bidiagonaliza-
tion iteration. To be conservative, during the first two iterations the
inner tolerance is 1

m εout, so that ‖gk‖ ≤ 1
m εout. Then, in subsequent iter-
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ations we assume that (3.14) and (3.15) are always satisfied, and thus
we require that the inner stopping criterion is such that

max{‖g(1)k ‖, ‖g
(2)
k ‖} ≤

δ2m,2(k−1)

2m‖r2(k−1)‖
εout.

Note that a relative criterion is always used, that is, in practice the
quantity to be checked is divided by the current approximation θ2(k−1).
This corresponds to using ε

(k)
out = θ2(k−1)εout for some fixed value εout.

Since δ2m,2(k−1) is not available at iteration k, we consider the following
approximation:

δ2(k−1) := min
θj∈Λ(B̃2(k−1))\{θ2(k−1)}

|θ2(k−1) − θj|.

In fact, δ2m,2(k−1) can be much smaller than the computed δ2(k−1). How-
ever, it will not be overrated much when θ2(k−1) is converging to the
corresponding eigenvalue θ of B̃2m, since it is related to the sensitivity
of B̃2m and not of the matrix F . If the δ2(k−1) is very small, it constrains
the inner accuracy to be very small too. This occurs when the largest
eigenvalues of B̃2m are clustered. We refer to section 3.8.4 for a numeri-
cal illustration. We also remark that the computation of δ2(k−1) does not
significantly increase the computational costs, as all the eigenvalues of
B̃2(k−1) are already required to obtain the current approximation.

For the approximation of more than one singular triplet some extra
care is needed. Step 13 of algorithm 3.1 could be generalized to the se-
lection of the first `, say, leading eigenvectors. Since these eigenvectors
are not orthogonal in general, for stability reasons we propose to work
with the partial Schur form of the matrix B̃2m, keeping in mind that the
same procedure can be applied to eigenvectors. Let

B̃2m

[
X

Y

]
=

[
X

Y

]
L,

be the partial Schur decomposition of B̃2m, such that the decomposition
only contains the portion corresponding to the leading ` eigenvalues in
L with positive real part. Note that the columns of [X; Y] are orthogonal,
L is upper triangular and L shares eigenvalues with B̃2m. If the data are
real then we can use the real Schur decomposition with L quasi-block
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triangular. We incorporate this decomposition into the inexact Lanczos
bidiagonalization, using the notation of (3.5), and obtain

( f (A) + Cm)VmY = UmXL,

( f (A)∗ +Dm)UmX = VmYL + tm+1,mvm+1e∗mX.

The norm of the quantity tm+1,mvm+1e∗mX can be used in a stopping
criterion as in the single vector case. Define now V = span(VmY) and
U = span(UmX). In the above equations two (approximate) invariant
singular subspaces can be recognized, ( f (A) + Cm)V ⊂ U and approx-
imately ( f (A)∗ +Dm)U ⊂ V .

To provide the user with ` singular triplets, we first orthogonalize
the columns of Y and X by means of the reduced QR decomposition,
that is Y = QYRY and X = QXRX. Let also ULΣLV∗L = RX LR−1

Y be the
singular value decomposition of the right-hand side matrix. Then we
can write

( f (A) + Cm)VmQY = UmQX(RX LR−1
Y ) = UmQXULΣLV∗L ,

so that ( f (A) + Cm)(VmQYVL) = (UmQXUL)ΣL. We may thus conclude
that the columns of (VmQYVL), (UmQXUL) and the diagonal elements
of ΣL yield the desired triplets.

3.8 numerical experiments

In this section we report on our numerical experiments to evaluate
the performance of the inexact Lanczos bidiagonalization for different
combinations of matrices and functions. All experiments in this section
were performed with MATLAB Version 7.13.0.564 (R2011b) on a Dell
Latitude laptop running Ubuntu 14.04 with 4 CPUs at 2.10GHz. We are
mainly interested in the first singular triplet of f (A), so as to obtain
‖ f (A)‖. We considered five different matrices, summarized in table
3.1, all of dimension n = 10, 000 except A4. The spectrum of a sam-
ple of these matrices of smaller size, n = 1000, is reported in figure 3.1
(matrix A4 is omitted having a (too large) fixed size). For A4, the matrix
originating from modeling a 2D fluid flow in a driven cavity, using the
incompressible Navier Stokes equations, was shifted by 10I, to ensure
that its field of values is in C+ so that projection methods for f (A)v are
applicable for all considered functions. We refer to the Matrix Market
site for more information on this problem [80]. For A5 a 5-point stencil
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finite difference approximation was used, together with homogeneous
Dirichlet boundary conditions. Note that only the spectrum of the ma-
trix A1 is non-symmetric with respect to the real axis. We considered
the following functions for x,

exp(x), exp(−x),
√

x,
1√
x

,
exp(−

√
x)− 1

x
.

We note that all these functions allow for an efficient computation when
applied to small scale matrices, by means of specifically designed MAT-
LAB functions; see [39]. The performance also critically depends on the
choice of the inner method for approximating f (A)v and f (A)∗u at
each iteration. We shall report our experience with the standard and
extended Krylov methods. The Rational Krylov method could also be
employed for this approximation.

Matrix Structure Description

A1 tridiag(0, λi, 0.3) λi = (1 + ρ
(1)
i ) + i(ρ(2)i − 0.5)

A2 tridiag(1.5, 2,−1)

A3 Toeplitz i-th row: [4, 0, 0, 0, 0,−2, 0, 10, 0, 0, 0, 6]

A4 shifted e20r1000 Driven cavity problem (Matrix Market)

shifted as A := Ae20r1000 + 10I

A5 Sparse Centered Finite Difference discretiza-

tion of L(u) = −∇2u− 100ux − 100uy

Table 3.1: Description of the selected matrices, all of size n = 10, 000, except
A4, of size 4241. ρ

(j)
i is a random entry taken from a uniform distri-

bution in (0, 1).

A random vector is used to start the inexact Lanczos bidiagonal-
ization process. Convergence is monitored by checking the computed
residual norm with respect to the first singular triplet, and the inexact
Lanczos bidiagonalization terminates as soon as (3.8) is satisfied; dif-
ferent values for εout will be considered. In case more than one triplet
is desired, inexactness can be tuned by using the norm of the matrix
residual, as described in more detail in section 3.7.

In section 3.8.1 we explore the fixed inner tolerance method, and the
dependence of its performance on all the other parameters, including
the outer accuracy. Indeed, if only a rough approximation of ‖ f (A)‖ is
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Figure 3.1: Spectrum of matrices A1, A2, A3, A5 (from left to right) in table 3.1,
for a smaller size, n = 1000.

required, the computational efforts should be proportionally low. We
subsequently compare our method to the power method, and present
results for an implementation based on the extended Krylov subspace.
In section 3.8.4 the influence of the variable (relaxed) inner tolerance de-
scribed in section 3.6.2 is analyzed, thus a more stringent final accuracy
is considered so as to exercise the variable inner threshold.

3.8.1 Assessing the effectiveness of the inexact bidiagonalization

We analyze the performance of the inexact method when approximat-
ing ‖ f (Ai)‖ together with the associated singular vectors. To this end,
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matr function σ̃1
σ̃1−σ̃2

σ̃1
tot # tot # average exec

f outer inner # inner time

A1 exp(−x) 0.463506 3.34e-02 14 308 11.0 0.39

√
x 1.50143 1.29e-02 15 351 11.7 0.44

exp(−
√

x)−1
x 0.727351 2.11e-02 14 414 14.8 0.70

exp(x) 9.19137 1.76e-02 16 352 11.0 0.59

1/
√

x 1.10350 2.33e-02 13 364 14.0 0.73

A2 exp(−x) 0.222621 1.78e-02 11 308 14.0 0.24

√
x 1.7921 2.05e-02 8 252 15.8 0.28

exp(−
√

x)−1
x 0.469829 1.81e-02 10 429 21.4 0.68

exp(x) 12.1783 9.01e-02 5 139 13.9 0.14

1/
√

x 0.814356 2.26e-02 8 324 20.2 0.44

A3 exp(−x) 0.508086 1.48e-02 13 709 27.3 0.61

√
x 4.56086 1.85e-02 12 1036 43.2 3.11

exp(−
√

x)−1
x 0.615673 1.84e-02 12 1953 81.4 18.29

exp(x) 6.75709e8 1.45e-02 13 694 26.7 0.83

1/
√

x 0.959018 1.70e-02 12 1852 77.2 14.56

A4 exp(−x) 0.000172183 2.42e-01 6 456 38.0 0.58

√
x 6.09177 2.78e-02 14 454 16.2 0.81

exp(−
√

x)−1
x 0.118301 3.07e-02 10 486 24.3 1.15

exp(x) 3.15141e10 1.35e-01 5 397 39.7 0.49

1/
√

x 0.354039 5.55e-02 9 394 21.9 0.81

A5 exp(−x) 0.99709 3.39e-02 7 223 15.9 0.34

√
x 2.81987 1.16e-02 16 5145 160.8 193.35

exp(−
√

x)−1
x 6.93384 2.44e-01 4 1570 196.2 111.67

exp(x) 2959.17 1.84e-02 14 450 16.1 0.65

1/
√

x 7.36692 2.31e-01 4 1564 195.5 112.22

Table 3.2: Inexact Lanczos bidiagonalization for approximating the leading
singular triplet of f (A); outer tolerance ε = 10−2 .

we need to monitor the number of iterations of both the outer and
the two inner iterations, together with the execution time required to
reach the required tolerance. In particular, we show both the total and
average number of inner iterations. We also display the distance be-
tween the final first approximate singular value, σ̃1 and the second
approximate singular value, σ̃2: a small relative distance implies that
the method will take more iterations to converge. Moreover, this dis-
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tance cannot be easily predicted from the matrix A, although it signif-
icantly influences the computation. For instance, the largest (in modu-

lus) eigenvalues of F associated with the matrix function A
1
2
2 are:

−1.7965100, 1.7965100, 1.7964169,−1.7964169, 1.7962429,−1.7962424.

Although this fact does not constitute a difficulty if just the order of

magnitude of ‖A
1
2
2 ‖ is sought, it indicates that requiring a more accu-

rate approximation will lead to significantly more expensive computa-
tions. This problem can be readily observed by comparing the outer
number of iterations in table 3.2 and table 3.3, where we report the re-
sults of our experiments for εout = 10−2 and εout = 10−4, respectively.
In both cases, the inner tolerance was set to ε in = εout/(mmax), where
mmax = 1000, so that ε in = 10−7 for the more stringent outer tolerance.
For all examples, the first six significant digits of σ̃1 are reported.

Comparing the two tables also shows that the singular values are as
accurate as the outer tolerance can predict: for smaller εout already the
third singular value digit changes, that is it still has to reach its final
(exact) value. This is obviously also related to the relative distance from
the second singular value, which is better captured for a smaller εout.

We also observe that the choice of f strongly influences the overall
performance: the bidiagonalization process may take the same number
of (outer) iterations for two different selections of f , and yet the total
computational cost may be significantly different (see A1 and A3 in
table 3.2). As a consequence, the number of outer iterations is not a
realistic measure of the algorithm complexity.

On a negative side, we observe that in both tables the method per-
forms poorly on A5 for f (x) =

√
x. For this particular matrix, the inner

method takes very many iterations during the whole Lanczos bidiag-
onalization process, with a number of inner iterations that is close to
the average throughout. We anticipate that this is not the case for the
power method, where as the outer iterations proceed, drastically fewer
iterations are required in the inner approximation. This phenomenon
seems to be specific for this combination of function and matrix, since
in all other cases the performance of the Lanczos bidiagonalization and
power method is more similar. It may be further investigated in a future
study.

Finally, for the exponential functions exp(x), exp(−x) we computed
the upper bound in (3.1) by using the MATLAB function eigs applied
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matr function σ̃1
σ̃1−σ̃2

σ̃1
tot # tot # average exec

f outer inner # inner time

A1 exp(−x) 0.463735 2.04e-02 24 624 13.0 0.87

√
x 1.50496 8.76e-04 53 1775 16.7 3.27

exp(−
√

x)−1
x 0.728200 7.62e-03 29 1160 20.0 2.47

exp(x) 9.19576 9.22e-03 32 832 13.0 1.21

1√
x 1.10504 5.52e-03 29 1156 19.9 2.21

A2 exp(−x) 0.223129 4.88e-05 209 7104 17.0 26.72

√
x 1.79651 5.18e-05 162 8069 24.9 18.92

exp(−
√

x)−1
x 0.470776 3.85e-05 193 12320 31.9 42.03

exp(x) 12.1825 8.39e-04 47 1596 17.0 1.41

1√
x 0.816492 5.90e-05 150 9210 30.7 29.43

A3 exp(−x) 0.509010 4.43e-05 224 14544 32.5 31.55

√
x 4.57175 3.35e-05 250 41844 83.7 533.17

exp(−
√

x)−1
x 0.616989 1.20e-04 155 39968 128.9 1078.46

exp(x) 6.77296e8 1.17e-04 183 11660 31.9 19.91

1√
x 0.960790 2.12e-05 312 77958 124.9 1827.25

A4 exp(−x) 0.000172195 2.32e-01 9 783 43.5 1.26

√
x 6.09289 2.38e-02 22 1103 25.1 2.25

exp(−
√

x)−1
x 0.118347 2.44e-02 16 1109 34.7 3.16

exp(x) 3.15148e10 1.34e-01 7 626 44.7 0.87

1√
x 0.354473 1.18e-02 19 1227 32.3 3.91

A5 exp(−x) 0.998062 7.74e-03 24 911 19.0 1.37

√
x 2.82811 1.67e-04 185 70926 191.7 4059.40

exp(−
√

x)−1
x 6.93435 2.32e-01 7 2814 201.0 186.39

exp(x) 2975.18 2.91e-03 55 2091 19.0 3.20

1√
x 7.36768 2.17e-01 7 2814 201.0 197.62

Table 3.3: Inexact Lanczos bidiagonalization for approximating the leading
singular triplet of f (A); outer tolerance ε = 10−4 .

to 1
2 (A + A∗). In all cases except for matrix A4 the estimate is pretty

sharp. On the other hand, for exp(A4) the upper bound is 2 · 1013,
which is three orders of magnitude larger than the actual norm; for
exp(−A4) the upper bound2 is 0.004737, which is more than one or-
der of magnitude larger than the actual value, 0.000172. This example

2 This bound is obtained for exp(Â) with Â = −A4.
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illustrates that, as discussed in section 3.2, the accuracy of this type of
estimate cannot be easily monitored, especially in the case of nonnor-
mal matrices.

We also experimented with the approximation of more than one
triplet. We refer to the end of section 3.7 for a description on how to
compute various singular triplets simultaneously and what stopping
criterion to use. Our findings for A1 and f (x) = 1/

√
x are reported,

where we use εout = 10−6 and mmax = 100. Table 3.4 shows the largest
six singular values obtained with a fixed inner tolerance of 10−8 (σ̃j, sec-
ond column). As an a-posteriori test, we report in the last column the
norm of the residual, i.e., ‖ f (A)∗ũj− σ̃jṽj‖, for the approximated singu-
lar triplets (σ̃j, ũj, ṽj), where j = 1, . . . , 6, and f (A)∗ũj is computed with
an accuracy of 10−11. The iteration of the inexact Lanczos bidiagonaliza-
tion is stopped as soon as the outer stopping criterion is satisfied for the
norm of the matrix residual based on the largest six singular values. As
expected, the last singular triplet dominates the convergence process:
the norm of the matrix residual becomes sufficiently small only when
this last triplet has a residual norm of the order of εout.

j σ̃j ‖ f (A)∗ũj − σ̃jṽj‖
1 1.117020718020110 4.1600e-11

2 1.107884805364245 8.4447e-11

3 1.098396522938209 7.9652e-11

4 1.098383564116149 4.5703e-11

5 1.088066190375196 4.0340e-08

6 1.086710736722748 8.2518e-07

Table 3.4: First six approximate singular values of A−1/2
1 with fixed tolerance

(εout = 10−6).

3.8.2 Comparisons with the power method

We wish to compare the performance of the new method with that of
the power method, as described in section 3.2. Since in most cases, the
leading singular values are not well isolated, we expect that the power
method will be slow if an accurate approximation is required. There-
fore, we only report results for ε = 10−2. Moreover, our experience is
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that since the computation is inexact, the product f (A)∗( f (A)v) may
give complex values, since the computed actions of f (A) and f (A)∗ are
not the conjugate of each other. As a result, the approximate eigenvalue
may be complex, though with a small imaginary part, and the quantity
that is actually computed is given by

λ(k) =

∣∣∣∣∣ (v(k))∗ f (A)∗ f (A)v(k)

(v(k))∗v(k)

∣∣∣∣∣ ,

where v(k) is the power method direction after k iterations. Conse-
quently, at convergence we obtain σ̃1 ≈

√
λ(k). The stopping criterion is

based on the relative eigenvalue residual norm, that is

‖y(k) − λ(k)v(k)‖/λ(k) ≤ εout,

where y(k) is the result of the approximation of f (A)∗( f (A)v(k)). Note
that we kept the same tolerance as for the Lanczos bidiagonalization,
although a more stringent tolerance may be required in practice. Table
3.5 collects the results for all test cases.

As expected, the power method is more expensive than the Lanczos
bidiagonalization, on average four to five times more expensive, in all
those cases when the first singular value is not well separated from the
second one. Only for the cases of good separation, for instance with A5

and the functions (exp(
√

x)− 1)/x and 1/
√

x, convergence is reached
in very few iterations, and the power method is competitive.

We also implemented the power method as described in [39, algo-
rithm 3.19], using the relative singular value residual as stopping crite-
rion. The performance, both in terms of inner and outer number of iter-
ations, is comparable to that in table 3.5. Finally, we stress that in both
implementations the stopping criterion involves inexact matrix-vector
products. Therefore, the monitored quantity is not the true residual of
the corresponding problem.

3.8.3 Numerical tests with the extended Krylov subspace

If for the final approximation a high accuracy is required, so that a more
stringent outer tolerance is used, then the inner iteration also requires
more computational effort, as its stopping tolerance is also decreased.
In this case, it may be appropriate to use more effective methods. One
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matr function tot # tot # σ̃1 residual exec

outer inner norm time

A1 exp(−x) 51 1071 0.46327 9.8648e-03 1.5
√

x 93 2010 1.5028 9.8607e-03 2.8
exp(−

√
x)−1

x 61 1782 0.71879 9.8904e-03 3.5

exp(x) 65 1409 9.1666 9.9964e-03 2.0

1/
√

x 69 1942 1.0938 9.8670e-03 3.3

A2 exp(−x) 36 899 0.22238 9.8636e-03 0.8
√

x 37 979 1.7903 9.7995e-03 1.1
exp(−

√
x)−1

x 36 1216 0.46921 9.7553e-03 2.1

exp(x) 9 232 12.176 9.4623e-03 0.2

1/
√

x 36 1215 0.81375 9.8715e-03 1.8

A3 exp(−x) 38 1605 0.50724 9.9024e-03 1.5
√

x 41 1000 4.5564 9.8934e-03 1.3
exp(−

√
x)−1

x 34 4448 0.61486 9.9901e-03 39.1

exp(x) 38 1699 6.7455e8 9.7718e-03 1.7

1/
√

x 36 4684 0.95774 9.7264e-03 36.3

A4 exp(−x) 11 825 0.00017219 5.8988e-03 1.0
√

x 56 1710 6.0870 9.9037e-03 3.0
exp(−

√
x)−1

x 28 1309 0.11823 9.5839e-03 3.3

exp(x) 10 775 3.1510e10 8.8031e-03 1.1

1/
√

x 33 1361 0.35405 9.9455e-03 2.8

A5 exp(−x) 15 376 0.99643 9.9168e-03 0.52

√
x 52 1479 2.81329 9.9649e-03 18.47

exp(−
√

x)−1
x 7 2745 6.93355 9.6566e-03 189.19

exp(x) 55 1363 2956.34 9.8499e-03 1.79

1/
√

x 8 3137 7.36721 6.9885e-03 202.71

Table 3.5: Power method for approximating the leading singular triplet of
f (A); outer tolerance ε = 10−2.

such possibility is the extended Krylov subspace method (EKSM) [18,
56], which may be convenient in case the considered function requires
a good approximation of the eigenvalues of A closest to the origin. In
table 3.6 we report on the computations for εout = 10−4 when EKSM is
used. These numbers should be compared with those in table 3.3. We
notice that EKSM requires the solution of a system with A (or A∗) at
each iteration; to limit computational costs, a sparse LU factorization
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of A was performed and stored once and for all at the beginning of the
Lanczos bidiagonalization, and used repeatedly in the inner iteration.
This represents a tremendous saving with respect to more general ratio-
nal approximations, where solves with (A− τj I) have to be performed
at each inner iteration, with τj varying with the inner step.

In table 3.6 all cases where EKSM provides faster convergence, that
is less computing time, are marked in boldface. It is clear that EKSM
is beneficial when good approximations to both ends of the spectrum
are required, as is the case for xα. The lack of improvement in the case
of the exponential is expected, as it is known, at least in the Hermitian
case, that only one extreme of the spectrum needs to be captured for a
fast approximation of exp(A)v.

We also remark that EKSM could also be employed as inner method
in the case of the power iteration used in section 3.8.2.

3.8.4 Numerical tests with variable accuracy

In the previous sections, for εout = 10−4 the inner tolerance was set
to the fixed value ε in = 10−7. Here we explore the performance of the
inexact computation when the inner tolerance is relaxed.

A relaxed inner accuracy is most convenient when the inner iteration
is expensive, so as to profit from a lower number of inner iterations.
Therefore, we report on our experience with the extended Krylov sub-
space as inner method, as the method requires one system solve with
the coefficient matrix at each iteration. A more stringent outer tolerance
is used, that is εout = 10−7, than in previous experiments, to clearly
see the relaxation in the inner tolerance; we also use mmax = 50 as
maximum number of iterations to balance the much smaller εout for
determining the initial inner tolerance.

Figure 3.2 shows the performance of the relaxation strategy for A5

and f (x) = 1/
√

x. The plot shows the outer convergence history as
the bidiagonalization proceeds, and the corresponding variable inner
tolerance. The digits next to each iteration report the actual numbers of
inner iterations by means of EKSM to reach the required inner accuracy
for approximating f (A)vj; similar numbers are observed for f (A)∗uj.

Table 3.7 reports the values of δ2m,2(k−1) and δ2(k−1) during the iter-
ations displayed in figure 3.2; see the discussion on these parameters
at the end of section 3.7. For this specific example, the values of δ2(k−1)
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matr function σ̃1
σ̃1−σ̃2

σ̃1
tot # tot # average exec

outer inner # inner time

A1 exp(−x) 0.463735 2.04e-02 24 480 10.0 3.49

√
x 1.50496 8.76e-04 53 954 9.0 8.24

exp(−
√

x)−1
x 0.728200 7.62e-03 29 522 9.0 4.29

exp(x) 9.19576 9.22e-03 32 704 11.0 5.82

1√
x 1.10504 5.52e-03 29 522 9.0 4.59

A2 exp(−x) 0.223129 4.88e-05 209 5434 13.0 36.71

√
x 1.79651 5.18e-05 162 3564 11.0 20.03

exp(−
√

x)−1
x 0.470776 3.85e-05 193 4246 11.0 29.99

exp(x) 12.1825 8.39e-04 47 1408 15.0 5.07

1√
x 0.816492 5.90e-05 150 3300 11.0 18.70

A3 exp(−x) 0.509010 4.43e-05 224 11827 26.4 106.31

√
x 4.57175 3.35e-05 250 9402 18.8 84.26

exp(−
√

x)−1
x 0.616989 1.20e-04 155 5578 18.0 40.02

exp(x) 6.7729e8 1.17e-04 183 11169 33 112.76

1√
x 0.960790 2.12e-05 312 11449 18.3 125.20

A4 exp(−x) 0.000172195 2.32e-01 9 376 20.9 4.20

√
x 6.09289 2.38e-02 22 483 11.0 5.99

exp(−
√

x)−1
x 0.118347 2.44e-02 16 318 9.9 4.32

exp(x) 3.15148e10 1.34e-01 7 527 37.6 4.66

1√
x 0.354473 1.18e-02 19 416 10.9 4.88

A5 exp(−x) 0.998062 7.74e-03 24 887 18.5 11.95

√
x 2.82811 1.67e-04 185 8165 22.1 121.99

exp(−
√

x)−1
x 6.93435 2.32e-01 7 294 21.0 5.01

exp(x) 2975.18 2.91e-03 55 2090 19.0 25.19

1√
x 7.36768 2.17e-01 7 294 21.0 4.32

Table 3.6: Inexact Lanczos bidiagonalization, outer tolerance ε = 10−4, inner
approximation: extended Krylov subspace method.

are a good estimate for the actual δ2m,2(k−1) even at an early stage of the
iteration (we recall here that no relaxed strategy is used in the first two
iterations).

We also experimented with the approximation of more than one
triplet. We report on our findings for A1 and again f (x) = 1/

√
x

(similar accuracies were obtained for other functions for the same ma-
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Figure 3.2: Relaxed inner iteration for variable stopping tolerance, to approxi-
mate ‖A−1/2

5 ‖, with εout = 10−7.

k− 1 δ2(k−1) δ2m,2(k−1)

1 - 2.3147e-01

2 - 7.7043e-01

3 2.1738e+00 9.5073e-01

4 1.7049e+00 9.6671e-01

5 1.6151e+00 9.6744e-01

6 1.6030e+00 9.6746e-01

7 1.6017e+00 9.6746e-01

8 1.3696e+00 9.6746e-01

9 9.7931e-01 9.6746e-01

10 9.6834e-01 9.6746e-01

11 9.6757e-01 9.6746e-01

Table 3.7: Values of δ2(k−1) and δ2m,2(k−1) as the relaxed iteration proceeds,
with data as in figure 3.2.

trix); to explore the variable inner accuracy we used εout = 10−9 and
mmax = 100. Table 3.8 shows the largest ten singular values obtained
with a fixed inner tolerance of 10−11 (σ̃j, second column), and with a
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relaxed inner tolerance (σ̃( f l)
j , third column), which a-posteriori we ob-

served to go from 10−11 up to 10−5. The last column reports the relative
error |σ̃j − σ̃

( f l)
j |/σ̃j. In both cases, the iteration of the inexact Lanczos

bidiagonalization was stopped as soon as the outer stopping criterion
was satisfied for the largest singular value. While in the fixed inner tol-
erance case the number of iterations varied between 28 and 30, in the
flexible case a number of iterations as low as 15 was needed to satisfy
the inner criterion at the last stage of the convergence process. After ex-
iting the flexible procedure, however, the first ten approximate singular
values are very close to those obtained with the fixed inner tolerance,
much closer than warranted by the final inner accuracy of 10−5. This
shows in particular that the flexible inner tolerance is conservative, and
more accurate approximations are usually expected.

j σ̃j σ̃
( f l)
j |σ̃j − σ̃

( f l)
j |/σ̃j

1 1.117020718026223 1.117020718026212 9.93e-15

2 1.107884805324699 1.107884805324724 2.26e-14

3 1.098394607515649 1.098394607513931 1.56e-12

4 1.095557563655289 1.095557550135225 1.23e-08

5 1.087939266226247 1.087939266157844 6.28e-11

6 1.081739455193175 1.081739454786304 3.76e-10

7 1.077326677541678 1.077326677826174 2.64e-10

8 1.070641401649297 1.070641400153385 1.39e-09

9 1.064637797334345 1.064637795718615 1.51e-09

10 1.055679471834666 1.055679470916211 8.70e-10

Table 3.8: First ten approximate singular values of A−1/2
1 with fixed tolerance

(εout = 10−9), and relaxed inner tolerance.

3.9 final considerations

We have explored the use and properties of an inexact Lanczos bidiag-
onalization method for approximating the leading singular triplet of a
large matrix function, and in particular its 2-norm. Although several
strategies are known to provide rough estimates of a matrix function 2-
norm, more accurate approximations require a careful implementation
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of available approaches, since neither f (A) nor products of the type
f (A)v are available exactly. In particular, we showed that the inexact
Lanczos bidiagonalization yields a non-Hermitian perturbation of the
original Hermitian matrix, and the recurrence needs to be revisited.

Our numerical experiments showed that the computational complex-
ity may vary significantly depending on the requested final accuracy,
since the two inner iterations in which f (A)v and f (A)∗u are approxi-
mated may be very time and memory consuming. We showed that the
relaxed strategy alleviates this problem whenever accurate approxima-
tions are required. However, for particular selections of matrices and
functions, the approximation of f (A)v can still be very expensive, and
some other strategies could be exploited, such as restarting; see, e.g.,
[21, 24, 36] and references therein.

Finally, our approach could be used to estimate the norm of other
matrix objects, such as the geometric mean [9], or the derivatives of ma-
trix functions, such as the Fréchet derivative of the matrix exponential
or of other functions [40]. We also mention that in the solution of time-
dependent differential equations the evaluation of ‖ f (tA)‖ for t > 0
is of great interest to monitor the presence of transient behaviors for
A nonnormal. This problem requires ad-hoc analysis and specialized
algorithmic strategies to limit computational costs, and it will be inves-
tigated in future research.





4
T H E I N F I N I T E B I - L A N C Z O S M E T H O D F O R
N O N L I N E A R E I G E N VA L U E P R O B L E M S

Adapted
from [27]In this chapter we propose a two-sided Lanczos method for the nonlin-

ear eigenvalue problem (NEP). This two-sided approach provides ap-
proximations to both the right and left eigenvectors of the eigenvalues
of interest. The method implicitly works with matrices and vectors with
infinite size, but because particular (starting) vectors are used, all com-
putations can be carried out efficiently with finite matrices and vectors.
We specifically introduce a new way to represent infinite vectors that
span the subspace corresponding to the conjugate transpose operation
for approximating the left eigenvectors. Furthermore, we show that
also in this infinite-dimensional interpretation the short recurrences in-
herent to the Lanczos procedure offer an efficient algorithm regarding
both the computational cost and the storage.

4.1 introduction

Let M : C → Cn×n be a matrix depending on a parameter with ele-
ments that are analytic in ρD̄, where ρ > 0 is a constant, D is the open
unit disk and D̄ its closure. We present a new method for the nonlinear
eigenvalue problem: find (λ, x, y) ∈ ρD×Cn ×Cn, where x 6= 0, y 6= 0,
such that

M(λ) x = 0, (4.1a)

M(λ)∗y = 0. (4.1b)

We are interested in both the left and the right eigenvectors of the prob-
lem. The simultaneous approximation of both left and right eigenvec-
tors is useful, e.g., in the estimation of the eigenvalue condition number
and the vectors can be used as initial values for locally convergent two-
sided iterative methods, e.g., those described in [72]. The NEP (4.1) has
received considerable attention in the numerical linear algebra com-
munity, and there are several competitive numerical methods. There
are for instance, so-called single vector methods such as Newton type

79
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methods [20, 72, 78], which often can be improved with subspace ac-
celeration, see [84], and Jacobi–Davidson methods [7]. These have been
extended in a block sense [57]. There are methods specialized for sym-
metric problems that have an (easily computable) Rayleigh functional
[79]. There is also a recent class of methods which can be interpreted
as either dynamically extending an approximation or carrying out an
infinite-dimensional algorithm, see for instance [4, 37, 53] and refer-
ences therein. For recent developments see the summary papers [63,
69, 85] and the benchmark collection [8].

4.1.1 Contributions of this chapter to the problem

We propose a new method that is based on the two-sided Lanczos
method for non-Hermitian problems. An intuitive derivation of the
main idea of this chapter is the following. Suppose (λ, x) is a solution
to (4.1a). By adding trivial identities we obtain an equality between
vectors of infinite length (cf. [53])



−M(0)

I

I
. . .





λ0

0! x
λ1

1! x
λ2

2! x
...


=λ



1
1 M′(0) 1

2 M′′(0) 1
3 M′′′(0) · · ·

1
1 I

1
2 I

1
3 I

. . .





λ0

0! x
λ1

1! x
λ2

2! x
...


.

(4.2)

Here, I is the n× n identity matrix. One variant of the infinite Arnoldi
method [53] is based on carrying out Arnoldi’s method on the infinite-
dimensional system (4.2). Our approach is based on two-sided Lanczos
and requires analysis also of the transposed matrix. Throughout this
chapter we assume that 0 is not an eigenvalue, so that M(0)−1 exists.
(This does not represent a loss of generality, as we can apply a shift in
case 0 is an eigenvalue.) Let N ∈ Cn×∞ be defined by

N :=
[

N1 N2 N3 · · ·
]

:=
[
−M(0)−1M′(0) − 1

2 M(0)−1M′′(0) − 1
3 M(0)−1M′′′(0) · · ·

]
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and define a vector of infinite length v := [vj]
∞
j=1 = [ λ(j−1)

(j−1)! x]
∞
j=1, where

vj ∈ Cn for j = 1, 2, . . .. Relation (4.2) can now be more compactly
expressed as

v = λ (e1 ⊗N + S⊗ I) v, where S :=



0 0 0 · · ·
1
1

1
2

1
3

. . .


, (4.3)

and e1 =
[

1 0 0 · · ·
]T

is the first basis vector. Equations (4.2) and
(4.3) may be viewed as a companion linearization for the nonlinear
eigenvalue problem. Note that a solution λ to (4.3) corresponds to a
reciprocal eigenvalue of the infinite-dimensional matrix

A := e1 ⊗N + S⊗ I. (4.4)

The derivation of our new bi-Lanczos procedure is based on apply-
ing the Lanczos method (for non-Hermitian problems) to the infinite-
dimensional matrix A. The method builds two bi-orthogonal subspaces
using short recurrences. One subspace serves the approximation of
right eigenvectors, the other the approximation of the left eigenvectors.

4.1.2 Overview of the chapter

In section 4.2 we derive several results for infinite-dimensional matri-
ces of the type (4.4) and associated infinite vectors (eigenvectors and
elements of vectors in an associated Krylov subspace). In particular,
analogous to companion linearizations for polynomial eigenvalue prob-
lems, relation (4.3) is equivalent to (4.1a), which has been used in [53].
For the approximation of solutions to (4.1b) we derive a new and more
involved relationship for the left eigenvectors, also presented in sec-
tion 4.2. This leads to a new way to represent infinite vectors that span
the subspace corresponding to the conjugate transpose operation for
approximating the left eigenvectors. With two particular types of (start-
ing) vectors, we can carry out an algorithm for the infinite-dimensional
operator A using only finite arithmetic. This is covered in the first four
subsections of section 4.3. The second half of section 4.3 is dedicated
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to various computational issues and complexity considerations. In sec-
tion 4.4 we present a few examples to illustrate the performance of the
new method, and we conclude with a short discussion.

Throughout this chapter we use bold symbols to indicate matrices or
vectors of infinite dimensions, i.e., an infinite matrix is denoted by A ∈
C∞×∞, and an infinite-dimensional vector is denoted by x ∈ C∞. Unless
otherwise stated, the length-n blocks of a vector of infinite length are
denoted with subscript, e.g., w = [wT

1 , wT
2 , . . . ]T where wj ∈ Cn for

j ≥ 1.

4.2 infinite-dimensional reformulation

We reformulate the nonlinear eigenvalue problem as a linear eigen-
value problem by showing the equivalence between the two problems.
The new representation involves infinite-dimensional matrices and vec-
tors. The algorithm that will be introduced in the next section generates
two Krylov subspaces, and for these subspaces we need to distinguish
two ways to characterize infinite-dimensional vectors. In this section
we show that both types of infinite-dimensional vectors can be repre-
sented by a finite number of vectors of length n. Furthermore, various
operations with these infinite-dimensional matrices and vectors are ex-
plored.

4.2.1 The nonlinear eigenvalue problem and the operator A

In our formalization of the operator A we first need to define its do-
main. This is necessary to prove equivalence between (λ, x, y) which is
a solution to (4.1) and the eigentriplet (µ, v, w) of A, where µ = λ−1.
Let ‖ · ‖ denote the 2-norm. It turns out to be natural to define the
operators on a weighted, mixed 1-norm and 2-norm space defined by

`1(ρ) :=
{

w = [wj]
∞
j=1 ∈ C∞ :

∞

∑
j=1

ρj

j! ‖wj‖ < ∞
}

. (4.5)

Note that some vectors in `1(ρ) correspond to sequences of vectors that
are unbounded, i.e., ‖wj‖ → ∞ as j → ∞, but do not grow arbitrarily
fast, since w ∈ `1(ρ) implies that

ρj

j! ‖wj‖ → 0 as j→ ∞. (4.6)
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In the proofs of the theorems and propositions below we need to allow
the vectors to have this growth, to accommodate the fact that deriva-
tives of analytic functions are not necessarily bounded. We choose ρ

to be the convergence radius of the power series expansion of the an-
alytic function M, and set D(A) = D(A∗) = `1(ρ) as the domain of
the operator. The following two theorems do not only show the equiv-
alence between the nonlinear eigenvalue problem and the operator A,
but also reveal the structure of the left and right eigenvectors of A. The
first result is an adaption of [53, theorem 1] for our discrete operator
and only assuming a finite convergence radius.

Theorem 4.2.1 (Right eigenvectors of A) Suppose M is analytic in λ ∈
ρD̄ and let A be defined by (4.4).

(i) If (µ, v) ∈ C×D(A)\{0} is an eigenpair of A and λ = µ−1 ∈ ρD,
then there exists a vector x ∈ Cn such that

v =
[

λj−1

(j−1)! x
]∞

j=1
. (4.7)

(ii) The pair (λ, x) ∈ ρD\{0} ×Cn\{0} is a solution to (4.1a) if and only
if the pair

(
λ−1, v

)
∈ (C\ρ−1D̄)×D(A) is an eigenpair of A, where

v is given by (4.7).

Proof. To show (i), let v = [vj]
∞
j=1, where vj ∈ Cn are the blocks of v.

From the block rows 2, 3, . . . of λAv = v, we have that vj+1 = λ
j vj for

j = 1, 2, . . .. It follows from induction that the blocks in the eigenvector
satisfy

vj =
λj−1

(j−1)! v1, j = 1, 2, . . . . (4.8)

We also have that v ∈ `1(ρ), since ‖vj‖ = |λ|j−1

(j−1)! ‖v1‖, such that v ∈ `1 ⊂
`1(ρ).

To show (ii), assume first that (λ−1, v) is an eigenpair of A. From (i)
we know that the blocks of v satisfy vj =

λj−1

(j−1)! v1. The first block row
of v = λAv implies that

v1 = λ
∞

∑
j=1

Nj
λj−1

(j−1)! v1 = −
∞

∑
j=1

λj

j! M(0)−1 M(j)(0) v1

= −M(0)−1 (M(λ)−M(0)) v1.
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Therefore, since 0 is not an eigenvalue, (λ, v1) is a solution to (4.1a).
To show the converse, suppose that (λ, x) is a solution to (4.1a). Let

v be as in (4.7). The rest of the proof consists of showing that

λAv = v. (4.9)

Similar to above, the first block row of λAv is

−λ
∞

∑
j=1

1
j M(0)−1 M(j)(0) vj = −M(0)−1M(λ) x + x = x.

In the last step we used that M(λ)x = 0, since (λ, x) is a solution to
(4.1a). Hence, the equality in the first block row of (4.9) is proven. The
equality in (4.9) corresponding to blocks j > 1 follows from the fact
that vj+1 = (λ/j) vj, for j = 1, 2, . . . , by construction.

We now study the equivalence between a left eigenpair of the nonlinear
eigenvalue problem and a left eigenpair of A. Also, the structure of the
left eigenvectors of A will be concretized.

Theorem 4.2.2 (Left eigenvectors of A) Suppose M is analytic in λ ∈
ρD̄ and let A∗ be defined by (4.4).

(i) If (µ, w) ∈ C×D(A∗)\{0} is an eigenpair of A∗ and λ = µ−1 ∈ ρD,
then there exists a vector z ∈ Cn such that

w =
∞

∑
j=1

(ST ⊗ I)j−1N∗λjz. (4.10)

(ii) The pair (λ, y) ∈ ρD\{0} × Cn\{0} is a solution to (4.1b) if and
only if the pair

(
λ−1, w

)
∈ (C\ρ−1D̄)×D(A∗) is an eigenpair of A∗,

where w is given by (4.10) with z = M(0)∗y.

Proof. Suppose λA∗w = w, where w ∈ `1(ρ). We use induction to show
that

w1 =
k

∑
j=1

λj

(j−1)! N∗j w1 +
λk

k! wk+1 (4.11)

for any k. Relation (4.11) is easy to see for k = 1. Suppose (4.11) is
satisfied for k− 1, i.e.,

w1 =
k−1

∑
j=1

λj

(j−1)! N∗j w1 +
λk−1

(k−1)! wk. (4.12)
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Block row k of λA∗w = w reduces to

λ N∗k w1 +
λ
k wk+1 = wk. (4.13)

The induction is completed by inserting (4.13) in relation (4.12), which
yields (4.11). Due to the fact that w ∈ `1(ρ), (4.6) holds, and since

|λ| < ρ, we have ‖λk

k! wk+1‖ < ρk

k! ‖wk+1‖ → 0 as k → ∞. This implies
that (4.11) holds also in the limit k→ ∞ and

w1 =
∞

∑
j=1

λj

(j−1)! N∗j w1 = (eT
1 ⊗ I)

( ∞

∑
j=1

λj(ST ⊗ I)j−1N∗w1

)
. (4.14)

In the last equality in (4.14) we used that

Sjek =
(k−1)!

(j+k−1)! ek+j (4.15)

and therefore (eT
k ⊗ I)(ST ⊗ I)j−1 = eT

k (S
T)j−1 ⊗ I = (k−1)!

(j+k−2)! e
∗
k+j−1 ⊗ I

for any k, as well as (eT
j ⊗ I)N∗ = N∗j . We have proven the first block

row of (4.10) with (4.14), by setting z = w1. The proof of the other rows
follows from induction, since assuming that wk = (eT

k ⊗ I)w, where w
is the right-hand side of (4.10), and using (4.13) we find that wk+1 =

(e∗k+1 ⊗ I)w.
To show (ii), first assume that w ∈ `1(ρ) satisfies λAw = w. This is

the same assumption as in (i) and therefore (4.14) is satisfied. By setting
y = M(0)−∗z = M(0)−∗w1, we have that M(0)∗y = ∑∞

j=1 M(j)(0)∗y, i.e.,
(4.1b) is satisfied. To show the backward implication in (ii), we now
assume that (λ, y) is a solution to (4.1b). Let z = M(0)∗y and define a
vector w as (4.10). Then

λA∗w = λ
∞

∑
j=1

(eT
1 ⊗N∗ + ST ⊗ I)(ST ⊗ I)j−1N∗λjz

= λN∗
∞

∑
j=1

1
(j−1)! (e

T
j ⊗ I)N∗λjz + λ

∞

∑
j=1

(ST ⊗ I)jN∗λjz

= λN∗
∞

∑
j=1

−1
j! M(j)(0)∗y +

∞

∑
j=2

(ST ⊗ I)j−1N∗λjz

= N∗λz +
∞

∑
j=2

(ST ⊗ I)j−1N∗λjz

=
∞

∑
j=1

(ST ⊗ I)j−1N∗λjz = w.
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To show that w ∈ `1(ρ) we now study the weighted `1-norm,
∞

∑
k=1

ρk

k! ‖wk‖ ≤
∞

∑
k=1

ρk

k!

∞

∑
j=1

|λ|j(k−1)!
(j+k−2)! ‖M(k+j−1)(0)∗‖‖ŷ‖ (4.16)

≤
∞

∑
k=1

ρk

k!

∞

∑
j=1

Mρ
|λ|j(k−1)!(k+j−1)!
(j+k−2)!ρj+k−1 ‖ŷ‖

=
Mρ‖ŷ‖

r

∞

∑
j=1

∞

∑
k=1

|λ|j
ρj

j+k−1
k! .

Since M is analytic, there exists a constant Mρ such that ‖M(j)(0)‖ ≤
Mρ

j!
ρj . Now note that Taylor expansion of ex gives the explicit expres-

sion ∑∞
k=1

j+k−1
k! = (j− 1)(e− 1) + e. By combining this with (4.16) and

|λ| < ρ we find that the right-hand side of (4.16) is finite and therefore
w ∈ `1(ρ).

4.2.2 Krylov subspace and infinite-dimensional vector representations

In the next section we will develop a Krylov method for the infinite-
dimensional problem. The method is based on operations with the
matrix A and vectors of infinite length: it builds infinite-dimensional
Krylov subspaces, Kk(A, x) and Kk(A∗, ỹ), for some starting vectors
x and ỹ of infinite length. Therefore, we have to address the issue of
storing vectors with infinite length. By choosing the starting vectors
carefully we will be able to store only a finite number of vectors of
length n. The Krylov subspaces will contain approximate eigenvectors
that are the eigenvectors of interest.

Proposition 4.2.3 Suppose x = e1 ⊗ x1 and ỹ = N∗ỹ1, where x1, ỹ1 ∈ Cn.

(a) For any k ∈ N, Akx =
k+1

∑
j=1

(ej ⊗ zk−j+1), where z0 = 1
k! x1 and for

i ∈ {1, . . . , k} zi is given by the recursion zi =
i

∑
`=1

(k−i+`)!
(`−1)!(k−i)! N`zi−`.

(b) For any k ∈ N, (A∗)kỹ =
k+1

∑
j=1

(ST ⊗ I)j−1N∗ z̃k−j+1, where z̃0 =

ỹ1 and for i ∈ {1, . . . , k} z̃i is given by the recurrence relation z̃i =
i

∑
`=1

1
(`−1)! N∗` z̃i−`.
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Proof. (a) It is easily seen that the result holds for k = 1, when z0 = x1

and z1 = N1z0. Suppose the result holds for k− 1, thus

Ak−1x =
k

∑
j=1

(ej ⊗ ak−j),

where a0 = 1
(k−1)! x1 and ai =

i

∑
`=1

(k−i+`−1)!
(`−1)!(k−i−1)! N`ai−` for i∈{1, . . . , k− 1}.

Then, using (4.15),

Akx =
k

∑
j=1

(e1 ⊗N)(ej ⊗ ak−j) +
k

∑
j=1

(S⊗ I)(ej ⊗ ak−j)

=
k

∑
j=1

(e1 ⊗ Njak−j) +
k

∑
j=1

(j−1)!
j! (ej+1 ⊗ ak−j)

= (e1 ⊗
k

∑
j=1

Njak−j) +
k+1

∑
j=2

(ej ⊗ 1
(j−1) ak−j+1).

Defining zk =
k

∑
j=1

Njak−j and zk−j+1 = 1
(j−1) ak−j+1, it can be seen that all

zi are as stated in (a). This shows (a) by induction.

(b) It is easily seen that for k = 1 the result holds, where z̃0 = ỹ1 and
z̃1 = N1z̃0. Suppose the proposition holds for k− 1. Then

(A∗)kỹ =
k

∑
j=1

(eT
1 ⊗N∗)(ST ⊗ I)j−1N∗ z̃k−j +

k

∑
j=1

(ST ⊗ I)jN∗ z̃k−j

=
k

∑
j=1

1
(j−1)! (e

T
j ⊗N∗)N∗ z̃k−j +

k+1

∑
j=2

(ST ⊗ I)j−1N∗ z̃k−j+1

= N∗
k

∑
j=1

1
(j−1)! N∗j z̃k−j +

k+1

∑
j=2

(ST ⊗ I)j−1N∗ z̃k−j+1

=
k+1

∑
j=1

(ST ⊗ I)j−1N∗ z̃k−j+1,

where z̃0 = ỹ1, z̃1, . . . , z̃m are as stated under (b). This proves (b) by
induction.
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As we have seen in theorems 4.2.1 and 4.2.2, the right and left eigen-
vectors of interest have the form (4.7) and (4.10), respectively. Proposi-
tion 4.2.3 has shown that by choosing starting vectors x = e1 ⊗ x1 and
ỹ = N∗ỹ1 the vectors that span the Krylov subspaces Kka(A, x) and
Kkã(A

∗, ỹ) are of the form

a =
ka

∑
j=1

(ej ⊗ aj), (4.17a)

ã =
kã

∑
j=1

(ST ⊗ I)j−1N∗ ãj, (4.17b)

respectively. Also linear combinations of vectors from the same Krylov
subspaces will be of this form. These vectors can be seen as truncated
versions of the vectors in (4.7) and (4.10). In fact, the approximate eigen-
vectors that are taken from these two Krylov subspaces, will be of this
form. We will distinguish the two types of vectors (4.17a) and (4.17b)
by a tilde. Vectors of the form (4.17a) have a finite number of nonzeros
and therefore storing only the nonzero entries gives a finite represen-
tation of the vector of infinite length, i.e., by storing the vectors aj, for
j = 1, . . . , ka. The vectors of infinite length of type (4.17b) can also be
stored with a finite number of vectors in Cn, namely by storing the
vectors ãj, for j = 1, . . . , kã.

4.2.3 Scalar products and matrix-vector products

The previously introduced types of infinite-dimensional vectors, (4.17a)
and (4.17b), will be used in the algorithm for the infinite-dimensional
problem. Various operations involving these types of vectors of infinite
length, such as scalar products and matrix-vector products, have to be
adapted to the infinite-dimensional case. First we introduce two differ-
ent scalar products.

Lemma 4.2.4 Suppose a, b ∈ C∞ are two vectors of type (4.17a) given by

a =
ka

∑
j=1

(ej ⊗ aj) and b =
kb

∑
j=1

(ej ⊗ bj). Then,

a∗b =
min(ka,kb)

∑
j=1

a∗j bj. (4.18)
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Proof. This follows straightforwardly from the definition of the vectors.

Another scalar product used in the bi-Lanczos algorithm is a product
of vectors of type (4.17a) and (4.17b). It can be computed efficiently in
infinite dimensions as explained in the next proposition.

Theorem 4.2.5 Suppose ã, b ∈ C∞ are of type (4.17b) and (4.17a), respec-

tively, given by ã =
kã

∑
j=1

(ST ⊗ I)j−1N∗ ãj and b =
kb

∑
`=1

(e` ⊗ b`). Then,

ã∗b =
kã

∑
j=1

kb

∑
`=1

(`−1)!
(j+`−2)! ã

∗
j Nj+`−1b`. (4.19)

Proof. This can be derived directly via the following equality

ã∗b =
kã

∑
j=1

kb

∑
`=1

(
(ST ⊗ I)j−1N∗ ãj

)∗
(e` ⊗ b`)

=
kã

∑
j=1

kb

∑
`=1

ã∗j N
(

ej+`−1 ⊗ (`−1)!
(j+`−2)! b`

)
.

To translate the finite dimensional matrix-vector multiplication to the
infinite-dimensional case two variants of matrix-vector products have
to be investigated, one with the matrix A and a vector of type (4.17a),
and one with the matrix A∗ and a vector of type (4.17b).

Theorem 4.2.6 (Action of A) Suppose a ∈ C∞ is of type (4.17a) given by

a =
ka

∑
j=1

(ej ⊗ aj). Then,

Aa =
ka+1

∑
j=1

(ej ⊗ bj), (4.20)

where

bj =
1

j−1 aj−1 for j = 2, . . . , ka + 1, and b1 =
ka

∑
j=1

Njaj. (4.21)

Proof. This can be proven by induction. The computation is analogous
to the one needed in the proof of Proposition 4.2.3(a).
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Theorem 4.2.7 (Action of A∗) Suppose ã ∈ C∞ is of type (4.17b) given by

ã =
kã

∑
j=1

(ST ⊗ I)j−1N∗ ãj. Then,

A∗ã =
kã+1

∑
j=1

(ST ⊗ I)j−1N∗b̃j, (4.22)

where

b̃j = ãj−1 for j = 2, . . . kã + 1, and b̃1 =
kã

∑
j=1

1
(j−1)! N∗j ãj. (4.23)

Proof. Analogous to the computation in the proof of Proposition 4.2.3(b).

4.3 derivation of the infinite bi-lanczos method

The algorithm proposed in this chapter is based on the Lanczos method
for non-Hermitian eigenvalue problems specified in [1, section 7.8.1].
We first introduce the standard method and then adapt the algorithm
in such a way that it can be used for the infinite-dimensional problem.

4.3.1 The bi-Lanczos method for standard eigenvalue problems

We now briefly summarize the bi-Lanczos method, already introduced
in section 1.2.3, that we use in our derivation. The method, presented
in algorithm 4.1, uses an oblique projection building two bi-orthogonal
subspaces for the simultaneous approximation of left and right eigen-
vectors. The short recurrences that are typical for this method lead
to far less storage requirements with respect to orthogonal projection
methods for the same problem. However, as is well known, the method
suffers from the loss of bi-orthogonality in finite precision arithmetic.
One can either accept the loss and take more steps, or, if desired, one
can re-biorthogonalize all vectors in each iteration. A compromise be-
tween these two options is to maintain semiduality as proposed in [15].
For information on various types of breakdowns, how to continue af-
ter a breakdown, and how to detect (near) breakdowns, we refer to [1,
section 7.8.1], and [23].



4.3 derivation of the infinite bi-lanczos method 91

Algorithm 4.1: Bi-Lanczos

Input: Vectors q1, q̃1, with q̃∗1 q1 = 1, γ1 = β1 = 0, q0 = q̃0 = 0.

Output: Approximate eigentriplets (θ
(j)
i , x(j)

i , y(j)
i ) of A.

for j = 1, 2, . . . , until convergence

(1) r = Aqj

(2) s = A∗ q̃j

(3) r := r− γj qj−1

(4) s := s− β̄ j q̃j−1

(5) αj = q̃∗j r

(6) r := r− αj qj

(7) s := s− ᾱj q̃j

(8) ωj = r∗s

(9) β j+1 = |ωj|1/2

(10) γj+1 = ω̄j/β j+1

(11) qj+1 = r/β j+1

(12) q̃j+1 = s/γ̄j+1

(13) Compute eigentriplets (θ
(j)
i , z(j)

i , z̃(j)
i ) of Tj.

(14) Test for convergence.

(15) Rebiorthogonalize if necessary.

end

(16) Compute approximate eigenvectors x(j)
i = Qjz

(j)
i , y(j)

i = Q̃j z̃
(j)
i .

The algorithm takes as input two bi-orthogonal vectors, q1 and q̃1,
and builds the Krylov subspaces Kk(A, q1) and Kk(A∗, q̃1) (lines (1)-
(2)). The algorithm uses short recurrences for the bi-orthogonalization
process (lines (3)-(7)). Although there are various choices for the scal-
ing of the vectors that span the Krylov spaces, we specifically choose
to scale the vectors in such a way that q̃∗i qj = δij, where δij is the Kro-
necker delta (lines (8)-(12)), as this will turn out to be necessary for the
translation to the infinite-dimensional algorithm. After k iterations we
obtain the relations:

AQk = QkTk + βk+1qk+1eT
k ,

A∗Q̃k = Q̃kT∗k + γ̄k+1q̃k+1eT
k ,

Q̃∗k Qk = Ik,
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where for i = 1, . . . , k the columns of Qk are equal to the vectors qi, and
where q̃i are the columns of Q̃k, ek is the kth unit vector, and where

Tk =


α1 γ2

β2 α2
. . .

. . . . . . γk

βk αk

 ,

where the coefficients αj, β j and γj, j ∈ {1, . . . , k}, are computed in lines
(5), (9) and (10). Furthermore, the relations q̃∗k+1Qk = 0 and Q̃∗k qk+1 = 0

hold. After k iterations, the eigentriplets (θ
(k)
i , z(k)i , z̃(k)i ), i = 1, 2, . . . , k,

of Tk (line (13)) can be computed. The Ritz values θ
(k)
i are the approx-

imate eigenvalues of A, and the corresponding right and left Ritz vec-
tors are x(k)i = Qkz(k)i and y(k)i = Q̃k z̃(k)i , respectively (line (16)).

4.3.2 The infinite bi-Lanczos method

In algorithm 4.2 we present the bi-Lanczos algorithm for the infinite-
dimensional problem. It is set up analogously to the algorithm of the
standard bi-Lanczos method: all line numbers are corresponding. As
we have seen, every vector of infinite length can be represented by a fi-
nite number of vectors of length n. In the algorithm these vectors of in-
finite length are denoted by matrices whose columns correspond to the
length-n vectors representing the infinite-dimensional vector. The index
of the matrices in the new algorithm indicate the number of columns
of the matrix, i.e., Rk ∈ Cn×k, and we denote the `th column of Rk by
Rk,`, i.e., Rk = [Rk,1, . . . , Rk,k].

We now describe certain steps of the algorithm illustrating that the
algorithm can be implemented with matrices of finite size. This first
description can be considerably improved by reducing the number of
necessary linear solves as we shall explain in section 4.3.3. We refer to
the previous subsection for details on steps (9)-(14).

(1)+(2) In the first two lines two matrix-vector multiplications are exe-
cuted, the first with the infinite-dimensional matrix A and a vec-
tor of type (4.17a), the second with the infinite-dimensional ma-
trix A∗ and a vector of type (4.17b). In Theorems 4.2.6 and 4.2.7 it
is shown how these actions are performed. A vector represented
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by k vectors of length n results, after a multiplication with A or
A∗, in a vector represented by k + 1 vectors of length n. More
precisely, the actions (4.20) and (4.22) can be computed with the
formulas

bj = 1
j−1 aj−1 for j = 2, . . . , ka + 1, (4.24a)

b1 = −M(0)−1
ka

∑
j=1

1
j

M(j)(0)aj, (4.24b)

and

b̃j = ãj−1 for j = 2, . . . kã + 1, (4.25a)

b̃1 = −
kã

∑
j=1

M(j)(0)∗
(

1
j! M(0)−∗ ãj

)
. (4.25b)

At first sight (4.25) appears to require an excessive number of
linear solves. We show in section 4.3.3 how these linear solves
can be avoided by using a particular implicit representation of ãj.

(3)+(4) The new vectors are orthogonalized against a previous vector. Lin-
ear combinations of a vector of the form (4.17a) (or (4.17b)) are
again of that form, and thus can be represented as such. The new
vectors are represented by k + 1 vectors of length n, while the
previous vectors are represented by k− 1 length-n vectors. To en-
able the summation we add two zero columns to the n× (k− 1)-
matrices representing the previous vectors.

(5)+(8) The coefficients computed in this step are needed for the orthog-
onalization of the vectors, and furthermore they are the entries of
the tridiagonal matrix Tk. The computation of these coefficients in-
volves an inner product between a vector of type (4.17a) and one
of type (4.17b), and is executed as described in Theorem 4.2.5.
More specifically, the theory in Theorem 4.2.5 is in our setting
rearranged to the explicit formulas

ã∗b = −
kã

∑
j=1

ã∗j M(0)−1

(
kb

∑
`=1

M(j+`−1)(0) (`−1)!
(j+`−1)! b`

)
(4.26a)

= −
kã

∑
j=1

(M(0)−∗ ãj)
∗
(

kb

∑
`=1

M(j+`−1)(0) (`−1)!
(j+`−1)! b`

)
.(4.26b)
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Similar to formula (4.25), we show how to reduce the number of
linear solves in section 4.3.3.

(6)+(7) These orthogonalization steps are comparable to those in (3)+(4).
Since the vectors are orthogonalized against the previous vector,
one column of zeros is added to allow for the summation.

(15) An important property of this new method is that the compu-
tation of the approximate eigenvectors for the solution of (4.1)
entails the storage of (only) k vectors of length n for each sub-
space. To clarify this, recall from section 4.3.1 that from the eigen-
triplet (θ(k)1 , z(k)1 , z̃(k)1 ) of Tk we can deduce an approximate eigen-
triplet (θ(k)1 , Qkz(k)1 , Q̃k z̃(k)1 ) for A. The approximate right eigenpair
(θ

(k)
1 , Qkz(k)1 ) approximates thus a right eigenpair of A that has the

form (λ, v), where v =
[

λj−1

(j−1)! x
]∞

j=1
(see (4.7)). From this approx-

imate pair of A, we are able to extract an approximate solution
to (4.1a). Note that the columns of Qk represent vectors of type
(4.17a) and thus a linear combination of the columns is itself a
representation of a vector of this type. Suppose sr stands for the
first length-n block of Qkz(k)1 . Then sr is an approximation to x, the
first length-n block of v, and thus, by Theorem 4.2.1 ((θ

(k)
1 )−1, sr)

is an approximate solution to (4.1a).

Similarly, the left eigenpair (θ(k)1 , Q̃k z̃(k)1 ) approximates a left eigen-
pair of A of the form (λ, w), with w = ∑∞

j=1(S
T ⊗ I)j−1N∗λjz

(see (4.10)). Again, we can deduce an approximate solution to
(4.1b) from this approximate pair of A. The columns of Q̃k repre-
sent vectors of type (4.17b) such that a linear combination of the
columns is itself a representation of a vector of this type. Suppose
the first length-n block of Q̃k z̃(k)1 is called s`. By Theorem 4.2.2
we know that s` is an approximation to λz = λM(0)∗y. Hence
((θ

(k)
1 )−1, θ

(k)
1 M(0)−∗s`) is an approximate solution to (4.1b).

To recover the approximate eigenvectors of (4.1) we do not have
to store the entire matrices Qk and Q̃k. As we have just shown,
the storage of (only) k vectors of length n for each subspace is
sufficient.
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Algorithm 4.2: Infinite bi-Lanczos

Input: Vectors q1, q̃1 ∈ Cn, with q̃∗1M′(0)q1 = 1, P0 = P̃0 = [ ], P1 = [q1], P̃1 = [q̃1],

γ1 = β1 = 0.

Output: Approximate eigentriplets ((θ
(k)
i )−1, x(k)i , y(k)i ) to nonlinear eigenvalue prob-

lem (4.1).

for k = 1, 2, . . . , until convergence

(1) Compute Rk+1 := [b1, . . . , bk+1] ∈ Cn×(k+1) with (4.24) where, ka = k,

a` = Pk,` for ` = 1, . . . , k.

(2) Compute R̃k+1 := [b̃1, . . . , b̃k+1] ∈ Cn×(k+1) with (4.25) where, kã = k,

ã` = P̃k,` for ` = 1, . . . , k.

(3) Rk+1 = Rk+1 − γk[Pk−1, 0, 0]

(4) R̃k+1 = R̃k+1 − β̄k[P̃k−1, 0, 0]

(5) Compute αk = ã∗b with (4.26) where ã` = P̃k,`, ` = 1, . . . , k, and

b` = Rk+1,` for ` = 1, . . . , k + 1 and kã = k and kb = k + 1.

(6) Rk+1 = Rk+1 − αk[Pk, 0]

(7) R̃k+1 = R̃k+1 − ᾱk[P̃k, 0]

(8) Compute ωk = ¯ã∗b with (4.26) where ã` = R̃k+1,`, b` = Rk+1,`

for ` = 1, . . . , k + 1, where kã = kb = k + 1.

(9) βk+1 = |ωk|1/2

(10) γk+1 = ω̄k/βk+1

(11) Pk+1 = Rk+1/βk+1

(12) P̃k+1 = R̃k+1/γ̄k+1

(13) Compute eigentriplets (θ
(k)
i , z(k)i , z̃(k)i ) of Tk.

(14) Test for convergence.

end

(15) Compute approximate eigenvectors x(k)i and y(k)i .

4.3.3 Computational representation of the infinite vectors

The algorithm described in the previous subsection is complete in the
sense that it shows how one can carry out the two-sided Lanczos for
the infinite matrix A in finite-dimensional arithmetic. However, it needs
several modifications to become a practical algorithm. Most impor-
tantly, by inspection of (4.25) and (4.26) we directly conclude that it
requires a large number of linear solves corresponding to M(0)−1 and
M(0)−∗. With a change of variables we now show how the number of
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linear solves per step can be reduced to two linear solves per iteration
by a particular representation of ã and b̃.

The choice of representation is motivated by the fact that the compu-
tational formulas involving the vectors ãj appear in combination with a
linear solve with M(0)−∗, in particular in formulas (4.25b) and (4.26b).
This property is also naturally expected from the fact that any infinite
vector of type (4.17b) can be factorized as

ã =
kã

∑
j=1

(ST ⊗ I)j−1N∗ ãj

= −
kã

∑
j=1

(ST ⊗ I)j−1
[

M′(0) 1
2 M(2)(0) . . .

]∗
M(0)−∗ ãj.

Instead of storing the kã vectors ãj that represent the infinite vector ã,
and storing the kb̃ vectors b̃j that represent the infinite vector b̃, we
store the vectors

ãcomp
j := M(0)−∗ ãj, for j = 1, . . . , kã, (4.27a)

b̃comp
j := M(0)−∗b̃j, for j = 1, . . . , kb̃. (4.27b)

The superscript ‘comp’ is used to indicate that this vector is the repre-
sentation which is used in the computation.

Some additional efficiency can be achieved by also modifying the
representation of a and b. Instead of representing these vectors with aj,
j = 1, . . . , ka and bj, j = 1, . . . , kb, we set

acomp
j := (j− 1)!aj, for j = 1, . . . , kã, (4.28a)

bcomp
j := (j− 1)!bj, for j = 1, . . . , kb̃. (4.28b)

This reduces the number of scalar operations and simplifies the imple-
mentation.

The substitutions (4.27) and (4.28) translate the steps of the algorithm
as follows. Since the substitution is linear and changes the representa-
tion of both ã and a, the operations associated with steps (1), (2), (5)
and (8) need to be modified.

The substitution (4.28) changes the operations associated with the
action of A in step (1). Instead of (4.24) we use

bcomp
j = acomp

j−1 for j = 2, . . . , ka + 1, (4.29a)

bcomp
1 = −M(0)−1

ka

∑
j=1

M(j)(0) 1
j! a

comp
j . (4.29b)
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The reason for this substitution is that (4.29a) can now be computed
without any operations on the vectors, and that (4.29b) is completely
analogous to (4.30b) with a complex conjugate transpose.

We need to compute the action of A∗ by using (4.25) in step (2). The
substitution corresponding to the representation (4.27) into (4.25) leads
to the formulas

b̃comp
j = ãcomp

j−1 for j = 2, . . . kã + 1, (4.30a)

b̃comp
1 = M(0)−∗b̃1 = −M(0)−∗

kã

∑
j=1

M(j)(0)∗ 1
j! ã

comp
j . (4.30b)

Note that in contrast to (4.25), (4.30) only involves one linear solve.
We need to compute the scalar product of infinite vectors in step (5)

and (8). Instead of using (4.26), we can now reformulate formula (4.26)
with the new representation as

ã∗b = −
kã

∑
j=1

(M(0)−∗ ãj)
∗
(

kb

∑
`=1

M(j+`−1)(0) (`−1)!
(j+`−1)! b`

)

= −
kã

∑
j=1

(ãcomp
j )∗

kb

∑
`=1

M(j+`−1)(0) 1
(j+`−1)! b

comp
` . (4.31)

This formula does not require any linear solve, which should be seen in
contrast to (4.26) which requires kã linear solves. Despite this improve-
ment, we will see in the following section and numerical examples that
the computation of the scalar product in (4.31) is often the dominating
part of the algorithm.

4.3.4 Complexity considerations and implementation

The computational resources and problem specific aspects for the algo-
rithm can be summarized as follows. The description below is based on
the representation in section 4.3.3. Again our discussion is conducted
with references to the steps of the algorithm. We neglect the computa-
tion associated with the scalars in steps (9) and (10).

(1)+(2) In the representation of section 4.3.3 we need to evaluate (4.30)
and (4.29). The main computational effort of evaluating these for-
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mulas consists of first computing a linear combination of deriva-
tives, in the sense that we need to call the functions

lincomb(z1, . . . , zm) =
m

∑
i=1

M(i)(0)zi, (4.32a)

lincombstar(z̃1, . . . , z̃m) =
m

∑
i=1

M(i)(0)∗ z̃i. (4.32b)

The output of the functions lincomb(·) and lincombstar(·) are
used for a linear solve associated with M(0) and M(0)∗. Note that
M(0) and M(0)∗ are not changed throughout the iteration such
that for many large and sparse eigenvalue problems efficiency
improvements can be achieved by computing an LU-factorization
before the iteration starts.

(3)+(4) These steps consist of simple operations on a full matrix of size
n × k and are in general not computationally demanding. The
same holds for steps (6)+(7) and (11)+(12) of the algorithm.

(8)+(9) The scalar products are computed with (4.31). Note that one part
of that formula is a linear combination of derivatives, such that
it can be computed by calling the function defined in (4.32a), i.e.,
lincomb(·), kã times. Since both ka and kã increase in every itera-
tion, the double sum in (4.31) accumulates after k steps to a total
complexity

tscalarprod(k, n) = O(k3n). (4.33)

(13) This step consists of computing an eigentriplet of a k× k tridiago-
nal matrix, which in general is not a computationally dominating
part of the algorithm.

We conclude that in order to apply our algorithm to a specific prob-
lem the user needs to provide a function to solve linear systems corre-
sponding to M(0) and M(0)∗ and a procedure to compute linear com-
binations of derivatives as defined in (4.32). This can be seen in relation
to IAR [53] and TIAR [52] where the user needs to provide a function
to carry out linear solves corresponding to M(0) and compute linear
combinations as in (4.32a).
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Remark 4.3.1 (Scalar product complexity and improvement) We men-
tion that both the Infinite Arnoldi method (IAR) [53] and the Tensor
Infinite Arnoldi method (TIAR) [52] have a complexity (in terms of
number of floating point operations) of O(k3n), although generally in
practice TIAR is considerably faster than IAR. Due to the scalar prod-
uct complexity (4.33) our algorithm also has a computational complex-
ity O(k3n). However, it turns out that the scalar product computation
can be improved in problem specific cases.

To ease the notation let us collect the vectors ãcomp
j for j = 1, . . . , kã in

Ã ∈ Rn×kã and bcomp
` for ` = 1, . . . , kb in B ∈ Rn×kb (in correspondence

to the notation in Algorithm 2). Moreover, without loss of generality
we decompose the NEP as a sum of products of matrices and scalar
functions

M(λ) = M1 f1(λ) + · · ·+ Mp fp(λ),

where f1, . . . , fp are analytic functions. Although the assumption is not
a restriction of generality, the following approach is only efficient if p
is small. This is the case for many NEPs, e.g., those in section 4.4. The
scalar product (4.31) is now

ã∗b = −
kã

∑
j=1

kb

∑
`=1

p

∑
k=1

(ãcomp
j )∗Mk f (j+`−1)

k (0) 1
(j+`−1)! b

comp
`

= −
kã

∑
j=1

kb

∑
`=1

p

∑
k=1

(ãcomp
j )∗Mkbcomp

`
1

(j+`−1)! f (j+`−1)
k (0)

= −
kã

∑
j=1

kb

∑
`=1

p

∑
k=1

M̂k,j,`
1

(j+`−1)! f (j+`−1)
k (0), (4.34)

where

M̂k := AMkB, for k = 1, . . . , p. (4.35)

The matrices M̂1, . . . , M̂p can be computed before computing the sum.
In this fashion the last line of (4.34) is independent of the size of the
problem n. Moreover, the sum in (4.34) can be carried out by appropri-
ate matrix vector products. This reformulation of the step changes the
accumulated computation time complexity of the scalar product to

t̃scalarprod = O(pk3) +O(npk2),
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under the assumption that MkB is carried out in O(nkb) operations. In
comparison to (4.33), this approach is advantageous if p is small and
n is large. Moreover, in modern computer architectures matrix-matrix
products are more efficient than (non-optimized) double sums, due to
more efficient usage of CPU-cache.

4.4 numerical experiments

Our approach is intended for large and sparse problems, and we illus-
trate the properties of the proposed algorithm by solving two nonlinear
problems. To increase reproducibility of our results we have made the
MATLAB-codes freely available online1; it can redo the simulations of
this section.

4.4.1 A second order delay-differential equation

We start with the illustration of the properties and competitiveness of
the algorithm by computing solutions to an artificial large-scale NEP
stemming from a second order delay-differential equation,

M(λ) = −λ2 I + A0 + e−τλ A1, (4.36)

where A0 and A1 are randomly generated sparse matrices with nor-
mally distributed random entries and τ = 1. Solutions to (4.36) can for
instance be used to study the stability of time-delay systems. See [66]
for further literature on time-delay systems. For the experiments we
choose the matrices to be of dimension n = 1000. The total number of
iterations is equal to k = 50.
Figure 4.1 shows the approximated eigenvalues and distinguishes those
converged after k = 50 iterations by a circle around them, which are ob-
viously the ones closest to zero. The two-sided approach has the advan-
tage that during the process a condition number estimate is available,
enabling the user to define a satisfying convergence criterion. The con-
dition numbers shown in table 2.1 correspond to the converged eigen-
values and can be computed as (cf. [82])

κ(λ, M) :=

(
|λ|2‖I‖2 + ‖A0‖2 + |e−λ|‖A1‖2

)
‖x‖2‖y‖2

|λ| |y∗(−2λI − e−λ A1)x|
,

1 The MATLAB codes are online available: http://www.math.kth.se/~eliasj/src/

infbilanczos/; see also [27].
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Figure 4.1: Eigenvalue approximations of the infinite bi-Lanczos method ap-
plied to problem (4.36). Circles correspond to approximations that
have converged after k = 50.

i |θ(k)i |−1 κ((θ
(k)
i )−1)

1 1.029 · 10−1 1.267 · 103

2 1.157 · 10−1 2.510 · 103

3 1.157 · 10−1 2.510 · 103

4 1.440 · 10−1 1.697 · 103

5 1.440 · 10−1 1.697 · 103

6 1.593 · 10−1 1.846 · 103

7 1.593 · 10−1 1.925 · 103

8 1.803 · 10−1 7.315 · 102

9 1.803 · 10−1 7.315 · 102

Table 4.1: The condition numbers for the nine converged eigenvalues closest to
zero. The values are computed using the approximate eigentriplets
after k = 50 iterations.

where one can notice that −2λI − e−λ A1 = M′(λ). We also compare
the infinite bi-Lanczos method to the infinite Arnoldi method (IAR) as
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presented in [53]. Figure 4.2 shows for both methods the error in the
eigenvalues versus the number of iterations. Figure 4.3 depicts the er-
ror of both methods versus the computing time in seconds. The results
strongly depend on the computing environment. We have run our sim-
ulations on several environments, including changing computer and
MATLAB-version, and observed a similar behavior in most simulations.
For the infinite bi-Lanczos method the Ritz values converge in less it-
erations, and in general the first couple of eigenvalues converged in
less CPU-time, but with such a small margin that the simulation is not
conclusive regarding CPU-time.
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Figure 4.2: Convergence diagram, eigenvalue error against the iterations.

The faster convergence of the infinite bi-Lanczos method can be ex-
plained by the two subspaces that are built in the infinite bi-Lanczos
method. In fact, with respect to one multiplication with A per iteration
of IAR, infinite bi-Lanczos contains per iteration a multiplication with
both A and A∗. Because of the short recurrences the computing time
of infinite bi-Lanczos can be kept decently low (and may even outper-
form IAR), as shown in figure 4.3. In contrast to IAR, the bi-Lanczos
procedure exhibits a stagnation in convergence. This is due to finite
precision arithmetic. It is known that short-recurrence methods (such
as the Lanczos method) are in general considered to be more sensi-
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Figure 4.3: Convergence diagram, eigenvalue error against the computation
time (s).

tive to round-off errors than methods that use orthogonalization with
respect to all vectors in the basis matrix (such as the Arnoldi method).

Our implementation is based on using the computation of the scalar
product as described in remark 4.3.1. To illustrate the advantage of
this optimization technique, we present a comparison of the comput-
ing times in figure 4.4. The exploitation of the technique described in
remark 4.3.1 has a clear gain in terms of computing time.
To characterize the impact of round-off errors in the proposed algo-
rithm, we have also carried out simulations with an implementation
in which some of the operations are done in high-precision arithmetic.
We consider problem (4.36) with randomly generated 3 × 3-matrices
and τ = 0.5. We have run our double precision and high precision
implementations with exactly the same initial values. The convergence
behavior is given in figure 4.5. The figure shows that the stagnation is
due to round-off errors, since the high precision version of our algo-
rithm continues to converge also after 30 iterations. The stagnation that
is due to round-off errors is consistent with the fact that Lanczos-type
methods can suffer from a loss of orthogonality, which often happens
after the first eigenvalue has converged.
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Figure 4.4: Computing time for the two different procedures to compute the
scalar product. The figure shows the accumulated CPU-time spent
for k iterations in the algorithm (total) and in the computation of
the scalar product (scal. prod.).

4.4.2 A benchmark problem representing an electromagnetic cavity

We now consider the NEP presented in [61] which is also available in
the collection [8, problem “gun”]. The problem stems from the mod-
elling of an electromagnetic cavity in an accelerator device. The dis-
cretization of Maxwell’s equation with certain boundary conditions
leads to the NEP

M(λ) = A0 − λA1 + i
√

λA2 + i
√

λ− σ2
2 A3, (4.37)

where σ2 = 108.8774. Before applying a numerical method, the problem
is usually shifted and scaled. We set λ = λ0 + αλ̂ where λ0 = 3002 and
α = (3002 − 2002) · 10. This problem has been solved with a number of
methods [3, 5, 37, 53]. We use it as a benchmark problem to illustrate
the generality and validity of our approach.

The convergence of the infinite bi-Lanczos method and IAR is vi-
sualized in figures 4.6 and 4.7. Unlike the previous example, the con-
vergence of infinite bi-Lanczos does not stagnate. For this particular
choice of shift, infinite bi-Lanczos is more efficient than IAR regarding
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Figure 4.5: Comparison of infinite bi-Lanczos with different arithmetic: dou-
ble and high-precision.

the number of iterations, but slightly less efficient regarding the com-
puting time. We carried out experiments for several parameter choices,
and found nothing conclusive regarding which method is more effi-
cient in general. Hence, the infinite bi-Lanczos method is favorable if
also left eigenvectors are of interest. On the other hand, one could re-
place IAR by the mathematically equivalent method TIAR, which is
often faster. In fact, concerning the CPU-time, in the same computing
environment, 20 steps of TIAR require 0.48 seconds. Note however that
TIAR uses a compact tensor representation of the basis, and therefore
belongs to a slightly different class of methods, as mentioned in the
previous section. See [5, 58, 87] for related methods based on compact
representations in various settings.

4.5 final considerations

We have proposed a new two-sided Lanczos method for the nonlinear
eigenvalue problem. The method works implicitly with matrices and
vectors with infinite size. The new way of representing left type of in-
finite vectors is crucial to frame the two-sided method. We intend to
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Figure 4.6: Convergence diagram, eigenvalue error against the iterations.
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Figure 4.7: Convergence diagram, eigenvalue error against the computation
time (s).

make the code adaptive, as the condition numbers which become avail-
able as the iterations proceed may be used to define a satisfying con-
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vergence criterion. We have seen that infinite bi-Lanczos can converge
faster per iteration than the infinite Arnoldi method (IAR), which could
be expected because in general two-sided methods have faster conver-
gence (per iteration), and moreover, since infinite bi-Lanczos uses a
low-term recurrence it has a lower orthogonalization cost per iteration
than IAR.

Several enhancements of IAR have been presented in the literature.
Some of the developments appear to be extendable to this Lanczos-
setting, e.g., the tensor representation [52] and the restart techniques
[51, 64]. Moreover, for certain problems it is known that a different ver-
sion of IAR is more efficient, which can only be characterized with a
continuous operator (as in [53]). These types of adaptations are how-
ever somewhat involved due to the fact that in the setting of infinite
bi-Lanczos the left eigenvectors and the vectors representing the left
Krylov-subspace are more complicated than the right eigenvectors and
subspace.

Although our approach is rigorously derived from an equivalence
with the standard two-sided Lanczos method, we have not yet devel-
oped any convergence theory. Convergence theory for standard two-
sided Lanczos for linear eigenvalue problems is already quite involved
and its specialization to the infinite dimensional method is certainly be-
yond the scope of the presented work. This also holds for other theory
and procedures specifically designed for the standard method, such
as the various possibilities to detect or overcome breakdowns (as men-
tioned in section 4.3.1), and approaches to control the loss of biorthog-
onality (see [15]). We have carried out some simulations for problems
with a high eigenvalue condition number and the results indicate that
the method is less successful for these problems.





5
C O N C L U S I O N

Krylov methods are widely used to approximate solutions to a large
variety of problems such as eigenvalue problems or linear systems of
equations. Large-scale problems often lead to special requirements and
standard Krylov subspaces may be insufficient for these demands. For
example, standard Krylov subspaces are usually unsuitable for finding
a good approximation to the smallest singular value of a large-scale
matrix A. Or, if one needs to build the Krylov subspace K(A, b), but
neither the matrix A is available nor an exact matrix-vector multiplica-
tion with the matrix A can be computed. Krylov methods are usually
applied to linear eigenvalue problems, but can they be applied to non-
linear eigenvalue problems as well? In this work we have focused on
the three above-mentioned problems. We have developed the follow-
ing three Krylov methods to overcome various issues for large-scale
matrices:

• The extended Lanczos bidiagonalization method, which yields
(probabilistic) bounds for the largest and smallest singular val-
ues of a matrix, and therefore provides bounds for the condition
number of the matrix.

• The inexact Lanczos bidiagonalization method, which approxi-
mates the largest singular values and corresponding singular vec-
tors of a matrix function, and hence enables that the 2-norm of a
matrix function can be estimated.

• The infinite bi-Lanczos method, which is developed to approxi-
mate the eigenvalues and both the left and right eigenvectors of
a nonlinear eigenvalue problem.

The first two methods are designed for the approximation of singular
values, whereas the third method approximates eigenvalues. All three
methods are Lanczos methods, and indeed, they all make use of certain
symmetry structures leading to advantageous short recurrences.

109
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5.1 overview of the chapters

Below we give a short overview of the conclusions from the three re-
search chapters of this dissertation. We would like to mention again
that the MATLAB-codes for the numerical experiments of chapters 2

and 4 can be found at www.win.tue.nl/~hochsten/eigenvaluetools/

and www.math.kth.se/~eliasj/src/infbilanczos/, respectively. The
codes used for the experiments of chapter 3 will be provided upon
request.

5.1.1 Overview of chapter 2

In chapter 2 we proposed a new extended Lanczos bidiagonalization
method that simultaneously approximates both the smallest and the
largest singular value of A. A lower bound of good quality for the
condition number κ(A) is obtained. Furthermore, the method yields
probabilistic upper bounds for κ(A) that are true upper bounds with
a user-chosen probability 1− 2ε. Given a user-selected ε and desired
ratio κup(A)/κlow(A) < ζ, the results show that generally the number
of iterations k is fairly small, even for ζ = 1.1. We reveal the special
structure of the tridiagonal matrices that are created by the extended
Lanczos bidiagonalization method, and we show that only 3 vectors
of storage are required. The method is based on the assumption that
the computation of an LU-factorization is affordable in a reasonable
amount of time.

5.1.2 Overview of chapter 3

Chapter 3 deals with the approximation of the leading singular values
and corresponding left and right singular vectors of a matrix function
f (A), for some large square matrix A and a sufficiently regular function
f so that f (A) is well defined. In particular we were interested in the
approximation of ‖ f (A)‖, where ‖ · ‖ is the matrix norm induced by the
Euclidean vector norm. We assumed neither f (A) nor products of the
type f (A)v are available exactly and therefore we introduced an inex-
act Lanczos bidiagonalization procedure. The inexactness is associated
with the inaccuracy of the operations f (A)v and f (A)∗v. The inexact
method yields a non-Hermitian perturbation of the original Hermitian
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matrix. Furthermore, the lack of a true residual demands for partic-
ular outer and inner stopping criteria. The numerical results demon-
strate that the two inner iterations for the approximation of f (A)v and
f (A)∗u may be very time and memory consuming. We have shown that
the relaxed strategy alleviates this problem whenever accurate approx-
imations are required.

5.1.3 Overview of chapter 4

In chapter 4 we proposed a two-sided Lanczos method for the non-
linear eigenvalue problem (NEP). The infinite bi-Lanczos method pro-
vides approximations to both the right and left eigenvectors of the
eigenvalues of interest. The method implicitly works with matrices and
vectors with infinite size. Particular (starting) vectors are used that al-
low all computations to be carried out efficiently with finite matrices
and vectors. We specifically introduced a new way to represent infinite
vectors that span the subspace corresponding to the conjugate trans-
pose operation for approximating the left eigenvectors, which is crucial
to frame the two-sided method. Furthermore, we showed that also in
this infinite-dimensional interpretation the short recurrences inherent
to the Lanczos procedure offer an efficient algorithm regarding both
the computational cost and the storage. The numerical results show
that infinite bi-Lanczos can have faster convergence and a lower orthog-
onalization cost per iteration than the infinite Arnoldi method (IAR).

5.2 discussion and outlook

The results that have been presented in this dissertation are based on
certain assumptions and choices to clearly demarcate the research ques-
tions. Furthermore, the discussed methods have shown their shortcom-
ings but more importantly we have discovered their strength, useful-
ness and elegance. Below we give possible directions of further research
that arise from the previous chapters.

• The theory developed in chapter 2 is based on the assumption
that A ∈ Rn×n. It is interesting to investigate which parts of the
results can be adjusted to (full rank) rectangular matrices A ∈
Rm×n, m > n, or complex matrices A ∈ Cm×n, m ≥ n. Note that
for rectangular matrices operations with the pseudo-inverse and



112 conclusion

its consequences require attention. Regarding complex matrices,
the current theory for probabilistic upper bounds uses a random
starting vector on the unit sphere in Rn. Extending the results for
a starting vector on the unit sphere in Cn is non-trivial.

• The inverse operations in the extended Lanczos bidiagonalization
treated in chapter 2 are in general costly. One could generalize
the method, e.g., as in [50], and build a Krylov subspace Kk,`, for
k 6= `, in contrast to the extended subspace Kk,k. Based on the
problem properties a user then has the choice to diminish the
number of inverse operations.

• The extended Lanczos bidiagonalization presented in chapter 2

assumes it is possible to compute the LU-decomposition of the
matrix A, but for large matrices this may not be the case. An in-
vestigation whether inexact matrix-vector products could be used
instead entails combining results from chapter 2 and chapter 3,
where some forethought leads to the following two issues. First
of all, the basis vectors that are created during an inexact Lanczos
procedure will no longer span a Krylov subspace. As a conse-
quence, the polynomials that arise naturally in the exact Lanczos
procedure, are not defined in the inexact procedure, making the
current theory to obtain probabilistic bounds inadequate for the
inexact execution. Secondly, the Ritz values that result from an in-
exact process will approximate singular values of a perturbed ma-
trix. Whether these values are upper or lower bounds for the true
singular values of A will not be clear, in contrast to the method
presented in chapter 2.

• In the introduction of chapter 2 we mention that the extended
Lanczos bidiagonalization will not yield a ratio between the prob-
abilistic upper bound and lower bound given a fixed k and ε, as is
provided in [16] or [59]. In other words, there is no prior knowl-
edge about the number of iterations that have to be performed to
obtain bounds of a specific quality. We expect this analysis to be
involved, and therefore, before investigating this theory for the
extended Lanczos bidiagonalization, one has to take hold of the
analysis for other methods, such as extended Lanczos or Lanczos
bidiagonalization.
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• The inexact Lanczos bidiagonalization presented in chapter 3 to
approximate the 2-norm of a matrix function may also be used to
estimate the norm of other matrix objects. One could think of the
geometric mean [9], or the derivatives of matrix functions, such
as the Fréchet derivative of the matrix exponential or of other
functions [40]. Furthermore, in the solution of time-dependent
differential equations, the evaluation of ‖ f (tA)‖, for t > 0 and a
sufficiently regular function f such that f (A) is well defined, is of
great interest to monitor the presence of transient behaviors for
A nonnormal.

• Although the approach of chapter 4 is rigorously derived from
an equivalence with the standard two-sided Lanczos method, no
convergence theory is developed yet for the infinite case. Con-
vergence theory for standard two-sided Lanczos (for linear eigen-
value problems) is involved, but nevertheless its specialization
could be an interesting extension of the work presented here. This
also holds for other theory and procedures specifically designed
for the standard method, such as the various possibilities to de-
tect or overcome breakdowns (as mentioned in section 4.3.1), and
approaches to control the loss of biorthogonality (see [15]).

• Regarding chapter 4, several enhancements of the infinite Arnoldi
method have been presented in the literature. Some of the de-
velopments appear to be extendable to the setting of infinite bi-
Lanczos, e.g., the tensor representation [52] and the restart tech-
niques [51, 64]. These types of adaptations are however more com-
plex due to the fact that theory for the left eigenvectors and the
vectors representing the left Krylov-subspace in the infinite bi-
Lanczos method is more complicated than for the right eigenvec-
tors and subspace.

• The theory presented in chapter 4 for representing vectors that
characterize the left Krylov subspace is now used for the infinite
bi-Lanczos method. It may be worthwhile to explore these tech-
niques also for other types of Krylov methods that make use of
the transpose operations of a matrix, for instance Lanczos bidiag-
onalization.
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• In chapter 4 we used the Taylor series of (4.1a), but another choice
of expansion can be made to fit the (convergence) properties of
the problem in a better way.
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S U M M A RY

advanced lanczos methods for

large-scale matrix problems

In many scientific and engineering fields, problems of a linear alge-
braic nature arise, such as eigenvalue and singular value problems.
Frequently, these problems involve sparse matrices of large dimension.
Since direct methods may not be feasible for large-scale problems, iter-
ative methods are developed. Subspace methods, in particular Krylov
methods, form a widely used subclass of computationally efficient iter-
ative methods. Krylov methods project the problem onto a subspace of
low dimension. In this way, the computing time and memory usage are
reduced, since an approximate solution is provided by solving a small-
scale problem. This dissertation presents three novel Lanczos methods,
specific types of Krylov subspace methods, to compute and approxi-
mate important quantities in large-scale problems. Essential properties
of the new techniques are revealed.

The condition number of large matrices is an important quantity for
which adequate approximations are needed, for example when solving
large-scale linear systems. A new extended Lanczos bidiagonalization
method is developed, which turns out to be ideal for the simultaneous
approximation of both the smallest and largest singular value of a ma-
trix, providing a lower bound for the condition number. Recently, prob-
abilistic techniques have become popular, and the method provides,
besides the lower bound, also a probabilistic upper bound for the con-
dition number, exploiting the fact that the initial vector is randomly
chosen.

Another topic that has been examined involves the approximation of
the leading singular triplets, and in particular the 2-norm, of a large-
scale matrix function. This norm arises for instance in the solution to
stiff initial-value problems and is also used in the analysis of iterative
processes. The research treats inexact iterative solution methods and
the approximation of matrix functions, two subjects in the center of
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numerical linear algebra these days. A new inexact Lanczos bidiago-
nalization procedure is introduced, where the inexactness is related to
the inaccuracy of the operations involving matrix functions. The lack
of a true residual requires particular outer and inner stopping criteria.
These are devised in this dissertation.

Whereas in the past Krylov methods were used only for linear prob-
lems, nowadays they are being invoked more and more for other prob-
lems, for instance for nonlinear eigenvalue problems such as the delay
eigenvalue problem. A third research topic in this dissertation is the
development of a new two-sided Lanczos method for nonlinear eigen-
value problems. To work with Krylov methods the problem has to be
linearized, leading to infinite matrices and vectors. Compared to the
standard two-sided method, the new method implicitly works with
matrices and vectors with infinite size. Particular (starting) vectors are
used, enabling the method to carry out all computations efficiently with
finite matrices and vectors.
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