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Organization
e Course + examination

e Practical assignment
e Each 50 %, each has to be at least 5

e Practical assignment to be done in groups
of at most 2

e Deadline for first part of practical as-
signment:

November 14, 2011

e Deadline for second part of practical as-
signment:

January 9, 2012

e Playing around with the tools yices and
bddsolve may start now

Example: (free after Lewis Carroll)

1. Good-natured tenured professors are dy-
namic

2. Grumpy student advisors play slot ma-
chines

3. Smokers wearing a cap are phlegmatic
4. Comical student advisors are professors

5. Smoking untenured members are ner-
vous

6. Phlegmatic tenured members wearing caps
are comical

7. Student advisors who are not stock mar-
ket players are scholars

8. Relaxed student advisors are creative

9. Creative scholars who do not play slot
machines wear caps

10. Nervous smokers play slot machines

11. Student advisors who play slot machines

do not smoke

12. Creative good-natured stock market play-

ers wear caps

13. Therefore no student advisor is smoking
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Is it true that claim 13 can be concluded from
statements 1 until 127

We want to determine this fully automati-
cally:

e Translate all statements and the desired
conclusion to a formal description

e Apply some computer program with this
formal description as input that decides
fully automatically whether the conclu-
sion is valid



This is a step further then verifying a given
human reasoning as will be studied in the 7
course Proving with computer assistance

The first step is giving names to every notion 1. ANBANC)— D
to be formalized 2. (~AAM) =L
Next all claims (premisses and desired conclu-
sion) should be transformed to formulas con- 3. (FAE)—-D
taining these names 4 (GAM) —C
5 5. (FA-B)— -H

name | meaning opposite 6. "DANBAE)—G

A good-natured grumpy

B tenured T (2 IANM)—J

C profeSSf)r . 8. (HAM) — K

D dynamic phlegmatic

E wearing a cap 9. (KANJA-L)— E

F smoke

G comical 10. ("<HAF)— L

H relaxed Nervous 1. (LAM) — —F

1 play stock market

J scholar 12. (KNANI)—E

K creative

L plays slot machine 13. Then (M A F)

M student advisor

Using these names all claims can be trans-
formed to a proposition over the letters A 8
to M, i.e., a expression composed from these

letters and the boolean connectives —, V, A,
— and < ((AANBAC)— D) A

Hence we want to prove automatically that

(FAANM)— L) A
6 (FANE)— —-D) A
(GAM)—C) A
name | meaning opposite ((FA=B) — =H) A
A good-natured | grumpy (WkDABAE)—G) A
B tenured (FIAM) = J) A
C professor (HAM) — K) A
D dynamic phlegmatic (KAJA=L)— E) A
(RHAF)—L) A
The claim (LAM) = =F) A
(

(KNANI)—E)) — (MAF)
Good-natured tenured professors

are dynamic is a tautology, meaning that for every valu-

ation of A to M the value of this formula is
yields: true

(ANBAC)— D How can this be treated?
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Simple method:

Truth tables, that is: compute the result for
all 2™ valuations and check whether it is true

Here n is the number of variables

In the example we have n = 13, hence 2" =
8192, by which this approach is feasible

However, in many applications we have n >
1000 and need different methods

By putting — in front of the formula check-
ing whether a formula yields false for all val-
uations is as difficult as checking whether a
formula yields true for all valuations

A formula is called satisfiable if it does not
yield false for all valuations

10

A formula composed from boolean variables
and the boolean connectives =, V, A, — and
< is called a propositional formula

The problem to determine whether a given
propositional formula is satisfiable is called
SAT (isfiability)

So the method of truth tables is a method for
SAT

However, the complexity of this method is al-
ways exponential in the number of variables,
by which the method is unsuitable for formu-
las over many variables

Many practical problems can be expressed as
SAT-problems over hundreds or thousands of
variables

Hence we need other methods than truth ta-
bles
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Example: verification of a microprocessor

Here we want that

—( specified behavior < actual behavior )
is not satisfiable

This can be expressed as a propositional for-
mula, and proving that this formula is unsat-
isfiable implies that the microprocessor is cor-
rect with respect to its specification

We will see methods for SAT that may be
used for huge formulas over many variables,
like these

However, all known methods are worst case
exponential
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Now we give an example of a formula (the pi-
geon hole formula) that can be concluded
to be unsatisfiable, hence is logically equiva-
lent false, but for which it is hard to conclude
this directly from the formula itself

Choose an integer number n > 0 and n(n+1)

boolean variables P;; for i = 1,...,n + 1 and
i1=1,....n
Define

n+1

Co= NV Py)
j=1

=1

=

Rn = /\ (_'PU V —LP]W)
j=1,...n,1<i<k<n+1
PF,=C, A NR,
13
Here

A
i=1

is used as an abbreviation for

AT NAsNASN - NA,



and so on

For the report of your practical assign-
ment the use of these notations is strongly
recommended
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Put the variables in a matrix as follows

Py Py Pni1a
Py Py Priip
Pln P2n Pn+1,n

nt+l n
Cp = /\ (\/ PZJ)
i=1 j=1

Validity of C),, means that in every column
at least one variable is true

Hence if C}, holds then at least n+ 1 variables
are true
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Py Py Pni1a
Py Py Ppiip
Pln P2n Pn+1,n
R, = /\ (_‘Pij V —uij)

j=1,...m,1<i<k<n+1

Validity of R, means that in every row at
most one variable is true:

for any two P’s in the row at least one is
false

there are no two P’s in the row that are
both true

Hence if R, holds then at most n variables
are true

Hence C,, and R, cannot be valid both,
hence PF,, = C,, A R, is unsatisfiable
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This counting argument is closely related to
the pigeon hole principle:

if n 4+ 1 pigeons fly out of a cage
having n holes, then there is at
least one hole through which at
least two pigeons fly

The formula PF,, is called the pigeon hole
formula for n

The formula is a conjunction of

(n—l—l)—l—nxin(n—{_l)

disjunctions
The disjunctions are of the shape \/;L:1 P
and _‘-Pij V —|ij

If one arbitrary disjunction is removed from
the big conjunction, then the resulting for-
mula is always satisfiable
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Summarizing pigeon hole formula:

PF, is an artificial unsatisfiable formula of
size polynomial in n

Minor modifications of PF,, are satisfiable
For most methods proving unsatisfiability of
PF,, automatically is hard: it can be done,

but for most methods the number of steps is
exponential in n

PF,, and modifications are a good testcase for
implementations of methods for SAT

Next we consider a different type of problem
for wich automated reasoning is desired too

18



Consider 12 processes over boolean variables
A, ... J:

1. if D and E then D, F := false, false
2. if F' and I then F, I := false, false
3. if A and F then A, F := false, false
4. if C and D then C, D := false, false
5. if D and G then D, G := false, false
6. if B and H then B, H := false, false
7. if B and [ then B, I := false, false
8. if A and G then A, G := false, false
9. if D and H then D, H := false, false
10. if B and C then B, C := false, false
11. if B and J then B, J := false, false

12. if F' and J then F,J := false, false

Claim:

From the initial state in which all variables
have value true never the final state can be
reached in which all variables have value false
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It is possible to find an invariant proving this
claim (try!)

However, in this course we want to treat this
kind of questions fully automatically, without
human cleverness of choosing an invariant

In this example having 1024 states it is fea-
sible to compute all reachable states, but we
want to do this for cases having 10! or 1009
reachable states

More general:
e finite state space

e simple description of the set of initial
states

e simple description of all possible state
transitions

e some property has to be proved, for in-
stance about all possible reachable states

20

Examples:

e Railways:

— state transition: if a semaphore shows
green then a train may enter the
corresponding track

— property to be proved: trains do
not collide

e Telephone network:

— state transitions:

x A enters a request for a con-
nection with B

* arequested connection is made

* a connection is finshed

— property to be proved: no deadlock

occurs
e CAN bus

[}

21

The description of initial state and state tran-
sitions comprises the model, checking whether
in such a model (e.g. in all reachable states)
some property holds is called model check-
ing

If state spaces and state transitions are de-
scribed in a symbolic way (e.g. as formulas in
propositional logic) then this is called sym-
bolic model checking



Crucial is an efficient representation of formu-
las in propositional logic

This is a step further than SAT: we want effi-
cient representations of all formulas, not only
recognizing whether a formula is equivalent to
false

Basic technique for SAT: resolution

Basic technique for symbolic model checking:
B(inary) D(ecision) D(iagrams)
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Not all kind of desired automated reasoning
can be described in propositional logic

Other forms:

e Predicate logic: reasoning with V and 3
all men are mortal
Socrates is a man

hence Socrates is mortal

e Equational logic: reasoning with equal-
ities
gwen: 0+ =2 and
(z+1)+y=(z+y)+1
conclude:

(0+14+1)+(0+141) = 0+1+1+1+1

e Modal logic / temporal logic: reasoning
involving a notion of time

every message sent will eventually be re-
cetved
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First we will concentrate on propositional logic

To be able to discuss the hardness of SAT
we start by some remarks on complexity of
algorithms

e (time) complexity: the number of steps
required for executing an algorithm

e space complexity: the amount of mem-
ory required for executing an algorithm

Basic observation:
(time) complexity > space complexity

In order to abstract from details we consider
orders of magnitude:

f(n) = 0O(g(n)):
f does not grow faster than g
f(n) =Q(g(n)):

f does not grow slower than ¢
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More precisely:

means: there exist ¢,ng € N such that

f(n) <cxg(n)

for every n > ng

means: there exist ng € N, ¢ > 0 such that

f(n) = cxg(n)

for every n > ng

25

Often f(n) is the complexity of an algo-
rithm depending on a number n, and ¢ is a
well-known function, like

= n? (quadratic)
= n* for some k (polynomial)

e g(n) =a” for some a > 1 (exponential)

Roughly speaking:



e polynomial: still feasible for reasonably
big values of n

e exponential: only feasible for very small
values of n
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No polynomial algorithm is known for SAT

More precisely: there is no algorithm

e receiving an arbitrary propositional for-
mula as input

e that decides in all cases by execution
whether this formula is satisfiable

e that requires no more than ¢ * n* steps
if n > ng, where c, k, ng are values inde-
pendent of the input and n is the size of
the input

Even not if huge values are chosen for ¢, k, ng
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This can mean two different things:

e such an algorithm exists, but it has not
yet been found

e existence of such an algorithm is impos-
sible

Although it has not been proven, the latter is
most likely

P is the class of decision problems admitting
a polynomial algorithm

So we conjecture that SAT is not in P

SAT is in NP, i.e.,
there is a notion of certificate such that

e if the correct result for SAT is ‘no’, then
no certificate exists

o if the correct result for SAT is ‘yes’, then
a certificate exists, and there is a poly-
nomial algorithm that can decide whether
a candidate for a certificate is really a
certificate
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For SAT a certificate having these properties
is a satisfying sequence of boolean values for
the variables

NP is the abbreviation of

non-deterministically polynomial

Basic observation: P C NP

Conjecture: P # NP

This is one of the main open problems in the-
oretical computer science

A decision problem A in NP is called NP-
complete if from the assumption A € P can
be concluded that P = NP, i.e., every other
decision problem in NP is in P too

So for NP-complete problems the existence of
a polynomial algorithm is very unlikely
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It has been proven that SAT is NP-complete

(1970), in fact this was the starting point of

NP-completeness results

Other NP-complete problems:

e Given a distance table between a set of
places and a number n

Is there a path containing all of these
places having a total length < n?

(closely related to Traveling Salesman)

e Given an undirected graph

Is there a cyclic path (hamiltonian cir-
cuit) containing every node exactly once?



e Given a number of packages, each hav-
ing a weight

Can you divide these packages into two

groups each having the same total weight?

30
Arithmetic in proposition logic

Binary representation
a1a2 oo an

of a number a means that a; € {0,1} and
n
a= Z a; * 2"
i=1

Addition
Given a and b, find d satisfying a + b = d

We need carries cg,co,...,c,
Example: 7+ 21 = 28:
c— 001 1 10
a=7T7— 00 1 11
b=21— 1 01 01
d=28 — 1 1100
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Requirements by which this is a correct com-
putation:

e d;,=a;+b+c;mod?2 fori=1,...,n,
expressed as a formula:

ai<—>bi<—>C¢Hdi

e ¢;_1 = 1ifand only if a;+b;+c¢; > 1, for
1=1,...,n, expressed as a formula:

Ci—1 & ((a, VAN bl) V (ai VAN Cz’) V (bz VAN C,))

e ¢g = 0 and ¢, = 0, expressed as a for-
mula:

—cg N\ —ep,
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Let ¢ be the conjunction of all of these for-
mulas

Then computation d = a + b follows from the
unique satisfying assignment for

/\ [—]b;

In case d does not fit in n digits then ¢y would
forced to be 1, by which no satisfying assign-
ment exists, to be solved by adding a leading
0 to a and b

b A /\Hai A

i=1

Similarly subtraction: computing b = d — «a
follows from satisfiability of

n n
¢ A N[Hla ~ N\[Hlds
i=1 i=1
33
Multiplication

A fast way to do multiplication, essentially
being the base school algorithm:

r:= 0;
for i :=1 ton do
if b; then r := 2r + a else r := 2r

T = [bl

Invariant:
r=bxa

-bi] * a, so at the end

For representing b = 2@ we introduce

n—1

dup(a, b) = a1 A b, A /\ (ai+1 — bz)
=1

34



Introduce extra boolean variables 75, s;; for
,j=1,...,n

Write 75 = (ri1, ..., Tin), 5i = (Sit,- -+, Sin)s

Using 741 for the result, the requirement
6 * 5 = Fn+1
is described by the formula

mul(a@, b, 7py1) =

n
A\ A
j=1

35

In this way we can do all kinds of arith-
metic by SAT, for instance factorize a number

Define

fac(r) = mul(a,b,r) AN a>1 A b>1
r is prime <= fac(r) is unsatisfiable

If satisfiable, then a, b represent factors

e for
for j:=1tomdo ---

introduce m+1 copies ag, - . . , @y, for ev-
ery boolean variable a, where a; means:
the value of a after 7 steps

e o := b in step i can be expressed as

(ait1 < bi) A [\(cip1 < ci)

C

where ¢ runs over all variables # a

37

Required property to be proved = specifi-
cation of the program

Typically given by a Hoare triple:
{Pys{Q}

Here
e S is the program

e P is the precondition: the property
assumed to hold initially

e () is the postcondition: the property
that should hold after the program has
finished

fac(1234567891) is unsatisfiable, so 1234567891

is prime

Found by minisat or yices within 1 minute

fac(1234567897) is satisfiable, yielding
1234567897 = 1241 x 994817

found by minisat or yices within 1 second
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Program correctness by SAT

Basic idea:

e express all integer variables by sequences
of boolean variables, in binary notation

For proving {P}S{Q} add the formula

PO A _‘Qm

and prove that the resulting formula is unsat-
isfiable
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Simple example: boolean array a[l..m]
CLAIM: After doing

for j:=1tom—1do alj+ 1] := a[j]

we have

a[l] = a[m)]
———
postcondition



Precondition = true, may be ignored
a;j represents value a[i] after j iterations

Semantics of jth iteration:

A

i€{1,...,m} i£j+1

(aij < aij—1)Najy1j < ajj-1)

Negation of postcondition:

_‘(al,mfl — am,mfl)

Prove by a SAT solver that conjunction of all
of these claims is unsatisfiable
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Same approach applies for more complicated
programs, where for + and * we can use plus(- - -)
and mul(- - -)

Example
CLAIM: After doing

a :=0;
fori:=1tomdoa:=a+k

we have a = m x k

For fixed m and number n of bits this is proved
by proving unsatisfiability of

n m—1
/\ —ag; A /\ plus(c‘ii, k, 61+1) VAN
j=1 i=0

—~mul(17, k, @)

where m is the binary encoding of number m
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if b then S else S

in step 7 can be expressed as
(bl — Fl) VAN (—|bl — Fz)

where formulas Fj, F> express Sp, S in step @

In this way verification of a rich class of
imperative programs can be expressed in SAT

In this way for integers we have to fix a
number of bits, and encode all arithmetical
operations ourselves

Later we will see SMT: satisfiability mod-
ulo theories, by which we can express (in)equalities
on linear expressions like

a<3xb-+e

directly
This is supported by the tool yices
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Semantic tableaux

Idea:

Start from a formula
Build a tree step by step
Every node contains a formula

For every root symbol there is a rule de-
composing a formula keeping the follow-
ing invariant:

V

paths

( 4)

A

A on path

is equivalent to the original formula

A path (from root to leaf) is closed if it con-
tains both A and —A for some formula A

If every path is closed then it follows from the
invariant that the original formula is equiva-
lent to false
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Rules of the game

e To a path containing AA B you may add
both A and B

(correct since (AANB)ANAANB = AANB)



e To a path containing A V B you may
add branching: one branch containing
A and the other containing B

(correct since (AANC)V (BAC) =C
where C = (AV B)A---)

e To a path containing -——A you may add

A
(correct since ~—mANA=A)

e For —=(AA B) you may apply the rule for
(=A) Vv (=B)

(since =(AA B) =-AV -B)

e For =(AV B) you may apply the rule for
(=A) A (=B)

(since =(AV B) = AN -B)

43

e For A — B you may apply the rule for
(mA)V B

(since A— B=-AV B)

e For =(A — B) you may apply the rule
for AN-B

(since -(A — B) = AN —-B)

e For A < B you may apply the rule for
(ANB)V (mAN-B)

(since A~ B=(AAB)V (-AAN—-B))

e For —=(A < B) you may apply the rule
for (AANB)V (AA-B)

(since ~(A < B) = (mAAB)V(AAN-B))

In this way for every formula composed from
variables and —,V, A, — and «, and not of
the shape p or —p, a rule is applicable

44

Such an expression p or =p where p is a vari-
able is called a literal

Extra rule:

Applying twice the same rule in the same path
in the same formula is not allowed

Now the procedure will terminate since all
newly generated formulas are smaller than the
formula they replace

(give <> a higher weight than A)

Hence the procedure will always end in one of
the two cases:
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e All paths are closed

In this case the formula is unsatisfiable
due to the invariant

e There is a path that is not closed, and
on all non-literal nodes the correspond-
ing rule has been applied

In this case a satisfying assignment for
the formula is found by making true all
literals on such a non-closed path, by
which the formula is satisfiable

Hence this methods of semantic tableaux is a
complete method for SAT: applying it to an
arbitrary formula always yields either

e a proof of unsatisfiability, or
e a satisfying assignment for the formula

after finitely many steps

46

Heuristics for building such a tree:

e Postpone branching rules as long as pos-
sible

e Give preference to steps yielding closed
paths



Important:

This method only works for SAT, so if a for-
mula has to be proven to be a tautology or two
formulas have to be proven equivalent then
first the problem has to be transformed to a
satisfiability problem

Applying this method to the non-smoking stu-
dent advisors yields a tree in which all 31
paths are closed

Unfortunately the method is very inefficient
for many formulas
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Resolution

This is another method for SAT, being the
basis of the best current SAT-solvers

Resolution is only applicable to formulas of a
particular shape, namely CNF

A conjunctive normal form (CNF) is a
conjunction of clauses

A clause is a disjunction of literals

Hence a CNF is of the shape
ANV &)
v g
where /;; are literals

For example, the pigeon hole formula PF,, is
a CNF

48

If the clause L is created in the resolution
process then the conjunction of all clauses is
equivalent to false, and hence the same holds
for the original CNF
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Intuitively:

Clauses are properties that you know to be
true

From these clauses you derive new clauses,
trying to derive a contadiction: the empty
clause

Surprisingly here we need only one rule, the
resolution rule

This rule states that if there are clauses of the
shape V'V p and W V —p, then the new clause
V' VW may be added

This is correct since
(VVD) AWV —p)= (VVW)

(apply case analysis p and —p)

50

Order of literals in a clause does not play a
role

Double occurrences of literals will be removed
Think of a clause as a set of literals
Think of a CNF as a set of clauses

Example

Arbitrary formulas can be transformed to CNFs yy, prove that

in a clever way maintaining satisfiability

This makes resolution applicable to arbitrary
formulas

Basic idea of resolution:

Add new clauses in such a way that the con-
junction of all clauses remains equivalent to
the original CNF

The empty clause L is equivalent to false

(pV@NA(—rVs)A(—gVr)A(—rV=s)A(=pVr)

is unsatisfiable

51



Conversely we will prove that this proof sys-
tem is complete:

L pVgq

2 -—rvs

3 —qVr if any formula is equivalent to false

4  —rV-s then it is possible to derive the

5 —pVr empty clause only by using the res-
olution rule

6 pvVvr (1,3,9) Hence it should be possible to solve the prob-

T (5,6,p) lem of the non-smoking student advisor in this

8 s (2,7,7) way, which we will do now

9 -r (4,8,s)

10 L (7,9,7)

54

Due to (PAQ) — R = -PV -Q V R this
problem is easily transformed to CNF:

52
Remarks:
1. = Av-Bv-CvVvD

e Lot of freedom in choice

Other first steps in the example could 2. AV-MV L

have been (3,4,r) or (2,4, s) or (1,5,p)
OI‘ e

3. "FV-EV-D

4. -GV-MvVvC
e Resolution steps in which V' contains ¢

and W contains —¢ for some ¢ (or con-
versely) are allowed but useless

In that case the new clause VvV W is of

-FVvVBvV-H

DVv-BV-EVG

the shape ¢V —¢ V - -- and hence equiv- T IN=-MNVJ
alent to true, not containing fruitful in- 8 —“HV-MVEK
formation
9. - KV-JVLVE
If a clause consists of a single literal ¢
then by the resolution rule the literal 10. HV~FVL
—¢ may be removed from every clause {1 _1\ v —F
containing —/¢
This is called unit resolution 12. 2K V-AVAIVE
13. M
53 14. F
This proofs system is sound due to the cor-
rectness of the resolution rule:
55

if the empty clause can be derived
then the original formula is equiv-
alent to false

Apply unit resolution on M, F: remove
every =M, = F



10.
11.
12.
13.

14.

. "AV-BV-CVD

AV (-M)V L

(=F)V-EV-D
-GV (-M)VvC
(~F)V BV —~H
DVvV-BV-EVG
Iv(-M)vJ
~HV (-M)V K
-KV-JVLVE
HV (~F)VL
LV (-M)V (=F)
-KV-AV-IVE
M

F
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Apply unit resolution on —L: remove ev-

ery L
1.

2.

10.

11.

—~AV-BVvV-CVD
A

-EV-D

.GV C

. BV-H

DVvV-BV-EVG
IvJ

-HV K
-KV-JVE

H

-KV-AV-IVE

o7

Apply unit resolution on A, H: remove
every A, -H

1. - BvVv-CVD
2. ~EV =D
-GVvC

- w

B

o

Dv-BV-EVG
IvJ

K

-KV-JVE

© % N>

“KV-IVE

o8

Apply unit resolution on B, K: remove
every =B, =K

1. =C'v D
2. "EV-D
-GVvC

- w

DV-EVG
5. IvJ

6. ~JVE

7. IVE

No unit resolution possible any more
Resolution on I, 5 and 7 yields J V E

Resolution on J, 6 and J V E yields unit
clause F

99

Apply unit resolution on E: remove every
-F



1. =C'v D
2. =D

3. -GVvC
4. DV G

Unit resolution on =D yields -C' and G,
and remaining clause

-GVC

Unit resolution on =C and G yields empty
clause, hence we have proved that the formula
is unsatisfiable
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Preferring unit resolution is a good strategy:
unit resolution can not cause increase of CNF
size

Another good strategy is subsumption: ig-
nore or remove clauses V for which a smaller
clause W occurs satisfying W C V

For the rest there is a lot of remaining choice
for doing resolution
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A strategy that can always be applied is
Davis-Putnam’s procedure (1960):

Repeat until either no clauses are left or the
empty clause has been derived:

Choose a variable p

Apply resolution on every pair of
clauses for which the one contains
p and the other contains —p

Remove all clauses containing both
q and —q for some ¢

Remove all clauses containing ei-
ther p or —p
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Example:

Consider the CNF consisting of the follow-
ing nine clauses

—-pV s pVr sVt
—pV —r sVp qVs
—qV —t rVi -rVq

First do all resolution steps w.r.t. p

After removing all clauses containing p, —p
or the shape AV = A the following clauses re-
main:
rV-os, rvVvs, -sVt,

qVs, —qV-t, rVi,

new

Next do all resolution steps w.r.t. ¢
After removing all clauses containing q, —¢q
the following clauses remain:

rV=s, —rVs, —sVi, rVt, sV -t, —rV -t

new
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Next do all resolution steps w.r.t. r

After removing all clauses containing r, —r
or the shape AV = A the following clauses re-
main:

-tV s, sV, sVt

—_—
new

—sVi,

Next do all resolution steps w.r.t. s
After removing all clauses containing s, —s
or the shape AV —A the following clauses re-
main:
t, -t

Finally we do resolution on ¢ and obtain
the empty clause, proving that the original
CNF is unsatisfiable

—rVq



64
Theorem:

Davis-Putnam’s procedure ends in an empty
clause if and only if the original CNF is un-
satisfiable

A direct consequence of this theorem is com-
pleteness of resolution

Now we will prove the theorem

Soundness of resolution we observed before;
we have to prove that

if the CNF is unsatisfiable then
Davis-Putnam’s procedure will end
in an empty clause
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We assume that Davis-Putnam’s procedure
does not end in an empty clause; we have to
prove that the original CNF is satisfiable

Due to the assumption and the structure of
the procedure

Repeat until either no clauses are
left or the empty clause has been
derived - - -

the process ends in the empty set of clauses
which is trivially satisfiable

The required satisfiability of the original CNF
follows from the following property:

If a CNF X is transformed to X’
by a Davis-Putnam step and X’
is satisfiable, then X is satisfiable
too
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To prove: If a CNF X is transformed to
X' by a Davis-Putnam step and X’ is satisfi-
able, then X is satisfiable too

Let U be the set of clauses in X in which p
does not occur

Let V be the set of clauses C' such that C'V p
occurs in X

Let W be the set of clauses C' such that C'V—p
occurs in X

Then
x: ANca Ncvpnr A (CV-p)
ceU ceV CceWw
and
x:ANcn N\ (CvD)
ceUu CceV,DeWw

up to clauses containing the pattern ¢ V —q
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Assume that X’ is satisfiable

Consider its part

A\

ceV,DeWw

(CV D)

A CA ©vD)

CceV Dew

= (distributivity)

N@€v A D

CceVv Dew
= (distributivity)

(AOVIA D)

ceVv Dew

Hence

xX'=ANcn(AN\oviN D)

cevu ceV Dew
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xX=ANcr(N\OVv(iN D)

ceU CceV DeWw

We assume that this is satisfiable



In the corresponding satisfying assignment ei-
ther Aqcy C or Apey C is true

If Acey C is true, then we assign the value
false to the fresh variable p and keep the same
assignment for the other variables, by which

N (€ vp)n N\ (CV-p)
ceVv cew

has the value true
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Either Apey C or Apeyy C s true

If Agew C is true, then we assign the value
true to the variable p and again keep the same
assignment for the other variables, by which

A@vpyn N\ (CV-p)
CceV cew
has the value true

For both cases we have a satisfying assign-
ment for

X: NCoa N@vpa N\ (CV-p)
ceU cev cew

End of proof
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Summarizing Davis-Putnam’s procedure:

e Procedure to establish satisfiability of
any CNF

e Complete: it always ends and always
gives the right answer

e One long repeat loop doing at most n
steps if there are n variables

e By keeping intermediate CNF's in case
of satisfiability a satisfying assignment
can be constructed from the run of the
procedure, as we show by an example
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pvVgqg, "pV g, pVogq pVr
Lp
qVvVr, 7q, \gVr
la
r r = true
lr
{}

find value for the last variable that was re-
moved
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pVgq, pV—q, pV g, pVr

Ilp

qVvr, g, "gVr q = false
La T
r r = true

lr
{}

e In every step of the loop clauses are added evaluate in formula, find next value

and removed
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e Worst case exponential: intermediate CNF

may blow up exponentially



pvVgqg, pV =g, pVogqg, TpVr p = true

Lp 1
gV T, nq, "qVr q = false

Lq 1

r r = true

Lr

U

evaluate all values in formula, find next value,
until finished
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The DPLL method

First try unit resolution as long as pos-
sible

If you can not proceed by unit resolu-
tion or trivial observations then choose
a variable p, introduce the cases p and
—p, and for both cases go on recursively

If all cases in this process end in a con-
tradiction (the empty clause) then the
original formula is unsatisfiable

If one case is found arriving in the empty
set of clauses, then a satisfying assign-
ment for the original formula is found
by making the consecutive choices for
the variables for which case analysis has
been done

(Davis, Putnam, Logemann, Loveland, 1962)

Recursive procedure for SAT on CNF = set
of clauses

DPLL(X):
X := unit-resol(X)
if X = ) then return(satisfiable)
if L € X then
choose variable p in X
DPLL(X U {p})
DPLL(X U {-p})

unit-resol means: apply unit resolution as long
as possible, more precisely:

As long as a clause occurs con-
sisting of one literal ¢, remove all
clauses containing ¢ and remove
=/ from all clauses containing —¢
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Execution of DPLL(X) always terminates
(in every recursive call the number of oc-
curring variables is strictly less)

Idea of DPLL:
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Example:
Consider the CNF consisting of the follow-

ing nine clauses

—pV s pVr —sVt
—pV r sVp qVs
—qV —t rVi Vg

No unit resolution possible: choose vari-

able p
Add p Add —p
Unit resolution: Unit resolution:
—s r
-r s
q (use —s) q (use r)
t (use —) t (use s)
—t (use q) -t (use q)
1 1
Both branches yield L, so original CNF is
unsatisfiable
7
Example:



Consider the CNF consisting of the follow-
ing eight clauses

—pV s pVvr —sVt
—pV —r sVp qV s
—qV —t TVt

No unit resolution possible: choose vari-
able p

Add p

Unit resolution: Add —p

-8 Unit resolution:
—r r

q (use —s) s

t (use —r) t (use s)

-t (use q) —q (use t)

1

Yields satisfying assignment p = ¢ = false,
r =58 =1= true
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In this way DPLL is a complete method for
SAT, just like classical Davis-Putnam (DP)

Just like DP, DPLL admits freedom of choice,
and this choice may strongly influence the ef-
ficiency of the algorithm

Usually DPLL is more efficient than DP

Lot of research is done on heuristics for good
choices of p in DPLL

Although DPLL is not pure resolution due to
the addition of p and —p, there is a strong
relationship between a DPLL proof and reso-
lution:

A proof of unsatisfiability of a CNF
by DPLL can be transformed di-
rectly to a resolution proof of the
same CNF ending in L, having the
same size
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The key idea is that any resolution derivation
from V A4 to L can be transformed to a reso-
lution derivation from V' to —¢ (or L), simply
by ignoring unit resolution steps on /¢

Two derivations from V' A p to L and from
V A —p to L then transform to derivations
from V to both p and —p, yielding L in one
extra step

Example

Applying unit resolution to the non-smoking
student advisors yields

1. =CvD

2. "EV-D
3. .GVvC

4. DV-EVG
5. IvJ

6. ~JVE

7. IVE
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Let us choose p to be E
By adding the clause E unit resolution yields

2 -D

4 DVG

8 -C  (1,2)
9 -G (3,8)
10 D (4,9)
11 1 (2,10)

6 —J
7 -l
12 I (5,6)
13 L (7,12)
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These two derivations combine to

8 -CV-E (1,2)
9 -GV-E (3,8)
10 DV-E (4,9
11 -E (2,10)
12 EVI (5,6)
13 E (7,12)
14 1 (11,13)

The same approach applies for more compli-
cated nested examples

Hence:

DPLL indeed may be (and is) considered as a
resolution technique
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Weak point of this version of DPLL:

The (typically very large) CNF is modified by
unit resolution in every recursive call

More efficient: keep the same original CNF
everywhere, and only remember the list M
of literals = unit clauses that are chosen or
derived

An original clause C yields a contradiction af-
ter a number of unit resolution steps in the
DPLL process if and only if it only consists of
negations of literals occurring in this list

Notation: M E —-C

Remember: this means that C conflicts with
M
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Now we will reformulate the DPLL pro-
cess building and modifying a list M of lit-
erals and checking for M | —C| rather than
doing recursion and unit resolution

In this way we mimick the original DPLL
program = traversal through the DPLL tree

At every moment the CNF in the original
DPLL program corresponds to the combina-
tion of

e the literals in M, and

e the original CNF from which all nega-
tions of literals from M have been stripped
away
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During the process M is a list of literals,
where every literal in M may or may not be
marked to be a decision literal, notation ¢¢

Idea:

these decision literals originate from a choice
in the DPLL algorithm, the other literals in
M are derived by unit resolution = unit prop-
agation, or are the negation of a literal that
was a decision literal before

Why?
For mimicking backtracking it is essential

to recognize these particular decision literals:

backtracking = go back to last cho-
sen decision literal and continue
with its negation
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Starting by M being empty, there are four
rules that together mimick the DPLL pro-
cess:

e UnitPropagate: mimicks the genera-
tion of a new unit clause

e Decide: mimicks the choice p in the
DPLL process, only if no unitpropagate
is possible

e Backtrack: mimicks backtracking to
the negation of the last decision in case
a branch is unsatisfiable

e Fail: mimicks the end of the DPLL pro-
cess if every branch, and hence the CNF,
is unsatisfiable



We say that ¢ is undefined in M if neither However, this derivational framework is much
£ not —¢ occurs in M more suitable for describing optimizations as
they are used in modern powerful SAT solvers
(SATzilla, Picosat, Rsat, Minisat, March, Yices),
and we will present
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The four rules

UnitPropagate: 88

M — M/ Example

Let the CNF consist of the four clauses
if ¢ is undefined in M and the CNF contains

a clause C' V ¢ satisfying M = —-C A
Decide: 2. pV—q
d
if £ is undefined in M 4 —pV -
Backtrack:
We get the following derivation proving un-
MUOIN = M~ satisfiability:
if M¢?N = —C for a clause C in the CNF and 0 = Decide
N contains no decision literals p? = UnitPropagate, clause 3
Fail: p?r = Backtrack, clause 4
atk Y fail -p = UnitPropagate, clause 1
— fal -pq — Fail, clause 2
if M |= —C for a clause C in the CNF and M fail
contains no decision literals
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87 Optimization: Backjump
Observations: Example:

Start with M being empty and apply the rules Let the CNF consist of the four clauses
as long as possible (or stopping when all clauses

. . . 1. =pVv
contain a literal from M) always ends in either P
2. - rvVs
e fail, proving that the CNF is unsatisfi- 3.tV -
able since the derivation of Fail can be
interpreted as a case analysis yielding a 4. gV otV
contradiction in all cases, or
0 —> Decide
d .
e alist M yielding a satisfying assignment P = UnitPropagate, clause 1
ptq = Decide
d o d :
r —> UnitPropagate, clause 2
In case UnitPropagate always gets priority, pd ¢ d - ropagate,
e . i .. ptqr®s — Decide
and Decide is only used for ¢ being positive, d . d  .d .
th L derivati imick orieinal DPLL ptqr®st —> UnitPropagate, clause 4
OfL SUCH dervations mimick otigina p?qr?st?u = Backtrack, clause 3 ?77?
computations d . d
ptqrts—-t —
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For the found contradiction between t¢, u, and
clause 3, the decision r¢ and the derivation of
s does not play a role

If instead of r¢ the decision t? was made di-
rectly, we would have had a better backtrack
step to pd q—t

However, in large CNFs it is hard to know in
advance what will be such a good choice

So we keep the sequence of decisions as it is,
but allow this step to p¢ ¢ =t

Since it does not negate the last decision as
in Backtrack, but negates a decision of several
steps back, this is called Backjump

In order to use this idea in general at every
UnitPropagate step we store the correspond-
ing clause and at every contradiction found we
investigate which generated literals and corre-
sponding clauses played a role
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A clause conflicting these relevant literals can
be obtained by resolution from the original
CNF': the backjump clause

In our example u was derived using clause 4,
and a contradiction was found using clause 3,
yielding by resolution the backjump clause
—qV —t

This clause is of the shape C’ V ¢/, where C’
conflicts with the list of literals and ¢ typi-
cally is the negation of the last decision literal

More precisely, the new rule is

Backjump:
MUN = MV

if M(?N |= —C for a clause C in the CNF and
there is a clause C’V#' derivable from the CNF
such that M = —~C" and ¢ is undefined in M

92

Note that this general formulation is a gen-
eralization of Backtrack; the improvement is
obtained when M is as small as possible

Correctness of this backjump rule is by
construction

Implementation not clear by general for-
mulation: how to find the backjump clause
C' Vv ¢’ derivable from the CNF?

In implementation the choice for this back-
jump clause is guided by the decisions and
unit propagation steps leading to the contra-
diction causing the backtrack step
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More optimizations: Learn and Forget

The idea is to modify the CNF during the
process of SAT solving:

e Learn: new clauses that follow from the
original CNF may be added

e Forget: clauses that follow from the
other clauses may be removed

In modern SAT solvers all backjump clauses
that are learned are directly added to the CNF":
they may be helpful later on

Subsumption: if the formula contains two clauses

C C ', then one may forget = remove C’
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For all variants the main property remains:

Start with M being empty and apply the rules
as long as possible always ends in either

e fail, proving that the CNF is unsatisfi-
able, or

e alist M yielding a satisfying assignment

Choices made in this process (e.g., which lit-
eral to choose for Decide) only influence effi-
ciency of obtaining the result, not the validity
of the result
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Sometimes a Restart M = () after learning
some clauses is fruitful

Looks counterintuitive, but sometimes it may
yield optimal profit of the clauses that have
been learned

Good heuristics for choosing literals for De-
cide are crucial

Adding backjump clauses and then restart may
cause better choice for decision literals

A basic heuristic takes a literal that occurs
most often in the relevant clauses

Lively area of research: every one/two year(s)
there is a SAT competition, and at every com-
petition strong improvements show up
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Standard format for SAT competition: di-
macs

Boolean variables are numbered from 1 to n

For k clauses the file has to start by

p cnf nk

followed by k lines each containing a clause

e variable ¢ is denoted by ¢

e the negation of variable ¢ is denoted by
—1

e these literals are separated by spaces

e cvery clause is ended by 0
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Example:

Calling
yices -e -d test.d

on the file test.d containing

p cnf 3 5

1230

1-30

-120

-1 -30

2-30
yields

sat
-1 2 -3
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Until now we only considered CNFs, and we
are not yet able to apply resolution to arbi-
trary propositions

We want to be able to apply resolution for de-
termination of satisfiability of arbitrary propo-
sitions by first transforming the proposition to
CNF

Straightforward approach:

Transform the proposition to a logically equiv-
alent CNF

This is always possible:

every 0 in the truth table yields a
clause
proposition = conjunction of these
clauses

Often it can be done more efficient

Unfortunately:

It often happens that every CNF logically equiv-
alent to a given proposition is unacceptably
big
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Example:

Az (- ((pr = p2) = p3)-- < pa)

This formula yields true if and only if an even
number of p;’s has the value false

Claim:



Let B be a CNF satisfying A = B
Then every clause C' in B contains exactly
n literals

Proof:
Assume not, then some p; does not occur
in a clause C' of B

Then you can give values to the remain-
ing variables such that C is not true, hence
neither B, independent of the value for p;

Then you can give a value to p; such that
A yields true

Contradiction to A = B (end of proof of
claim)
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The truth table of A contains exactly 27!
zeroes: half of all entries

Every clause containing n literals yields ex-
actly one zero in the truth table

According to the claim all clauses of B are of
this shape

Hence B consists of 21 clauses

Conclusion:
Every CNF B equivalent to A has size ex-
ponential in the size of A

=  unacceptably large

101

Hence we are looking for a way to transform
any arbitrary propositional formula A to a
CNF B such that

e A is satisfiable if and only if B is satis-
fiable

e the size of B is linear (or at least poly-
nomial) in the size of A

Note that we weaken the restriction that
A and B are equivalent

Such a construction is possible if we allow that
B contains a number of fresh variables

102

For every formule D on at most 3 variables
there is a CNF cnf(D) such that cnf(D) = D
and cnf(D) contains at most 4 clauses:

(rVaq)
A=pV —q)

cnf(p < —q) =

(pV—qV-r)
AN=pV q)
A(=p V)

enf(p < (g Ar)) =

enflp < (gVr)) = (=pVqVr)
A(p V —q)

A(p V —r)

(pVaqVvr)

ApV =gV —r)
AN=pV gV —r)
A(=pV g V)

enf(p & (g < 7)) =

103

Introduce a new variable for every non-literal
subformula of A (including A itself), the name
of the subformula

For a subformula D of A we define
e np =D if D is a literal

e np = the name of D, otherwise

The CNF T(A), the Tseitin transforma-
tion of A, is defined to be the CNF consisting
of the clauses:

[ ] nA
e the clauses of cnf(¢ < —np) for every

non-literal subformula of the shape —D
having name ¢



e the clauses of cnf(q <> (npong)) for ev-
ery subformula of the shape DoFE having
name ¢, for o € {V, A, —, <}
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Example: A: (-sAp) < ((g—r)V-p)
—— ——

B D
—_———
C

yields T'(A) consisting of the clauses A and

AvVBvVC
AV -BV-C
—AV-BVC
-AvVBvV-C
BVsV-p
—-BV s cnf(B < (—s A p))
-BVp

-C'VDV-p

Cv-D enf(C « (D V —p))
CVp

-DVrV-og

DV —r cenf(D < (¢ — 1))
DVgq

cnf(A < (B < Q)
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Theorem:
For every propositional formula A we have:

A is satisfiable if and only if T'(A) is sat-
isfiable

Proof sketch:

e asatisfying assignment for T'( A) restrict-
ing to the variables from A yields a sat-
isfying assignment for A

e a satisfying assignment for A is extended
to a satisfying assignment for T'(A) by
giving np the value of D obtained from
the satisfying assignment for A
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Summary of Tseitin transformation:

For every propositional formula A we have:

e A is satisfiable if and only if T(A) is

satisfiable

e T(A) contains two types of variables:
variables occurring in A and variables
representing names of subformulas of A

e The size of T'(A) is linear in the size of

A

e Every clause in T'(A) contains at most

3 literals: T'(A) is a 3-CNF

e A fruitful approach to investigate satis-
fiability of A is applying a modern CNF

based SAT solver on T'(A)
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There is no need to use a separate tool for
transforming an arbitrary propositional for-

mula A to T'(A) is dimacs format:

several modern SAT solvers like yices also ac-
cept SMT format (satisfiability modulo theo-
ries) of which the most basic instance coin-
cides with arbitrary propositional formulas

Internally then first the Tseitin transforma-
tion is applied, and then the same approach

is followed as by entering dimacs format

Call

yices -e -smt test.smt

where test.smt contains the formula
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Example: (and and or have any number

of arguments)

(benchmark test.smt
rextrapreds ((A) (B) (C) (D))
:formula (and

(iff A (and D B))

(implies C B)



(not (or A B (not D)))
(or (and (not A) C) D)
))

yields
sat
(= A false)
(= B false)
(= D true)
(= C false)
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Conclusions on resolution for proposition logic:

e Technique to establish satisfiability of
CNF

e Tseitin transformation efficiently trans-
forms every propositional formula to 3-
CNF, maintaining satisfiability
In this way resolution is applicable for
every propositional formula

e Both DP and DPLL are complete meth-
ods for SAT based on resolution, both
having freedom of choice

Often DPLL is more efficient than DP
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Conclusions (continued)

e Modern CNF based SAT solvers, like
— SATzilla

— Picosat
— Rsat
— Minisat
— Yices

essentially use DPLL, extended by Back-
jump, Learn, Forget and Restart

e Resolution hardly recognizable in actual
algorithms

e Extremely powerful approach for a wide
range of problems that seem unrelated
to SAT solving
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Amazing example:

Prove termination of the system of three rules

aa — be, bb — ac, cc — ab

Solution: interpret a,b,c by matrices over
natural numbers in such a way that by doing
rewrite steps a particular entry in matrices
always strictly decreases

Since this entry is a natural number, this can-
not go on forever, proving termination

Restricting to binary encoded numbers of fixed
size, and fixing matrix dimension (both ~ 4)
this was encoded in a SAT problem, and the
obtained satisfying assignment was transformed
to a formal proof of the above shape

Until now all known proofs of this problem are
variants of this idea, all found by SAT solving

No human intuition available
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Extension of SAT solving

We have seen how several problems involving
e.g. arithmetic or program correctness can be
encoded as a SAT problem

Typically, a program is written in which an
instance of a problem is entered, and a cor-
responding SAT problem is produced, after
which a plain SAT solver is applied to solve
the problem

Apart from SAT solving there are several other
formats of constraint problems where any
solution or an optimal solution has to be found



For instance: linear optimization given n
real valued variables x1, ..., x,, find the high-
est (or lowest) value of a linear combination
>, a;x; satisfying a given number of con-
straints all of the shape Z?:l bix; <c

If the variables are integer valued, this is called
integer optimization
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For these problems linear optimization
and integer optimization extremely power-
ful techniques are available, unrelated to SAT
solving

In particular these techniques can be used to
establish whether a conjunction of inequalities
has a solution, and if so, find one, rather than
finding an optimal solution

An important technique is the
Simplex method, in which sets of inequali-
ties are reduced by Gauss elimination

Here we will not present these techniques, we
only consider how they can be joined with
techniques for SAT solving, to solve propo-
sitional formulas over such inequalities:
Satisfiability Modulo Theories
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Satisfiability Modulo Theories (SMT)

Example:

Find positive integer values a,b, c,d such
that

2a > b+c, 2b > c+d, 2¢ > 3d and 3d >
a—+c

Approach 1:
Choose n boolean variables for each of the

numbers a, b, ¢, d, 2a, b+c, 2b, c+d, 2¢, 2d, 3d, a+

c representing their binary encodings, and ex-
press the constraints with '4+” and ">’ in the
standard way for expressing binary arithmetic,
using several extra boolean variables for car-
ries

Then apply a SAT solver on the resulting for-
mula

The formula will be satisfiable; transform the
satisfying assingment to the desired numbers
a,b,c,d

Depends on n; n = 7 gives a solution
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Approach 2:

Extend the SAT solver in such a way that
it can deal with the inequalities directly, rather
than only on boolean variables

In the mechanism with the derivation rules,
the central access to the formula is checking
whether

M E=-C
for both M being a list of literals and C being
a clause

That is, we have to check whether for every
literal ¢ in C, the conjunction of ¢ and all
literals in M gives rise to a contradiction

For basic SAT this means that —¢ occurs in
M

The machinery is also correct if we have an-
other mechanism to check whether a conjunc-
tion of literals is contradictory

For instance, x >y+1 Ay>2 A z>x+2
is contradictory
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So SAT solvers can be extended to deal with
establishing satisfiability of CNF's defined by

e A CNF is a conjuction of clauses
e A clause is a disjunction of literals

e A literal is a basic fomula in some theory
or its negation

Here for the theory there should be an efficient
implementation to check whether the conjunc-
tion of a given set of literals is satisfiable or
not



For efficiency this implementation has to be (benchmark test.smt

incremental rextrafuns ((A Int) (B Int) (C Int))
:formula (and

(= A 98798798987987987987987923423879)
(= B 76342999998888888888736457864587)

(= (+ (x 87 A) (x93 B)) (+CC))
117 ))

For linear inequalities over reals or integers
there are such implementations

By applying the Tseitin transformation this yields the output
approach works for every propositional for-

mula over basic formulas in such a theory sat
(= A 98798798987987987987987923423879)

(= B 76342999998888888888736457864587)
(= C 7847697255925810810803719959642032)

In an SMT solver like yices one can directly
enter and solve

(benchmark test.smt

;extrafuns ((A Int) (B Int) (C Int) 120
(D Int)) .
.formula (and One can also use functions:
> (x2A) (+BO0C) (benchmark test.smt
(> (x 2B) (+ CD)) :extrafuns ((F Int Int))
> (x2C) (x 3D)) :formula (and
> (x3D) (+4A0C) > (x2 (F 1)) (+ (F2) (F 3)))
)) G *x2(F2) (+ (F 3 FDHDHD)N

> (x2 (F 3) (x3 (F 4)))
G *x3(F 4) + F 1D (F 3D
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More precisely, if this formula is in file test.smt, |
then calling yielding
yices -e —-smt test.smt sat
(= (F 1) 30)
yields the output (= (F 2) 27)
aat (= (F 3) 32)
(= A 30) (= (F 4) 21)
(= B 27)
(= C 32) 121
(=D 21)

One can even use quantifications:
(benchmark test.smt
119 :extrafuns ((F Int Int))
:formula (and
(forall (?i Int) (= (F 7i) (F (+ 71
1N)
(=F 1 1)
(= (F 1000) 2)
))

yielding unsat

Note that we do not need to specify an up-
perbound on the numbers:



When quantifying over integers instead of sat
one typically gets unknown: one can not ex-
pect that the tool can check
(forall (7i Int)--- for all integers

The required theory (integer/real, functions?,
quantifications?) can be specified

If it is omitted as we did, it is detected from
the formula
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Pseudo boolean constraints
Here all variables are boolean

These boolean variables are identified with
the numbers:

false=0, true=1
A pseudo boolean constraint is a constraint
of the shape

a1r1 + agre +azry + -+ apxTy < ¢

for a;, ¢ all being given integer values, and x;
are boolean variables

So this is SMT for the theory of linear inequal-
ities over de integers, with the restriction that
the values of the variables only may be 0 or
1
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A fruitful method for solving pseudo boolean
constraints transforms the problem to propo-
sitional SAT and then applies a SAT solver,
so a different approach then by using an SMT
solver

A tool doing so is minisat+

Constraints with = or > are easily transformed
to constraints with <:

n

Zaixi >c = Zn:—aixi < —c

i=1 =1

EFE=c<«+— E<cANE>c
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Many problems are much easier expressed by
pseudo boolean constraints than as a SAT
problem

For instance, for expressing that exactly one
of x1,...,xz, is true, instead of a quadratic
number of clauses we only need one constraint

T+ T2t m, =1

This holds even more for
a1ry +ar2 + -+ apTy =cC
for given numbers c, ay, ...

’a’I’L

This kind of constraints occurs a lot in schedul-
ing problems
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For instance if z; means that a particular course
of size a; will be followed, then the constraint
that a series of courses has to be followed with
a total size ¢ can be expressed as

aixri +axg + -+ apnTy =c

Later in the course we will see how pseudo
boolean constraints can be transformed to SAT
clauses

These problems can also be expressed in SMT
for the theory of linear inequalities over the
integers: simply add the restriction that the
values of the variables only may be 0 or 1

However, for pseudo boolean constraints of-
ten minisat+ is much faster than applying a
general SMT solver
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Unique representation
for boolean functions

In "normal” propositional notation equivalent
formulas (even in CNF) may appear quite dif-
ferent:



(V@ A(gVr)A(pV-q)

pA(=pV Ve A(pV—q)

We look for a way to describe boolean func-
tions, in particular given by propositional for-
mulas, such that:

e it is a unique representation for
boolean functions: equivalent formulas
yield the same representation

e for many formulas this representation is
efficient
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Why not for all formulas?

On n variables a truth table consists of 2™
lines

. n . .
Hence on n variables there are 22" distinct
boolean functions

264

Indeed, there are distinct boolean func-

tions on six variables

If all of these 22" distinct boolean functions
should have a distinct representation, then on
average at least 2" bits are needed for that

Hence for every representation it holds that
if some boolean functions have a representa-
tion of much less than 2™ bits, then for many
others 2™ bits or more are required

This information theoretic argument shows that

it is unavoidable that most of the boolean
functions have untractable representation
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A computable unique representation im-
mediately implies a method for SAT:

For any formula compute its unique represen-
tation

If this representation is equal to the represen-
tation of false, then the formula is unsatisfi-
able

Otherwise, the formula is satisfiable
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Unique representation due to Herbrand, 1929

Every boolean function can uniquely be ex-
pressed as an exclusive or (@) of conjunctions
of variables, in which both @ and A run over
sets, i.e.,

e commutative, associative
e double occurrence is not allowed

e true is conjunction over empty set

false is @ over empty set

In this way negation is not required as a
building block:

- = x @ true
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The unique representation of a propositional
formula can be computed by the rules

Ty — —(w@y)
z—y — ("z)Vy
zVy — (zAy)®zdy
—r — xO true
@ false — =«
r®xr — false
x A false — false
x N\true — x
TN\Nr — X
zAydz) — (xAy)d(zAz)
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Example:

—a Vb and —(a A —b) are equivalent since they
yield the same representation a Ab® a @ true:



—a Vb (a @ true) V b

((a ® true) ANb) ® a @ trued b
(aNb) B

( )BbDad trued b
(aAb) @ a® true @ false
(a A'D)

P a P true

L A A

_|

—(a A —b) (a N (b true))
=((a A b) @ (a A true))
—((aAND) @ a)

aAb)® a® true

Ll
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Although this Herbrand representation is a
unique representation it is not of practical use
since it is not acceptably efficient for larger
formulas

Before introducing B(inary) D(ecision)
D(iagrams) as a more efficient unique repre-
sentation, first we present an important ap-
plication, to get a feeling for the kind of op-
erations that are required to be efficient

We express the Reachability problem

Given a set of initial states, a tran-
sition relation and a set of final
states, establish whether any of these
final states is reachable from a given
initial state

in propositional logic and show how to treat
it by manipulation of unique representation
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Example: Apply the following statements
in any order:

1. if D and F then D, E := false, false
2. if I and I then F, I := false, false
3. if A and FE then A, FE := false, false

4. if C and D then C, D := false, false

(true A b) ® a @ true® b

5. if D and G then D, G := false, false
6. if B and H then B, H := false, false
7. if B and I then B, I := false, false
8. if A and G then A, G := false, false
9. if D and H then D, H := false, false

10. if B and C then B, C := false, false
11. if B and J then B, J := false, false
12. if F and J then F,J := false, false

Prove that from the initial state in which all
variables have value true never the final state
can be reached in which all variables have
value false
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Each of the ingredients should be represented
by a formula

For the set I of initial states find a formula
®; such that ®; yields true on a state if and
only if it is in 1

More precisely, a state is a map 7 from vari-
ables to {false, true} and it should hold that
m € I if and only if evaluating ®; in 7 yields
true

For example, in our example we may choose
®; = AANBA---NJ expressing the single state
in which all variables are true

Similar for the set F of final states, in our
example &p = -"AA-BA---A~J expressing
the single state in which all variables are false
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Describing the transition relation is slightly
more involved

A transition relation is not a set of states,
but a set of state transitions, where a state
transition is a pair of states



In representing this by a formula two kinds of
variables occur: the starting point of such a
transition and the end point of the transition

Distinguish these kinds by a suffix:

e for the start states the variable names
are followed by the symbol 0

e for the end states the variable names are
followed by the symbol 1
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A formula &7 in this double set of variables
describes the following set of transitions:

there is a transition from 7y to m
if and only if the formula &7 yields
true if for every i0 the value my ()
is evaluated, and for every il the
value 71 (1) is evaluated

As an example, consider
if a then b:=c¢

over the four variables a, b, c,d

The transition relation corresponding to this
program fragment can be represented in this
way by

(@0 = al) A (0« cl) A (d0 <« dl) A

(a0 — (b1 < c0)) A (—a0 — (b0 < b1))
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Once we have expressed the initial states and
the transition relation in this way we want to
compute

B,, = set of states reachable in < n steps from [

for n = 0,1,..
B,NF#{

., until B,, = B,_1 or until

This can be done by

BO =1

Bi+1 =B, U {t‘HSISEBi/\STt}

We should be able to decompose this full com-
putation into small computable elements
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Operations U and N on sets correspond to V
and A in propositional notation

In ds : s € B; A sTt we use variables labelled
by 0 for the part s € B;, and simply use A to
compute

se B, NsTt

This is a boolean function in variables both
labelled by 0 and by 1

By ds all variables labelled by 0 should be
eliminated; this can be done one by one for
every variable x:

dx: ¢ = ¢l = false] V ¢z := true]

computable

Finally in the resulting representation over
variables labelled by 1, every label 1 should
be replaced by 0
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Summarizing, the following operations should
be efficient:

e Operations U and N on sets correspond
to V and A in propositional notation

e Checking B,, = B,_1; for this we need
a unique representation

e Compute ¢[z := false] and ¢[x := true]
from ¢



e Rename variables (label 1 by label 0)

B(inary) D(ecision) D(iagrams) are a rep-
resentation in which all of these operations
can be done efficiently

The above scheme is followed in the imple-
mentation of bddsolve for reachability prob-
lems
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Decision trees
A decision tree is a binary tree in which

e nodes are labelled by boolean variables

e leaves are labelled by false or true
p
q false

false true

A decision tree describes a boolean function
by starting at the root and consider every
node as an if-then—else—
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More precisely, if every variable has a boolean
value then the corresponding function value is
obtained is follows:

e Start at the root

e For a node proceed by its left branch if
the corresponding variable is true

e For a node proceed by its right branch
if the corresponding variable is false

e Repeat until a leaf has been reached

e The label of the leaf is the resulting func-
tion value

So the example describes the same boolean
function as p A ~q

Sometimes the left (true) branch is written
solid and the right (false) branch is written
dashed
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Unfortunately this representation is not yet
unique: the same boolean function is described
by the decision tree

f]/q\p
/\

true false

We may disallow this second representation
if we require that below every variable in a
tree only greater variables are allowed, with
respect to some total order < on the variables

Such a decision tree is called ordered with
respect to <

In our example: p < ¢
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Every boolean function on a finite number of
variables can be represented as an ordered de-
cision tree:

simply transform its truth table
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For the order p; < p2 < p3 < --- < p, We
obtain:



b1
Exercise:
Determine the reduced ordered decision trees
for the boolean functions described by the fol-
lowing formulas, with respect to the order p <
g<r

D2 P2
/ \ / \ 1. pvgVvr
D3 P3 D3 p3 2. 17— (qV(pNQ)

VAV 3. pos (g o)

Pn Pn Pn Pn Pn Pn

Y NF N N NN 147

For efficient storage of such decision trees we
145 prefer the following rule

Still the representation is not yet unique, since If a subtree of a decision tree has multiple oc-
for every decision tree T' and every variable p currences, we want to store this subtree only

p once
/ \ b b
T T P/ \1 /
describes the same boolean function as T itself q T q
Replacing / \ /
T true T true

T’/p\T

by T is called elimination

The right representation is preferred

This is a D(irected) A(cyclic) G(raph)
rather than a tree
If no elimination is applicable on T" then T is

called reduced
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This can be much more efficient
146 n
Now we do have a unique representation: l \
P2 P2
Every boolean function can be ex- l w
pressed in exactly one way by a
reduced ordered decision tree ]13>{pf)
Ingredients for the proof: P4 2
e Induction on the number of variables
true false

e The smallest variable either occurs only Tpis DAG has 7 nodes. while the tree has 15
at the top or does not occur at all ’



Generalized to p1, ..., pn: the DAG has 2n—1
nodes, while the tree has 2" — 1. a ratio of
exponential size
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For the implementation it hardly makes any
difference

In the usual implementation for decision trees
(or other binary trees) for every node its label
and the pointers to its children are stored

Due to the tree structure to every node there
is exactly one pointer

For DAGs the same data structure can be
used, only now there may be more pointers
to one node

A B(inary) D(ecision) D(iagram) is a de-
cision tree in DAG representation

An O(rdered) BDD is an ordered decision
tree in DAG representation

150

Both for uniqueness and for efficiency we not
only want to admit common reference to the
same node, we even want to force it

In the example we want to disallow the left
representation

The pointer describing the left branch of a
node is called the true-successor

The pointer describing the right branch of a
node is called the false-successor

We require that no two nodes in the DAG
have the following three properties:

e both are labelled by the same variable
e both have the same true-successor

e both have the same false-successor
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Every decision tree can be transformed to a
DAG satisfying this requirement:

As long there are two such nodes,
remove one of them and redirect
every reference to the removed one
to the remaining one

This is called merging

So both elimination and merging are a way to
decrease the size of a DAG without affecting
its meaning: it is a kind of reduction

A R(educed) OBDD is an OBDD on which

no elimination and no merging is possible
Main theorem:

For every order on the variables every boolean
function has exactly one representation as a
ROBDD
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Example: n
I\
P2 P2
| >
p3 p3
| >
yz P4
true false

is the unique ROBDD of the boolean function
described by the formula

((p1 <= p2) <> p3) < D4

and the order p1 < po < p3 < ps

This formula yields true if and only if an even
number of the variables has the value true
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Proof of the main theorem:



e At least one ROBDD representation:

Start by the full ordered decision tree
representing the truth table

Apply elimination and merge on this de-
cision tree as long as possible

This ends since by every step the size
decreases

The resulting BDD is by construction

an ROBDD representing the given boolean

function

e At most one ROBDD representation:

Assume ROBDDs T and U represent
the same boolean function

Unwind T to a tree T and U to a tree
U/
Then 7" and U’ are reduced ordered de-

cision trees representing the same boolean

function
Earlier result — 7' =U'
Lemma =— T =U
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Lemma: Every tree has a unique representa-
tion as a DAG with maximal sharing, i.e., a
DAG on which no merge can be applied

End of proof of main theorem

Since there are 22" distinct boolean functions
many of them have a very big representation
as a ROBDD

The size of the ROBDD strongly depends on
the chosen order on the variables

Ifpr <q <p2<q<--- <pn < qy then the
ROBDD of

d=mVa)ANP2Va)AN-ADaVan)

only has 2n nodes, and shows up for n = 4 as
follows:
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yZ
l '
q4
WY
true false

However, if p1 < po < -+ - < pp < q1 < g2 <
- < gy then the ROBDD of the same for-
mula has over 2" nodes
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Heuristics for choosing a good order: variables
close together in the formula, influencing each
other, should be close in the order

Choosing an appropriate order then for many
applications the unique ROBDD representa-
tion is feasible, even for n > 1000
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We still need an algorithm to compute the
ROBDD for a given propositional formula and
an order on the variables

Such an algorithm can be used for SAT:

Apply the algorithm to the given
formula

If the resulting ROBDD is false,
then the formula is unsatisfiable,
and otherwise it is satisfiable

If the formula is satisfiable, then

e the ROBDD is not equal to false and at
least one leaf is true, otherwise elimina-
tion can be applied

e a satisfying assignment is obtained from
the ROBDD by following a path from
the root to this leaf labelled by true



This is how the tool bddsolve for the practi-
cal assignment works, when using for SAT
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Algorithm to determine the ROBDD of a
formula

Every formula is of the shape:

e p for a variable p, or
e —¢p, or
e po) for o € {V,A,—, <}
The ROBDD ROBDD(¢) of a formula ¢ will

be constructed recursively according this re-
cursive structure of the formulas:

e ROBDD(false) = false, ROBDD(true) =
true,

e ROBDD(p) = p(true, false)
o ROBDD(~¢) = ROBDD(¢ — false)

e ROBDD(¢p o) =
apply(ROBDD(¢), ROBDD(1)), )
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So it remains to find an algorithm apply hav-
ing two ROBDDs and a binary operation ¢ €
{V, A, —, <} as input, and having the desired
ROBDD as its output

Notation:

e p(T,U) is the BDD having root p for
which the left branch is T" and the right
branch is U

e On OBDDs we define
p(T,U)(p := true) =T
p(T,U)(p := false) = U

o T'(p:=true) =T (p := false) =T

if p does not occur in T

As the basis of the recursion we define

apply(T, U, o) = value according the truth ta-
ble of ¢ if T, U € {false, true}
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If T, U not both in {false, true}, hence T and /or
U contains at least one variable, then we de-
fine

apply(T, U, o) =
p(apply(T(p := true), U(p := true), o),
apply(T (p := false), U(p := false), <))

where p is the smallest variable occurring in
TorU

Writing shortly (T, U) for apply(T, U, <) this
means

o(p(Th, Tz), p(U1, Uz2)) = p(o(T1, Ur),o(Ts, U2))

o(p(Th, T2),U)) = p(o(T1, U),o(T2, U))

if p does not occur in U

O(Tvp(Ula UZ)) = p(O(T, Ul)v O(Tv UQ))

if p does not occur in T’
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So for two BDDS T',U computing
apply(T, U, o) = o(T,U)

is done by pushing ¢ downwards, meanwhile
combining 7" and U, until ¢ applied to true/false
has to be computed, which is replaced by its
value according to the truth table

In this recursion only calls apply(T’,U’, <) are

done where T" is a node of T' and U’ is a node
of U

This is implemented in such a way that the
same call apply(T’,U’, ) is never executed twice



Keep track for which pairs 77, U’
this has already been executed, us-
ing a hash table
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Hence this algorithm apply(T, U, <) has com-
plexity

O(#T = #U),
where # is the number of nodes of a BDD

Is the resulting BDD apply(T, U, o) always re-
duced?

NO

This can be repaired by applying elimination
and merging in this process for every newly
created node

This can be done in such a way that the com-
plexity remains O(#T x #U)

The resulting algorithm ROBDD is essentially
the algorithm as it is used in practice
(and in bddsolve)
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Exercise

Compute the ROBDD of

(p—=r)A(ge (rVp))

with respect to the order p < ¢ < r using this
algorithm

The algorithm apply is polynomial in the size
of its input (even quadratic)

However, in general the full algorithm ROBDD
is not polynomial: intermediate results may
have exponential size
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Example:

Ipp<p < <pp<qa<q@<- <g
then the ROBDD of

p=mE1Va)NP2Va) NPV an)

has more than 2™ nodes

The algorithm ROBDD applied on pA(¢pA—p)
will compute this big ROBDD as an interme-
diate result, and hence will have exponential
complexity, although the final result is simply
false
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If in a special case all intermediate results are
of polynomial size then the full algorithm is
polynomial

since the full algorithm consists of
a linear number of apply calls, each
having polynomial complexity

Every formula purely constructed from —, <
and variables has an ROBDD of which the
size is linear in the size of the formula

Hence for such formulas the algorithm ROBDD
is always polynomial
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Using resolution the behaviour may be just
opposite:

Using only unit resolution it can be estab-
lished in linear time that any formula of the
shape p A (¢ A —p) is unsatisfiable

Conversely, there are unsatisfiable formulas
purely constructed from —,« and variables
of which it can be proved that every resolu-
tion proof requires an exponential number of
steps

Conclusion:

Resolution and the algorithm ROBDD are es-
sentially incomparable

Both techniques are successfully applied to
huge formulas
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Typical situation in hardware verification

Two chip designs have to be proven to behave
equivalent

More precisely, they should have the same in-
put/output behaviour:

e both have k input nodes, n output nodes
and a great number of internal nodes, all
representing boolean values, connected
by ports

e both chip designs compute the values of
all n output nodes whenever the values
of the k input nodes are set to boolean
values

e if the input nodes are set to the same
values for both chip designs, then the re-
sulting values of the output nodes should
be the same too, for all possible inputs
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Example:

For a 32-bit multiplier we have kK = 64 and
n =32

Let

e By,..., By express input nodes of both
chip designs

o Ay,..., A, express internal and output
nodes of one chip design, the first p —
n being internal and the last n being
output

o (,...,C4 express internal and output

nodes nodes of the other chip design, the
first ¢ — n being internal and the last n
being output

Typically, k£ and n are reasonably small and p
and g are very big
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We assume both chip designs have no circular
behaviour:

the nodes are numbered in such a way that
every A; only depends on

Bi,..., By, A1, ..., Aig,

Similarly for C;

Let ¢1,...,¢, be the simple formulas reflect-
ing the behaviour of the ports, where ¢; de-
scribes how A; depends on

Bi,...,Bg, A1, Ai
So A; < ¢; describes how the value of A; is
computed

Similarly v1,...,14 describe C1,...,C,
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To be proven:

the last n nodes A,_,+1,..., A, from the one
chip design have the same behaviour as the
last n nodes Cy—p11,...,Cy from the other
chip design

Expressed in a formula:

q

(A =) A (N(Ci = 1)

i=1 =1

implies

n
/\ ApfnJri — Ug—n+i
=1

Using resolution these are formulas in k +
p + q variables plus auxiliary variables due to
Tseitin transformation
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Using BDDs this can be done much more ef-
ficient:

e only consider By, ..., By as variables

e subsequently compute ROBDDs for
Aq,..., A, using ¢1,..., 0,
e similarly for C1, ...

,Cy

e check whether the ROBDDs of A, _,4;
and Cy_p4; coincide for ¢t =1,...,n

In this way in practice BDD technology is
used a lot in hardware verification
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BDDs for pseudo boolean constraints

Some time ago we claimed that pseudo boolean
constraints, i.e., constraints of the shape

n

Zcil’i <a

i=1

for given integers c¢;,a and boolean variables
x; can be transformed to CNF

One way to do so makes use of BDDs

The constraint

n
E ciri <a
i=1

can be seen as a boolean function in z1, ..., z,,
yielding true if the constraint holds and yield-
ing false otherwise

Construct the ROBDD of this boolean func-

tion
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Heuristic: choose variable order in such a
way that variables with high absolute coeffi-
cients (being influential) are low in the order,
so will be tested first

Example:
3a—2b+c+d<1

/N
/\ /\
/\/

¥\

0 1
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How to build such an ROBDD?

e Evaluate values a, b, ... in the inequality

E.g.,
a=1yields —2b+c+d < -2
a=1,b=1yieldsc+d <0

in the example:

e As soon as an inequality is false, put 0,
if it is true, put 1

e Keep track of all inequalities so far
Every inequality corresponds to a node

If an inequality is found equivalent to
an inequality found before, then point
to the corresponding node

In this way sharing is introduced
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The next step is to transform the ROBDD to
a CNF

This is done via the Tseitin transformation
For propositional formulas composed from

=, V, A\, —, <



we discussed the Tseitin transformation to CNF
by giving a fresh name to every subformula

Here we consider the nodes of a BDD as an if-
then-else, which can be seen as propositional
operation with three arguments:

if pthengelser = (p—q¢ A(-p—r1))

Instead of giving a fresh name to every sub-
formula we give a fresh name to every node in

the BDD

This is the same idea as before, with the extra
facility of sharing
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The Tseitin transformation consists of

e A unit clause consisting of the name of

the root
e The CNF
-AV-pV B
-AvpvC
AvVpvV-C
AV -pV-B
AvV-BvV-C

of A< ((p — B)A(—p — (Q)) for every
node A labelled by p where the true-
branch points to B and the false-branch
to C

e Here B, are either names of nodes or
false or true

In this way the size of the Tseitin transforma-
tion is linear in the size of the BDD
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In our example we get the unit clause A to-
gether with the CNFs of the following 6 for-
mulas:

A< ((a — B1) A (—a — B3))

Bi < ((b — C1) A (—b — false))
By «— ((b — true) A (—b — C3))
Cy < (

Cy < (
D < ((d — false) A (—d — true))

¢ — false) A (—c — D))
)

( )
(¢ = D) A (—¢ — true)

Note the sharing of D
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Sharing really helps: for

2n+1

Z T, <n
i=1

the BDD size is (n + 1)%, while unshared it
would have been exponential in n

For n = 2: 71

F \

AN,
VRV
0 T4 x4 1
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This BDD based technique is one of the three
techniques used by minisat+ to transform pseudo
boolean constraints to CNF, and hence solve

pseudo boolean constraint problems by means
of a SAT solver
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Predicate logic

Until now we only reasoned in the world of the
domain {true, false}, together with the usual
operations



Now we want to do automated reasoning in an
arbitrary bigger domain D in which we can
quantify using V and 3, and where we may
have relations and functions

(just like SMT, abstracting from the integers)
This is called Predicate logic

Example
e There is a student that is awake during
all lectures

e During all boring lectures no student
keeps awake

e Then there are no boring lectures
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How can we prove this?

Just like proposition logic: take the conjunc-
tion of all given statements and the negation
of the conclusion, and try to prove that the
resulting formula is unsatisfiable, i.e., equiva-
lent to false

In order to express the example by a formula
we define relations S, L, B and A:

e S(x): =z is a student
o L(x): =z isa lecture
e B(x): =z is boring

o A(z,y): x is awake during y
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Hence we want to prove that

(Fz(S(x) AVy(L(y) — Az, y))))A
(Va((L(z) A B(x)) — =3y(S(y) A Ay, z))))A
Jz(L(z) A B(x))

is unsatisfiable = equivalent to false

What does this mean exactly?

In such an expression we may have
e variables (here z,y)

e function symbols (not here)

e relation symbols (here S, L, B, A), also
called predicate symbols

Function symbols and relation symbols have
an arity =0,1,2,3,...

A function symbol of arity 0 is also called a
constant
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We inductively define:

e A term is

— a variable from a set X', or

— a function symbol of arity n ap-
plied on n terms

e A predicate (formula) is

— arelation symbol of arity n applied
on n terms, or

— Va(P) for a variable z € X and a
predicate P, or

— Jz(P) for a variable z € X and a
predicate P, or

— =P for a predicate P, or
— P o @ for predicates P and ) and
o€ {V,\,—, <}
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If we give meaning to variables, function sym-
bols and relation symbols in a model, then a
predicate has a boolean value

More precisely, a model is a non-empty
set M together with



o [f] : M™ — M for every function sym-
bol f of arity n

e [R] : M™ — {false, true} for every rela-
tion symbol R of arity n

For a: X — M we define inductively

o [z,0] =ax) forz e X

o [f(t1,... tn),a] =[fl([tr,l, ..., [tn,])
for every function symbol f of arity n
and terms tq,...,t,

o [R(t1,...,tn),a] = [R]([t1,a],...,[tn,a])
for every function symbol f of arity n

and terms t1,...,t,
So  [f(ti,...,tn),q] IS M  and
[R(t1,...,tn), ] € {false, true}
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In order to define V and 3 we need to mod-
ify the valuation «

Ifa: X - M,z € X and m € M then we
define a(z :=m) : X — M by

alr :=m)(x) =m

afz = m)(y) = a(y)
forally e X, y #x
We define
Vz(P),0] = N [P alz:=m)

meM

[3z(P), a] \/ [P.ofz :=m)]

meM

Avoid problems by disallowing Vz or dx
to occur inside P for same z: choose fresh x
for every quantification
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We define

[-P,a] = —[P,q]

and
[PoQ,a] =[P,a]¢[Q,a]

for o € {V,A,—, <}

In this way [P, a] € {false, true} has been

defined for every predicate P and every « :
X —=M

A predicate P is satisfiable if there is a
model M and a : X — M such that [P,a] =
true

All these definitions are motivated by com-
mon knowledge of the usual notions of V and
3
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Proposition logic can be seen as a special case
of predicate logic in which

e there are no variables,
e there are no function symbols, and

e all relation symbols (corresponding to
propositional variables) have arity 0

Predicate logic can be expressed in SMT, but
tools like yices are very weak in quantifica-
tion, e.g.

(benchmark test.smt

rextrapreds ((P Int))

rextrafuns ((a Int))

:formula

(and

(forall (?x Int) (P 7x))

(forall (7x Int) (not (P 7x)))

))

yields unknown
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Semantic Tableaux

This is a technique to prove unsatisfiability of
a proposition or a predicate by building a tree



in which every node represents case analysis

and in which every branch contains a contra- 190
diction, being a combination of > and =P for We keep the heuristics of postponing case anal-
some P . .
ysis, as obtained by
For
e PVQ
e PA
@ e P—(Q
e PV
Q o P «— Q
o P—
e P (Q
[ ] —|(P d Q)
[ —|—|P
P For universal instantiation arbitrary terms may
* ~(PAQ) be chosen, note that this usually allows in-
e <(PVQ) finitely many correct possible steps
« (P = Q) It is unclear which one to choose
We apply the heuristic to postpone this as
e ~(P=Q) long as possible
we keep the same rules as we had before
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189 In the boring lecture example we instantiate
e add new niles: 3a(S(e) A Vy(L(y) = A1)
e Universal instantiation: by a and
below Vz(A) the new predicate A[x := t] Az(L(z) A B(w))
may be added for every term ¢ by b, resulting in
e Existential instantiation: S(a) ANVy(L(y) — Ala,y))
below Jz(A) the new predicate Alz := 3
a] may be added for a fresh constant a L(b) A B(b)

‘Fresh’ means that it does not occur some-

where else; the fresh constant a is called By instantiating both vy(L(y) — A(a,y)) and

witness Va((L(z) A B(x)) — =3y(S(y) A Ay, 2)))
e DeMorgan rules: by b, and next instantiate
— below —(Vz(A)) the new predicate Vy(=(S(y) A Ay, b))

Jz(-A) may be added by a all branches will be closed

— below —(3z(A)) the new predicate
Va(—A) may be added 192




In case of occurrence of function symbols there
are infinitely many terms given unbounded
choice for universal instantiation

This makes this method hard to implement

Now we will extend the resolution method
to be applicable for predicates

As before resolution is only defined for con-
junctive normal forms (CNF), where

e a CNF is a conjunction of clauses,
e a clause is a disjunction of literals, and

e aliteral is an atomic formula or its nega-
tion

Here an atomic formula is an expression of
the shape P(t1,...,t,) where P is a relation
symbol of arity n and t1,...,t, are terms

A clause will be interpreted as being univer-
sally quantified over all occurring variables
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As before the only thing to be done by reso-
lution is proving that a CNF is unsatisfiable
by deriving the empty clause

As before this will be extended to arbitrary
formulas by giving a transformation from an
arbitrary formula to CNF

Due to terms and variables occurring in atomic
formulas and implicit universal quantification
of clauses the resolution rule

PVV, -PVW

Vvw

will be slightly more complicated now
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Example:

A special case of the clause

P(f(x),y) VvV Q(x,y)

is P(f(x),9(y)) Vv Q(x,g(y))

A special case of the clause

—P(z,9(y)) V R(z,y)
is ~P(f(x),9(y)) vV R(f(x),y)

On both ‘special cases’ now resolution yields
the new clause Q(z,g(y)) V R(f(x),y)

Now we want to see
P(f(x),y) vV Q(,y), ~P(z,g(y))V R(z,y)
Qz,9(y)) vV R(f(z),y)

as a valid resolution step
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A substitution is a map from variables to
terms

A substitution ¢ can be extended to arbi-
trary terms and atomic formulas by induc-
tively defining:

xo = o(x)

for every variable x and

F(t1,...,ty)o = F(ti0,...,ty,0)

for every function/relation symbol F'

So to is obtained from ¢ by replacing every
variable z in ¢ by o(z)

For instance, if o(z) = y and o(y) = g(x)
then

P(f(z),y)o = P(f(y),9(z))
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Let X be the set of variables and T(X) the

set of terms, then in this way the given sub-
stitution
o: X ->T(X)

is extended to

o T(X) — T(X)



The latter o is written in postfix notation

If both o and 7 are substitutions we can define
the composition o7:

z(oT) = (zo)T
for all x € X, by which we have

t(or) = (to)T
for all t € T(X)

oT means: first apply o, then 7

Here we do not have the usual confusion of
composition in prefix notation, where f o g
means: first apply g, then f
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For a clause V. = PV P,V ---
substitution o we write

V P, and a

Vo=PioV PyoV---V P,o

For every substitution o we want to consider
the clause Vo as a special case of the clause

V

Now the general version of the resolution
rule for predicates reads:

PVV, -QVW

Vov Wt

for all substitutions o, 7 satisfying

Po=Qr
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In order to be able to use this rule we need an
algorithm to determine whether substitutions
o, T exist such that Po = Q7 for given atomic
formulas P and @, and if so, to find them

This is called unification

Examples:

e P(f(z),y) and P(z,g(y)) unify by choos-

ing
o(x) =z,0(y) = g(y),
T(x) = f(z),7(y) =y

e P(f(z),y) and Q(x,¢(y)) do not unify

e P(f(x), f(y)) and P(z, g(y)) do not unify

e P(f(x),z) and P(x,z) do not unify
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For unification there is no principal difference
between terms and atomic formulas, neither
between function symbols and relation sym-
bols

Moreover by renaming of variables we can force
that P and @ have no variables in common

Then the behavior of the two substitutions
o, T can be expressed by one single substitu-
tion

Now the general unification problem reads:

Given two terms P and @, is there
a substitution o such that Po =

Qo?
If so, find it

The resulting substitution o is called a uni-
fier
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Simple observation:

If o is a unifier for (P, Q) and 7 is an arbitrary
substitution, then o7 is a unifier too for (P, Q)

Definition:

A unifier og is called a most general uni-
fier (mgu) for (P,Q) if for every unifier o



for (P,Q) a substitution 7 exists such that
o =o00T

If both og and o7 are an mgu for (P, Q), then
by definition 7y, 71 exist such that

01 = 0070 and o) —=01T1
From this property one can conclude that og

and o) are equal up to renaming, hence an
mgu is unique up to renaming
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Hence we will speak about the mgu rather
than an mgu

We will give an algorithm with two terms as
input, and as output:

e whether the terms unify or not, and
e the mgu in case they unify

The existence of an mgu in case two terms
unify is a consequence of this property of the
algorithm
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Write v(t) for the test whether ¢ is a variable

Write in(z, t) for the test whether the variable
x occurs in t, this is called occur check

The unification algorithm has the following
invariant:

do(Po = Qo) = Jo(¥(t,u) € S(toc = uo))

A (Jo(Po = Qo) — un)
where P, () are the original terms to be unified
If S = 0 then it follows that P and @ unify

If —un then it follows that P and @) do not
unify
Inspired by the invariant and these observa-

tions we arrive at the following unification al-
gorithm:
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S:={(PQ)}
un = true;

while (un A S #0) do {
choose (t,u) € S;
5= S\ {{t,uw)};
if t# u then
if v(t) Ain(t,u) then wun := false

else if v(t) A =(in(t,u)) then

S =St := ul
v(u) Ain(u,t) then
un := false

else if
else if v(u) A =(in(u,t)) then
S = S[u :=t]

elseif t = f(ty,...,th)Au= f(uq,...
then

 Un)

S = SU{(tr,u1),..., (tn,un)}

elseif t=f(--)Au=g(--)ANf#g
then
un = false
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Basic idea of the algorithm:
e S is inspected and decomposed

e un is set to false if a reason is found
that there is no unification, then the al-
gorithm stops

e if such a reason is not found and the list
S of unification requirements is empty,
then there is a unifier

This unification algorithm always terminates,
since in every step either

e the total number of variables occurring
in S strictly decreases, or

e the total number of variables occurring
in S remains the same and the total size
of S decreases



Here total size of {(t1,u1),..., (tn,un)} is de-

fined to be .
Z(\tz‘\ + |ui)
i=1

where |t| is the size of the term ¢
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After termination the following holds:

e un = false and P and @ are not unifi-
able, or

e un = true and P and () are unifiable

If P and @ are unifiable, what about the
unifier?

We extend the program by building up the
unifier in a variable mgu

As only steps are done that are really forced,
the resulting unifier mgu will be a most gen-
eral unifier of P and @Q

We write id for the substitution mapping ev-
ery variable on itself

For a variable x and a term P we write
[x := P] for the substitution mapping x on P
and every other variable on itself

This notation will be used for pairs of terms
and sets of pairs of terms, meaning that the
substitution is applied to every occurring term

un := false
else if v(u) A =(in(u,t)) then
{8 :=Su:=t];
mgu := mgulu := t|}

elseif t = f(tq,...
then

atn)/\u = f(ub s 7un)
S:=5U {(tl,ul), ce (tn,un)}

elseif t=f(-)ANu=g(--)ANf#g
then

un := false
}
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Example:
Unify P(f(z),y) and P(z,g(w))
Start:

S ={(P(f(x),y), P(z,g9(w)))}, mgu = id
After 1 step:

S ={(f(2),2), (y,9(w)))}, mgu = id
After 2 steps:

S ={(y,g(w))}, mgu = [z :
After 3 steps:

S =0,mgu = [z := f(2)][y := g(w)]

So the resulting most general unifier o is given

by

f(@)]

xo =z, yo = g(w), zo = f(x), wo = w,
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S:={(PQ)};

un = true;
mgu = id;
while (un A S #0) do {
choose (t,u) € S,
S:=S\{{t,u)};
if t# u then
if v(t) Nin(t,u) then wun := false
else if v(t) A =(in(t,u)) then
{S :=8S[t :=ul;
mgu := mgu[t := u]}
else if v(u) Ain(u,t) then
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Example:

Unify P(f(x), ) and P(y,g(y))
Start:

S =A{(P(f(z),2), P(y,9(y)))}, mgu = id
After 1 step:

S ={(f(=),y), (x,9(y)))}, mgu = id
After 2 steps:

S ={(z,9(f(2)))}, mgu = [y :

After 3 steps:
x occurs in g(f(x)), hence no unification

f(@)]
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Remarks:

e If two terms unify, then they have an
mgu which is unique up to renaming of
variables

e Occur check can be expensive: search
for a particular variable in a big term

e There are optimizations of this unifica-
tion algorithm that are linear

e The unifier can have a size that is ex-
ponential in the size of the terms to be
unified

e Efficient algorithms use DAG represen-
tation for terms
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Example:
Unification of
P(xq, f(x2,22), 22, (23, 23),3)

and

P(f(y1,y1),y1, f(y2,92), y2, f(y3,93))

yields an mgu ¢ in which zj0 is a term con-
taining 32 copies of the same variable and 31
f-symbols
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Back to resolution

PVV, -QVW

Vov Wt

for substitutions o, 7 satisfying

Po=Qr

Here we can rename variables by which PV V
and —@Q) V W have no variables in common

Now we restrict this general version of resolu-
tion:

instead of allowing the rule for all
(infinitely many) unifiers of P and
@ we only allow the mgu

So the resolution step can be described as fol-
lows:
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e Take two (possibly equal) non-empty
clauses

e Rename variables such that they do not
have variables in common

e Choose a positive literal P in one of the
clauses and a negative literal Q) in the
other

e Unify P and @

e if they do not unify a corresponding res-
olution step is not possible

e if they unify then the clause
(VVW)o
can be concluded, where

— PV V is the one clause,
— =@ vV W is the other clause,

— o is the most general unifier of P

and @
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As a consequence, given a CNF, there are only
finitely many possibilities of doing a resolu-
tion step, and these are computable



Theorem
(completeness of resolution)

A predicate in CNF is equivalent to false if
and only if there is a sequence of resolution
steps ending in the empty clause

Theorem
(undecidability of predicate logic)

No algorithm exists that can establish in all
cases whether a given predicate in CNF is
equivalent to false
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These two theorems look contradictory, but
they are not:

After extensive but unsuccessful search
for a resolution sequence ending

in the empty clause by only us-

ing completeness you are not able

to conclude that such a resolution
sequence does not exist

(compare to halting problem)

We do not prove these important theorems
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Examples of resolution sequences:

L Pz, f(y) V=P(x,y)
2 Pz, f(f(y))
3 P(a,g(y))
4 Pla, f(9(y))) (1,3)
5 P(a, f(f(g()))) (1,4)
1 (2,5)
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—P(z, f(y)) (1,2)
—P(z,y) (1,4)
1 (3,5)

In searching for such a resolution proof there
is a lot of choice

This choice is more restricted if every clause
contains at most one positive literal, making
search for resolution much simpler
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A Horn clause is a clause containing at most
one positive literal

Usually a Horn clause C'V -CyV ---V =C), is
written as
C—0C,...,Ch
or as
C - C4h,...,Cy.

The positive literal C' is called the head
A clause without a head is called a goal

A clause consisting only of a head is called a
fact, it is written as C. instead of C :- .

A Prolog program is a set of Horn clauses
in this notation

Prolog is a standard programming language
in artificial intelligence
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Example:

arrow(a,b).

arrow(a,c).

arrow(b,c).

arrow(c,d) .

path(X,Y) :- arrow(X,Y).

path(X,Y) :- arrow(X,Z),path(Z,Y).



The first four clauses define a directed graph
on four nodes

By the last two clauses the notion of a path
in a graph is defined

If we wonder whether a path exists from a to
d, then we add the goal

:- path(a,d)
being the clause —path(a,d)

Systematical depth first search for a resolu-
tion proof starting from the goal yields:

path(z,
path(z,y
—path(a, d)

) V —arrow(zx,y)
) V —arrow(zx, z) V —path(z, y)

EN B S SO SUR OR
o
R
H
o
=
o
QU
~—

(5,7) no result
—arrow(a, z) V —path(z,d) (6
9 -—path(b,d) (1
(5,9) no result
10 —arrow(b, z) V —path(z,d)
11 -—path(c,d)
12 —arrow(c,d)
1

0g)

7
8)
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This kind of search for a resolution proof is
called SLD-resolution

The found resolution sequence ending in L is
called a refutation

In the example it was proved automatically
that a path from a to d exists, while the input
is nothing more than

e the definition of a graph
e the definition of the notion ‘path’

e the question: ‘is there a path from a to
dr

221

This mechanism also applies for goals contain-
ing variables

For instance, the goal : - path(a,X) will yield
a refutation, but the goal :- path(d,X) will
not

This is quite subtle: sometimes search can go
on for ever

Prolog is a declarative programming lan-
guage, it is a kind of logic programming

In many Prolog implementations occur check
is omitted for efficiency reasons, by which
p(X,X).
- pX,£(X)).
yielding the CNF p(X, X)A—p(X, f(X)) gives
rise to an infinite computation
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Back to general predicates - - -

Now we shall see how a general predicate can
be transformed to CNF maintaining satisfia-
bility

This transformation consists from:

e prenex normal form: shift all quan-
tifiers V and 3 to the front and write the
body as a CNF

e Skolemization: removal of 3 by intro-
ducing fresh function symbols
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Prenex normal form
Starting from an arbitrary predicate we apply
the following steps:
e Remove < by applying
A~ B=(A—B)AN(B— A)



e Remove — by applying In order to reach the desired CNF format with
implicit universal quantification it remains to

A—B=(-A)VB eliminate the 3-symbols

This is done by Skolemization, i.e., replace
e Remove negations of non-atomic formu-

las by repetitively applying Ty (ye)

by
- =(AANB)=(-A)vVvV(=B) . (o flzr,. . ) )
— ~(AVB) = (A A (B) where f is a fresh function symbol and x4, ..., z,
- (n4) =4 are the universally quantified variables left from
— =(Vz(A)) = Jz(—-A) Yy
— =(3x(A)) = Vx(—A)
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Example
224

Skolemization applied to
The formula obtained so far is composed
from V, A, 3,V and literals Ve IyvurvIw(A(z, y, 2, u, v, w)

) ) ~ yields
e Rename variables until over every vari-

able there is at most one quantification VaVuYo(A(z, f(2), ¢, u, v, g(z,u,v))

. . By Skolemization satisfiability is maintained:
e Assuming non-empty domain now all quan-

tors may be put at the front, for exam- Deriving a contradiction from Va(A(z, f(z)))

ple without any knowledge of f coincides with de-
BVVz(A)=Vz(BV A) riving a contradiction from
where x does not occur in B 3V Alz, f(2)))

Now the formula consists of a quantor
free body on which a number of quan- According to the Axiom of Choice we have

tors is applied

. JfVz(A(z, f(z))) = VeIy(A(z,y))
e Transform the body to CNF using

— AV(BAC)=(AVB)AN(AVO)
- (AANB)VC=(AVC)AN(BVO)
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By Skolemization all 3-symbols are removed,
introducing a fresh symbol for every removed
295 EI—Symbol

The result is a CNF for which

The result is a prenex normal form, i.e., a
CNF preceded by a number of quantors, being
equivalent to the original predicate e all variables are implicitly universally quan-

If the result is too big then Tseitin’s transfor- tified, and

mation can be applied



e satisfiability is equivalent to satisfiabil-
ity of the original arbitrary predicate
formula
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The example of the boring lectures
(B (S(z) AVy(L(y) — Az, y)))A
(Va((L(z) A B(z)) — =3y(S(y) A Ay, 2)))A
Jz(L(z) A B(x))
yields the CNF with refutation:
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This claim only holds if we have some basic
rules for +:

+ applied to natural numbers should
yield a natural number after appli-
cation of these basic rules

Here natural number numbers are defined to
be closed terms composed from the constant
0 and the unary symbol s

Hence we need rules by which every closed

1 S(c) term containing the symbol 4+ can be rewrit-
2 =L(y) vV Alc,y) ten to a closed term not containing +
3 —L(z)V-B(z)VS(2) VA(z 2) One way to do so is:
4 L(d)
5 B(d)
6 A(c,d) 2,4) Otz=x
7 —B(d)V-S(z)V-A(z,d) (3,4)
8 —=5(2)V-A(zd) (5,7) s(z) +y =
) ’ y=sx+vy

9 —A(c,d) (1,8) ) ( )

= (6,9)
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Equational reasoning

We will give a minimal description of natural
numbers in which 2 + 2 = 4 makes sense and
can be proved automatically

Natural numbers:

0,5(0),s(s(0)), s(s(s(0))), ...

These are the closed terms composed from the
constant 0 and the unary symbol s

Here a term is called closed if it does not
contain variables

We want to show that

5(s(0)) + s(s(0)) = s(s(s(s(0))))

Here + is a binary operator written in infix
notation

What is the meaning of such rules?

e For variables (here: z,y) arbitrary terms
may be substituted

e These rules may be applied on any sub-
term of a term that has to be rewritten

In case the rules are only allowed to be applied
from left to right we write an arrow — instead
of =

The rules are called rewrite rules
A set of such rewrite rules is called a

term rewrite system (TRS)
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More precisely:



A TRS R is a subset of T' x T, where T is
the set of terms over a given set of function
symbols and variables

An element (¢,7) € R is called a rule and is
usually written as ¢ — r instead of (¢,r)

¢ is called the left hand side and r is called
the right hand side of the rule

The rewrite relation — g is defined to be the
smallest relation —p C T x T satisfying:

e log —pg ro for every £ — r in R and
every substitution o

o if t; —r uj and t; = u; for every i # j,
then f(t1,- .. t) —r flur...,un)
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This last property causes that application of
rules is allowed on subterms

For instance, we have
s(0) 4+ (0 + s(0)) —r s(0) + s(0)
If the TRS R consists of the rules
O+z—z s(x)+y—s(z+y)

then indeed 2 + 2 = 4 holds:

s(s(0)) +5(s(0)) —r s(s(0) +5(s(0))
—_
—r 5(s(0+5(5(0))))
—_———
—r 5(s(s(5(0))))
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A term t is called a normal form if no w
exists satisfying t —p u

Computation

rewrite to normal form

apply rewriting as long as possible

So in our example rewriting to normal form
of the term 2 + 2 represented by (s(s(0)) +

s(s(0))) yields the term 4 represented by s(s(s(s(0))))

A term t is called a normal form of a term
w if ¢ is a normal form and u rewrites to ¢ in
zZero or more steps.
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A rewriting sequence is also called a reduc-
tion; it can be infinite, unfinished, or end in
a normal form

Rewriting to normal form is the basic formal-
ism in several kinds of computation

In particular, it is the underlying formalism
for both semantics and implementation of func-
tional programming, in which the function
definitions are interpreted as rewrite rules
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Example

rev(nil) = nil

rev(a : x) = conc(rev(x),a : nil)
conc(nil,z) = z

conc(a : x,y) = a: conc(z,y)

Here a, x,y are variables, and = corresponds
to — in rewrite rules

Then we have a reduction to normal form
rev(1:2:mil) —
conc(rev(2:nil),1:mil) —
conc(conc(rev(nil),2:nil),1:nil) —
conc(conc(nil,2:nil),1:mil) —
conc(2:nil,1:nil) —
2:conc(nil,1:nil) —
2:1:nil
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Without extra requirements a term can have
no normal form, or more than one normal



form

For instance, with respect to f(z) — f(x) the
term f(a) does not have a normal form

For instance, with respect to f(f(z)) — a the
term f(f(f(a))) has two normal forms a and
f(a)

Now we investigate some nice properties forc-

ing that every term has exactly one normal
form

A TRS is called weakly normalizing (WN)
if every term has at least one normal form
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More nice properties:

e R is terminating (= strongly normal-
izing, SN):

no infinite sequence of terms
t1,t9,ts,...exists such that t; —p
t;+1 for all ¢

e Ris confluent (= Church-Rosser, CR):

if t =% v and t —% v then a
term w exists satisfying u —7%
w and v —{ w

e Rislocally confluent (= weak Church-
Rosser, WCR):

ift g uwand t g v then a
term w exists satisfying u —7
w and v —{ w

Here —7% is the reflexive transitive closure of
—R, i.e., t —} uif and only if £ can be rewrit-
ten to u in zero or more steps
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Property
If a TRS is terminating, then every term
has at least one normal form

Proof: rewriting as long as possible does not
go on forever due to termination
So it ends in a normal form

The converse is not true: the TRS over the
two constants a, b consisting of the two rules
a — a and a — b is weakly normalizing since
the two terms a and b both have b as a normal
form, but it is not terminating due to

a—a—a—a—- -
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Property
If a TRS is confluent, then every term has
at most one normal form

Proof: Assume t has two normal forms u, v’
Then by confluence there is a v such that
* / *

u—pvand u —fv
Since u,u’ are normal forms we have u =

v=u1
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Termination of term rewriting is undecidable,
i.e., there is no algorithm that can decide for
every finite TRS whether it is terminating

This can be proved by transforming an ar-
bitrary Turing machine to a TRS and prove
that the TRS is terminating if and only the
Turing machine is halting from every initial
configuration

A Turing machine (@, S, d) consists of
e a finite set ) of machine states

e a finite set S of tape symbols, including
O € S representing the blank symbol

e the transition function § : Q x .S — @ x
S x {L,R}

Here 6(q,s) = (¢, s', L) means that if the
machine is in state ¢ and reads s, this s is
replaced by s’, the machine shifts to the left,
and the new machine state is ¢



Similar for d(q,s) = (¢/,s', R): then the
machine shifts to the right
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This Turing machine behaviour can be sim-
ulated by a TRS: for a Turing machine M =
(@, S,06) we define a TRS R(M) over QU S U
{b} where

e symbols from ) are binary
e symbols from S are unary

e b is a constant representing an infinite
sequence of blank symbols

The configuration with tape

..000s’

mslm_l s 8/18182 - 8p—18,000- - -

in which the Turing machine is in state ¢ and
reads symbol s; is represented by the term

q(s1(5( -~ (57(0)) ), s1(s2(- -~ (50 (D)) -+ )
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For the Turing machine M = (Q, S, ) the
TRS R(M) is defined to consist of the rules

q(z,5(y)) — ¢'(s'(x),y)

for all (¢,s) € @ x S with d(¢,s) = (¢, ', R),
and

q(t(z), s(y)) — ¢'(z,t(s'(y)))

for all (¢,s) € Q x S with §(q,s) = (¢, s, L),
forall t € S

and some extra rules representing b to consist
of blank symbols

Theorem
M halts on every configuration if and only
if R(M) is terminating

Consequence: TRS termination is undecid-

able
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Although termination is undecidable, in
many special cases termination of a TRS can
be proved

General technique:

Find a weight function W from
terms to natural numbers in such
a way that W(u) > W(v) for all
terms u, v satisfying u —pg v

If such a function W exists then R is terminat-
ing since an infinite rewriting sequence would
give rise to an infinite decreasing sequence of
natural numbers which does not exist
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In our example
+(0,2) =z

+(s(2),y) — s(+(x,y))

we find such a weight function W by defining
inductively

W(0)=1

Wi(s(t)) =WI(t)+1

W(t+u) =2W(t) + W(u)
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The general idea of weight functions is too
general:

It allows arbitrary definitions of weight func-
tions, and we have to prove that W (t) > W (u)
for all rewrite steps t —pr u, while typically
there are infinitely many of them

Now we work out a special case of this idea of
weight functions in such a way that for finding
a termination proof we only have to

e choose interpretations for the (finitely
many) operation symbols rather than for
all terms, and



e check W (¢) > W (r) for the (finitely many)Then R is terminating

rules ¢ — r rather than for all rewrite
steps
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For every symbol f of arity n choose a mono-
tonic function [f]: N" — N

Here monotonic means:

if for all a;,b; € Nfori=1,...,n
with a; > b; for some ¢ and a; = b;
for all j # i then

[fla1,...,an) > [f](b1,...,bp)
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Examples

AT - T

Ax-x+1

Ax - 2x

AT,y -x+yY

A, y-x+y+1

Ax,y-2x+y
are monotonic

AL -2
AL, Y- x
are not monotonic
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For a map a : X — N the weight function
[,a] : T — N is defined inductively by

[z,a] = a(z),
[f(th oo 7tn)7a] = [f]([tlaa]v SRR [tma])

Theorem
Let R be a TRS and let [f] be chosen such
that

e [f] is monotonic for every symbol f, and

o [{,a] > [r,a] for every o : X — N and
every rule £ — r in R
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Example

For our TRS R consisting of the rules

+(0,2) =z 4 (s(2),y) = s(+(z,9))

we choose monotonic functions
0)=1, [sj(x)=2+1
[+H(@,y) =22 +y
Now indeed for every o : X — N we have
[+(0,2),a] =24 a(z) > a(z) = [z, a]
and
[+(s(x), ), a] = 2(a(z) +1) + aly) >

(2a(z) + a(y)) + 1 = [s(+(2,9)), o]

proving termination
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Example

For the TRS R consisting of the single rule

flg(x)) — g(g(f()))
we choose monotonic functions
[f](z) = 3z
l9)(x) = = +1

Now indeed for every o : X — N we have

[f(9(x)), a] = 3(a(x) + 1) >
3a(z) + 141 = [g(g(f(x))), al

proving termination
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Example

The single rule f(z) — g(f(z)) is not termi-
nating, but by choosing

[fl(z)=2z+1, [g](z)=0
for every a: X — N we have

[f (), 0] = a(z) +1> 0 = [g(f(z)),q]

Where is the error?
[g] is not monotonic

So monotonicity is essential
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Another technique: lexicographic path
order

Choose an order > on the set of function
symbols

Theorem
If £ >y v for all £ — r in R, then R is
terminating

Before this makes sense we have to define
/ characterize >,

F(t,. ..

tn) >ipo U =

o di:t;,=uVt; >ipo U, OT

o u=g(uy,...,upy) and
Vi f(t1,...,tn) >ipo u; and either
- f > g, or
— f=gand
(tl, ... ,tn) >%§§ (’LL1, ... ,um)
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Lemma
If s is a proper subterm of ¢, then ¢ >§;§ s

Easily follows from first bullet

Example

For the rule
+(0,2) — x
we have +(0, ) >, « by this lemma
For the rule
(s(2),y) = s(+(z,))

we choose + > s, then by the second item it
remains to prove

+(S(£L’), y) >lpo +(:C> y)

Again using the second item we have to
prove
o +(s(x),y) >ipo x, follows from lemma

o +(s(x),y) >po v, follows from lemma

o (s(x),y) >f§§ (z,y), follows from s(x) >0
x
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Hence ¢ >y, r for all rules £ — r, proving
termination

Checking termination by lexicographic path
order is easy to implement; do not choose > in
advance but collect requirements on > during
the process of proving ¢ >, r

Several more techniques for proving termina-
tion have been developed

Several tools have been developed by which
termination of a TRS can be proved fully au-
tomatically: AProVE, TTT2
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Back to the other properties

Confluence is strictly stronger than local con-
fluence:

a—b b—a, a—c, b—od

is locally confluent:



if t —p v and t — R v then either

e t = a, then choose w = ¢, or
e t = b, then choose w = d

In both cases we conclude v —75 w
and v = w

but not confluent:

for t = a,u = ¢,v = d we have
t —% uand t —7% v, but no w ex-
ists satisfying u —% w and v —%
w
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Newman’s lemma (1942):

Theorem

For terminating TRSs the properties con-
fluence and local confluence are equivalent

For the proof of Newman’s lemma we will use
the principle of well-founded induction

Note that SN(—), CR(—) and WCR(—) all
can be defined for arbitrary binary relations
—, in which general setting we will prove New-
man’s lemma

So SN(—) simply means the non-existence of
an infinite sequence t; — tg — t3 — - - -

We write —7T for the transitive closure of —:
one or more steps
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Principle of well-founded induction
Theorem
Let SN(—) and
Vt(Vu(t —T u = P(u)) = P(t))

Induction Hypothesis
Then P(t) holds for all ¢

(think of t —* u as t > wu as in well-known
induction)

Proof of this principle

Assume there exists ¢ such that —P(t)

Then the induction hypothesis does not hold
for this ¢, so -Vu(t -1 u = P(u)), yielding
u such that ¢ =% w and =P (u)

Repeat the argument for u, yielding a v, and
so on, so yielding an infinite sequence

+ + + ...

t—"u—"v—

contradicting SN(—) (End of proof)
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Proof of Newman’s Lemma

Assume SN(—) and WCR(—), we have to
prove CR(—)

So assume t —* v and t —* v; we have to find
w such that v —* w and v —=* w

We apply the principle of well-founded induc-
tion

If t = u we may choose w = v
if t = v we may choose w = u

In the remaining case we have t —* u and
t—To

Write t - w1 »* v and t — vy =% v
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Using WCR there exists w; such that u; —*
wi and v —* wy

Using the induction hypothesis on u; there
exists wg such that wy —* we and u —™* wo

Now we have v; —* wo and v —* v; using
the induction hypothesis on vy there exists w
such that wy —* w and v —* w

t — u —F u
I WCR [« IH [
(% —* w1 —* w9
b IH Lx
v —* w

Since u —* wy we have u —* w, and we are
done
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Both confluence and local confluence are un-
decidable properties

However, for terminating TRSs there is a sim-
ple decision procedure for local confluence,
and hence for confluence too

Idea:

analyze overlapping patterns in left
hand sides of the rules, yielding
critical pairs

In our example for addition of natural num-
bers there is no overlap, hence it is locally
confluent

Since we observed it is terminating, by New-
man’s lemma it is confluent
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Definition of critical pairs

Let ¢4 — 71 and o — r9 be two (possibly
equal) rewrite rules

Rename variables such that ¢, 5 have no vari-
ables in common

Let t be a subterm of {5, possibly equal to {s;
t is not a variable

Assume t, £1 unify, with mgu o: to = f10
Now /20 can be rewritten in two ways:

e to o0, and

e to a term u obtained by replacing its

subterm to = {10 to rio

In the above situation the pair [u, roo] is called
a critical pair
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Example

Assume we have rules for arithmetic including

— 0

s(x —y)

r—2x
s(z) -y —

Then s(z)—s(x) can be rewritten in two ways:
e to 0 by the first rule
e to s(z — s(z)) by the second rule

Now [0, s(x — s(x))] is a critical pair

More precisely, in the above notation we choose
e /1 —>ritobetherule z— 2z —0
e (5 — 19 to betherule s(z)—y — s(z—y)
o t=Vy=35(x)—y

Indeed ¢, ¢1 unify, with mgu o:
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Example

Let R consist of the single rule
f(f(2)) = g(z)

By choosing
e (1 — 11 to be the rule f(f(z)) — g()
o (3 — 1y to be the rule f(f(y)) — g(y)
o t=f(y)

we see that ¢, ¢; unify, with mgu o:

yielding the critical pair [f(g(z)), g(f(x))]

A critical pair [t,u] is said to converge if
there is a term v such that t —% vandu —3 v
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Theorem



A TRS R is locally confluent if and only
if all critical pairs converge

Example

The single rewrite rule f(f(z)) — g(x) is not
locally confluent, so neither confluent, since
for its critical pair [f(g(x)), g(f(x))] no term
v exists such that

flg(x)) =g v and g(f(z)) —Rv

This is immediate from the observation that
both f(g(z)) and g(f(z)) are normal forms
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For a term ¢t and a TRS R define

S(t) ={v[t—=gv}

If R is finite and terminating then S(¢) is finite
and computable

Using the theorem, for a finite terminating
TRS R indeed we have an algorithm to decide
whether WCR(R) holds:

e Compute all critical pairs [t, u]

They are found by unification of left hand
sides with subterms of left hand sides:
there are finitely many of them

e For all critical pairs [t,u] compute

S(t)NS(u)

e If one of these sets is empty then WCR(R)

does not hold

e If all of these sets are non-empty then
WCR(R) holds
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A TRS is said to have no overlap if there
are only trivial critical pairs, i.e., the critical

pairs obtained by unifying a left hand side
with itself

A trivial critical pair always converges since
it is of the shape [t, t]

As a consequence, every TRS having no over-
lap is locally confluent

It is not the case that every TRS having no
overlap is confluent:

has no overlap but is not confluent:
c(a) —r d(a,c(a)) =g d(c(a), c(a)) —r b

c(a) =g c(c(a)) —F c(b)

while [b, ¢(b)] does not converge
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Write <7 for the reflexive symmetric tran-
sitive closure of —g, i.e., t <>} u holds if and
only if terms t1,...,t, exist for n > 1 such

that
o i1 =1t
o i, =1u
e For every i = 1,...,n — 1 either t; —pg

ti+1 or ti+1 —R ti holds

A general question is: given R,t,u, does t <7}
u hold?

This is called the word problem
In general the word problem is undecidable

However, in case R is terminating and conflu-
ent then the word problem is decidable and
admits a simple algorithm
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A terminating and confluent TRS is called
complete



Now we give a decision procedure for the word
problem for complete TRSs

Rewriting a term ¢ in a terminating TRS as
long as possible will always end in a normal
form; the result is called a normal form of ¢

Theorem

If R is a complete TRS and ', are nor-
mal forms of ¢,u, then ¢t <% u if and only if
t' =
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For the proof we need a lemma that is easily
proved by induction on the length of the path
corresponding to t <7, u:

Lemma:

If R is confluent and ¢ <} u then
a term v exists such that t —% v
and u —5 v

Proof of the theorem:

If ¢ =« then t —% t' = v/ <7 u, hence
t=pu

Conversely assume t <} u

Then t' 7}, t <5 u —7 v/, hence ' <7, v/

According the lemma a term v exists such that
t' = vand v —jHv

Since t', 4/ are normal forms we have

t'=v=1 End of proof
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The relation <7 is an equivalence relation,
and in a complete TRS the normal form is
a unique representation for the corresponding
equivalence class

According to the theorem there is a very sim-
ple decision procedure for the word problem
for complete TRSs:

In order to decide whether ¢ <% u, rewrite

e { to a normal form t, en

e u to a normal form v/,

Then ¢ 7%, u if and only if ¢/ =/
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Example:
R consists of the rule s(s(s(x))) — =
Does s'7(0) <% s'9(0) hold?

We can establish fully automatically that this
is not:

e check that R is terminating
e check that R is locally confluent

e compute the normal form s(s(0)) of s17(0)

e compute the normal form s(0) of s1°(0)

e these are different, hence the answer is
No
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Often a TRS R is not complete, but a com-
plete TRS R’ satisfying

can be found in a systematic way
Finding such a complete TRS is called
(Knuth-Bendix) completion

The new complete TRS can be used for the
word problem and unique representation of
the original TRS

Often the original TRS is only a set of equa-
tions
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Idea of Knuth-Bendix completion

Fix a well-founded order > on terms, i.e.,
SN(>), that has some closedness properties:

e if t > u then to > uo for every substi-
tution o

o ift >wuthen f(...,¢,...)> f(-..,u,...)
for every symbol f and every position
for ¢

Such an order is called a reduction order,
and has the property:
If ¢ > r for every rule £ — r in R,

then SN(R)

A typical example of a reduction order is a
lexicographic path order
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Starting with a set F of equations and an
empty set R of rewrite rules, repeat the fol-
lowing until E is empty:

Remove an equation ¢t = u from E, and

eaddt—utoRift>u
e addu —tto Rifu>t

e give up otherwise

After adding any new rule £ — r to R com-
pute all critical pairs between this new rule
and existing rules of R, or between the new
rule and itself

For every such critical pair [t, u]

e R-rewrite ¢ to normal form ¢’

e R-rewrite u to normal form '

o ift/ # 4/, then add ¢ = v’ as an equation
to the set &
276

What can happen in this Knuth-Bendix pro-
cedure?

e it fails due to an equation ¢t = u in E for
which neither ¢ > w nor u > ¢ holds

e it fails since the procedure goes on for-
ever: F gets larger and is never empty

e it ends with £ being empty
In the last case we really have success: then

e R is terminating since it only contains
rule £ — r satisfying £ > r

e R is locally confluent since all critical
pairs converge, so R is complete

e Convertibility <7 of the resulting R is
equivalent to convertibility of the origi-
nal F since in the whole procedure <% 5
remains invariant
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Example:

Let E consist of the single equation
f(f(@)) = g(x)

Choose the lexicographic path order defined
by f>g
Since

f(f () >1po 9()

we add the rule f(f(x)) — g(x) to the empty
TRS R

Now the critical pair [f(g(z)),
rise to the new equation f(g(z)
E

g9(f(x))] gives
) =9g(f(z)) in
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Since

F(9(x)) >1po 9(f(2))

we add the rule f(g(x)) — g(f(z)) to the TRS
R



()

Together with the older rule f(f(x)) — g¢
)]

we get the critical pair [f(g(f(x))), g(g(x

Since g(g(x)) is a normal form and

Fg(f (@) —=r 9(f(f(2))) —r g(9(2))

no new equation is added to F, and E is
empty

So we end up in the complete TRS R consist-
ing of the two rules

f(f(@) = g(x), [fl9(x)) — g(f(z))

having the same convertibility relation as the
original equation f(f(z)) = g(x)
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Example:

For decision trees we consider the set E of
equations

plz,z) = x
p(q(z,y),q(z,w)) = q(p(z,2),p(y,w))
p(p( ),Z) = p($,2)
p(w,p(y,Z)) = p(z,2)

where p, ¢ runs over all boolean variables

It can be proved that two decision trees rep-
resent the same boolean function if and only
they are equivalent with respect to <%

As a TRS F is not terminating and not con-
fluent

Choose any order > on the boolean variables

Completion yields the TRS R consisting of
the rules
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p(r,z) — =x for all p
p(p(z,y),2) — plz,2) for all p
p(z, p(?/, z)) — p(x,2) for all p
P(Q( ) Z) — q(p(:c, Z),p(y, Z)) for p > ¢q
p(z, q(y') z)) — q(p(z,y),p(x,2)) forp>q

Now rewriting to normal form in R yields the
unique representation as an ordered decision
tree; unicity is a consequence of completeness
of R/

Storing by sharing common subterms yields
the ROBDD

Arbitrary formulas are easily transformed to

(unordered) BDDs representing the same boolean

function; R-rewriting now yields an alterna-
tive method for computing ROBDDs

Unfortunately this is not very efficient
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Overview of the course

e Proposition logic

SAT by semantic tableaux

SAT by resolution: DP and DPLL
and backjump

Tseitin transformation
(RO)BDDs

Extension to SMT, pseudo-boolean
constraints

e Predicate logic

Semantic tableaux

Resolution, unification

Prenex normal form, Skolemization

Prolog

Equational reasoning by term rewriting
— termination by monotonic interpre-
tation or lexicographic path order

— (local) confluence by critical pair
analysis

— Knuth-Bendix completion



