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1.1

Relations

Binary relations

A (binary) relation R from set U to set V is a subset of the cartesian product
UxV . If (u,v)eR, we say that u is in relation R to v. We usually denote this by
uRv. Set U is called the domain of the relation and V' its range (or: codomain).

ItU

1.1 Exa
(a)

(b)

=V we call R an (endo)relation on U .

mples.

“Is the mother of” is a relation from the set of all women to the set of all people.
It consists of all pairs (personl,person2) where personl is the mother of
person2. Of course, this relation also is an (endo)relation on the set of people.

“There is a train connection between” is a relation on the set of cities in the
Netherlands.

The equality relation “=" is a relation on every set. This relation is often

denoted by I (and also called the “identity” relation). Because, however, every
set has its “own” identity relation we sometimes use subscription to distinguish
all these different identity relations. That is, for every set U we define Iy by:

Iy = { (u,u) |ueU} .

Whenever no confusion is possible and it is clear which set is intended, we drop
the subscript and write just I instead of Iy, and in ordinary mathematical
language we use “="7", as always. So, for any set U and for all uw,veU, we
have: ulv & u=v.

Integer n divides integer m , notation n|m, if there is an integer ¢€Z such that
gxn=m. Divides | is the relation on Z that consists of all pairs (n,m) € Z X Z
with (3q:q€Z:gxn=m).

“Less than” ( <) and “greater than” ( > ) are relations on R, and on Q, Z, and
N as well, and so are “at most” ( <) and “at least” (> ).

The set {(a,p), (b,p), (b,q), (¢,q)} is a relation from {a,b,c} to {p,q}.
The set {(z,y) € R? |y =22} is a relation on R.

Let © be a set, then “is a subset of” ( C ) is a relation on the set of all subsets
of Q2.

Besides binary relations we can also consider n-ary relations for any n>0. An n-ary

relat

ion on sets Up, -+ ,U,_1 is a subset of the cartesian product Uy X --- X U, _1 .

Unless stated otherwise, in this text relations are binary.

Let R be arelation from set U to set V. Then for each element ©weU we define

[u], as a subset of V', as follows:



1.2

1.3

[u]p = {veV |uRv} .

(Sometimes [u]j is also denoted by R(w).) This set is called the ( R-)image of w.
Similarly, for veV a subset of U called g[v] is defined by:

r[v] = {uelU |uRv} ,
which is called the ( R-)pre-image of v.

Definition. If R is a relation from finite set U to finite set V', then R can be
represented by means of a so-called adjacency matriz; sometimes this is convenient
because it allows computations with (finite) relations to be carried out in terms of
matrix calculations. We will see examples of this later.

With m for the size —the number of elements— of U and with n for the size
of V', sets U and V can be represented by finite sequences, by numbering their
elements. That is, we assume U = {uy,- - ,u,, } and we assume V = {vy, -+, v, }.
The adjacency matrix of relation R then is an m xn matrix Ag, say, the elements
of which are 0 or 1 only, and defined by, for all 7,j:1<i<m A 1<j<n:

Arli,jl=1 & w Rv;

Here Ag[i,j] denotes the element of matrix Ag at row ¢ and column j. Note that
this definition is equivalent to stating that Ag[7,j] = 0 if and only if —(u; Rv;) , for
all 7,j. Actually, adjacency matrices are boolean matrices in which, for the sake of
conciseness, true is encoded as 1 and false as 0; thus, we might as well state that:
AR[i,j] 4 uiRvj.

O

Notice that this representation is not unique: the elements of finite sets can be as-
signed numbers in very many ways, and the distribution of 0’s and 1’s over the
matrix depends crucially on how the elements of the two sets are numbered. For
instance, if U has m elements it can be represented by m! different sequences of
length m ; thus, a relation between sets of sizes m and n admits as many as m! * n!
(potentially different) adjacency matrices for its representation. Not surprisingly, if
U=V itis good practice to use one and the same element numbering for the two U’s
(in UxU). If 1<i<m then the set [u;], is represented by the row with index i in
the adjacency matrix, that is:

[uilg = {v; [1<j<n A Agli,j]=1}
Similarly, for 1<j<n we have:

rlvj] = {w; | 1<i<m A Agli,jl=1}
Examples.

(a) An adjacency matrix for the relation {(a,p), (b,p), (b,q), (¢,q)} from {a,b,c}
to {p,q} is:



e R e
_ = O

(b) Another adjacency matrix for the same relation and the same sets is obtained
by reversing the order of the elements in one set: if we take (¢,b,a) instead of
(a,b,c¢) and if we keep (p,q) (as above), then the adjacency matrix becomes:

= o
O = =

Note that standard set notation is overspecific, as the order of the elements in
an expression like {a,b,c} is irrelevant: {a,b,c} and {¢,b,a} are the same
set! Therefore, when we decide to represent a relation by an adjacency matrix
we need not take the order of the set’s elements for granted: we really have
quite some freedom here.

(¢) An adjacency matrix for the identity relation on a set of size n is the nxn
identity matriz I, :

10 --- 00

o1 --- 00
I, =

0 0 1 0

0 0 0 1

This matrix is unique, that is, independent of how the elements of the set
are ordered, provided we stick to the convention of good practice, that both
occurrences of the same set are ordered in the same way.

(d) An adjacency matrix of relation < on the set {1,2,3,4,5} is the upper trian-
gular matrix

OO OO
NNl
OO ==
O R H =
e

*
*
*

Some relations have special properties, which deserve to be named.

1.4 Definition. Let R be a relation on a set U. Then R is called:



reflexive, if for all xeU we have: xRz ;

irreflezive, if for all xeU we have: = (xRx) ;

symmetric, if for all x,yeU we have: xRy & yRx;
antisymmetric, if for all z,yelU we have: xRy AN yRx = z=y;

transitive, if for all x,y,z€eU we have: xRy AyRz = xRz.

1.5 Examples. We consider some of the examples given earlier:

1.6

(a)

(f)

“Is the mother of” is a relation on the set of all people. It is irreflexive, anti-
symmetric, and not transitive.

“There is a train connection between” is symmetric and transitive. If one is
willing to accept travelling over a zero distance as a train connection, then this
relation also is reflexive.

On every set relation “equals” (=) is reflexive, symmetric, and transitive.
Relation “divides” (| ) is reflexive, antisymmetric, and transitive.

“Less than” (<) and “greater than” (>) on R are irreflexive, antisymmet-
ric, and transitive, whereas “at most” (<) and “at least” ( >) are reflexive,
antisymmetric, and transitive.

The relation { (z,y)€R? | y = 2%} is neither reflexive nor irreflexive.

For any relation R the proposition (Vz,y:z,yeU:xRy & yRx) is (logically)
equivalent to the proposition (Vz,y:z,yeU:xRy = yRx), which is (formally)
weaker. Hence, relation R is symmetric if x Ry = yRx, for all z,yeU . To prove
that R is symmetric, therefore, it suffices to prove the latter, weaker, version of the
proposition, whereas to use (in other proofs) that R is symmetric we may use the
stronger version.

Lemma. Every reflexive relation R on set U satisfies: we[u]p, for all ueU.

Proof. By calculation:

ueluly

& { definition of [u], }
uRu

& { R is reflexive }

true
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1.8

1.9

1.10

10

Lemma. Every symmetric relation R on set U satisfies: ve[u]p & ue[v]y, for
all u,vel.

Proof. By calculation:
velulg
& { definition of [u], }
uRv
& { R is symmetric }
vRu
& { definition of [v]j }

ue[v]p

If R is a relation on a finite set S, then special properties like reflexivity, symmetry
and transitivity can be read off from the adjacency matrix. For example, R is reflexive
if and only if the main diagonal of R’s adjacency matrix contains 1’s only, that is if
Agli,i] =1 for all (relevant) .

Relation R is symmetric if and only if the transposed matrix A% equals Ag.
The transposed matriz MT of an mxn matrix M is the nxm matrix defined by,
for all 4,7:

MT[j’i] = M[lvj]

1.2 Equivalence relations

Relations that are reflexive, symmetric, and transitive deserve some special attention:
they are called equivalence relations.

Definition. A relation R is an equivalence relation if and only if it is reflexive,
symmetric, and transitive.
O

If elements v and v are related by an equivalence relation R, that is, if wRv, then
u and v are also called “equivalent (under R)”.

Example. On every set relation “equals” (=) is an equivalence relation.

Example. Consider the plane R? and in it the set S of straight lines. We call two
lines in S parallel if and only if they are equal or do not intersect. Hence, two lines
in S are parallel if and only if their slopes are equal. Being parallel is an equivalence
relation on the set S.
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1.12

1.13

1.14

11

Example. We consider a fixed deZ, d>0, and we define a relation R on 7Z
by: mRn if and only if m—n is divisible by d. The latter can be formulated
as (m—n)modd = 0, and a more traditional mathematical rendering of this is
m=n(modd). Thus defined, R is an equivalence relation.

O

Actually, the last two examples are instances of the following, rather general, theorem.

Theorem. We consider a (fixed) function f of type U—V, for some sets U and
V. Then the relation, on U, “having the same function value” is an equivalence
relation. This is the relation ~ defined by:

r~y & f(x)=f(y) ,foral x,ycU .

O

Example. We reconsider Example The predicate (m—mn)modd = 0 is equiv-
alent to mmodd = nmodd, so with Z both for set U and for set V', function f,
defined by f(m)=mmodd, for all meZ, does the job.

O

If R is an equivalence relation on set U, then, for every ueU the set [u]p is called
the equivalence class of u. Because equivalence relations are reflexive we have, as we
have seen in lemmal[l.6): w€[u]p, for all ueU . From this it follows immediately that
equivalence classes are nonemtpy. Equivalence classes have several other interesting
properties. For example, the equivalence classes of two elements are equal if and only
if these elements are equivalent:

Lemma. Every equivalence relation R on set U satisfies, for all u,veU:
[ulp=[v]p & uRv .

Proof. The left-hand side of this equivalence contains the function [-],, whereas the
right-hand side does not. To eliminate [-], we rewrite the left-hand side first:

[ulp =[v]g
& { set equality }
(Va:zeU:zelulp e xelv]y)
& { definition of [-], }
(Ve:zeU:uRx & vRz)

hence, the lemma is equivalent to:
(Vz:zeU:uRx & vRzx) & uRv .

This we prove by mutual implication.
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“=7. (Vz:zeU:uRx & vRz)
= { instantiation z:= v }
uRv & vRv
& { R is an equivalence relation, so it is reflexive }
uRwv .

“<«7: Assuming uRv and for any xe€U we prove uRz < vRx, again by mutual
implication:

uRz
& { assumption }
uRv N uRx

& { R is an equivalence relation, so it is symmetric }
vRu N uRzx

= { R is an equivalence relation, so it is transitive }
vRzx |

and:

vRz

& { assumption }
uRv N vRx

= { R is an equivalence relation, so it is transitive }

uRx

)

which concludes the proof of this lemma.
O

Furthermore, equivalence classes are either disjoint or equal:

1.15 Lemma. Every equivalence relation R on set U satisfies, for all u,veU:

[ulpNv]g =0 V [u]gp=[v]g

Proof. This proposition is equivalent to:

[ulpNv]lg #0 = [ulp=[v]g ,
which we prove as follows:
[u]pN[v]p # 0
& { definition of ¢ and N }
(Jz:zeU:zelulypNzelv]y)
& { definition of [-]; }
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1.17

1.18

13

(Jz:zeU:uRxANvRx)

= { R is symmetric and transitive }
(Jz:zeU:uRv)

= { predicate calculus }
uRwv

& { lemma }
[ulp =[v]g

O

The equivalence classes of an equivalence relation “cover” the set:

Lemma. Every equivalence relation R on set U satisfies: (U,. ey [u]g) = U.

Proof. By mutual set inclusion. On the one hand, every equivalence class is a subset

of U, that is: [u], C U, for all ueU; hence, their union, (U,.,c[u]g), is a
subset of U as well. On the other hand, we have for every veU that ve[v]y, so,

also ve (U, ey [u]gr) - Hence, U is a subset of (J
(]

wuev W] g) too.

These lemmata show that the equivalence classes of an equivalence relation form a,
so-called, partition of set U .

Definition. A partition of set U is a set II of nonempty and disjoint subsets of U,
the union of which equals U . Formally, that set II is a partition of U means the
conjunction of:

(a) (VX:Xell: XCUANX+#9)
b) (VX,Y:X,Yell: XNY =0V X=Y)

(c) (UX;XEHX) =U
O

Clause (a) in this definition expresses that the elements of a partition of U are
nonempty subsets of U, clause (b) expresses that the sets in a partition are disjoint,
whereas clause (c) expresses that the sets in a partition together “cover the whole”
U . Phrased differently, clause (b) and (c) together express that every element of U
is an element of ezactly one of the sets in the partition.

Conversely, every partition also represents an equivalence relation. Every element
of set U is element of exactly one of the subsets in the partition. “Being in the same
subset” (in the partition) is an equivalence relation.

Theorem. Every partition II of a set U represents an equivalence relation on U,
the equivalence classes of which are the sets in II.

Proof. Because II is a partition, every element of U is an element of a unique subset
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in IT. Now, the relation “being elements of the same subset in I1” is an equivalence
relation. Formally, we prove this by defining a function ¢:U —1I, as follows, for all
uelU and Xell:

pu)=X & ueX

Thus defined, ¢ is a function indeed, because for every ueU one and only one X €Il
exists satisfying ue X . Now relation ~ on U, defined by, for all u,veU :

unv & pu)=pv)

is an equivalence relation —Theorem [I.12|]!—. Furthermore, by its very construction
¢ satisfies u € @(u) and, hence, ¢(u) is the equivalence class of u, for all ueU .

O

1.3 Operations on Relations

Relations between two sets are subsets of the Cartesian Product of these two sets.
Hence, all usual set operations can be applied to relations as well. In addition, rela-
tions admit of some dedicated operations that happen to have nice algebraic proper-
ties. It is even possible to develop a viable Relational Calculus, but this falls outside
the scope of this text.

These relational operations play an important role in the mathematical study of
programming constructs, such as recursion and data structures. They are also useful
in some theorems about graphs. We will see applications of this later.

1.3.1 Set operations

e Forsets U and V , the extreme relations from U to V are the empty relation @
and the full relation U xV . For the sake of brevity and symmetry, we denote
these two relations by L (“bottom”) and T (“top”), respectively; element
wise, they satisfy, for all ueU and veV :

—“(ulv) A uTw .

For example, every relation R satisfiess 1 CR and RC T, which is why we
call 1 and T the extreme relations.

e If R and S are relations, with the same domain and and with the same range,
then RUS, and RNS, and R\ S are relations too, between the same sets as
R and S, and with the obvious meaning. The complement RC of relation R
is T\R.

e These operations have their usual algebraic properties. In particular, T and L
are the identity elements of U and N, respectively: RUL = Rand RNT = R.
They are zero elements as well, that is: RUT = T and RNL = L.
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1.3.2 Transposition

With every relation R from set U to set V a corresponding relation exists from
V to U that contains (v,u) if and only if (u,v)eR. This relation is called the
transposition of R and is denoted by RT. (Some mathematicians use R~!, but
this may be confusing: transposition is not the same as inversion, especially with
functions.) Formally, transposition is defined as follows.

Definition. For every relation R from set U to set V , relation RT from V to U
is defined by, for all veV and ueU:

vRTu & wRv .

Lemma. Transposition distributes over all set operations, that is:

1" =1 and: T" =T ;
(RuUS)T = RTuUST ;
(RNS)YT = RTNnST ;
(R\S)T = RT\ST ;
(RC)T _ (RT)C
Lemma. Transposition is its own inverse, that is, every relation R satisfies:
(ROHT =R .
O

For finite relations there is a direct connection between relation transposition and
matrix transposition:

Lemma. If Ag is an adjacency matrix for relation R then (Ag)T is an adjacency
matrix for RT.

Examples. Properties of relations, like (ir)reflexivity and (anti)symmetry, can now
be expressed concisely by means of relational operations; for R a relation on set U :

e “Risreflexive” & Iy CR

e “Risirreflexive” & IyNR =1

e “Rissymmetric” < RT =R

e “Ris antisymmetric” < RN RT C Iy
O

Unfortunately, transitivity cannot be expressed so nicely in terms of the set operations.
For this we need yet another operation on relations, which turns out to be quite useful
for other purposes too.
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1.3.3 Composition

Let R be a relation from U to V and let S be a relation from V to W. If uRwv,
for some veV and if v Sw, for that same v, then we say that u is related to w
in the composition of R and S, written as R;S. So, the composition of R and S
is a relation from U to W . Phrased differently, in this composition u€U is related
to weW if u and w are “connected via” some “intermediate” value in V. This is
rendered formally as follows.

Definition. If R is a relation from U to V, and if S is a relation from V to W,
then the composition R ;S is the relation from U to W defined by, for all ueU
and weW:

u(R;S)w & (Fv:iveV:uRvAvSw)
Example. Let R = {(1,2),(2,3),(2,4),(3,1),(3,3)} be a relation from
{1,2,3} to {1,2,3,4} and let S = {(1,a),(2,¢),(3,a),(3,d),(4,b)} be a rela-
tion from {1,2,3,4} to {a,b,c,d}. Then the composition R;S is the relation
{(170)7(27a)’(27b)7(2’d)’(37a)’(37d)}’ from {17273} to {CL’b?C?d}'
Lemma. Now we have, for endorelation R:

“R is transitive” < (R;R) C R .

Proof. Left as an exercise.

O

Lemma. The identity relation is the identity of relation composition. More precisely,
every relation R from set U to set V satisfies: Iy ; R = R and R; Iy = R.

Proof. Left as an exercise.
O

Lemma. Relation composition is associative, that is, all relations R,S,T satisfy:

(R;8):T = R; (S:;7T).

Proof. For all u,x we calculate:

u((R;8);T)x
& { definition of ; }
(Fw:: u(R;S)w AwTz)
& { definition of ; }
(Fw:: (Fv::uRvAvVSwW) AN wTx)
& { ANover 3}
(Fw:: (FvuRvAvSw A wTx))
& { swapping dummies }
(Fv:: Fw::uRvAvSw A wTz))
& { (almost) the same steps as above, in reverse order }

u(R;(S;T))x
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O

Remark: In other mathematical texts relation composition is sometimes called
“(relational) product”, denoted by infix operator * . From a formal point
of view, this is harmless, of course, but it is important to keep in mind that
composition is not commutative: generally, R ;S differs from S; R! This
is the reason why we prefer to use an asymmetric symbol, “;”  to denote
composition: from a practical point of view the term “product” and the
symbol “x” may be misleading.

O

A very important property is that relation composition distributes over arbitrary
unions of relations, both from the left and from the right:

Theorem. Every relation R and every collection € of relations satisfies:
and also:
(Ux.xeX) s B = (Ux.xe X R)

Proof. Left as an exercise.
O

Corollary: Relation composition is monotonic, that is, for all relations R, S,T:
SCT = R;SCR;T ,and also:
RCS = R;TCS;T .

The n-fold composition of a relation R with itself is sometimes written as R™, for
natural n. More precisely, for all n, 0<n, we define (recursively):

R° =TI A R"'=R;R"

For example, the formula expressing transitivity of R, as in Lemma [1.26
also be written as: RZC R.

can now

In the representation of relations by adjacency matrices, relation composition is rep-
resented by matrix multiplication. That is, if A is an adjacency matrix for relation
R and if Ag is an adjacency matrix for relation S then the product matrix Ag x Ag
is an adjacency matrix for the composition R ;.S . This matrix product is well-defined
only if the number of columns of matrix Ar equals the number of rows of matrix
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Ag . This is true because the number of columns of Agr equals the size of the range
of relation R. As this range also is the domain of relation S —otherwise composition
of R and S is impossible— this size also equals the number of rows of Ag.

Recall that adjacency matrices actually are boolean matrices; hence, the matrix
multiplication must be performed with boolean operations, not integer operations, in
such a way that addition and multiplication boil down to disjunction (“or”) and con-
junction (“and”) respectively. So, a formula like (Xj:: Ag[é,j]* As[j,k]) actually
becomes: (3j:: Ag[i,j]AAs[j,k]) -

Example. Let R = {(1,2),(2,3),(2,4),(3,1),(3,3)} be a relation from
{1,2,3} to {1,2,3,4} and let S = {(1,a),(2,¢),(3,a),(3,d),(4,b) } be a relation
from {1,2,3,4} to {a,b,c,d}. Then adjacency matrices for R and S are:
01 00 1000
0 010
0 0 1 1 , and:
101 0 1 0 0 1
01 00

The product of these matrices is an adjacency matrix for R;S':

=)
O = O

1
0
0

=)

1.3.4 Closures

Some relations have properties, like reflexivity, symmetry, or transitivity, whereas
other relations do not. For any such property, the closure of a relation with respect
to that property is the smallest extension of the relation that does have the property.
More precisely, if P is a predicate on relations, then the P-closure of relation R is
the relation S, say, satisfying the following three requirements:

RCS ,
which expresses that S is an extension of R, and:
P(S)
which expresses that S has property P, and:
RCX ANP(X) = SCX | for all relations X ,

which expresses that S is contained in every relation X that is an extension of R
and that has property P ; this is what we mean with the smallest extension of R.

For any given property P and relation R the P-closure of R need not exist, but
if it exists it is unique. Moreover, if relation R already has property P, so P(R)
holds, then, of course, the P-closure of R is R itself.
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remark: In this subsection we are studying properties of the general shape
¢(X)C X, where ¢ is a monotonic function from relations to relations,
and where parameter X is a relation. In a later chapter, on Partial Orders,
we will see that for monotonic functions ¢, the smallest relation having such
a property is the intersection of all relations having that property, that is:

(Ny. s(x)cx X ) . We will also see that, under some additional conditions,

this smallest relation is equal to the union of all “approximations from be-

low”, that is: ( Ui:OSi #*(L)) . As these are rather general properties, which

are not specific to closures of relations, we will not elaborate this here.

The simplest possible property of relations is reflexivity. The reflexive closure of an
(endo)relation R now is the smallest extension of R that is reflexive. So, the reflexive
closure of R is the smallest of all relations X satisfying:

RCX N ICX .
This formula is logically equivalent to:
RUICX |

and, of course, the smallest relation X satisfying this is: RU . So, the reflexive
closure of relation R equals R U I. Notice that if R itself is reflexive, which means
ICR, then RUI equals R and we obtain R itself as its reflexive closure, as we
should.

* * *

In the same vein we may ask for the symmetric closure of (endo)relation R. This
time, it is defined as the smallest of all relations X satisfying:

RCX A XTCX ,

which, again, is logically equivalent to: RU X' C X .
Although this equation is recursive, it is not very difficult to prove that its small-
est solution is: RU RT. (This is left to the exercises.)

* * *

The game becomes more interesting when we ask for the transitive closure of relation
R . The transitive closure of R is the smallest of all relations X that contain R and
that are transitive; that is, formally, it is the smallest of all relations X satisfying:

RCX A X;XCX
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1.31 Theorem. For every endorelation R its transitive closure is also the smallest of all
relations X satisfying:

() RCX A R:XCX ,
and it also is the smallest of all relations X satisfying:
(1) RCX N X;RCX .

Proof. We prove @, as follows; the proof of is, mutatis mutandis, exactly the
same. Let S be the transitive closure of R; by definition, this means that S has the
following three properties:

(12) RCS ,and:
(13) S;5CS ,and:
(14) RCX AN X;XCX = SCX |, forall relations X .

Also let T' be the smallest of all predicates X satisfying @ ; this means:

(15) RCT ,and:
@ R;T CT ,and:
(7) RCX ANR;XCX = TCX , for all relations X .

Now we must prove that S =T, which we prove by mutual set inclusion —what else,
in view of the above formulae, can we do? —:

TCS
= { (@, with X:=5}
RCS ANR;SCS
e (@)
R;S5CS
<= { C is transitive, to prepare for use of }
R;SCS;8 AN §;5CS
& { B}

R;5CS;S

= { ; is monotonic }
RCS

© {@}
true |

and:
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ScT
« { @, with X:=T}
RCT ANT;TCT

& {@E}
T,TCT .

Thus far, the proof is enterily of the kind “nothing-else-one-can-do”, but now we
are stuck. What remains to be proved is T ;T CT, and to do so in as simple a
relational way as above we would need some (elementary) knowledge of (so-called)
Galois connections. Fortunately, there is a simple way out. The next theorem provides
an explicit formula for 7', and using this we prove T ;T CT as follows:

T;T
{ Theorem [1.32], see below }
( Um: 1<m Rm) ) ( Un: 1<n Rn)
{ Theorem m ; distributes over arbitrary unions }
( Umm:lgm N1<n Rm+n )
= { dummy transformation and simplification }
( Uk: 2<k Rk )
C { domain extension }
(Uki1<k R¥)

{ Theorem }

T
0

Theorem. The smallest of all relations X satisfying @ (in Theorem is
(Unir<n B") -

Proof. We must prove that Z, with Z = (U,.;<,, ") , is the smallest of all relations
X satisfying RCX A R; X C X, or, equivalently, R U R;X C X . This means that

we must prove two things: firstly, that Z satisfies this equation, and, secondly, that
Z CX for every X satisfying this equation. As for the first, we calculate:

RUR;Z

= { definition of Z }
RUR ’ (Un:lSan)

- { ; distributes over U }

= { definition of R"*! }
RU (Unzlgn Rn+l)

= { dummy transformation n:=n-1 }
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R U (Un:QSn R?L)
{R=R' joinn=1}
(Un:lgn Rn)
{ definition of Z }
Z .

Actually, we now have proved the stronger R U R;Z = Z , which implies the required
R U R;Z C Z. The second proof obligation is, for all X :

RURXCX = ZCX |

which we prove by assuming R U R;X C X and, subsequently, by observing that
(Up.1<n B") € X is equivalent to: (Vn:1<n:R"CX). This lends itself to a
proof by Mathematical Induction (on n).We recall that assumption R U R; X C X

is equivalent to the conjunction of RC X and R;X C X: we will use whichever is
convenient:

Rl
{ definition of R' }

R

C { assumption RC X }
X

and, for n, 1<n, and assuming R C X —the Induction Hypothesis—:

R+

= { definition of R"*1 }
R;R™

- { Induction Hypothesis, using monotonicity of ; }
R; X

- { assumption R;XCX }

X
O

Corollary: We use the notation R* for the expression (J,.;<, R"). Theo-
rem[1.32|then states that R equals the smallest of all relations X satisfying
@ in Theorem and this latter theorem states that, hence, R™ also
equals the transitive closure of R.

O
* * *

Finally, the reflexive-transitive closure of relation R is denoted by R*; it is the
smallest extension of R into a relation that is both reflexive and transitive, so it is
defined as the smallest of all relations X satisfying:
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ICX N RCX N X3 XCX .

For the reflexive-transitive closure similar theorems can be formulated as for the
transitive closure.

Lemma. For any relation R we have:
R*=TUR"™ N R"=R;R*

Proof. Left to the exercises.
O

Theorem. For every endorelation R its reflexive-transitive closure R* is also the
smallest of all relations X satisfying:

TUR; X C X .
Similarly, R* is also the smallest of all relations X satisfying:
TUX;RC X .

Proof. Use Lemma [L.33| and Theorem [1.31
O

Theorem. Every endorelation R satisfies: R* = (U,.q<, ")

Proof. Use Lemma |1.33|and Theorem |1.32
O

1.4 Warshall’s Algorithm
1.4.1 Introduction

For relations on finite sets their transitive closure can be computed in a finite amount
of time. Relations on finite sets are also known as graphs and Warshall’s algorithm
presented here generally is considered an algorithm on graphs.

Theorem [1.32| gives an explicit formula for the transitive closure of a relation R,
namely:

R+ = (Un:lgn Rn)

If R is a relation on a finite set U with N, 1< N, elements, it can be proved that
the range of the dummy in this quantification may be restricted to n< N, that is, for
finite U of size N we have:

R+ = (Un:lSnSN Rn)
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If relation R is represented by an adjacency matrix then an adjacency matrix for
R* can be calculated with as few as O(log(N)) matrix multiplications. As every
NxN matrix multiplication itself requires O(N3) elementary operations, this way
R™T can be calculated in O(log(N)* N?3) time.

Warshall’s algorithm, however, does better: its time complexity is only O(N?).
This is achieved by replacing matrix multiplication by a simpler matrix operation,
requiring only O(N?) steps; this simpler operation is used (exactly) N times, thus
giving rise to an algorithm with O(N?3) time complexity.

1.4.2 Preliminaries

Set U, with size N, being finite it can, without any loss of generality, be represented
as the interval [1..N]. The crucial idea behind Warshall’s algorithm is to generalize
(relation) composition to a form which we call “restricted composition” here. It
involves an additional parameter n, 0<n<N, say, which we add as a subscript to
the symbol for composition, as follows, for all relations S,7 on [1..N] and for all
uwwe[l..N]:

u(S;,T)w & (Fv:l<v<n:uSv AvTw)

Restricted composition then has the following properties; the latter of these shows

W,

that this is a generalization indeed, as “;” appears as a special case:
SioT = L1 ,and:

w, .,

It even is possible to derive a recurrence relation for «;,”; for this purpose we need
a collection of auxiliary relations, which we denote by (v) (“via v”), and which we
define, for all u,v,we[l..N], by:

u(S(MT)w & uSvAvTw .

In terms of these auxiliary relations restricted composition can now be (re)defined by:
uw(S;, 7w & (Fv:l<v<n:u(SW)T)w) ,

which is equivalent to:

S7nT = (U’u:lgvgn S<U>T)

For n=0 the range in this quantification is empty and, hence —as we have seen
already—: S ;o7 = L. For ne[1l..N] the term with v=n can be split of, and we
obtain:

S .

m

T = S;, ,TUSNT .
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1.4.3 The algorithm

We now consider a fixed relation R on [1..N]. We define a sequence of relations
W, , for 0<n<N , which serve as approzimations of R*. Relation W,, is the tran-
sitive closure of R not based on ordinary composition, however, but on the restricted
composition “;,” instead. That is, W,, is the smallest of all relations X satisfying:

RUX;, X C X .
Because X ;0 X = L wehave: Wy = R;because X ;y X = X ; X wehave: Wx =R".
Hence, if we are able to formulate a useful recurrence relation for W,, we have a basis
for an algorithm.
Lemma. For all n, 1<n<N: W,, = W1 U W,,_1{(n)W,_1.

Proof. Omitted
O

In terms of relational operations this recurrence relation can be implemented in an
algorithm for the computation of R* in a straightforward way.

Warshall’s algorithm (abstract):

S:=R
s { S=Wo }
forn:=1to N

do{1<n<NAS=W,_; }
S:=5US(n)sS
{ 1<n<N AS=W, }
od

{n=NAS=W, , hence: S=R" }
O

To implement this algorithm in terms of operations on the individual elements of
[1..N] we observe, for u,we[l..N]:

u(SUS(n)S)w

& { definition of U }
uSw V u(S{n)S)w

& { definition of (n) }

uSw V (uSn A nSw)

Thus we obtain a more detailed implementation of the algorithm.
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Warshall’s algorithm (concrete):

S:=R
; {5=Wo }
forn:=1to N
do{ 1<n<N AS=W,_; }
T:=5
s {1<n<NAT=W,_1 }
forall u,we[l..N]
do uSw := uTwV (uTn A nTw)
od
{1<n<N A S=W, }
od
{ S=R"}
O

This algorithm has O(N3) time complexity: the outermost for-construct takes (ex-
actly) N steps, whereas the assignment T := .S and the innermost for-construct
require (exactly) N? steps each. This innermost for-construct enumerates all pairs
u,w € [1..N]; notice that the order in which these pairs are enumerated is irrelevant.

In this algorithm a local variable, T, is used to buffer the value of W, _; during
the calculation of W,, in S. This local variable is unnecessary, though, because we
have, for all w,w,n:

uW,n
& { Lemma elementwise }
uWp_1nV (uWy_1n AnW,_1n)
& { absorption }
uWp_1n
and, similarly:
nW, w
& { as above }
nWyr_1w .
This shows that both row n and column n in (the matrix for) W,, are equal to row n
and column n, respectively, in W,,_1 . Therefore, for u=n or n=w, the assignment
uSw := uTwV (uT'n A nTw) boils down to skip (“no change of state”). For all
other assignments, now 7T may be safely replaced by S as well; still, the order in

which all pairs u,w are enumerated is irrelevant.
This yields the following, and final, encoding of the algorithm.



27

Warshall’s algorithm (optimized):

O

1.5

1.

S:=R
;{ S=W }
forn:=1to N

do{ 1<n<N AS=W,_; }
forallu,we[l..N]
do uSw := uSw V (uSn A nSw)
od
{ 1<n<N AS=W, }

od

{ S=R"}

Exercises

Give an example of a relation that is:

a) both reflexive and irreflexive;

(a)
(b)
()

)

(d) neither symmetric nor antisymmetric.

neither reflexive nor irreflexive;

both symmetric and antisymmetric;

For each of the following relations, investigate whether it is (ir)reflexive, (anti-)
symmetric, and/or transitive:

—~
>

S~—"
=
|

{(z,y)eR? | z+1<y }
(b) S = {(z,y)eR? | z<y+1}
() T = {(z,y)eZ? | v<y+1}

Prove that each irreflexive and transitive relation is antisymmetric.

Let R be a relation on a set U. Prove that, if [u], # ¢, for all ueU, and if
R is symmetric and transitive, then R is reflexive.

Prove Theorem

The natural numbers admit addition but not subtraction: if a <b the difference
a—>b is undefined, because it is not a natural number. To achieve a structure in
which all differences are defined we need the “integer numbers”. These can be
constructed from the naturals in the following way, a process called “definition
by abstraction”.

We consider the set V' of all pairs of natural numbers, so V= NxN. On V
we define a relation ~ , as follows, for all a,b,c,deN:
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(a,b) ~ (¢,d) & a+d=c+b .

(a) Prove that ~ is an equivalence relation.
(b) Formulate in words what this equivalence relation expresses.

(¢c) We investigate the equivalence classes of ~ . Obviously, there is a class
containing the pair (0,0). Prove that, in addition, every other class
contains ezactly one pair of the shape either (a,0) or (0,a), so not both
in the same class, with 1<a.

(d) We call the pairs (0,0), (a,0) and (0,a), with 1<a, the “represen-
tants” of the equivalence classes. These classes can now be ordered in the
following way, by means of their representants:

---,(0,2),(0,1),(0,0),(1,0), (2,0),(3,0),---

We call these classes “integer numbers”; a more usual notation of the
representants is:

©=2,-1,0,+1,42,+3,- -

Thus, we obtain the integer numbers indeed. To illustrate this: define, on
the set of representants, two binary operators pls and min that correspond
with the usual “addition” and “subtraction”. Also define the “less than”
relation on the set of representants.

7. Laat D be the set of differentiable functions f:R — R. On D we define a
relation ~ as follows, for all f,geD: We definiéren op D een relatie R door

f~g & “function f—g is constant”

Prove that ~ is an equivalence relation. How can relation ~ be defined in
the way of Theorem [1.12[?

8. We consider a linear vector space V' and a (fixed) subspace W of V On V we
define a relation ~ by, for all z,yeV:

z~y & z—yeW .

Prove that ~ is an equivalence relation. Describe the equivalence classes for
the special case that V' =R? W is the straight line given by the equation
x1+29 = 0. Also characterise, for this special case, the equivalence relation in
the way of Theorem [1.12].

0 1
1 0

is (ir)reflexive, (anti)symmetric, and/or transitive.

9. An adjacency matrix for a relation R is: ) . Investigate whether R

10. Prove that (R;S)T = ST; RT.
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12.

13

14

15
16

17

18

19

20

29

. Prove Lemma [[.26]

Prove that, for all sets A,B,C: ACCANBCC & AUBCC(C.

Prove that, for all sets A,B: ACB < AUB = B and also:
ACB & AnB = A.

Prove that relation composition distributes over union, that is:
R; (SUT) = (R;S) U (R;T) and: (RUS);T = (R;T) U (S;T).

Using the previous result(s), prove that ; is monotonic, that is:
SCT = R;SCR;T and also: RCS = R;TCS;T.

. Prove that, for endorelation R and for all natural m and n:
R™*n = RM . R™.

. Prove that, indeed, RU R" is the smallest solution of equation, with unknown
X: RCX AXTCX.

. Prove that R; 1 = 1, for every relation R.

. Prove that T is a solution of each of the equations (with unknown X ) in

Subsection [[.3.4]

. We consider a relation R from U to V for which it is given that it is a function.
Prove that R is surjective if and only if Iyy = RT; R.

. We investigate some well-known relations on R:

(
(
(
(

a) What is the reflexive closure of < ?
b) What is the symmetric closure of < ?
¢) What is the symmetric closure of <?
d) What is the reflexive closure of # ?

. Relation R, on Z, is defined by mRn <& m-+1=n, for all m,neZ. What is
relation RT?

. For some given set ), a function ¢, mapping subsets of 2 to subsets of 0, is
called monotonic if XCY = ¢(X)Co(Y), forall X, Y CQ.

(a)

(b)

We consider the equations: X :¢(X)CX and: X:¢(X)=X, and we
assume they have smallest solutions; so, proving the ezistence of these
smallest solutions is not the subject of this exercise. Prove that, if ¢ is
monotonic then the smallest solutions of these equations are equal.

For each of the closures in Subsection define a function ¢ such that
the corresponding equation is equivalent to ¢(X) C X ; for each case, prove
that ¢ is monotonic. What is 2 in these cases?

21. Prove that R* = I UR" and that RT = R; R*.
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24.

25.

26.

27.
28.

30

Prove that for every endorelation R: “R is transitive” <& RT =R .

We consider two endorelations R and S satisfying R;S C S;R*. Prove that:
RT:S C S;Rt.

(a) Let R be an endorelation and let S be a transitive relation. Prove that:
RCS = RtCS .

(b) Apply this, by defining suitable relations R and S, to prove that every
function f on N satisfies:

(Vi:0§i<n:fi:fi+1) = fO:fn ,fOI‘ all neN .

We call a relation on a set inductive if it admits proofs by Mathematical Induc-
tion. Formally, a relation R on a set V is inductive if, for every predicate P
on V:

(Yv:veV: (VYu:uRv: P(u)) = P(v)) = (Vv:veV:P(v))
Prove that, for every relation R:
“R is inductive” = “RT is inductive”

Hint: To prove the right-hand side of this implication one probably will introduce
a predicate P. To apply the (assumed) left-hand side of the implication one
may select any predicate desired, not necessarily P: use predicate ) defined

by, for all veV: Q(v) = (Vu:uR*v: P(u)).

On the natural numbers a distinction is often made between (so-called) “weak”
(or “step-by-step”) induction and “strong” (or “course-of-values”) induction.
Weak induction is the property that, for every predicate P on N:

P(0) A (Vn:: P(n)=P(n+1)) = (Yn::P(n)) ,

whereas strong induction is the property that, for every predicate P on N:
(Vn:: (Ym:m<n: P(m))=P(n)) = (Vn::P(n)) ,

Show that the proposition:
“weak induction” =- “strong induction” |,

is a special case of the proposition in the previous exercise.
Suppose that endorelation R satisfies 1N RT = L. What does this mean?

Which of the following relations on set U, with U ={1,2,3,4}, is reflexive,
irreflexive, symmetric, antisymmetric, or transitive?
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:3),(4,4),(1,3),(2,4),3,1),(4,2) };

:3),(4,4),(1,2),(2,3),(3,4),(4,3),(3,2),(2,1) } .

29. Construct an example, as simple as possible, illustrating that relation compo-
sition is not commutative, which means that it is not true that: R;S = S; R,
for all relations R, S .

30. Construct for each of the relations in Exercise 20 an adjacency matrix.

31. Construct for each relation, named R here, in Exercise 20 an adjacency matrix
for R?.

32. Compute for each of the relations in Exercise 20 their reflexive, symmetric, and
transitive closures.

33. Prove that every reflexive and transitive endorelation R satisfies: R?> = R.

34. Suppose R and S are finite relations with adjacency matrices A and B,
respectively. Define adjacency matrices, in terms of A and B, for the relations
RUS, RNS, R\S, and R®.

35. Suppose R and S are endorelations. Prove or disprove:

(a) If R and S are reflexive, then so is R;S.
(b) If R and S are irreflexive, then so is R;S.
(¢) If R and S are symmetric, then sois R;S.
(d) If R and S are antisymmetric, then so is R;S.
(e) If R and S are transitive, then sois R;S.
(f)

f) If R and S are equivalence relations, then sois R;S.
36. Prove that every endorelation R satisfying RCI satisfies:

(a) R is symmetric.
(b) R is antisymmetric.

(¢) R is transitive.

37. Implement Warshall’s algorithm in your favorite programming language.
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2 Graphs

2.1 Directed Graphs

Both in Computer Science and in the rest of Mathematics graphs are studied and
used frequently. Graphs come in two flavours, directed graphs and undirected graphs.

There is no fundamental difference between directed graphs and relations: a
directed graph just is an endorelation on a given set. If V' —for Vertices— is this
set and if E —for Edges— is the relation we call the pair (V,FE) a directed graph.
Usually, set V' will be finite, but this is not really necessary: infinite graphs are
conceivable too. A directed graph (V| FE) is finite if and only if V is finite. Unless
stated otherwise, we confine our attention to finite graphs. Always set V will be
nonempty.

Traditionally, the elements of set V' are called “vertices” or “nodes”, whereas the
elements of E, that is, the pairs (u,v) satisfying wF v, are called “directed edges”
or “arrows”. In this terminology we say that the graph contains “an arrow from u
to v” if and only if wEFv. Also, in this case, we say that u is a “predecessor” of v
and that v is a “successor” of wu.

Graphs can be represented by pictures, in the following way. Every vertex is
drawn as a small circle with its name inside the circle, and every arrow from u to v
is drawn as an arrow from wu’s circle to v’s circle. Such a picture may be attractive
because it enables us to comprehend, in a single glance, the whole structure of a
graph, but, of course, drawing such pictures is only feasible if the set of vertices is not
too large. Figures 1 and 2 give simple examples.

© &

Figure 1: The smallest directed graphs: V={a} with E=¢ and E={ (a,a) }

Figure 2: The graph of relation { (a,b), (b,¢), (¢,d), (d,a) }

If we are only interested in the pattern of the arrows we may omit the names of
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the vertices and simply draw the vertices as dots. The resulting picture is called an
“unlabelled” (picture of the) graph.

Figure 3: The same graph, unlabelled

Relation E may be such that u F u, for some w. In terms of graphs this means
that a vertex may have an arrow from itself to itself. This is perfectly admissible,
although in some applications such “auto-arrows” may be undesirable. Notice that
the property “having no auto-arrows” is the directed-graph equivalent of the relational
property “being irreflexive”.

Figure 4: The unlabelled graph of relation { (a,a), (a,b), (b,b), (b,¢), (¢,d), (d,a) }

2.2 Undirected Graphs

Sometimes we are only interested in the (symmetric) concept of nodes being con-
nected, independent of any notion of direction. An “undirected graph” is a symmet-
ric (endo)relation F on a set V. As before, we call the elements of V' “nodes” or
“vertices”. The pairs (u,v) satisfying u F v are now called “edges”; we also say that
such u and v are “directly connected” or “neighbours”.

Relation F being symmetric means that uFv is equivalent to v Ewu; hence,
being neighbours is a symmetric notion: edge (u,v) is the same as edge (v,u). In
this view an undirected graph just is a special case of a directed graph, with this
characteristic property: the graph contains an arrow from w to v if and only if the
graph contains an arrow from v to wu. So, arrows occur in pairs. See Figure 5, for
a simple example. A more concise rendering of an undirected graph is obtained by
combining every such pair of arrows into a single, undirected edge, as in Figure 6.
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Figure 5: The graph of { (a,b), (b,a), (b,¢), (¢,b), (¢,d), (d,c), (d,a), (a,d) }

Figure 6: The same graph, with undirected edges and unlabelled

There is no fundamental reason why undirected graphs might not also contain
edges connecting a node to itself. Such edges are called “auto loops”. That is, if u Eu
then u is directly connected to itself, so u is a neighbour to itselfﬂ It so happens,
however, that in undirected graphs auto-loops are more a nuisance than useful: many
properties and theorems obtain a more pleasant form in the absence of auto-loops.

Therefore, we adopt the convention that undirected graphs contain no auto-
loops. Formally, this means that an undirected graph is an irreflezive and symmetric
relation.

In the case of finite graphs we sometimes wish to count the number of arrows or
edges. We adopt the convention that, in an undirected graph, every pair of directly
connected nodes counts as a single edge, even though this single edge corresponds to
two arrows in the corresponding undirected graph. This reflects the fact that, in a
symmetric relation, the pairs (u,v) and (v,u) are indistinguishable. For example,
according to this convention, the undirected graph in Figure 6 has four edges.

* * *

We have defined an undirected graph as an irreflexive and symmetric directed graph.
Every directed graph can be transformed into an undirected one, just by “ignoring the
directions of the arrows”. In terms of relations this amounts to taking the symmetric
closure of the relation and removal of the auto-arrows: in the undirected graph nodes
u and v are neighbours if and only if, in the directed graph, there is an arrow from

1This shows that we should not let ourselves be confused by the connotations of the everyday-life
word “neighbour”: here the word is used in a strictly technical meaning.
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u to v or from v to u (or both), provided u#v. For example, the directed graph
in Figure 4 can thus be transformed into the undirected graph in Figure 6.

2.3 A more compact notation for undirected graphs

We have defined an undirected graph as an irreflexive —no edge between a node
and itself— and symmetric relation. Although this is correct mathematically, it is
not very practical. For example, the set of edges of the graph in Figure [5| now is
{(a,b), (bya), (b,c), (¢,b), (¢,d), (d,c), (d,a), (a,d) }, in which every edge occurs
twice: that nodes a and b, for instance, are connected is represented by the presence
of both (a,b) and (b, a) in the set of edges. Yet, we do wish to consider this connection
as a single undirected edge. It is awkward, then, to have to write down both (a,b)
and (b,a) to represent this single edge. We would rather not be forced to distinguish
these pairs.

We obtain a more convenient representation by using by two—elememﬂ sets {u,v}:
as set {u,v} equals set {v,u} we only need to write this down once. So, in the
sequel, an undirected graph will be a pair (V, F), where V is the set of nodes, as
usual, and where E is a set of pairs {u,v}, with u,v€V and u#v, and such that:

{u,v} € F & “uand v are connected”

For example, the set of edges of the graph in Figure [5| can now be written as:

{ {a;0}, {b.c}, {c;d}, {da}}.

2.4 Additional notions and some properties

Occasionally, we use infix operators for the relations in directed and undirected graphs.
That is, sometimes we write u Ev as u—wv and we speak of directed graph (V, —)
instead of (V,FE) . Similary, for symmetric relations we sometimes use u~v instead
of uE v and we speak of undirected graph (V, ~). So, in this nomenclature, u—wv
means “the graph has an arrow from u to v” and u~wv means “in the graph u and
v are neighbours”.

In a directed graph (V, — ), for every node u the number of nodes v satisfying
u—v is called the “out-degree” of w, whereas the number of nodes u satisfying
u—v is called the “in-degree” of v, provided these numbers are finite. Notice that
if V' is finite the in-degree and out-degree of every node are finite too. An auto-arrow
adds 1, both to the in-degree and the out-degree of its node.

If relation — is symmetric, so u—v < v—wu for all u,v, then the in-degree
of every node equals its out-degree.

In an undirected graph (V,~), the “degree” of a node w is its number of
neighbours, that is, the number of nodes v with u~wv. Thus, the degree of a node
in an undirected graph equals the in-degree and the out-degree of that node in the
underlying directed graph.

2Undirected graphs contain no auto-edges, so the pair (u,u) is not an edge.
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With in, out, and deg for “in-degree”, “out-degree”, and “degree” respectively,
the following properties hold.

Properties: For all u,veV:
in(v) = #{u|lu—v}
out(u) = #{v|u—v}

deg(u) = #{v|u~v}

By straightforward addition we obtain:
(Zv:rin(v)) = #{(u,v) |u—v} , and also:
(Zw::out(u)) = #{(u,v) Ju—v} .

Because the two right-hand side expressions are equal, we conclude:
(Zv:rin(v)) = (Zu:: out(u))

In an undirected graph every edge both is an in-arrow and an out-arrow, so
in an undirected graph we have, for every node w:

deg(u) = in(u) A deg(u) = out(u)
In an undirected graph (V, ~) we have this relation:

(Bu::deg(u)) = 2% #{{u,v} |u~v} .

With N for the size of V', so N equals the number of vertices in the graph, we
have that the degree of every node is at most N—1. If the degree of a node equals
N —1 then this node is a neighbour of all other nodes. If every node in an undi-
rected graph has this property, the graph is called “complete”. Similarly, a directed
graph is complete if it contains an arrow from every node to every node. Thus, the
complete directed graph corresponds to the complete relation T, whereas the com-
plete undirected graph corresponds to the relation T\I (because of the omission of
auto-loops). The complete undirected graph with N nodes is called the complete
N -graph. Figure 7, for example, gives a picture of the complete 5-graph.
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Figure 7: The complete 5-graph, unlabelled

2.5 Connectivity
2.5.1 Paths

We simultaneously consider a directed graph (V, —) and an undirected graph (with
the same set of nodes) (V,~). A directed path from node u to node v is a finite
sequence [sg,- - , 8, ] consisting of n+1, 0<n, nodes satisfying:

u=59 A (Vi:0<i<n:$;—58i41) A Sp=v .

Although this path contains n+1 nodes, it pertains to only n arrows, namely the
n pairs (8;,8;41), for all i:0<i<n. Therefore, we say that the length of this
path equals n: the length of a path is the number of arrows in it. If n=0 the path
contains no arrows and we have u=wv: the only paths of length 0 are the one-element
sequences [w] which are paths from u to u, for every node w. Paths of length 0
are called “empty” whereas paths of positive length are called “non-empty”.

Similarly, in an undirected graph an undirected path from node u to node v is
a finite sequence [sg,- -, S, | consisting of n+1, 0<n, nodes satisfying:

u=589 AN (Vi:0<i<n:s$;~8i11) A Sp=0 .

Again, the length of this path is n, being the number of edges in it.

Whenever no confusion is possible, we simply use “path” instead of “directed
path” or “undirected path”. In any, directed or undirected graph, we call nodes u
and v “connected” if the graph contains a path from v to v. Every node is connected
to itself, because we have seen that for every node u a path, of length 0, exists from
u to u.

In relational terms being connected means being related by the reflexive-transitive
closure of the relation. In what follows, we denote the reflexive-transitive closures of
relations — and ~ by = and ~, respectively, and we denote their transitive
closures by - and ~ , respectively.
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2.1 Lemma. In a directed graph the relation “is connected to” equals — .

Un:OSn R" ) )
denotes the

Proof. From the chapter on relations we recall the property R* = (
in terms of — this can be written as: — = (U,.gc, — ) Where -
equivalent of R". This means that u—>uv is equivalent to (In:0<n: uiw) , whereas
“u is connected to v” is equivalent to

(In:0<n: “u is connected to v by a path of length n” ). We now prove the equiv-
alence of these two characterisations term-wise; that is, for all natural n we prove
that u->v is equivalent to “u is connected to v by a path of length n”. We do so by
Mathematical Induction on n:

0

U—v

& { definition of 9, }
ulv

& { definition of I }
u=v

& { definition of path }

“the path [u], of length 0, connects u to v”
< { definition of “connected”, see below }

“u is connected to v by a path of length 0”

As to the logical equivalence in the last step of this derivation: in the direction “=-"
this is just 3-introduction; in the direction “<=" we observe: for every path [z], of
length 0, we have that if [2] connects u to v then x=w, hence [z]=[u]. (That
is, the path of length 0 connecting u to v is unique.)

Furthermore, we derive, for 0<n and for nodes wu,w:

n+1
u —w

& { definition of jass }

(FvudbvAv—w)
& { Induction Hypothesis }

(Jv:: “u is connected to v by a path of length n” A v—w)
& { definition of connected }

(Fv:: (3s: “sis a path of length n” : u=3s0Asp,=v) AN v—w)
& { ANover3}

(Fv:: (3s: “sis a path of length n” :u=sgAsp,=v Av—w))
& { dummy unnesting }

(Is,v: “s is a path of length n” : u=s9Asp,=v A v—w)

& { if s is a path of length n then s+ [v,w] is a path of length n+1:



39

dummytransformation }
(3t: “t is a path of length n+1” : u=tog Atpy1=w)
& { definition of connected }

“u is connected to w by a path of length n+1"

O

In a very similar way we can prove that the relation “is connected by a non-empty
path length” is equivalent to —» . Moreover, the proof of the above lemma does not
depend on particular properties of the directed relation — : the lemma and its proof
also are valid for undirected graphs, provided, of course, we replace — and —> by

~ and < respectively.

Note that being connected in an undirected graph is a symmetric relation: wu is
connected to v if and only if v is connected to wu, because [sg, - ,s,] is a path
from w to v if and only if the reverse of s, that is, the sequence [s,, -+ ,s0], is a
path from v to u.

In directed graphs, being connected is not necessarily symmetric, of course: the
existence of a directed path (usually) does not imply the existence of directed path in
the reverse direction.

2.5.2 Path concatenation

Let s be a directed path of length m from node u to node v, and let ¢ be a directed
path of length n from node v to node w. So, the end point of s, which is v, equals
the starting point of ¢, that is, we have s,, =tq.

From s and t we can now construct a directed path, of length m+n, from
node u to node w; this is called the “concatenation” of s and t, and we denote it
by s+t. For s and t paths of length m and n, respectively, their concatenation
s+t is a path of length m+n, defined as follows:

(s+1); =3; ,for 0<i<m
(sHt)msi = t; ,for 0<i<n

Keep in mind that s-++t is defined only if s, =to, and this is implied by this
definition: on the one hand (s+-t),, = Sm, on the other hand (s++¢),, = tg. In
this case, s+t is a path from u to w indeed. This we prove as follows:

(S—H— t) 0
{ definition of ++ }

S0

{ s is a path from u to v }
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u b
as required; and, for 0 <i<m:
(s+1); = (s+1)it1
{ definition of + }

Si = Si+1

{ s is a path of length m }
true
as required; and, for 0<i<mn:
(st t)mai = (SH ) mtiv
= { definition of + }
ti =t
{ t is a path of length n }

true
as required; and, finally:
($+1)man
{ definition of + }

tn

{ t is a path from v to w }

w o,

as required.

Concatenation of undirected paths is defined in exactly the same way: here con-
catenation is actually an operation on sequences of nodes, and the difference between
— and ~ , that is, the difference between directed and undirected, only plays a role
in the interpretation of such sequences as paths.

We now conclude that, both in directed and in undirected graphs, if a path s,
say, exists from node u to node v and if a path t, say, exists from node v to node
w, then also a path exists from node u to node v, namely s+-t¢. Thus we have
proved the following lemma.

Lemma. Both in directed and in undirected graphs, the relation “is connected to”
is transitive.
O

2.5.3 The triangular inequality

Every path in a graph has a length, which is a natural number. Every non-empty
set of natural numbers has a smallest element. Therefore, if node u is connected to
node v we can speak of the minimum of the lengths of all paths from u to v. This
we call the “distance” from u to v. Because, in undirected graphs, connectedness is
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symmetric, we have, in undirected graphs, that the distance from u to v is equal to
the distance from v to w.

If u is not connected to v we define, for the sake of convenience, the distance
from u to v to be oo (“infinity”), because oo can be considered, more or less, as the
identity element of the minimum-operator. Note, however, that oo is not a natural
number and that we must be very careful when attributing algebraic properties to
it. For example, it is viable to define co+n = oo, for every natural n, and even
00+00 = 0o, but co—oco cannot be defined in a meaningful way. An important
property is:

(8) n < oo , for all ne Nat;
© n<oo , forall neNatU{oo}.

We denote the distance from w to v by dist(u,v). Then, function dist is defined
as follows, for all nodes u,v:

dist(u,v) = oo , if u is not connected to v;

dist(u,v) = (minn:0<n A “a path of length n exists from u to v”:n)
if u is connected to v.

Function dist now satisfies what is known in Mathematics as the “triangular inequal-
ity”. This lemma holds for both directed and undirected graphs.

Lemma. All nodes w,v,w satisfy: dist(u,w) < dist(u,v)+ dist(v,w).

Proof. By (unavoidable) case analysis. If dist(u,v) = co or dist(v,w) = oo then also
dist(u, v) + dist(v,w) = oo; now, by property @, we have dist(u,w) < oo, so we
conclude, for this case: dist(u,w) < dist(u,v)+ dist(v,w), as required.

Remains the case dist(u,v) < co and dist(v,w) < co. In this case, paths exist
from v to v and from v to w. Let s be a path, of length m, from v to v and
let ¢ be a path, of length n, from v to w. Then, as we have seen in the previous
subsection, s+t is a path, of length m+n, from u to w. By the definition of dist,
we conclude: dist(u,w) < m+n. As this inequality is true for all such paths s and
t, it is true for paths of minimal length as well. Hence, also for this case we have:
dist(u, w) < dist(u,v)+ dist(v,w) , as required.

O

2.5.4 A lemma and its proof

In Section [[.4] on Warshall’s algorithm, we have defined a sequence of auxiliary re-
lations W, , for 0<n<N . Relation W,, is the transitive closure of R —the relation
under consideration—, not based on ordinary composition, however, but on the re-
stricted composition “;,” instead. That is, W, is the smallest of all relations X
satisfying:
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RUX; X CX

Just as = and =, the relations W,, can be interpreted in terms of paths; for this
we need the auxiliary notion of a, so-called, “n-path”, for all 0<n<N . A directed n-
path is a directed path whose internal nodes are at most n. That is, if [sg, -, $m ]
is a directed path, of length m , then s is a directed n-path if:

(Vi:1<i<m:s;<n)

In very much the same way as we did in Lemma we can now prove that the
relations W, have the following property.

Properties. For all n,0<n<N, relation W,, is equal to the relation “is connected
by a non-empty n-path”.
O

Using the notion of n-paths we are now ready to prove the following lemma.

Lemma. For all n, 1<n<N: W, = W1 U W,,_1{(n)W,_1.
Proof. By mutual set inclusion.

“D7”: We must prove W,, D W,,_y and W,, D W,,_1{(n)W,,_1; we do so separately.
Obviously, W,, 2 W,,_; because X ;, ;X = X ;, X, forall X. Ifnodes u,v satisfy
w (Wy—1(n)W,_1) v then, by definition of (n), we have: uW,_1n and nW,_;v.
So, an (n—1)-path exists from « to n and an (n—1)-path exists from n to v. The
concatenation of these two paths then is an n-path from » to v. Hence, u W, v.

“C”: Assume uW, v, for nodes u,v. We must show that either uwW,_1v or
w (Wy—1(n)W,_1)v. Because u W, v, an n-path exists from u to v. If no internal
node of this paths equals n then this path is an (n—1)-path as well, so then uW,,_1v.
Remains, on the other hand, the case that n occurs at least once as an internal node
in this path. Let [sg,-- -, Sm | be this path, of length m. Let p be the smallest and
let g be the largest of all indices i,1<i<m, with s; =n. Then we have: s,=n
and s, =n, but also (Vi:1<i<p:s;<n) and (Vi:g+1<i<m:s;<n). Therefore,
[s0, - ,8p] and [Sq, -, Sm | are (n—1)-paths from v to n and from n to v re-
spectively, so we conclude u W,,_1n and nW,,_; v, and, hence, u (W,,_1 (n) W,,_1) v
as well.

O

2.5.5 Connected components

A directed graph (V, —) is strongly connected if every node is connected to every
node, that is, if there is a directed path from every node wu to every node v. In
relational terms, this means that — = T. The adverb “strongly” stresses the fact
that, in directed graphs, strong connectedness is a symmetric notion: for every two
nodes wu,v there is a path from u to v and there is path from v to u.
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An undirected graph is connected if every pair of nodes is connected by a path.
Relationally, a graph is connected if and only if ~ = T. As we have seen, in undi-
rected graphs connectedness is symmetric. It even is an equivalence relation. A
connected component is a mazimal subset of the nodes of the graph that is connected:
the connected components of an undirected graph are the equivalence classes of ~ .

[ o—©O

Figure 8: An undirected graph with 3 connected components

2.6 Cycles

A cycle in a graph is a non-empty path from a node to itself. Particularly in undirected
graphs a proper definition of what constitutes a cycle is not as simple as it may seem,
though. Generally, a graph may contain few cycles, many cycles, or no cycles at all.
In the latter case the graph is called acyclic.

2.6.1 Directed cycles

In a directed graph a cycle is a (directed) path from a node to itself. For example, if
a—b and b—a then the path [a, b, a] is a cycle, and so is the path [b, a, b].
Although these are different paths they constitute, in a way, the same cycle. The
simplest possible case of a directed cycle is [a, a |, namely if a—a.

Figure 9: A simple directed cycle

&

Figure 10: An even simpler cycle
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2.6.2 Undirected cycles

In undirected graphs the notion of cycles is somewhat more complicated. For example,
if, in undirected graph (V, ~), we have a~b and, hence, also b~a, then [a, b, a ]
is a path from node a to itself. Yet, we do not wish to consider this a cycle. More
generally, we do not wish the pattern [ ---,a, b, a, - -] to occur anywhere in a
cycle: in a cycle, every next edge should be different from its predecessor. As a
consequence, in an undirected graph the smallest possible cycle involves at least three
nodes and three edges.

These considerations give rise to the following definition. An undirected cycle is
a path [sg, - ,s,], of length n, with the following additional properties:

3<n
S0 = Sn,
(Vi:0<i<n—2:8;#8i42) N Sp—17# 81

The first of these conditions expresses that a cycle comprises at least 3 nodes, the
second condition expresses that the path’s last node equals its first node —thus “closing
the cycle” —, and the last condition precludes that every two successive edges in the
cycle are different. The conjunct s,_; # s; really is needed here: the “last” edge,
{Sn—1,8n }, which is the same as {s,_1,80}, and the “first” edge, {so,s1}, are
successive too, which must be different as well.

In Figure 14, for example, we have that [a,b,d,b,c,a] is not a cycle, because it
contains edge {b,d} twice in succession. Without the conjunct s,_1 # s1, however,
the path [d,b,c,a,b,d] would be a cycle, which is undesirable: whether or not a
certain collection of nodes constitutes a cycle should not depend on which node is the
first node of the path representing that cycle.

o—0o &

Figure 11: No cycles at all

Figure 12: Not even an (undirected) graph

Thus we obtain the following lemma, which expresses that cycles are “invariant
under rotation”. This lemma is useful because it allows us to let any node in a cycle
be the starting node of the path representing that cycle.
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Figure 13: The smallest undirected cycle

a ) 4 ¢

Figure 14: [a,b,d,e, f,d,b,c,a] is a cycle, [a,b,d,b,c,a] is not

Lemma. [Rotation Lemma)] For every natural n, 3<n,apath [sg,s1, - ,8n_1, S0
is a cycle if and only if the path [s1, -+ ,8,-1,50,$1] is a cycle.
O

2.7 Euler and Hamiltonian cycles
2.7.1 Euler cycles

In a undirected graph a cycle with the property that it contains every edge of the
graph exactly once is called an Fuler cycle.

Theorem. For every connected graph (V, ~):
“(V, ~) contains an Euler cycle” & (Vv:veV: “deg(v) is even”)

Proof. By mutual implication.

“=7: We consider an Euler cycle in graph (V, ~). Let v be a node. Wherever v
occurs in the Euler cycle v has a predecessor u, say, in the cycle and a successor
w, say, in the cycle. This means that u,v,w are all different and u~v and v~w.
Thus, all edges associated with v occurring in the Euler cycle occur in pairs; hence,
the total number of edges associated with v occurring in the Euler cycle is even.
Because the cycle is an Euler cycle all of v’s edges occur in the Euler cycle; hence,
deg(v) is even.

“<”: Assuming (VYo:veV: “deg(v) is even” ) we prove the existence of an Euler
cycle by sketching an algorithm for the construction of an Euler cycle. This algorithm
consists of two phases. In the first phase a collection of (one or more) cycles is formed
such that every edge of the graph occurs exactly once in exactly one of these cycles.
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In the second phase, the cycles in this collection are combined into larger cycles, thus
reducing the number of cycles in the collection while retaining the property that every
edge of the graph occurs exactly once in exactly one of the cycles in the collection.
As soon as this collection contains only one cycle, this one cycle is a Euler cycle.

first phase: Initially all edges are white. The property (Yv:veV : “deg(v) is even”)
will remain valid for the subgraph formed by V and the white edges only: it is an
invariant of this phase. Another invariant is that all red edges form a collection of
cycles with the property that every red edge of the graph occurs exactly once in exactly
one of these cycles. Initially this is true because there are no red edges: initially the
collection of red cycles is empty. If, on the other hand, all edges are red the collection
of red cycles comprises all edges of the graph, and the first phase terminates. As long
as the graph contains at least one white edge, the following step is executed.

Select a white edge, {so,s1}, say. Because deg(s1) is even, node s; has a
neighbour ss, say, that differs from sy and such that edge {s1,s2} is white as
well. Repeating this indefinitely yields an infinite sequence s;.o<; of nodes, pairwise
connected by white edges. As the graph is finite, this sequence contains a sub-path
[$p, - ,8q], for some p,q with 0<p<gq, that is a cycle, comprising white edges
only. Now all white edges in this cycle are turned red. Because, for every node in
this cycle, its associated edges occur in pairs, the number of white edges associated
with any node in this cycle is even and, as a result, the degree of all nodes remains
even under reddening of the white edges in this cycle. Because in a undirected graph
every cycle contains at least 3 edges the number of white edges thus decreases (by
at least 3), guaranteeing termination of the first phase.

second phase: The second phase terminates if the collection of red cycles contains only
one cycle. As long as this collection contains at least two cycles it also contains two
cycles that have a node in common: for any node u on one cycle and any node x
not not on this cycle, we have that the graph has a path connecting w and =. Let
w be the node on this path that is closest to u that is not on the cycle. Then
w’s predecessor v, say, on this path is on the cycle; so, now we have the following
situation: node v is on one cycle, node w is not on this cycle and {v,w} is an edge of
the graph, which, therefore, also is not part of the cycle we started with. So, this edge
is part of one of the other cycles in the collection. Thus, we have identified two cycles
having node v in common. Let s be a path, connecting v to v, representing the one
cycle and let t be a path, also connecting v to v, representing the other cycle. Then
their concatenation s+t is a cycle connecting v to v too, and s+t contains all
edges from s and t together exactly once. Thus, replacing, in the collection of red
cycles, s and t by s+t respects the invariant that every edge of the graph occurs
exactly once in exactly one cycle; moreover, this replacement decreases the number
of cycles in the collection.

O
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2.7.2 Hamiltonian cycles

In a (directed or undirected) graph a cycle with the property that it contains every
node of the graph exactly once is called a Hamiltonian cycle.

A naive algorithm to compute whether a given graph contains a Hamiltonian
cycle is conceptually simple: enumerate all cycles and check whether any of them is
a Hamiltonian cycle. This naive algorithm is quite inefficient, of course, but really
efficient algorithms are not (yet) known: the problem to decide whether a graph
contains a Hamiltonian cycle is NP-hard, which in practice means that all algorithms
will require an amount of computation time that grows exponentially with the size of
the graph.

Notice the contrast in complexity between the notion of Euler and Hamiltonian
cycles. On the one hand, Theorem [2.7) provides a simple algorithm to evaluate the
existence of an Euler cycle —just calculate the degrees of the nodes—, and its proof
contains a relatively straightforward algorithm for the construction of an Euler cy-
cle. On the other hand, calculating the existence of an Hamiltonian cycle, let alone
construction of one, is NP-hard.

Thus, two seemingly similar notions — Euler cycles and Hamilton cycles — happen
to have essentially different properties.

2.7.3 A theorem on Hamiltonian cycles

We consider finite, undirected graphs, with at least 4 nodes. We present a theorem
giving a sufficient condition for the existence of Hamiltonian cylces, namely if the
graph contains “sufficiently many” edges. In our case the notion of “sufficiently
many” and the theorem take the following shape.

Theorem. We consider an undirected graph with n nodes,4 <n. If, for every two
unconnected nodes, the sum of their degrees is at least n, then the graph contains a
Hamiltonian cycle.

O

To formalize this, let V' be a (fixed) set of nodes, with n=#V, 4<n. In what
follows variables wu,v,p,q range over V , with p#¢q. The set E of edges is variable;
that is, as a function of E we define predicates P and H , as follows:

P(E) = (Vu,v:u#v: {u,v}¢E = deg(u)+deg(v) >n ) ,and:
H(E) = “graph (V,FE) contains a Hamiltonian cycle”

Predicate P formalizes our particular version of “sufficiently many”: P expresses
that, for every two unconnected nodes, the sum of their degrees is at least n.
Both P and H are monotonic, as follows:

monotonicity: For all £ and for any two nodes p, q:
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P(E) = P(EU{{p,q}}) ,and:

H(E) = H(EU{{p.q}}) .
O

In addition, for the extreme cases, the empty graph 1 and the complete graph T,
we have:

- (P(L)) AN =(H(L) AN P(T) A H(T) .

The theorem now states that every graph satisfying predicate P contains at least one
Hamiltonian cycle.

Theorem. (VE::P(E)= H(E))
O

We present two proofs for this theorem. These proofs are essentially the same, but
they differ in their formulation. The crucial part in both proofs is the following:

Core Property: Forset E of edges and for any two nodes p, ¢ with = ({p,q} € E):

P(E) NH(EU{{p,q}}) = H(E) .
a]

Notice that the Core Property also holds if {p,q} € E, but in a trivial way only: then
H(EU{{p,q}}) = H(E), so in this case the property is void.

We will present a proof for the Core Property later, but first we will show how
it is used in the proofs of the Theorem.

2.7.4 A proof by contradiction

The first proof runs as follows, by contradiction. That is, we suppose that the Theorem
is false. Then, there exists a set F' of edges such that P(F) and — (H(F)) . Because
- (H(F)) and H(T), and because F' C T, there also exists a “turning point”, that
is, a set E of edges and a pair p,q of nodes such that:

FCE N ~(H(E)) A HEU{{p,q}}) .

Notice that, because of - (H(E)) AN H(EU{{p,q}}), we have —Leibniz! - that
E # EU{{p.q}}, hence {p,q}¢E.

Because of the monotonicity of P, and because P(F') and F'C E, set E satisfies
P(E) too. Now, from P(E) and H(EU{{p,q}}) we conclude, using the Core
Property, H(F). In conjunction with the assumed — (H(E)) we obtain the desired
contradiction.
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2.7.5 A more explicit proof

The reasoning in the previous proof is somewhat strange: the assumption — (H(E))
is not really used in the proof proper: it is only used to conclude a contradiction.
Therefore, we should be able to construct a more direct proof. In addition what does
“there exists a ‘turning point’” really mean, mathematically speaking?

Because of the monotonicity of P we have P(E) = P(EU{{p,q}}) ; therefore,
by means of elementary propositional calculus, the Core Property can be rewritten
thus:

(L) (P(EU{{p,q}}) = H(EU{{p,q}})) = (P(E)= H(E)) ,

and this smells very strongly of a proof by Mathematical Induction. As a matter of
fact, this is Mathematical Induction, albeit in a somewhat unusual direction, namely
from larger towards smaller.

Firstly, we have H(T) —the complete graph contains a Hamiltionan cycle, very
many even—, so we also have P(T) = H(T). This is the basis of the induction.

Secondly, property now represents the induction step. Because every set
E of edges can be obtained from a larger set EU {{p,q}}, with {p,q} ¢ E, we are
done.

Notice that the fact that the collection of all possibles sets of edges is ﬁm’teﬂ is of
no consequence: although usually applied to infinite sets the principle of Mathematical
Induction is perfectly valid in a finite setting.

2.7.6 Proof of the Core Property

We repeat the Core Property, which is the essential part of both proofs of the Theorem.

Core Property: Forset E of edges and for any two nodes p, ¢ with {p,q} ¢ E:

P(E) NH(EU{{p,q}}) = H(E)
O

To prove this we assume that E is a set of edges and p,q are different nodes, such
that {p,q} ¢ E, satisfying P(EF) and H(E U{{p,q}}). The latter means that the
graph (V, EU{{p,q}}) contains a Hamiltonian cycle. If such a Hamiltonian cycle
does not contain edge {p, q}, then it also is a Hamiltonian cycle in the graph (V, E);
hence, P(E) and in this case we are done.

So, remains the case that (V, EU{{p,q}}) contains a Hamiltonian cycle that
does contain edge {p,q}. Now we have to prove P(E), that is, we must prove that
(V,E) contains a Hamiltonian cycle as well, that is, without edge {p,q}.

For this purpose, let [ sg, $1, - , $n | be a Hamiltonian cyclein (V, EU{{p,q}}).
This means that {s; | 0<i<n} = V —recall that n = #V —, that s, = so, and that
(Vi:0<i<n: {s;,si+1} € EU{{p,q}}). We assume that this cycle contains edge
{p,q} and, without loss of generality, we assume that so =p and s; =g¢q.

3for our fized, finite set of nodes
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Sn—1 52

Sh+1 Sh

Figure 15: a Hamiltonian cycle, with edge {p,q}

In this setting we prove that (V,E) contains a Hamiltonian cycle. To construct a
Hamiltonian cycle not containing edge {p,q} we take the Hamiltonian cycle intro-
duced above, containing edge {p,q}, as a starting point. Removal of edge {p,q}
destroys the cycle, and what remains is a path connecting s;, that is ¢, to sg, that
is p, that still contains all nodes of the graph and all edges of which are in FE.

Now we must restore the cycle by somehow reconnecting p and ¢, using edges in
E only. We do so by selecting an index h in the interval [2..n—1) such that both
{p,sn}€FE and {q,sp+1}€E. To show that this is possible we need the theorem’s
assumption P(F), which was defined as:

(Vu,v:u#v: {u,v}¢FE = deg(u)+deg(v) >n)
Applying this to p,q and using {p,q} ¢ E we obtain:

(L1 deg(p) + deg(q) >n .

Let . = #{i€[2..n-1) | {p,s;}€eE } andlet y = #{je[2..n-1) | {¢g,s;41}€E };
now we calculate:

deg(p) + deg(q) > n

& { definition of deg (twice), using sp=p and s;=gq }
#{ie[l..n) | {so,si}eE} +#{je[2..n]|{s1,5;}€E} > n
& { split off i=1 and i=n-1, using {sg,s1}¢F and {sp_1,8,}€F }

L+ #{ie[2..n=1) | {s0,si}eE}+#{jec[2..n] | {s1,8;}€E} > n
& { split off =2 and j=n, using {s1,s2}€F and {s1,s,}¢FE }
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Figure 16: The remains of the cycle, after removal of edge {p,q}

1+ #{ie[2..n-1) | {so,s;}eE}+ 1+ #{je[3..n) | {s1,s;}€eE} > n

& { dummy transformation j:=j+1 }

1+ #{ie[2..n-1) | {so,8}eE}+1+#{je[2..n-1) | {s1,841}€E} > n
& { definitions of = and y, using sp=p and s;=q }

l+z+14y>n
& { calculus }

T+y>n-—2 .

So, the number of indices 4 in the interval [2..n—1) for which {p,s;} € E plus the
number of indices 7 in the range [2..n—1) for which {q,s;+1} € E is at least n—2.
The size of the interval [2..n—1), however, only is n—3; hence the two sets of
indices have a non-empty intersection: there exists an index h, he[2..n—1), such
that both {p,sp}€E and {q,spy1}€E.

For every such an index h, [So,Sn, " , 82,51, Shtls " ,Sn—1,5n] is a Hamilto-
nian cycle in the graph (V, E). Because we have shown the existence of such an h,
we conclude the existence of a Hamiltonian cycle in (V, E), which was our goal.

remark: The existence of an index h in the interval [2..n—1) implies that this
interval is nonempty, that is, 2<n—1, which boils down to 4 <n. Hence,
the proofs of the Theorem presented here are only valid for graphs with at
least 4 nodes. It can be easily verified that the Theorem also holds for n=3:
the complete 3-graph —a “triangle” — is the only one satisfying predicate P,
and a “triangle” is a Hamiltonian cycle. For n <3 the Theorem does not
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hold.

Sh+1 Sh

Figure 17: a Hamiltonian cycle, without edge {p,q}

2.8 Ramsey’s theorem
2.8.1 Introduction

We are having a party at which every two guests either do know each other or do
not know each other. If the number of guests at the party is “large enough” then the
party has at least 5 guests all of which either do know one another or do not know
one another. How large must the party be for this to be true?

F.P. Ramsey has developed some theory for the treatment of problems like this.
This theory makes it possible to draw rather global conclusions about undirected
graphs, independently of their actual structure.

To illustrate this we present a simple theorem that represents his work. In the
above example the guests at the party can be considered the nodes of an undirected
graph. Any two nodes are connected by an edge if and only if the two corresponding
guests do know each other. A set of 5 guests all of which do know one another then
amounts to a subgraph of size 5 that is complete, that is, we say that the whole graph
contains a complete 5-graph. How do we formulate, on the other hand, that from a
set of 5 guests every two guests do not know each other? Well, this means that the
whole graph contains 5 nodes every two of which are not connected.

We might as well, however, consider the complement graph, in which two nodes
are connected by an edge if and only if the two corresponding guests do not know
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each other. As a matter of fact, the problem as stated is symmetric in the notions
of “knowing each other” and “not knowing each other”. It is, therefore, awkward
to destroy this symmetry by representing the one concept by the presence of edges
and the other concept by their absence. Moreover, we have two possibilities here, the
choice between which is irrelevant.

To restore the symmetry we, therefore, consider a complete undirected graph, of
which the set of edges has been partitioned into two subsets —or more than two, in
the more general case of Ramsey’s theory —. The one subset then represents the pairs
of guests who know each other and the other subset represents the pairs of guests
who do not know each other.

Partitioning a set into (disjoint) subsets can be represented conveniently by
colouring. In our case, partitioning the edges of a complete graph into two sub-
sets can be represented by colouring each edge with one out of two colours. (And, of
course, with more than two colours we can represent partitionings into more than two
subsets.) Now, an edge of the one colour may represent a pair of guests who do know
each other, whereas an edge of the other colour may represent a pair of guests who
do not know each other. Thus, the symmetry between “knowing” and “not knowing”
is restored.

2.8.2 Ramsey’s theorem

We consider finite, complete, undirected graphs only. For the sake of brevity, we will
use “k-graph” for the “complete k-graph”, for any natural k, 2<k. Formally, a
colouring of a graph’s edges is a function from the set of edges to the set of colours
used, {red,blue}, say, if two colours are sufficient. So, a colouring is a function of
type E — {red,blue}, and if ¢ is such a colouring, then for any edge {u,v} we
have either ¢({u,v}) =red or ¢({u,v}) = blue, but not both simultaneously, as we
presume that red # blue: every edge has only one colour. In what follows we use
variables ¢ and d to denote colourings.

Again for brevity’s sake, we say that the k-graph “contains a red m-graph” if
the nodes of the k-graph contain a subset of m nodes such that all edges connecting
these nodes are red; that is, these m nodes together with their edges constitute a
completely red m-graph as a subgraph of the k-graph, for any k,m with 2<m<k.

As an example, notice that the 2-graph has two nodes only, connected by one
single edge; hence, the proposition “the k-graph contains a red 2-graph” is equivalent
to the proposition “the k-graph contains at least one red edge”.

The proposition “the k-graph contains a red m-graph” depends on the parame-
ters k and m, of course, but also on the actual colouring. So, it is a predicate with
three parameters. Calling this predicate Rd, we define it as follows, together with a
similar predicate Bl, for the colour blue, for all k,¢,m with 2<m<k:

Rd(k,c,m) < “the k-graph with colouring ¢ contains a red m-graph” , and:
Bi(k,c,m) & “the k-graph with colouring ¢ contains a blue m-graph” .

These predicates are monotonic, in the following way. Suppose Rd(k,c,m) , for some
k,c,m. Then we also have Rd(k+1,c,m), provided we consider the colouring of
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the (k+1)-graph as an extension of the colouring of the k-graph —both colourings
being denoted here by the very same c—, just as the (k+1)-graph can be viewed as
an extension of the k-graph. For this purpose we consider the k+1 nodes of the
(k+1)-graph as a set of k nodes, forming a k-graph, plus one additional node, which
may remain anonymous. Every colouring of the (k+1)-graph thus induces a colouring
of the k-graph; as stated, function ¢ denotes either colouring.

Ramsey’s theorem now is about a function R, say, defined as follows, for all
m,n with 2<m and 2<m:

R(m,n) = “the smallest of all natural numbers k satisfying:
(Ve:: Rd(k,c,m) V Bl(k,c,n))”

The function value R(m,n) is only well-defined, of course, if at least one natural
number k exists satisfying (Ve:: Rd(k,¢,m) V Bl(k,c,n) ) : only then we can speak
of the smallest such number. Notice that, by definition, if R(m,n) = p then for
every k, p<k, the k-graph contains at least one red m-graph or contains at least
one blue n-graph (or both).

The following theorem states that such natural numbers exist and provides an
upperbound for R(m,n) .

Theorem. (Ramsey)

m-+n—2
m—1

R(m,n) < (

) yforall myn:2<m A 2<n .

O

Notice that, by definition, R(m,n) is symmetric in m and n, that is, we have:
R(m,n) = R(n,m), because for every colouring ¢ satisfying Rd(k,c,m) V Bl(k,c,n)
a colouring d exists —which one?— satisfying Rd(k,d,n) V Bl(k,d,m) . The expres-
. -2 . . -
sion (m;nl ) does not look symmetric, at least, not at first sight. Yet, it is,
because binomial coefficients satisfy the following, general property:

<m+n) = <m+n> yforallmn:1<m A 1<n
m n

as a result of which we also have: m+n -2 = m+n -2 .
m—1 n—1

Proof of the Theorem: By Mathematical Induction on the value of m+n;
that is, the Induction Hypothesis is:

R(p,q) < (p;q;?) yforall p,g:2<p A2<q A p+g<m+n .
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We distinguish 3 cases.

Firstly, 2<m A n=2: We consider the m-graph. Let c¢ be the colour-
ing in which all edges of the m-graph are red, so this particular ¢ yields
Rd(m,c,m). TFor every other colouring ¢ we have that not all edges
of the m-graph are red, so the m-graph contains at least one blue edge,
which means Bl(m,c,2), for all other ¢. Combining these cases we obtain
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(Ve:: Rd(m,c,m) V Bl(m,c,2) ), from which we conclude that R(m,n) <m.

(Actually, we have R(m,n) =m because no smaller graph contains a red
m-graph, but the upper bound is all we need.) Now m = <m$312> , SO
m+2—2

we conclude R(m,n) < (
m—1

) , as required.

Secondly, m=2 A 2<n: By symmetry with the previous case.

Thirdly, 3<m A 3<n: We need an additional property, to be proved later;
the need of this property is inspired by a well-known property of binomial
coefficients:

R(m,n)

< { e property of R, see below, using 3<m A 3<n }
R(m—1,n)+R(m,n-1)

< { Induction Hypothesis (twice) }

m+n—3 n m+n—3
m—2 m—1

{ property of binomial coefficients }

m-+n—2
m—1

In the above proof of the Theorem we have used the following property of R, which
constitutes the core of the proof.

property: R(m,n) < R(m-1,n)+R(m,n-1) ,forallm,n:3<m A3<n .

proof: Let k = R(m—1,n)+R(m,n—1). To prove that R(m,n) <k it
suffices to prove Rd(k,c,m) V Bl(k,c,n), for all colourings c¢. Therefore,
let ¢ be a colouring of the k-graph. Let v be a node of the k-graph and
in what follows dummy wu also ranges over the nodes of the k-graph. We
define subsets X and Y of the nodes, as follows:

X = {ueV|u£vAc{u,v})=red } ,and:
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Y = {ueV|u#£vAc({u,v})=>blue} .
Then X and Y and {v} partition the nodes of the k-graph, so we have:
#X+#Y +1 = R(m-1,n)+R(m,n-1)

From this it can be derived that R(m—1,n) <#X V R(m,n-1) <#Y,
by contraposition:

#X <R(m-1,n) N #Y <R(m,n-1)

& { all values here are integers }
#X<R(m-1,n)-1 A #Y <R(m,n-1) -1

= { monotonicity of addition }
#X+#Y < R(m—1,n)+R(m,n-1) -2

& { all values here are integers }
#X+#Y+1< R(m-1,n)+R(m,n-1)

= { < is irreflexive }

#X+#Y+1# R(m-1,n)+R(m,n-1) ,

which settles the issue.
We now prove the required property, Rd(k,c,m) V Bl(k,c,n), by dis-
tinguishing the two cases of this disjunction.

Case R(m—1,n) <#X: From the definition of R we conclude, for our
colouring ¢, that either Rd(#X,c,m—1) or Bl(#X,c,n). If Rd(#X,c,m—1)
then X contains a red (m—1)-graph. By definition of X, we also have
c({u,v})=red, for all weX; hence, XU{v} contains a red m-graph,
which implies Rd (k,c,m) as well. If, on the other hand, BI(#X,c,n) then

we also have Bl(k,c,n). In both cases we have Rd(k,c,m) V Bl(k,c,n),
which concludes this case.

Case R(m,n—1) <#Y : By symmetry.

2.8.3 A few applications

A party containing 5 guests all knowing one another or all not knowing one another
can now represented as a complete graph containing a red 5-graph or a blue 5-
graph. So, asking for the smallest such party is asking for the value of R(5,5).

As upper bound for R(5,5), Ramsey’s theorem now gives

i) , which equals 70.

Further investigation of this problem has revealed that R(5,5) € [43..49]; what is
the actual value of R (5,5) still is an open problem!
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The smallest complete graph containing, independently of the colouring, at least one
monochrome triangle is the complete 6-graph. Ramsey’s theorem yields R(3,3) <6.
For the complete 5-graph a colouring exists such that the graph does not contain a
monochrome triangle; hence, R(3,3) >6. So, R(3,3)=6.

2.9 Trees
2.9.1 Undirected trees

An (undirected) tree is an undirected graph that is connected and acyclic. As we will
see, on the one hand trees are the smallest connected graphs: removal of an edge
from a tree always results in a graph that is not connected anymore. On the other
hand, trees are the largest acyclic graphs: adding an additional edge to a tree results
in a graph containing at least one cycle.

Although trees may be infinite, usually only finite trees are considered. Without
further notice we confine our attention to finite trees.

O, (») a ©

Figure 18: A (labelled) tree

In a connected graph, a leaf is a node with exactly one neighbour, that is, a node
the degree of which equals 1. In Figure for example, the leaves are a,c, e.

Lemma. Removal of a leaf and its (unique) associated edge from a connected graph
yields a connected graph.

Proof. Let v be a leaf in a graph, and let u,w be nodes different from v. Then,
no path connecting u and w contains v. Hence, every such path still exists in the

graph resulting from removal of v and its associated edge.
O

Lemma. Every finite, acyclic, and connected graph with at least 2 nodes contains
at least one leaf.

Proof. By contraposition: we prove that a finite, connected graph without leaves
contains at least one cycle. Let (V, ~) be such a graph, with #V >2. Because the
graph is connected every node has at least one neighbour, so deg(v)>1, for every
node v; because the graph contains no leaves we even have deg(v)>2, for all v.
Now we construct an infinite sequence s;.9<; of nodes, as follows. Choose soeV
arbitrarily, and choose sy €V, such that sg~ s;. Note that this is possible because
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V is assumed to have at least 2 nodes, and because deg(so)>2. Next, for all
1,0<7, we choose s;42€V such that s;11~s;y2 and s;#S;42. This is possible
because deg(s;+1)>2, which follows from the assumption that the degree of every
node is at least 2.

Thus, we have defined an infinite path s, starting at sg and with the property
that s; #s;42, for all ,0<i. The set V' of nodes, however, is finite. Thereforeﬂ

we have s, =34, for some p,q with 0<p<gq. Hence, the sub-path [s,,---,s,] is a
cycle connecting s, to itself, which concludes the proof.
O

A direct corollary of this lemma is that every tree with at least 2 nodes contains at
least one leaf; after all, every tree is acyclic and connected.

Theorem. A tree with n, 1<n, nodes contains n—1 edges.

Proof. By Mathematical Induction on n. A tree with 1 node has 0 edges —after
all, every edge connects two different nodes—, and 1-1=0. Now let (V, ~) be a
tree with #V =n+1, where 1<n. By (the corollary to) the previous lemma this
tree has a leaf u, say, so deg(u)=1. Hence, there is exactly one node v, say, with
u~ v, so the one-and-only edge involving u is {u,v}. Now let (W, =) be the graph
obtained from (V, ~) by removal of leaf u and its edge {w,v}. This means that
W =V\{u} and that wrz & w~x, for all w,zeW .

Because veV we have #W =#V -1, so #W =n. The graph (W,=) is a
tree because removal of node u and its edge {u,v} maintains connectness of the
remaining graph and, obviously, introduces no cycles. By Induction Hypothesis, tree
(W, =) contains n edges, hence the original tree (V, ~) contains n+1 edges.

O

Actually, (finite) trees can be characterized in many different way. This is illus-
trated by the following theorem, of which the above theorem is a special case.

Theorem. For a connected, undirected graph (V, E) the following propositions are
mutually equivalent.

(a) (V,E) is acyclic.

(b) For every ecE the graph (V,E\{e}) is not connected.

(c) #E = #V —1.

(d) For all nodes u,v a unique path exists connecting u to v.
O

In addition the following properties deserve to be mentioned, as they are some-
times useful. Recall that, by definition, a graph is connected if every two nodes are
connected by at least one path.

4See the discussion on finite and infinite, in the chapter on functions.
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Lemma. An undirected graph is acyclic if and only if every two nodes are connected
by at most one path.

Lemma. An undirected graph is a tree if and only if every two nodes are connected
by exactly one path.

Lemma. For every undirected graph (V, E):
(a)  (Yv:veV:deg(v)>2) = #E>#V
(b)  “(V,E) is connected” = #E>#V -1
(¢) “(V,E)isacyclic” = #E<#V-1

O

Notice that the latter two propositions provide another proof that if (V,E)
is a tree then #FE =#V —1. Also, notice that the last proposition can also, by
contraposition, be formulated as:

#E>#V = “(V,E) contains a cycle”
As a consequence, by combination with proposition (a) of this lemma, we obtain:

(Vv:veV:deg(v) >2) = “(V,E) contains a cycle”

2.9.2 Rooted trees

A rooted tree is a tree in which one node is identified separately. This designated
node is called the root of the tree. For every node in a rooted tree we can define its
distance as the length of the unique path connecting that node and the root. Thus,
for example, the root itself has distance 0, and for every two neighbouring nodes,
their distances differ by 1. In the latter case, the node with the smaller distance is
closer to the root than the node with the larger distance. All edges in a rooted tree
can now be turned into directed arrows, either by directing them towards the root
or by directing them away from the root. The choice between these two options is
rather irrelevant but must be made; therefore, in this text we adopt the convention
that all arrows are directed away from the root. For example, Figure 16 gives the tree
from Figure 15, as a rooted tree.

As an example of an infinite rooted tree, Figure 17 shows the tree obtained with
the natural numbers as nodes, 0 as the root, and { (n,n+1) | 0<n} asthe (directed)
edges. Such a linear arrangement hardly deserves to be called a “tree”, of course, but
formally it is a tree. Usually, however, such a linear arrangement is called a “list”.

A more interesting example is obtained as follows. The nodes are the positive
naturals, the root is 1, and, for positive m, n, the pair (n,m) is an arrow if and only
if 2«n=m V 2xn+1=m. (This relation can also be formulated as n = mdiv2.)
The graph thus obtained is a rooted tree: via the arrows every positive natural number
can be obtained from 1 in a unique way. See Figure 18.
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Figure 19: A rooted tree, with root f
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Figure 20: (Part of) the linear structure of the naturals

Figure 21: (Part of) the rooted, binary tree of the positive naturals
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2.10 Exercises

1.

10.

11.

12.

13.

* 14.

How many edges does the complete n-graph have, for all n>17 Prove the
correctness of your answer.

An undirected graph (V,E) is called “regular of degree d”, for some natu-
ral number d, if deg(v) =d, for all veV . Prove that such a graph satisfies
dx#V = 2x#FE.

Let (V,E) be an undirected graph satisfying #V =9 and #FE >14. Prove
that V contains at least one node the degree of which is at least 4.

Prove Lemma 2.6].

Prove Lemma 2.15].
Prove Lemma 2.16].
Prove Lemma 2.17.

Given are two connected (undirected) graphs (V,E) and (W, F), such that
VAW = ¢g. Let veV and weW . Prove that the graph
(VUwW, EUFU{{v,w}}) is connected.

Let (V, ~) be a connected undirected graph such that v,weV with the fol-
lowing properties: deg(v) and deg(w) are odd and deg(u) is even for all other
nodes ueV . Prove that the graph contains an Euler-path connecting v and
w, that is, a path containing every edge of the graph exactly once.

A chain in a directed graph (V, —) is an infinite sequence s;.9<; of nodes
—that is, a function of type N—V — with the property (Vi:0<i: s;—s;41) .

(a) Prove that finite and acyclic directed graphs do not contain chains.

(b) As a consequence, prove that every finite and acyclic directed graph con-
tains at least one node the out-degree of which is zero.

We consider a (finite) undirected graph in which the degree of every node is at
least 3. Prove that this graph contains a cycle containing at least 4 nodes.

We consider an (finite) undirected graph with n nodes, for n>3. The degree
of every node in this graph is at least n and the graph contains a node of degree
n—2. Prove that this graph is connected.

We consider two undirected trees (V,E) and (W, F), with VNW = ¢. Let
vo,v1 €V and wg,w; € W. Prove that the graph
(VUW , EUFU{{vg,wp},{v1,w1}}) contains a cycle.

We consider the complete 6-graph in which every edge has been coloured either
red or blue. Prove that, independent of the chosen colouring, this graph contains
at least 2 monochrome triangles.
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16.

17.

18.

19.

20.

21.

22.

* 23.
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Prove that an undirected graph with n nodes and in which the number of edges
is greater than n?/4 contains at least one triangle.

Give an example of an undirected graph, with at least 4 nodes, and containing
a cycle that is both an Euler cycle and a Hamiltonian cycle.

Give an example of an undirected graph contaning an Euler cycle and a Hamil-
tonian cycle that are different.

Give an example of a connected, undirected graph with 6 nodes, in which the
degree of every node equals 3. Also give an example of such a graph in which
the degree of every node equals 4.

Give an example of an undirected graph with 7 nodes, in which the degree of
every node equals 2, and consisting of exactly 2 connected components.

Prove that every undirected graph, with 5 nodes and in which the degree of
every node equals 2, is connected.

Prove that every acyclic, undirected graph, with n nodes and n—1 edges, is
connected.

Prove that every undirected graph, with n nodes and at least (n?—3%n+4)/2
edges, is connected.

Prove that every undirected graph, with n nodes and at least (n?—3%n+6)/2
edges, contains a Hamiltonian cycle.
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3 Functions

3.1 Functions

Functions are about the most important building blocks in mathematical reasoning.
Functions are almost everywhere. Examples are the well known functions feR—R

given by f(z)=22%, f(z)=sin(x), or f(x)= x%ﬂ Actually, such functions are

relations on R: we say that z€R is related to yeR if and only if f(x)=1y. Thus,
every function fe€R—R corresponds to the relation { (z,y) | f(z)=y }. This is the
traditional mathematical way to define functions.

Definition. A relation R from a set B to a set V is a function —also called a
mapping — if (and only if) it has the following two properties.

(a) For every be B there is at most one veV with bRv;
(b) For every beB there is at least one veV with bRv;

Requirement (a) is called the requirement of functionality. This can be formalised as
follows: bRu A bRv = wu=w, for all be B and wu,veV . In words, if be B is in
relation to some element of V' this element is unique.

Requirement (b) is called the requirement of totality. It states that every be B
is related to some element of V.

If relation R is functional but not total then R is called a partial function,
so a (truly) partial function only satisfies (a). To emphasize that a function is not
partial, functions satisfying (a) and (b) also are called total functions. Notice that
requirements (a) and (b) together state that for every be B there is exactly one veV
satisfying bRwv.

O

By default, functions are total, unless stated otherwise. For functions we usually
(but not always) use names f,g,h,... or F;G,H,.... If f is a (partial or total)
function from B to V we write f(b) for the unique element veV for which b fv,
if it exists: so, f(b)=v & bfwv.

If f is a total function we call B the domain of f. Now we have f(b)eV for
every be B. If f is a partial function then f’s domain is the largest subset of B on
which f is defined. That is, subset A: ACB is f’s domain if and only if it satisfies
both:

(Vb:beA: (Fv:veV:bfv)) , and:
(Vb: b€ B\A: =~ (Jv:veV:bfv))

So, for partial function f from B to V with domain A we have f(b)eV for every
beA and f(b) is undefined for all b not in A. Notice that every partial function
from B to V with domain A is a total function from A to V.
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Combining these observations we conclude that every (partial or total) function
f from B to V with domain A satisfies (Vb:beA: f(b)eV ), and A=DB if and
only if f is total.

The set of all functions from B to V is denoted by B—V , also by VE. If f
is a function in this set we also say that “f has type B—V"”; also, f€ B—V and
f:B—V are common ways to denote this.

Example. We already have encountered numerous examples of functions. Here are
some familiar ones.

(a) polynomial functions like f€R — R, with f(z)=a2, for all zeR.
(b) goniometric functions like cos, sin and tan.
(c) V€ R>o — R, mapping the non-negative reals to their square roots.

(d) In € RT — R, the natural logarithm.

3.2 Equality of functions

If two (total) functions with the same domain have equal values in all points of their
common domain then these functions are equal. This is rendered formally as follows:

Principle of Extensionality: Functions f and g in B—V | for some sets B
and V', satisfy:

(Vb:beB: f(b)=g(b)) = f=g
O

3.3 Monotonicity of function types

If VCW then every (partial or total) function in B—V also is a (partial or total)
function in B— W . Hence, the set B—V of functions to V is a subset of the set
B—W of functions to W .

Similarly, if AC B then every function f in B—V satisfies: f(b)eV for every
be A. This way, f can be considered as a function of type A—V . Notice, however,
that this is not true from a strictly formal point of view. Recalling that a function
is a relation, function f, of type B—V | contains a pair (b,v), for every be B, so,
also if =(be A) , whereas the functions in A—V only contain pairs (b, v) with beA.
By omitting all pairs (b,v) with —~(beA), however, function f can be restricted to
domain A. Calling the function thus obtained g, it is defined relationally by:

g = {bv)[becAANfb)=v} .
Now function g has type A—V , and it satisfies:

(Vb:beA: g(b) = f(b))
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In practical situations, however, we usually will not introduce a separate name for
this restricted function ¢, and we simply state that if AC B then every function in
B—V also has type A—V.

These properties can be summarized as follows.

Properties. For sets A, B,V, W :

VCW = B—=V CB—-W
ACB = B—-V CA-V

O

Example. Every function in R—R also is a function in N— R, and every function
in N—N also is a function in N—7Z.

3.4 Function composition

We have seen earlier that if S is a relation from set B toset V and if T is a relation
from V to aset Z then their composition, as denoted by S; T, is a relation from B
to Z. The following lemma states that relational composition of two functions itself
is a function again.

Lemma. If f is a function in B—V and if g is a function in V —Z then the
relation f ;g is a function in B—Z.
O

It is common mathematical practice to write the composition of two functions f
and g as go f, instead of as f;g. Notice, however, that the difference is purely
notational, as we now have: gof = f;g. So, according to the above lemma, if f
has type B—V and if g has type V' — Z then go f is a function of type B— Z; it
is defined by:

(gof)(b) = g(f(b)) ,forallbeB .

Properties. The following properties (b) and (c) are directly inherited from the
corresponding properties of relational composition.

(a) On set B the identity relation Ip is a function from B to B, and Ig(b) = b,
for every be B. Not surprisingly, Ip is also called the identity function on B.

(b) I is the identity of function composition: if fe B—V then folg = f and
IV [e] f = f .

(¢) Function composition is associative: ho (gof) = (hog) o f, for functions f,g,h
of appropriate types.
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3.5 Lifting a function

Let B and V be sets and let fe B—V be a function from B to V. As stated
earlier, set B is called the domain of f. Also, set V is called f’s codomain.

For be B element f(b) (in V') is called the image of b under f, or the value of
function f in point b. The subset of V containing all values f(b), for all be B, is
called the image of set B under f.

The notion of image can be generalized to arbitrary subsets of B. For any subset
A: ACB the image of A under f is a subset of V', namely:

{f(0)[beA} .

This subset depends, in a unique way, on subset A. So, we can define a function
F', say, from the set of all subsets of B to the set of all subsets of V', as follows:

F(A) = {f(b)|beA} ,foral A: ACB .

In common mathematical language the set of all subsets of set B, also called
B’s power set, is denoted by P(B). Similarly, the power set of V' is P(V). Thus,
function F has type P(B) — P(V).

This function F' also depends on f, of course. For every function f in B—V
there is corresponding function F' in P(B) — P(V), as defined above. We call F
the lifted version of f. Function F has interestingﬂ algebraic properties.

3.7 Properties.
(a) F(o) =0
(by F({b}) = {f(b)} ,forall beB

(¢c) F distributes over arbitrary unions; that is, for any collection 2 of subsets
of B —so, QCP(B)—, we have:

F((Uaaead)) = (UaaeaF(4))
(d) F is monotonic; that is, for all subsets A0, A1 of B:
AO0C Al = F(A0)CF(A1)

(e) If F islifted f and if G is lifted g, then GoF is lifted go f.

(f) For every subset ACB and subset UCV :

F(A)CU & (Vb:beA: f(b)el)
O

5In the chapter on partial orders we will see why.
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Notice that Property (b) shows that, in turn, function F uniquely determines
function f from which F was obtained. In a (not too strict) way, F is a generali-
sation of f, of which f can be considered an instance.

A function f, of type B—V, and its lifted version, of type P(B) — P(V)
and called F' above, are entirely different functions. Nevertheless, it is common
mathematical practice to denote both by the same name f; so, instead of f(b) and
F(A) we write f(b) and f(A). This, so-called, overloading of the name f is rather
harmless, but the interpretation of an expression like f(x) now depends on the type
of x: if z€ B the expression just means f(z), but if zC B, that is: z€P(B), then
the expression means F'(z).

We have called the set of function values f(b), for all be B, the image or range
of f. In terms of lifted f the image of f just is f(B).

Properties. Functions fe B—V and geV — Z satisfy:
(@)  (gof)(B) = g(f(B)) -
(b)  (gof)(B) Cg(V)

An element be B satisfying f(b) =v, for some veV , is called an original of v under
function f. As we know, because f is a function every be B is related to a unique
value, written as f(b), in V. Conversely, it is not necessarily true that every veV
has a unique original in B: for any veV set B may contain 0,1, or many elements
b satisfying f(b)=v. The whole set of such elements b, however, is unique. That
is, by lifting again, we can define a function G, say, of type P(V) — P(B), by:

GWU) = {b|beBA f(b)eU} ,forallU:UCV .

Set G(U) is called the pre-image under f of set U. In particular, for any
value veV , the set of all elements be B satisfying f(b) =v now is G({v}); so, the
pre-image of {v} is the set of all originals of v.

In common mathematical notation G(U) is written as f~1(U). As we will see
later, some functions f have the property that, for every veV there is a unique
beB with f(b)=v. Then, a function exists, of type V — B, mapping every v to
this unique b. This function is called f’s inverse and it is denoted by f~!. Function
G, as defined here on sets, then is the lifted version of f~!, which is why it is also
written as f~!. So, generally we have:

FYU) = {b|beBA f(b)eU} ,foralU:UCV
and if function f has an inverse we have, for all be B and veV :

b=f"1v) & f(b)=v ,and:
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{0} = F{v})
3.9 Example.
(a) Let feER—R with f(z)=2? for all x€R. Then f~1([0..4]) =[-2..2].

(b) Consider the function mod 8 in Z—Z. The originals of 3 then are the elements
of the set {...,—13,-5,3,11,19,... }.

3.10 Theorem. Every function fe B—V satisfies:
(a) ACfYf(A) ,forall A: ACB ;
®)  f(fFYU)CU ,foralU:UCV .

O
3.11 Example. Let f:R — R be defined by f(z)=a2?, for all x€R. Then the range
F7Y(f(]0..1])) equals [~1..1], which properly contains [0..1]. Moreover, we

have f~1(f([-4..4])) = [0..4], which is properly contained in [—4..4]. This
shows that we can have strict inclusions in the above theorem.

3.6 Surjective, injective, and bijective functions

Some functions have additional and useful properties. Here we define some of them.

3.12 Definition. A function f in B—V is surjective if every element in V is the value
of f for at least one value in B, that is, if:
(Fb:beB: f(b)=v) ,forallveV .

A function f in B—V is injective if every element in V' is the value of f for at
most one value in B, that is, if:

fla)=f(b) = a=b ,foralla,beB .

A function f in B—V is bijective if it is both surjective and injective. Hence, a
function is bijective if every element in V' is the value of f for exactly one value in
B.

O

3.13 Lemma. For function f in B—V: “f is surjective” & f(B)=V.
O

3.14 Example. This example illustrates that the “same” function is or is not surjective
or injective, depending on which domain one considers.

(a) The function sin : R — R is neither surjective nor injective.

(b) The function sin : [—7/2..7/2] — R is injective and not surjective.
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(c¢) The function sin : R — [—1..1] is surjective and not injective.

(d) The function sin : [—

3

\
)
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\
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] = [-1..1] is bijective.
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Figure 22: Surjective, injective and bijective functions

In the definition of “function”, in the beginning of this chapter, we have stated the
requirements of “totality” and “functionality”. The notion of “surjectivity” is equiv-
alent to the notion of “totality”, but with sets B and V interchanged. Similarly, the
notion of “injectivity” is equivalent to the notion of “functionality”, but with B and
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\% interchange(ﬂ. Recall that for every relation R from B to V its transposition
R" is the relation from V to B defined by:

vRY™ < bRwv ,forallbv .

Function f being surjective now means that relation fT is total, and f being injec-
tive means that relation f7 is functional. From this we conclude immediately that
if f is bijective relation then f7 is a function from V to B. This function happens
to be f’s inverse, and it is denoted by f~!.

Definition. Function g in V — B is an inverse of function f in B—V if:
gof =1Ip N fog=1Iy

Lemma. A function has at most one inverse, that is, if g and h both are inverses
of f,then g=nh.

Lemma. Function g is the inverse of function f if and only if f is the inverse of
g.

Lemma. A function f has an inverse if and only if f is bijective; for bijective f its
inverse is f~!.
O

Theorem. All functions f in B—V and g in V — Z satisfy:
(a) If f and g are surjective, then so is go f;
(b) If f and ¢ are injective, then so is go f;
(¢c) If f and g are bijective, then so is go f.

Proof.

(a) Assuming f and g to be surjective, it suffices, according to Lemma to
show that (gof)(B) = Z:

(90f)(B)

& { Property a) }
9(f(B))

& { “f is surjective”: Lemma }
9(V)

& { “g is surjective”: Lemma }
zZ .

SInstead of “surjective” and “injective” we could have used “right-total” and “right-functional”.
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(b) Assuming f and g to be injective, we derive, for a,beB:

(gof)(a) = (gof)(b)

& { definition of composition }
g9(f(a)) = g(f(b))

= { “g is injective” }
fla) = f(b)

= { “f is injective” }
a=15b .

(¢) This follows directly from (a) and (b).
O

3.20 Lemma. If functions f in B—V and g in V —Z both are bijective then
(gof) =t = ftog™ .

O

3.7 Some counting arguments

The elements of finite sets can be counted. That is, we can define a function # , say,
that maps every finite set to its number of elements. So, for finite set V' its number
of elements #V is a natural number. This funtion can be defined recursively, as
follows. After all, every finite set either is ¢ or is UU{wv}, for some smaller finite
set U and some value v not in U .

3.21 Definition. For every finite set U and value v with v ¢ U :
#0 =0
#(UU{v}) = #U +1
O

Without proof we state that # has the following properties, which can be proved by
induction on the structure of the finite sets, if so desired.

3.22 Properties. For all finite sets U,V and value v:
(©) #U=0 & U=9¢

() #{v} =1
(2 0<#U
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3) #(UUV) = #U +#V —#UNV)
(4) #(UUV) < #U + #V
#(UUV) = #U +#V ,fUNV =9
(©) #V = #U + #(V\U) ,if UCV
#U <4V ,if UCV

() #U=#V o U=V ,if UCV

O

Notice that these properties are mutually dependent. For example, property
follows directly from and (2) , property is an instance of (3), and (6) is an
instance of , whereas follows from @ and .

* * *

Functions on finite sets yield finite images. In what follows function f has type
B—V , where B and V are finite sets.

Lemma. #(f(B)) < #B

Proof. By induction on the structure of B. If B= ¢ then f(B)= ¢ too, hence, in
this case we even have # (f(B)) =#B. If B= AU{b}, for some b not in A we
have:

#(f(AU{b}))
{ foveru}
#(f(AUFHbY))
{ property B2 @) }
#(f(A) +#(f({b}))
= { definition of f({b}) }
#(f(A) +#{f(O)})
= { property (twice) }
#(f(A)) +#({b})
{ Induction Hypothesis }
#A+#({b})
= { property , using —(bed) }
#(AU{b})

IN

IN
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Lemma. “f is injective” < #(f(B)) = #B
Proof. By mutual implication.

“=": Very similar to the proof of Lemma using that # (f(A)Uf({b})) now
is equal to # (f(A)) + # (f({b})), because for injective f we have =(f(b) € f(A))
if —\(bEA) .

“<7: By contraposition, that is, if f is not injective then # (f(B)) # #B. If f is
not injective then B contains elements a,b, say, with a #b and f(a)= f(b). Now:

#(f(B))
= { a#band f(a)=f(b), so f(B\{a})=f(B) }
#(f(B\{a}))
{Lemma}
#(B\{a})
= {aeB}
#B -1,

IN

from which we conclude that # (f(B)) < #B, hence, also # (f(B)) # #B.
]

Lemma. “f is injective” = #B < #V

Proof.
4B
= { f is injective: Lemma}
#(f(B))
< {F(B)CV: property ET() }
#V
U

Lemma. “f is surjective” = #V < #B

Proof.
#V
= { f is surjective: f(B)=V }
#(f(B))
< { Lemma }
#B
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Corollary:  “f is bijective” = #V = #B
O

Aside: Without further proofs we observe that the converses to the two latter
lemmata hold as well.

Properties.

©) #B < #V = (3f: feB—V:“f is injective”)

(1) #V < #B = (3f: feB—V:“f is surjective” )
O

Now we are ready for the main theorem of this subsection.

Theorem. [Pigeonhole Principle] For f a function of type B— V', for finite sets
B,V ,and if #B =#V , we have:

“f is injective” <« “f is surjective”

Proof.
“f is injective”

& { Lemma }

#(f(B)) = #B

& {#B=#V}
#(f(B)) = #V

& { f(B)CV: property [3.22|(®) }
f(B) =V

o { Lemma }

“f is surjective”

Remark. The above result is called the pigeonhole principle because of the following.
If one has n pigeons (the set A) and the same number of holes (the set B), then one
pigeonhole is empty if and only if one of the other holes contains at least two pigeons.

Example. Suppose p and ¢ are two different prime numbers. We consider the
function ¢ in [0..p) — [0..p), defined by p(z) = (zx¢) modp, forall z€[0..p).

We prove that ¢ is a bijection. By the Pigeonhole Principle it suffices to show
that ¢ is injective. To this end we derive, for z,y€[0..p):

e(@) = ¢(y)
& { definition of ¢ }
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(xxg)modp = (y*q)modp

s { property of mod }
((x=y)*xq)modp =0

& { property of mod and | }
pl ((x=y)=q)

& { “p is prime”: (p|) distributes over * }
pl(z=y) V plq

& { “p and ¢ are prime” and p#¢q, hence: = (p|q) }
pl(z—y)

& {z,y€[0..p), hence —p<z—-y<p}
T =19 .

O

3.8 Of finite and infinite

Every now and then we encounter in our discussions the notions of finite or infinite
sets. If we wish our proofs to be really formal, we need a formal definition of what
constitutes a finite or infinite set.

Fortunately, this is not a study on the foundation of Mathematics; therefore,
we can get away with a very pragmatic attitude: without much ado, we consider
the natural numbers as (the prototype of) an infinite set and we consider any set
infinite in which the natural numbers can be embedded. Formally, this means that
an injective function from the naturals into that set exist. In addition, we define a
set to be finite if it is not infinitd7

Definition. Set V is infinite if and only if a function f in Nat—V exists such that
all function values are different, that is, such that:

(Vi,j:0<i<j: fi#f;)

Definition. Set V is finite if and only if it is not infinite. By application of the rules
of The Morgan to the definition of “infinite” we obtain that V is finite if and only if
for all functions f in Nat—V we have:

(HZ,]OS’L<] fzzf])
O

Functions on the naturals are also called “infinite sequences”. The above definition
of infinity can, therefore, also be remembered as follows: a set is infinite if it contains

"The notions of finite and infinite go hand in hand: it is virtually impossible to define the one
without the other.
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an infinite sequence all whose elements are different. And, conversely, a set is finite
if every infinite sequence in the set contains at least one value twice.

A different way to define infinity is: a set is infinite if every finite subset of it is
not the whole set. An apparent advantage of this definition is that it does not seem
to refer to the natural numbers, but that is not true: this definition refers to “finite
subsets”, the definition of which still involves, one way or the other, the naturals.

Nevertheless, this latter definition of infinity sometimes is useful tocﬂ7 but the
above definition in terms of functions generally is more practical.

Example. A rather trivial example is: the natural numbers themselves are infinite.
Just take for function f the identity function, as defined by (Vi:0<i: f;=4). Then,
obviously, all function values are different.

O

Properties. If set V is infinite and if VCW then set W is infinite too. This
proposition is equivalent to the proposition that every subset of a finite set is finite
as well.

3.9 A Useful Classification
3.9.1 Several kinds of relations

Throughout this little essay we study relations from a given set B to a given set V',
so we study subsets of the cartesion product BxV . For R such a relation we write
bRv as an abbreviation of (b,v)€ R, as usual.

For R such a relation we define four properties that R may or may not have:

@) “R is L-total” & (Vb:beB: (3v:veV:bRv))

(13) “R is L-functional” < (Vb,u,v:beB Au,veV :bRuAbRv = u=v)
(14) “R is R-total” < (Yv:veV:(3b:beB:bRv))

(5) “R is R-functional” < (Vb,c,v:b,ce BAveV:bRvAcRv = b=c)

Note that “R is L-total” expresses that every element in B is related (by R) to at
least one element in V' | whereas “R is L-functional” expresses that every element in
B is related to at most one element in V. Hence, together —in conjunction — they
express that every element in B is related to exactly one element in V.

Similarly, “R is R-total” expresses that every element in V' is related (by R) to
at least one element in B, whereas “R is R-functional” expresses that every element
in V is related to at most one element in B. So, together they express that every
element in V' is related to exactly one element in B.

Also note the symmetry between and on the one hand and and
on the other hand: the two pairs are transformed into one another under relation
transposition. That is, for every relation R we have:

8Example: the well-known proof that the set of prime numbers is infinite.
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“R is L-total” < “RTis R-total” , and:
“R is L-functional” < “RT is R-functional”

As far as I know, Netty van Gasteren, in her PhD-thesis, was the first to emphasize
the importance of these four properties (although she used different names).

3.9.2 Several kinds of functions

Using the terminology introduced above we can now classify several kinds of functions,
in the following way. Again, R is a relation from B to V.

“R is a (partial) function (from B to V)” <«

“R is L-functional” |

“R is a (total) function” <

“R is L-total” A “R is L-functional” ,

“R is a surjective function” <

“R is L-total” A “R is L-functional” A “R is R-total”

“R is an injective function” <

“R is L-total” A “R is L-functional” A “R is R-functional” ,
“R is a bijection” <«

“Ris L-total” A “R is L-functional” A “R is R-total” A “R is R-functional”

In particular this classification clarifies the relation between functions and their in-
verses (if they exist). We have, for instance, that relation R is a bijection if and only
if both R and R™ are (total) functions, which then are each other’s inverses, as we
will show.

3.9.3 Applications

To demonstrate the usefulness of the above concepts we formulate and prove two
lemmata.

Lemma. Every bijection R satisfies: R;RT = Ig, where “;” denotes relation
composition and where Ip denotes the identity relation (on BxB). Similarly,
RT ;R = [V .

Proof. We prove R;RT = Ip element-wise, that is, we prove
(Vb,c:b,ceB: b(R;RT)c & b=c), as follows, for any b,ce B:
b(R;R%)c
& { definition of ; }
(Jv:veV:bRv AvR )
& { definition of T }
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(Fv:veV:bRv A cRv)

& { R is R-functional: }
(Jv:veV:bRv AcRv ANb=c)

& { Leibniz, to simplify }
(Fu:veV:bRv Ab=c)

& { A distributes over 3 }
(Jv:veV:bRv) A b=c

& { R is L-total: }
b=c .

Notice that, in this proof, we only have used that R is R-functional and L-total. The
other two properties, that R is L-functional and R-total, are needed for the proof of
the symmetric counterpart RT ; R = Iy, .

O

The next lemma actually used to be an exercise which students tend to consider a
difficult one.

Lemma. For R a relation from B to V and S a relation from V to B we have:
if R;S =1Ig and S;R = Iy then both R and S are bijections.

Proof. The problem is entirely symmetric in R and S, in that it is invariant under the
substitution B,V, R, S :=V, B, S, R. Hence, it suffices to prove that R is a bijection.
As we have seen, this means that R has the four properties through (5. The
problem also is symmetric in that it is invariant under relation transposition. Hence,
as we have seen, it suffices to prove that R is L-total and L-functional only. To be
able to do so, however, we must rephrase our premisses R;S = Ig and S;R = Iy
in a way that does not involve relation composition anymore, because properties
through do not contain compositions.

Rewriting R;S = Ip as the conjunction of R;S C I and Ig C R;S and
S ;R = Iy as the conjunction of S;R C Iy and Iy C S; R respectively, and elim-
inating the compositions and identities —by applying their definitions— our premisses
boil down to the following four given properties:

(©) (Vb,c:b,ceB: (Gv:veV:bRvAvSc) = b=c)
(7 (Vb:beB: (Fv:veV:bRvAvSbh) )
(8) (Vu,v:u,veV: (Fb:beB:uSbADRv) = u=v)
© (Vv:veV: (3b:beB:vSbAbRv) )

Now we prove that R is L-total, as follows:
R is L-total

< {@}
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(Vb:beB: (Fv:veV :bRv))
= { strengthening, in view of }
(Vb:beB: (Fv:veV:bRvAvShH) )
& {(@ }
true ,

and, hence, by the aforementioned symmetries, we conclude that S is R-total too.
Now, we prove that R is L-functional, as follows, using definition , for all be B
and u,veV:

bRu A bRv
& { S is R-total }
(Jw:weV:wSb) N bRu AN bRv
& { A distributes over 3 }

(w:weV:wSbAbRu) A bRv

& { @), with w,v:=w,u }
(Jw:weV:wSbADRuANw=u) A bRv

& { one-point rule }
uSb AN bRu AN bRv

= { weakening }
uSb A bRv

= { 3-introduction }

(Fb:beB:uSbLADRY)
= {@®}

u=v ,
as required. Notice that a step like the first one in this calculation is unavoidable: the
proof obligation is about R only, so we must introduce, one way or another, relation
S into the game, in order to be able to use the premisses (@ through @, all of
which involve both R and S.

O

3.9.4 A more abstract and more algebraic approach

In the proof of Lemmal I have observed that the premisses of the lemma contain
relation composition, whereas the proof obligations, amounting to through ,
do not contain relation composition. Therefore, so I decided, we must eliminate
relation composition from the premisses, which gave rise to formulae @ through

When writing down this observation, however, it suddenly dawned upon me that
there is an alternative approach: instead of eliminating relation composition from the
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premisses we might as well introduce it into formulae through , thus lifting
the whole discussion to a more abstract, element-free, level.

To be able to do so, I need a general (logical) property which I will refer to either
as “J-elimination” or as “3J-introduction”. In a natural-deduction style of logic this
rule, when applied from left to right, is usually called “3-elimination”. Note, however,
that the rule actually expresses an equivalence which, therefore, may be applied from
right to left as well, as a way of “3-introduction”.

J-elimination: For any predicate P(z), possibly containing = as a free vari-
able, and for any predicate @, in which x does not occur as free variable,
we have:

(Jz::Px) = Q & Va::P(z)=Q)

proof: By straightforward calculation.
O

Now we can translate the classification from Section|3.9.1| into relational form, as
follows:

R is L-total

@ { @}
(Vb:beB: (Fv:veV:bRv))

e { idempotence of A and transposition }
(Vb:beB: (Jv:veV:bRv AvR™D))

& { definition of ; }
(Vb:beB: b(R;R)b)

& { one-point rule }
(Vb,c:b,ceB:b=c = b(R;R")c)

& { definition of Ip }
(Vb,c:b,ceB:b(Ig)c = b(R;RY)c)

& { definition of C }
Ig CR:;RT .

So, relation R is L-total if and only if Ip C R;RT, and this may be taken as an
alternative definition. Notice, however, that the second step in the above derivation
—introduction of RT — is rather arbitrary. This is a true design decision, but not
the only possibility. Instead, for example, we could also have rewritten bRv to
bRv AvTb,where T denotes the maximal relation, that is the whole set V' x B . This
gives rise to yet another alternative definition: R is L-total if and only if Ig C R;T.
As a matter of fact, there are good reasons to retain both variants, and performing
the same exercises with R-totality we obtain:

(110) “Ris L-total” < Ig C R;RT
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(11 “Ris L-total” & Ig CR;T
(112) “Ris R-total” & Iy C RT;R
(113) “Ris R-total” & Iy C T;R

Note that is weaker than and that is weaker than : when we
need to prove totality the weaker forms are to be preferred, but when we use totality
the stronger forms are more attractive.

* * *

As to functionality we proceed as follows:

R is L-functional

@ {@ 3
(Vb,u,v:be BAu,veV:bRuANbRv = u=v)

& { dummy b does not occur in u=wv: nesting }
(Vu,v:u,veV: (Vb:beB:bRuNbDRv = u=v))
& { 3-introduction }
(VYu,v:u,veV: (Ib:beB:bRuANDRv) = u=v)
& { transposition }
(Vu,v:u,veV: (Ib:beB:uRTOAbDRv) = u=v)
& { definition of ; and Iy }
(Vu,v:u,veV:iu(RY;R)v = u(ly)v)
& { definition of C }
RT:RCI, .

R-functionality can, of course, be rewritten in exactly the same way. Thus, we obtain:

(14) “R is L-functional” < RT:R C Iy
(15) “R is R-functional” < R;RT C Ip
* * *

Now let us see how the two lemmata from the previous section can be proved in terms
of the above definitions.

Lemmal[3.34]: Every bijection R satisfies R;RT = Ig and RT ;R = Iy .
proof: This is rather trivial now:

R;RT :IB

& { set equality via mutual inclusion }
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R:RTCIg N IgCR;RT
N { R is a bijection, so R is R-functional, ,and R is L-total, }

true .
O

Lemmal3.35]: For R a relation from B to V and S a relation from V to B
we have: if R;S = Igp and S;R = Iy then both R and S are bijections.

proof: As we have observed already in the previous proof, it suffices to prove
that R is L-total and L-functional; obviously, here we use the weaker form

of totality:

R is L-total

e (@)
IgCR:T

& {R;S =1}
R;SCR;T

= { ; is monotonic }
SCT

& { definition of T }
true .

Notice that use of the weaker definition, , really helps here: this leads
to S C T, which is easy, whereas the stronger definition would have given
rise to S € RT, which requires more work.

Furthermore:

R is L-functional

© { }
RT R C Iy

& {S;R=1v}
RT:RCS:R

= { ; is monotonic }
R cC S

& { transposition }
Rc ST

< { Iy is identity of ; }
Rc ST Iy

54 {S;R:Iv}
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RcST:S:R
& { I is identity of ; }
Ig;RC ST;S:R
= { ; is monotonic }
Igc ST;S
& { Sis R-total: (12)), with B,V,R:=V,B,S }
true .

From a heuristic point of view, the step labelled “transposition” is the most
difficult one in this proof. It is needed to prepare for what follows, were we
need to obtain Ig to the left of a set inclusion. Honesty forces me to admit
here that I could only do this because I already knew that in the element-
wise proof (in the previous section) I have used that S is R-total and that,
therefore, it is most likely needed here as well.

O

It is somewhat amazing that, once we have formulated definitions through ([15))
we have used no other properties of relation composition than that it has an iden-
tity element, that it is associative —which we have used implicitly —, and that it is
monotonic (with respect to C).

3.9.5 Afterthoughts

More generally, the notion ezxactly one is an awkward one, mathematically speaking.
The best way to treat it is to view it as the conjunction of the two notions at least
one and at most one, which can be treated in relative isolation. In my experience,
the notion at least one —non-emptyness— really differs from the notion at most one
—uniqueness —.

* * *

The purely relational characterisations —formulae through — in terms of
relation composition really are useful. They show that totality and functionality
actually are faces of the same coin, and they allow for much more concise proofs.
Relational algebra, with composition as an important operator, still is undervalued!

The transition even renders Lemma 0 completely trivial. Lemma 1, on the other
hand, is not trivial at all; in this respect it is not strange that students find this a
difficult exercise.

3.10 Exercises

1. Set A is given by A = {1,2,3,4}. Which of the following relations are func-
tions from A to A7

(a) {(1,3),(2,4),(3,1),(4,2)};
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3, 3>7 (474)7 (17 3)7 (274), (37 1)7 (4a 2)}5
,(3,3), (4,4)}.

2. Suppose f and g are functions from R to R defined by f(z) = 22 and g(z) = z+1
for all x € R. What is g o f and what is f o g7

{(1,3)(2
{(1,1),(
{(1,1),(

NN NN —
— ~— =
—~

3. Which of the following functions is injective, surjective and/or bijective?
(a) f:R—R, f(z) =2 for all z € R.
(b) f:R — Rsq, f(z) =22 for all z € R.
(¢) f:Rso— Rxg, f(z) =2 for all z € R.

4. Suppose R and S are relations on a set V with R;S =1 and S;R=1.
Prove that both R and S are bijective functions.

5. Let R be a finite relation with adjacency matrix A. Prove the following state-
ments:

(a) If every row of A contains one non-zero entry, then R is a function.

(b) If, in addition, every column of A contains at most one entry, then function
R is injective.

(c) If every row and column of A contain exactly one 1, then R is a bijection.
What is the adjacency matrix of the inverse function?

6. Let B and V be sets and let R be a relation from B to V. Then, for every
veV , we have deﬁnecﬂ the pre-image of v as the set g[v], thus:

rlv] = {beB|bRv} ,

which, obviously, is a subset of B.

(a) Prove that the relation { (v, g[v]) | veV } isa function from V to P(B)
(the set of all subsets of B).

(b) Prove that, if F' is a function in V — P(B), then the set Rp defined by
Rp = {(b,v) | be F(v) } is a relation from B to V, with g,.[v]=F(v),
for all veV .

7. Prove Lemma [3.5

8. Prove Properties [3.6]

9. Prove Properties [3.7]
10. Prove Properties [3.8]

9See the chapter on relations.
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13.
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15.

16.

17.

18.
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Prove Theorem [B.10l
Prove Lemma [3.13]
Prove Lemma [3.16
Prove Lemma [3.18

Given are two bijective functions f, of type U—V , and g, of type V—-W .
Prove that: (gof)™! = f~log™!.

We consider functions f,g,h, of type U—U, such that both gof and hog
are bijective. Prove that hogo f is bijective as well.

Prove that an injective function f in B—V has a partial inverse, that is, a
partial function g from V to B such that go f = Ig. What is the domain of

qg?
Prove Lemma [3.20)
Prove Properties [3.22]
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4 Posets and lattices

4.1 Partial orders

Definition. An (endo)relation T (“under”) on a set P is called a partial order if
it is reflexive, antisymmetric, and transitive. We recall that this means that, for all
x,y,z€ P, we have:

e zCu ;
e zLy NyCzr = z=y ;
o Ly ANyCz = xzCz .

The pair (P, C) is called a partially ordered set or, for short, a poset.

Two elements = and y in a poset (P, C) are called comparable if tCy or yCx,
otherwise they are called incomparable, that is, if = (zCy) and —(yCz).

A partial order is a total order, also called linear order, if every two elements are
comparable.
O

Lemma. For every poset (P, C) and for every subset X of P, the pair (X, C) is
a poset too.
O

Example.

e On every set, the identity relation I is a partial order. It is the smallest possible
partial order relation on that set.

e On the real numbers R the relation < is a total order: every two numbers

z,yeR satisfy x<y or y<xz. Restriction of < to any subset of R —for
example, restriction to Q,Z, N — also yields a total order on that subset.

e The power set P(V) of a set V, that is, the set of all subsets of V', with
relation C (subset inclusion), is a poset. This P contains a smallest element,
namely ¢, and a largest element, namely V itself.

e The relation | (“divides”) is a partial order on the positive naturals. This
example can be considered an instance of the previous one, as follows. For each
neNT we define D(n) as the set of all divisors of n. Then we have that

m|n < D(m)CD(n) ,for all m,neNT

Thus, relation | on N* is “equivalent”["]to relation C onset { D(n) | neN* },
which is a subset of P(NT).

¢

10 Actually, the proper word to be used here is “isomorphic”, to be introduced later.
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e Let P be the set of all partitions of a set V. We define the relation “refines”
as follows. Partition II; refines partition Ils if and only if each X ell; is
contained in some Y €lly, that is:

(VX:Xell: (Y :Yell: XCY))

The relation “refines” is a partial order on P. For the corresponding equivalence
relations Ry, and Ry, we have that II; refines Il if and only if Rm, C R, .

O

4.4 Definition. The irreflexive part of a partial order relation C is often denoted by
C (“strictly under”) and is defined by, for all x,yeP:

TCyYy & xCy AN x#y .
O
4.5 Properties.
e Relation C , as defined above, is irreflexive, antisymmetric, and transitive.
o Conversely, we have, for all z,yeP: zCy & zCy V z=y.
O

4.6 Lemma. If (P, C) is a poset, then the corresponding directed graph, with vertex
set P and arrows (x,y) whenever xCy, is acyclic.
O

If we want to draw a picture of the poset, we usually do not draw the whole
digraph. Instead we only draw an edge from x to y from P with = C y if there is no z,
distinct from both x and y, for which we have x C z and z C y. This digraph is called
the Hasse diagram for (P, C), named after the German mathematician Helmut Hasse
(1898-1979). Usually pictures of Hasse diagrams are drawn in such a way that two
vertices x and y with x C y are connected by an edge going upwards. For example
the Hasse diagram for the poset (P({a,b,c}),C) is drawn as in Figure

* * *

There are various ways of constructing new posets out of old ones. We discuss some
of them. In the sequel both (P,C) and (Q,C) are posets. Notice that we use
the same symbol, C, for the two different partial order relations on sets P and
Q. If confusion may arise we distinguish the two relations by using Cp and Cg,
respectively.

e As already stated in Lemma for every subset X of P the pair (X, C)
is a poset, with relation C restricted to X . Thus restricted C is called the
induced order on X .
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{a,b,c}

{a,b} {b,c}

{a} fe}

Figure 23: A Hasse diagram of (P({a,b,c}), C)

e Relation O (“above”), defined by, for all z,yeP, xJy & yCx is a partial
order too, called the dual order to C ; hence, (P, J) also is a poset.

e Let V be aset. On the set V — P of functions from V to P we can define a
partial order Cyp, say, as follows, for all f,geV —P:

fEvpg & (VviveV: f(v)Cpg(v))
Then (V—P,Cyp) is a poset.

e On the cartesian product Px(@Q we can define a partial order as follows. For
(p,q) , (z,y) € PxQ we define:

(p.q) E (z,y) & pCpz A qCqy .
Thus defined relation E is a partial order, called the product order on Px(Q) .

e On the cartesian product Px(@Q we also can define a partial order as follows.
For (p7 q) ) (‘1:7 y) € PXQ we define:

(Pq) E(z,y) & (p#x ApCpzx) V (p=2AqCqy)
This relation C is a partial order too, called the lexicographic order on Px(@).

The notions of product order and lexicographic order can be extended to (finite)
products of more than two sets.
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4.2 Indirect Equality

A poset’s structure is determined by its partial order relation, as denoted by C in the
previous section. Sometimes we wish to prove equalities in a poset, and then it can
be convenient if we can reformulate an equality in terms of the partial order relation:
that enables us to reason in terms of the partial order.

The following lemma provides such a connection between equality and the partial
order, which turns out to be quite useful. In the course of this text we will refer to it
as “Indirect Equality”.

4.7 Lemma. In every poset (P, C) we have, for all z,y€ P:
(a) 2=y & (Vz:zeP:z2Cz & yLz) ;
(b) z=y & (Vz:zeP:z2Cz & zCy)

Proof. We prove (a) only; the proof of (b) follows, mutatis mutandis, the same pat-
tern. We do so by mutual implication.

“=": Assuming x =y we may substitute x for y and vice versa wherever we like; in
particular, if we substitute « for y in our demonstrandum (Vz:zeP: zCz & yCz),
we obtain (Vz:zeP:yCz & yCz), which is true because of the reflexivity of < .

“<7: Assuming (Vz:z2€P:xCz & yCz), by the instantiation z:=2x we obtain
zCx < yLCax, which is equivalent to yC x, because C is reflexive. Moreover, by
the instantiation z:=y we obtain x Cy < yLCy, which is equivalent to z Cy. By
the antisymmetry of C we conclude x =y, as required.

O

4.8 Exercise. Prove the rules of “Indirect Inequality” in a poset (P, C), for all z,y€ P:
(a) 2Cy & (Vz:zeP:z2zCz<«<=yLz) ;
(b) 2Cy & (Vz:zeP:zCx = 2Cy)

O

4.3 Extreme elements
4.9 Definition. For any subset X of a poset (P, C) we define, for all meP:
(a) m is X’s mazimum, or largest element if:
meX AN (Vzx:zeX:zCm)
(b) m is X'’s minimum, or least element if:
meX A (Vx:zeX:mCx)
(¢) m is a mazimal element of X if:

meX AN (Vex:zeX:—(mCzx))
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(d) m is a minimal element of X if:

meX AN (Vzx:zeX:—-(xCm))

Notice the difference between the notions “maximum” and “maximal”. A value
meP is X’s maximum if meX and all elements in X are under m, whereas m
is a maximal element of X if meX and X contains no elements strictly above m .

A subset of a partially ordered set does not necessarily contain such extreme
elements. If it exists, however, the maximum of a subset is unique, and so is the
minimum, if it exists. If subset X has a maximum we denote it by maxX , and its
minimum we denote by min X .

Lemma. Let X be a subset of a poset (P,C). If m and n both are X ’s maximum
then m=n. If m and n both are X ’s minimum then m=mn.
O

A subset of a partially ordered set does not necessarily contain maximal or mini-
mal elements. Such elements are not unique either: a subset may have many maximal
or minimal elements. As a rather trivial example, consider poset (P,Ip), where the
identity relation Ip is the smallest possible partial order on P: z Ipy < x=y. With
this particular order all elements of a subset X C P both are maximal and minimal.

Definition. Let (P, C) be a poset. If the whole set P has a minimum this is
often denoted by L (“bottom”), and if P has a maximum this is often denoted by
T (“top”). If P has a minimum the minimal elements of P\{ L} are called P’s
atoms.

Example.

o If we consider the poset of all subsets of a set V', then the empty set ¢ is the
minimum of the poset, whereas the whole set V' is the maximum. The atoms
are the subsets of V' containing just a single element.

e In the poset (Nt | ) the whole set, N, has no maximum. Its minimum,
however, equals 1. The atoms are the prime numbers.

e If (P, C) is totally ordered then subset {z,y} has a maximum and a minimum,
for all z,yeP.

O

Lemma. Inaposet (P, C) for every subset X its maximum, if it exists, is a maximal
element of X ; also, its minimum, if it exists, is a minimal element of X .

Lemma. If a poset (P, C) is a total order then every subset XC P has at most one
maximal element, which then also is its maximum. Also, X has at most one minimal
element, which then also is its minimum.
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Lemma. Let (P, C) be a nonempty and finite poset. Then P contains a maximal
element and a minimal element.

Proof. This is equivalent to the proposition that every finite and acyclic graph contains
both a vertex without incoming arrows —a minimal element— and a vertex without

outgoing arrows —a maximal element—.
O

Algorithm. [Topological sorting ] For any finite poset (P, C) the elements of P
can be ordered totally in such a way that the partial order is “respected”. That is,
on P a total order =, say, exists satisfying t Cy = z <y, for all x,yeP.

For finite set P of size N, so N =4 P, such a total order can be conveniently
represented by a finite sequence [sg, -+ ,$ny_1], containing all elements of P. For-
mally, this means that s is a surjective function of type [0..N)— P. The total
order of P’s elements then is given by the order in which they occur in s. This order
“respects” partial order C if and only if:

(116) siCsj=1i<j ,foralli,j:0<i,j<N .

The process of constructing such a sequence s is called “topological sorting”.
This process can be formulated recursively, in a simple way. We define a sequence
[Qo, - ,Qn] of subsets of P as follows. These subsets will be such that #Q,, =n ,
forall n, 0<n<N;so, Qo= ¢ and all others will be nonempty. We define Qn =P,
and for every n, 0 <n < N, we observe that, because (Q,+1,C) is a nonempty and
finite poset too, by Lemma |4.15| set @,+1 contains at least one maximal element
Sn , say. Now we define @, = Qn11\{sn}. Thus defined, indeed we have #Q,, =n,
for all m, so @41 is nonempty, as required.

In addition we now also have defined a function s in [0..N)— P, and by
construction it satisfies @, = {s; | 0<j<n}, for all n. Function s is surjective,
hence, because N =# P, s also is injective. By definition, for any n, 0<n< N, we
have that s, is a maximal element of Q),,+1. By Definition this means that:

(Vr:2€Qni1:—(spCx))

= {QnCQni1 }
(Ve:2eQn:—(snCx))

& { dummy transformation z:=s; }
(Vj:0<j<n:=(snCsy))

& { range-term trading, and contraposition }
(Vj:0<j<N:s,Cs; = (j<n))

& { property of < and < }
(Vj:0<j<N:s,Csj = n<j)

& { s is injective, so s, =s; = n<j }

(Vj:0<j<N:s,Cs; = n<j)
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from which we conclude that s satisfies property , as required.
O

Example. Topological sorting has various applications. For example consider a (so-
called) spreadsheet. In a spreadsheet the values in various cells depend on each other,
but, in a correct spreadsheet, in an acyclic way only. The value in any particular cell in
the spreadsheet can only be computed if the values in all cells on which this particular
cell depends have been computed already. Therefore, an efficient implementation of
these computations requires that they are performed in the “right” order. This gives
rise to a partial order on the set of cells within a spreadsheet. By topological sorting
the set of cells can be linearized in such a way that every cell precedes all cells
depending on it; thus the computations of the values in the cells can be performed in
a linear order.

4.4 Upper and lower bounds

Definition. For any subset X of a poset (P, C) we define, for all meP:
(a) m is an upper bound of X if: (Vx:zeX:xCm)
(b) m is a lower bound of X if: (Vz:xeX:mCux)

O

Properties.

a) If P has a maximum T then T is an upper bound of every subset of P.

(
(b) If P has a minimum L then L is a lower bound of every subset of P.

(
d

)
)
c¢) Every element in P is an upper bound and a lower bound of ¢ .
) If it exists maxX is an upper bound of X, for all XCP.

)

(e) If it exists min X is a lower bound of X, for all XCP.

For any subset X CP we can consider the set {meP | (Vz:zeX:2Cm) }
of all upper bounds of X . This set may or may not have a minimum. If it has a
minimum, this minimum is called the supremum of X , notation sup X . Alternatively,
it is sometimes also called X ’s least upper bound, notation lub X .

Similarly, we can consider the set {meP | (Vz:xeX:mCx) } of all lower
bounds of X . This set may or may not have a maximum. If it has a maximum, this
maximum is called the infimum of X , notation infX . Alternatively, it is sometimes
also called X '’s greatest lower bound, notation glbX .

By combination of the definitions of maximum/minimum and of upper/lower
bounds we can define supremum and infimum in a more direct way.
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4.20 Definition. For any subset X of a poset (P, C) we define, for all meP:

(a) m is X’s supremum if both:
(Vz:zeX:2Cm) , and:
(Ve:zeX:2Cz) = mCz ,forall zeP .

Notice that the first requirement expresses that m is an upper bound of X |
and that the second one expresses that m is under all upper bounds of X .

(b) m is X'’s infimum if both:
(Vz:zeX:mCz) ,and:
(Ve:zeX:2zCx) = 2zCm ,forall zeP .

O

4.21 Example.

e Foraset V its power set P(V) —the set of all subsets of V — with relation C is a
poset, and any subset X of P(V) has a supremum, namely (Jy. cx U) and
an infimum, namely ((Ny.pex U) -

e The set N of positive natural numbers with relation | (“divides”) is a poset.
The supremum of two elements a,be N1 is their least common multiple, that

is, the smallest of all positive naturals m satisfying a|m and b|m; usually,
this value is denoted by lem(a,b) .

Similarly, the greatest common divisor of a and b, denoted by gcd(a,b), is
the infimum of {a,b}.

O

4.22 Lemma. For poset (P,C) and for peP we have: sup{p}=p and inf{p}=p.
Proof. By Definition [4.20

to prove sup{p} =p we must prove:

(Vox:ze{p}:xzCp)
PN { definition of {p} }
(Vz:z=p:xCp)

& { 1-pt. rule }
pCp

= { C is reflexive }
true

and, for all zeP:



4.23

4.24

94

(Ve:ze{p}:zCz)
& { same steps as above }
pEz ,

which is the desired result.
O

Lemma. In a poset (P, C) any subset X CP for which supX exists satisfies, for
all meP:

m=maxX & m=supX A meX |
similarly, if infX exists then, for all meP:
m=minX & m=infX A meX

Proof. By direct application of the definitions of max and sup, and of min and inf

respectively.
O

Corollary: If poset (P, C) is such that sup P exists then supP = max P, and
if infP exists then infP = minP.
O

An important difference between supremum and maximum of a set is that a set’s
supremum may or may not be an element of that set, whereas a set’s maximum always
is an element of that set. The above lemma states, however, that if a set’s supremum
is in that set, then this supremum also is the set’s maximum.

The following lemma provides a different but equivalent characterization of supre-
mum and infimum that occasionally turns out to be very useful.

Lemma. Let X be a subset of a poset (P,C). For meP we have:
(a) m is X’s supremum if and only if:
(Vz:zeP: mCz & (Vo:zeX:2xCz))
(b) m is X'’s infimum if and only if:
(Vz:zeP: z2Cm & (Vo:2zeX:zCx))

Proof. We prove (a) only; the proof for (b) follows, mutatis mutandis, the same pat-
tern. Firstly, we let m be X ’s supremum according to Definition Then, for
z€ P we prove the equivalence of mC z and (Vx:zeX:2xCz), by “cyclic implica-
tion”:
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mCz

& { Definition m is an upper bound of X }
(Ve:zeX:2zCm) AN mCz

= { V introduction }
(Ve:zeX:2Cm) A (Vz:zeX:mCz)

& { combining terms }
(Ve:zeX:2Cm A mCz)

= { C is transitive }
(Ve:zeX:2Cz)

= { Definition m is under all upper bounds }
mCz .

Secondly, let m satisfy:
(117) (Vz:zeP:mCz & (Vo:zeX:zCz))

Then we must prove that m is X ’s supremum. Well, m is an upperbound:

(Ve:zeX:xCm)

& { (@@ , with z:=m }
mCm
& { C is reflexive }

true

and that m is under all upper bounds follows directly from (L7), because <« is
stronger than =-.
O

4.25 Properties.
(a) If P has a maximum T then T = supP and T = infg.
(b) If P has a minimum L then | = infP and L = supg.

O

4.5 Lattices
4.5.1 Definition

In the previous section we have introduced the notions of supremum —least upper
bound — and infimum —greatest lower bound — of subsets of a poset. Generally, such
a subset does not have a supremum or an infimum, just as, generally, not every
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subset has a maximum or a minimum. (Recall Lemma for the relation between
supremum and maximum, and between infimum and minimum, respectively.)

Partially ordered sets in which particular subsets do have suprema and/or infima
are of interest. We will study three types of such posets, called “lattices”, “complete
lattices”, and “complete partial orders”.

Definition. A poset (P, C) is a lattice, if for all z,y€ P the subset {x,y} has a
supremum and an infimum. Because this pertains to two-element sets, it is customary
to use infix-notation to denote their suprema and infima. For this purposes binary
operators Ll (“cup”) and M (“cap”) are used: the supremum of {x,y} then is
written as x L y and its infimum as xz My.

O

Example. Here are some examples of lattices we already encountered before.
e (R, <) isalattice. For z,yeR wehave: z Uy = zmaxy and z My = zminy.
e For a set V the poset (P(V), C) is a lattice, with LU = U and M =nN.

e The poset (NT | |) is a lattice, with a U b = lcm(a,b) and a Mb = ged(a,b).

The following lemma actually is a special case of Lemma [£.24] namely for non-
empty subsets with at most two elements; that is, this is Lemma with X:={z,y}.

Lemma. In every lattice (P, C) we have, for all x,y,z€ P:
(a) zUyCz & zCz AyLCz ;

(b) zCzMNy & zCxz A zCy .

O

Actually, this lemma can serve as an alternative definition of LI and T, as the
original definition follows from it. As a special case, we obtain the following lemma,
expressing that x Ll y is an upper bound and that x My is a lower bound.

Lemma. In every lattice (P, C) we have, for all z,ye P:
(a) zCalUy A yCaUy ;
(b) zMNyCaz A zMNyCy .

Proof. Instantiate Lemma [4.28| with z := 2 Uy and z:= z My, respectively.
O

Lemma. In every lattice (P, C) we have, for all x,ye P:
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(a) 2Cy & zUy=y ;
(b) zCy & zNy==x .
Proof. We prove (a) only, by calculation:
rUy =y
& { C is reflexive and antisymmetric }
rUyCy ANyLaxUy
& { Uy is an upperbound of y }
rUy Ly

& { Lemma [4.28, with z:=y }
rLy N yLy
& { C is reflexive }

rLy

4.5.2 Algebraic properties

The lattice operators have interesting algebraic properties, as reflected by the follow-
ing theorem.

4.31 Theorem. Let (P, C) be a lattice. Then for all z,y,z¢€ P we have:
(a) 22Uz =2 and Mz =2: U and M are idempotent;
(b) z2Uy=yUx and zMy=yMNz: U and M are commutative;

(¢) zU(yUz) =(zUy)Uzand M (yMz) = (zMNy)MNz: U and M are

associative;
(d zU(zNy) =z and 2N (xUy) = x: absorption.
Proof.
(a) See Lemma [1.22]
(b) By symmetry: set {z,y} equalsset {y,xz} .
(c) By Indirect Equality (Lemma [4.7), for all we P:

zU(yUz) Cw

o { Lemma }

cCw AN yUzCw

& { Lemma }
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zCw AN yCw A zCw

& { Lemma }

rUyCw A zCw

& { Lemma }

(zxUy) Uz Cw

(d) We prove z U (z My) = = only, by calculation:

zU(xNy) =x

& { Lemma }

zU(zNy) Cx

o { Lemma }

cCzxz N xzlMyCx
& { C is reflexive, and « M y is a lower bound of = }

true .

Conversely, the following theorem expresses that every structure with operators

(1395

having the above algebraic properties “is” —can be extended into— a lattice.

Theorem. Let P be a set with two binary operators LI and M ; that is, these
operators have type PxP — P. Let these operators have algebraic properties (a)
through (d), as in the previous theorem. Then the relation C , on P and defined by
xCy & zUy =y forall x,ye P, is a partial order, and (P, C) is a lattice.

O

A direct consequence of Theorem particularly of the associativity of the
operators, is that every finite and non-empty subset of a lattice has a supremum and
an infimum. Notice that the requirement “non-empty” is essential here: in a lattice
the empty set may not have a supremum or infimum.

Theorem. Let (P, C) be a lattice. Then every finite and non-empty subset of P
has a supremum and an infimum.

Proof. By Mathematical Induction on the size of the subsets, and using TheoremM
O
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4.5.3 Distributive lattices

The prototype example of a lattice is the poset of all subsets of a set V', with C
as the partial order relation. As already mentioned, in this lattice set union, U,
and intersection, N, are the binary lattice operators. In this particular lattice, the
operators have an additional algebraic property, namely (mutual) distributivity; that
is, “U distributes over N” and “N distributes over U”, respectively:

XU (YnZ) = (XUY)N (XUZ) ,forall X,Y,ZCV ;

XN (YuZ) = (XNY)U (XNZ) ,forall X,Y,ZCV .

Generally, lattices do not have these properties. They do satisfy, however, a weaker
version of these properties, namely “in one direction” only.

Theorem. Let (P, C) be a lattice. Then for all z,y,z€ P we have:
(a) zU(yNz) C (zUy)N(zUz) ;
(b) (zMNy)U(zMNz) C zN(yU=z)
Proof.
(a) By calculation:
zU(yMNz) C (zUy) N(zU=2)
& { Lemma [4.28(b) }
xU(yNz) CzUy A zU(yMNz) CaUz
& { Lemma a) (twice) }
cCzUy N ylMzEBxUy AN xCaxlUz A yllzExUz
& { Lemma a) (twice) }
yMzCxUy AN yMzCxUz
= { C is transitive (twice) }
yMzCy N yCzUy AN yllzEz A zExUz
& { Lemma a) (twice) and Lemma b) (twice) }
true .
(b) By duality.
O

As we have seen, some lattices —like (P(V),C)— do satisfy the distribution
properties. Such lattices are called “distributive”.
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Definition. A distributive lattice is a lattice (P, C) in which U and M distribute
over each other; that is, for all x,y,z€ P:

(@) U (ynz) = (zUy) N (zUz) ;
(b) 2N (yUz) = (zNy) U (xM2)
O

Example. Not every lattice is distributive. The smallest example illustrating this has
5 elements T,a,b,c, L, say, with this partial order: L is under all elements, a,b,c
are under T and are mutually incomparable. (See the Hasse diagram in Figure 21.)
In this lattice a U (bM¢) = a whereas (aUb) M (alUc) = T.

Figure 24: The smallest non-distributive lattice

4.5.4 Complete lattices

Definition. A complete lattice is a partial order in which every subset has a supre-
mum and an infimum. In particular, the whole set has a supremum and an infimum,
usually denoted by T and 1, respectively. Notice that T and 1 also are the lat-
tice’s maximum and minimum. (Recall Property [4.25])

O

Lemma. Every finite lattice is complete.

Proof. Let (P, C) be a finite lattice. By T heoremthis lattice is almost complete
already: every non-empty subset has a supremum and an infimum, so all we must do
is prove that ¢ has a supremum and an infimum. From Property [£:25] we know that
supg = L and infg = T.

O



4.39

4.40

4.41

101

Example. The power set (P(V),C) of all subsets of a set V is a complete lat-
tice. The supremum of a set X of subsets of V is the union of all sets in X,

which is ({UJy.pex U); its infimum is the intersection of all its elements, which is
(Nu.vex U) -

O

Example. The poset (R, <) is a lattice, but it is not complete, but every closed inter-

val [a,b], with a <b and with the same partial order <, is a complete (sub)lattice.
O

Completeness is a strong property, so strong, actually, that we only have to prove
half of it: if every subset has an infimum that it also has a supremum, so if every
subset has an infimum the partial order is a complete lattice.

Theorem. Let (P, C) be a poset. Then:
(a) “Every subset of P has an infimum” = ¢(P, C) is a complete lattice” ;
(b) “Every subset of P has a supremum” = “(P, C) is a complete lattice”

Proof. We prove (a) only. To prove this we assume that every subset of P has an
infimum. Then, to prove that (P, C) is complete we only must prove that every
subset of P has a supremum. So, let X be a subset of P. We define a subset Y by
Y = {yeP| (Vx:2eX:2Cy) }, that is, Y is the set of all upper bounds of X .
Now let m = infY . We prove that this m is X ’s supremum.

“m is an upper bound of X”:

(Ve:xzeX:xCm)

= { mis Y’s greatest lower bound }
(Ve:zeX: (Vy:yeY :xLy))

& { exchanging dummies }
(Vy:yeY: (Ve:zeX:2Cy))

& { definition of Y }
(Vy:yeY:yeY)

< { predicate calculus }
true .

“m is under all upper bounds of X”: For any y€ P we derive:

(Ve:zeX:zCy)

< { definition of Y }
yey
= { m is a lower bound of Y }

mCy .
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remark: In the proof of this theorem we introduced set Y as the set of all upper

O

4.6

1.

10.

bounds of X . It is possible that X has no upper bounds, in which case Y
is empty. This is harmless, because if every subset has an infimum then so
has the empty set. Thus, this proof crucially depends on the property that
also the empty set has an infimum. Recall that in a non-complete lattice the
empty set does not need to have an infimum or supremum. (Also see the
discussion preceding Theorem M)

Exercises

Let (P, C) be a poset and X a subset of P. Prove that an element me X is
maximal if and only if for all z€ X we have mCx = m==x.

Let (P, C) be a lattice and z,y,z€P. Prove that:
(a) zCy = zUzCyUz;
(b) zEz = zU(zNy)==z.
Prove Lemma T3]
Prove Lemma 14

(a) Prove that the set {z€@Q | <1} has no maximum.
(b) Prove that this set has a supremum.
We consider a poset (P, C);let X and Y be subsets of P such that sup X

and supY both exist. Prove that if supX €Y then supY is an upperbound
of X.

We consider a poset (P, C);let X and Y be subsets of P such that sup X
and infY both exist. In addition it is given that x Cy, for all ze X and yeY .
Prove that sup X C infY .

We consider a poset (P, C);let X be a subset of P.

(a) Prove that if X contains two (different) maximal elements then X has no
maximum.

(b) Prove that if (Vz,y:z,yeX:2Cy V yCx) andif X contains a maximal
element then X has a maximum.

In the figure below you see three diagrams. Which of these diagrams are Hasse
diagrams? Which of these diagrams represents a lattice?

Show that every lattice with at most 4 elements is distributive.
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Is the poset (NT,|) a complete lattice? How about (N, |)?

Suppose (P, C) is a lattice and a,be P with a Cb. Prove that ([a,b],C)
is a lattice too. Here [a,b] denotes the interval from (and including) a upto
(and including) b; how would you define this interval?

Let (P,C) be a lattice. Prove that if U distributes over M then T also
distributes over LU .

Prove that, in a complete lattice (P, C), the extreme element T is the identity
element of M and a zero element of U . Similarly, show that L is the identity
of U and azeroof M.

Monotonic and continuous functions

In this subsection we study some classes of functions in the context of partial or-
ders and lattices. Apart from having some general relevance, such functions play an
important role in the fixed-point theorems in the following section.

4.42 Definition. Let (P,Cp) and (Q,Cg) be posets. A function f from P to @ is
monotonic if f preserves the partial orders, that is, if, for all x,ye P:

rCpy = f(x)Cqofly) .

As a special case, an (endo)function from poset (P, C) to itself is monotonic if, for
all z,ye P:

O

tCy = f(@)Cfy) .

4.43 Example.

(a) In a lattice (P, C) the operator L is monotonic in both arguments; that is,

for fixed ze P functions f and g, of type P— P, defined by f(z) =2z Uz
and ¢(y) = z Uy, both are monotonic. Similarly, M is monotonic too.
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(b) For sets B and V and for every function f from B to V the lifted function
f, from P(B) to P(V), is monotonic with respect to the partial order C.

(¢) For endofunctions f on R —or any subset thereof like N, Z Q —, with partial
order <, monotonicity means, for all z,yeR:

z<y = [f@)<fly) -

Examples of monotonic functions on R are z+— xz+1 and z+— e”. Other

functions, like x — 22 and x +— /7 , only are monotonic on a subset of R, like
R>q.

O

Definition. In a partial order (P, C) a function f is continuous if for every non-
empty subset XCP we have:

“sup X exists” = “sup (f(X)) exists” A f(supX) = sup (f(X))
O
Example. In a partial order (P, C), for every beP, the constant function with
value b, that is, function f defined by f(z)=0 for all zeP, is continuous. The

identity function Ip is continuous too.
O

Lemma. In a lattice (P, C) every continuous function f in P— P distributes over
U , that is, for all z,ye P:

fleUy) = fl@) U fy) -
As a result, in view of Theorem a continuous function distributes over suprema
of all finite and non-empty subsets of the lattice; that is, if f is continuous then
f(supX) = sup (f(X)), for all finite and non-empty XCP.
O
Lemma. In a lattice (P, C) every continuous function is monotonic.

Proof. Let f in P— P be continuous; then, for x,ye€ P we calculate:

f(x) E fy)
& { Lemma }
f@)ufly) = fly)
& { f is continuous: Lemma }
flzUy) = f(y)
= { Leibniz }
Uy =y

& { Lemma }

zLy ,
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which proves that f is monotonic, as required.
O

Generally, continuous functions are not required to distribute over the supremum of
the empty set. If function f would distribute over the supremum of the empty set,
we would have:

f(supo) = sup(f(9))
& {fle)=0}
f(supo) = supg
& {supp =11}
f(L) =41,

which is a rather strong property: very often we are interested in functions not having
this property. Functions f that do satisfy f(L)= L1 sometimes are called strict
functions.

In a complete lattice existence of suprema is guaranteed; therefore, for complete
lattices the parts “sup X exists” and “sup (f(X)) exists” in the definition of conti-
nuity can be omitted. This is reflected by the following lemma.

Lemma. In a complete lattice (P,C) a function f in P— P is continuous if
and only if f distributes over suprema of all non-empty subsets of P, that is,
f(supX) = sup (f(X)), for all non-empty XCP.

O

Example. Foraset U we recall that the poset (P(U), C) is a complete lattice. For
every function f in U—U its lifted version, of type P(U)—P(U), is continuous.
O

Example. In the complete lattice (P(UxU), C) of all (endo)relations on set U,
relation composition is continuous (in both arguments), cf. Theorem [1.29]
O

4.8 Fixed point theorems
4.8.1 Least solutions

Definition. For any poset (P, C) and for any predicate R on P, an element pe P
is a least solution of the equation x: R(z) if and only if p satisfies:

(123) R(p) , and:
(124) (Ve:zeP:R(x) = pCux)
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Notice that condition expresses that p is a solution of x: R(z) and that
expresses that p is the smallest of all such solutions. In conjunction, they express
that p = min{zeP | R(x) }.

O

In a poset not every equation z: R(x) has a least solution, but if a least solution
exists then it is unique. This follows directly from Lemma [£.10]

4.8.2 Fixed points and prefix points

Definition. For poset (P, C) and for function f in P— P, a value z€P is called
a fized point of f if f(z)=ux,and z is called a prefiz point of f if f(z)Cx.
O

So, by this definition, a fixed point of function f is a solution of the equation
x: f(x) =x, whereas prefix points are solutions of the equation z: f(z)Cz. In
Computer Science we are particularly interested in least fixed points and least prefix
points. It is a direct corollary of Lemma that, if they exist, such least fixed
points and prefix points are unique, without further assumptions on poset (P, C) or
function f. Existence of such points, however, requires a little more.

Definition. For poset (P, C) and for function f in P— P the least fized point of
f is the (if it exists, unique) value pe P satisfying:

) f(p) =p ,and:
(13) (Ve:zeP: f(x)=ax = pCux)

The least prefiz point of f is the (if it exists, unique) value ge P satisfying:

@  fl@)Cq . and
B  (Va:zeP:f(x)Ca = qCa)

We denote f’s least fixed point by fiz(f) and its least prefix point by pre(f).
O

Example. Let beP in a poset (P,C). We consider the constant function with
value b, that is, function f defined by f(z)=0, for all z€P. Function f’s only
fixed point, so also its least fixed point, is b: the only z satisfying f(z)=x is b.
The prefix points of f are all upperbounds of b, that is, all xe P satisfying bC x .
Obviously, f’s least prefix point is b.

For the identity function Ip, every x€P is a fixed point and, hence, a prefix
point too. Hence, Ip’s least fixed point and prefix point is 1|, provided, of course,
that 1 exists, that is, that P has a minimum.

O

Functions may or may not have least fixed points and/or least prefix points but
monotonic functions have the property that, provided they exist, fix(f) = pre(f).
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4.55 Theorem. Any poset (P,C) and any monotonic function f in P— P satisfy:
fix(f) = pre(f), provided fiz(f) and pre(f) both exist.

Proof. Let p and ¢ be f’s least fixed point and least prefix point, respectively;
so, p and ¢ satisfy through above. Now we prove p =g by, using the
antisymmetry of C , proving p C ¢ and ¢q C p separately:

pLCgq

= { @), witha:=q}
fl@)=q

<= { C is antisymmetric }
fl@Ca N aC fla)

& { @}
qC f(a)

<= { @), with z:= f(q) }
f(f(a)) E fla)

= { f is monotonic }
fl@9)Cq

& { @}
true ,

and:

qEp

= {,Withx::p}
fp)Cp

= { C is reflexive }
fp)=p

& { }
true .

Notice that each of the properties through of p and ¢ have been used at
least once.
O

Theorem tells us that the least fixed point and the least prefix point of a
monotonic function are equal, if they exist. Fortunately, the proof of this theorem
gives us a little more.

4.56 Theorem. Any poset (P, C) and any monotonic function f in P— P satisfy: if
pre(f) exists then so does fiz(f).
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Proof. Let ¢ = pre(f),so q satisfies and in Deﬁnition By TheoremM
if fizx(f) exists it is equal to ¢, so we must prove that ¢ is f’s least fixed point. This

means that ¢ satisfies and but with p:=¢. As to , that is, f(¢)=q,
we observe that the proof of p C ¢ in Theorem [£.57] already implies this, because it
is based on and only. As to (with p:=q) we observe, for all zeP:

fla)—a

= { C is reflexive }
f@)Cx

= {©
qCx

4.8.3 Existence of fixed points

We have seen that if a monotonic function has a least prefix point then this also is
its least fixed point. Monotonicity of functions all by itself, however, is not enough
to guarantee the existence of least prefix points. In complete lattices, however, the
situation is better.

Theorem. [Prefix Point Theorem | In a complete lattice (P, C) every monotonic
function f in P— P has a least prefix point.

Proof. Let X be the set of f’s prefix points, that is, X = {z |zeP A f(z)Cx }.
Proving that f has a least prefix point then is proving that X has a minimum.
Because (P, C) is a complete lattice we do know that X has an infimum ¢, say,
so: ¢=inf X. By Lemma to conclude that ¢ = min X it suffices to prove that
geX , that is, f(¢q) C¢q. We recall that “q is X ’s infimum” means two things:

(©) (Ve:xzeP: f(z)Cx = ¢Cx) , and:
(7) (Ve:zeP: f(x)Cx = yCx) = yCgq ,foral yeP .

Now we are ready to prove:

flaEq
= { (@, with y:= f(q) }
(Vax:zeP: f(x)Cx = f(¢)Cx)

= { C is transitive }
(Vo:zeP: f(z)Cx = f(@)Cf(x))
<= { f is monotonic }

(Vax:zeP: f(x)Cx = qCx)

& {@© }
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true

O

Theorem. [Fixed Point Theorem | In a complete lattice (P, C) every monotonic
function in P— P has a least fixed point.

Proof. By the Prefix Point Theorem every monotonic function has a least prefix point.
By Theorem [4.56] therefore, every monotonic function has a least fixed point as well.

O

The Prefix Point Theorem gives the least prefix (and fixed) point of a monotonic
function as the infimum of the set of all prefix points. For continuous functions,
however, a different characterization exists: the least fixed point of a continuous
function is the supremum of all “approximations from below”.

Theorem. [Limit Theorem ] In a complete lattice (P, C) and for continuous func-
tion f in P— P we have fiz(f) = sup{fi(L)|0<i}.

Proof. We define function s, of type N— P, by s; = f*(L), for all ieN. A recursive
definition of s then is, for all 7, 0<i:

(8 so=L1 A sip1=f(s:)

Now we have that { f*(L) | 0<i} equals {s; | 0<i}; hence, also sup{ f*(L)|0<i}
equals sup{s; | 0<i}. By Theorems and it is sufficient to prove that
sup{s; | 0<i} is f’s least prefix point.

Firstly, we prove that sup{s; | 0<i} is a prefix point of f:

f(sup{si |0<i})
= { f is continuous }
sup (f({s:0<i}))
= { definition of lifted function }
sup ({ f(s:) ] 0<i})
= { recursive property of s }
sup{si+1|0<i}
{ monotonicity of sup }
sup{s; | 0<i}

Ir1

Secondly, we prove that sup{s; | 0<i} is under every prefix point z, say, of f; that
is, assuming f(z) C z we calculate:
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sup{s; |0<i} C z
& {Lemma}
(Vi:0<i:5,C2)
& { Mathematical Induction }
s0Cz A (Vi:0<i:s;,Cz= 8;41C2)

<= { recursive property of s, and f(z) C z, using transitivity of C }
1Cz A (Vi:0<i:s,C2= f(s;)C f(2))

& { property of L and f is monotonic }
true ,

which concludes the proof.
O

Notice that in the above proof we have defined sy = 1, but all we really needed about
s is sg C z for all prefix points z of f: any value for sy meeting this requirement
will do.

Although we have formulated this theorem for continous functions f, all we have
actually used about f is f(sup{s;|0<i}) = sup(f({s;|0<i})) and that f is
monotonic. Infinite sequence s in this proof is ascending —see the exercises— and
ascending infinite sequences also are called chains. Thus, although continuity means
that f distributes over the suprema of all non-empty subsets, all we need here is that
f is monotonic and that f distributes over the suprema of chains. This entails a
weaker form of continuity that is also called chain continuity.

Chain continuity very much resembles the common notion of continuity in tra-
ditional analysis: there, the supremum of a chain equals the limit of that chain, and
there continuity means that if a chain has a limit then the chain of function values
has a limit as well, and this limit equals the value of the function applied to the limit
of the chain; that is, the function distributes over limits. (And, one of the many
characteristic properties of R is that every bounded chain has a limit.)

4.9 Complete Partial Orders

Theorem has another interesting consequence. In a complete lattice every subset
has a supremum and, hence, also an infimum. In the proof of Theorem how-
ever, we only have used that a chain —that is, an ascending infinite sequence— has
a supremum, and that | exists. The requirement that a partial order contains a
minimum, | , and that all chains have suprema is weaker than the requirements of
a complete lattice. Such a structure is called a Complete Partial Order, or CPO for
short, and Theorem then boils down to the proposition that in a CPO every
chain-continuous function f has sup{ fi(L)|0<i} as its least fixed point.
Occasionally, CPOs are useful because, in a way, they are more “open-ended”
than complete lattices: the whole set does not need to have a maximum, as is the
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case with complete lattices, and subsets do not need to have infima. In addition, the
requirement of the existence of 1 can be relaxed, as we already noticed right after
Theorem [4.59)

4.10 Boolean algebras

In Section we have seen that a lattice is a poset with two additional binary
operators, U and I, that happen to have the following algebraic properties, for
all z,y,zeP:

e zUx=uxaand zMNa = x (idempotence);

e zUy=yUz and 2Ny = yMNa (commutativity);

e zU(yUz) = (zUy)Uz and zMN (yMz) = (xzMNy) Nz (associativity) ;
e zU(zNy) =z and 2N (zUy) = x (absorption).

We have also seen —Theorem [£.32]- that, conversely, every set in which two binary
operators have these algebraic properties is a lattice, if the partial order relation is
defined in terms of the operators in the correct way.

In addition, a distributive lattice is a lattice in which the operators distribute
over each other, that is, for all x,y,z€ P:

e zU (yMz) (zxUy) N (xUz) (U distributes over M);

e zM(yUz) = (zNy)U (xMz) (N distributes over U ).

A particularly interesting special class of distributive lattices is formed by the so-
called Boolean algebras, which are distributive lattices with a few additional algebraic
properties. A Boolean algebra has extreme elements T and 1, and an additional
unary operator called “complement” or “negation”.

Remark: Boolean algebras are named after the British mathematician George
Boole (1815-1864), who was the first to investigate the algebraic structure
of the operations U and N on sets.

O

Definition. A Boolean algebra is a set V', say, containing two elements T (“top”)
and L (“bottom”), two binary operators LI (“cup”) and M (“cap”), and a unary
operator — (“not”), with the following algebraic properties:

(a) U and M are idempotent, commutative, and associative;
(b) U and M distribute over each other;
)

)

(c
(d

absorption: x U (xMNy) = and 2 M (x Uy) = x, for all z,yeV;

zero elements: U T =T and x ML = L, forall zeV;
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(e) identity elements: x UL =z and 2 M T = z, for all zeV;
(f) complement properties: 1l —x = T and M —-x = L, for all zeV .

O

The list of algebraic properties in this definition is not minimal: the absorption
rule (c) can be proved from (a) through (e) without (c), and, also, rule (e) for identity
elements can be proved from (a) through (d). So, either rule (c) or rule (e) (but not
both!) could be omitted without affecting the definition.

Notice that only rule (f) seemingly gives only little, rather implicit, information
about the complement operator —. Nevertheles, this rule, together with the other
rules, gives enough information, as various other properties can be derived.

Lemma. In a Boolean algebra (V, T, L, U, M,—) the complement of every element
xeV is unique. That is, for every z,y,z€V we have:

zUy=T ANaNy=L AzUz=T AzMNz=1L = y==z .

Proof. Assuming the left-hand side of the implication we derive:

Y

= { identity elements, to introduce L }
yU L

= {zMNz=11}
yU (zM2)

= { U distributes over M }
(y ) n(ydz)
= { commutativity and x Uy =T }
TN (yuUz)
= { commutativity and identity elements }

yuz,

from which we conclude that y = y U z; because the situation is symmetric in y and

z we also conclude z = y Ul z; from these two we obtain y = z, as required.
O

In the proof of this lemma we have invoked “commutativity” twice. Usually, however,
commutativity and associativity are considered so elementary that they are taken for
granted and used without explicitly mentioning.

This lemma is important: if some x,y eV satisfy x Uy =T and My = 1L then
we may conclude, also using complement properties (f) that y = —a. Hence, to prove
y = - it suffices to show that zUy=T and zMy=_1. We will call this proof
obligation “satisfying the complement properties”.
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4.62 Exercise. Prove that:

(a)
(b)

O

-1l =T and =T = L;

—(-z) =z, for all zeV.

4.63 Lemma. [de Morgan’s rules] In a Boolean algebra (V, T, L, U, M,—) we have:

—“(zUy) =-zN-yand - (zNy) = -z -y ,forall z,yeV .

Proof. We prove the first conjunct only. By Lemma to prove this it suffices to
prove that —x M —y satisfies the complement properties:

and:

O

(zUy) U (mzn-y)
{ U distributes over M }
((wUy) U-z) 1 ((zUy) U-y)
{zU-z=TandyU-y=T}
(yuT)n(zuUT)
{ zero elements (twice) }
TnT
{ idempotence }
T,
(zUy) M (~zn-y)
{ M distributes over U }
(1 (mz N -y)) U (y N (-z 1 -y))
{zMN-z=Land yMN-y=1}
(LM=y) U (LM—x)
{ zero elements (twice) }
1L
{ idempotence }
1 .

4.64 Example. For every set V its power set P(V) is a Boolean algebra, with V', ¢,
U,and N for T, L, U ,and M, respectively, and with complement © —defined
by X¢=V\X- for .

O
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Example. We consider set B with B = {1,0}. On B we define operators V,
A, and — as follows, for all z,yeB: zVy = xmaxy, Ay = xminy, -1 =0,
and =0 = 1. Then (B, 1,0, V, A, ) is a Boolean algebra. This is the smallest
possible Boolean algebra.

O

Example. We consider a set V' and the set V — B of all functions from V to B.
On this set we define operators V (“lifted or”), A (“lifted and”), and — (“lifted
negation”) as follows, for all functions f,g €V —B. Firstly, fV g is the function h
in V— B defined by h(v) = f(v) V g(v), for all veV ; secondly, f A g is the function
h in V— B defined by h(v) = f(v) A g(v), for all veV ; thirdly, = f is the function
h in V—B defined by h(v) = = (f(v)), for all veV; Finally, we introduce T in
V — B as the constant function whose value is everywhere 1 and | in V — B as the
constant function whose value is everywhere 0. Then ((V—B), T, L, V, A, 0)
is a Boolean algebra.

O

4.11 Applications

The fixed point theorems play a role in defining the meaning of recursive definitions.
Very often sets, and data structures in particular, and functions are defined recur-
sively. This raises the question, however, what exactly is defined by such a recursive
definition. The fixed point theorems provide the answer to this question. We illustrate
this with some examples.

4.11.1 Recursively defined sets

Sometimes it is convenient to define sets recursively. As an example we consider the
(so-called) “Hamming set” which is the set of all positive natural numbers that are
divisible by 2, 3, and 5 only. Calling this set H it can be defined recursively as
follows:

@D leH ;
(10) 2xneH AN 3xneH N bxneH ,forallneH |,
(11) The only elements of H are those required by @ and .

This “definition” can be, and usually is, interpreted as follows. Apparently, this
definition is intended to define a subset of N, or even of Nt if you like. Rule @[)
can be rewritten to the following equivalent form:

@2  {1}cH .
Furthermore, we introduce functions f2, f3, and f5, say, defined by, for all neN:
f2(n)=2xn A f3(n)=3xn A f5(n)=>5*n .

Using these functions lifted, we can reformulate rule (10 equivalently as:
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(113) f2(H)CH AN f3(H)CH A f5(H)CH .

Using that, for all sets, ACC A BCC' is equivalent to AUB C C', we can now

combine and into:
(14) {1} U (H) U f3(H) U f5(H) € H .

Thus, the single rule is equivalent to the conjunction of rules @[) and ,
and rule (11) now can be taken into account by defining H as the smallest of all sets
satisfying . It now also is clear that this latter requirement is essential to make
such a definition meaningful: N is a solution to too, but not a very interesting
one. (Actually, of course, N is the largest of all subsets of N satisfying )

Formula can be abbreviated further by the introduction of a function F',
of type P(N)—P(N), and defined by, for all XCN:

15  FX) = {1} uf2(X) U f3(X) U f5(X)
In terms of this function formula just expresses that H is a prefix point of F':
F(H)CH

and that H is the smallest of all sets satisfying now boils down to the require-
ment that H is the least prefix point of F. Because, by Theorem [£.55 the least
prefix point of any monotonic function equals its least fixed point, we conclude that
set H also satisfies:

F(H)=H .

As we know, the poset (P(N),C) is a complete lattice, and in this structure
function F' is continuous. Thus, by the fixed point theorems, F' has a least prefix
point, which is equal to its least fixed point, and which is given by the explicit formula:

(Uso<i F'(9))

4.11.2 The natural numbers and Mathematical Induction

In the previous example we have defined the Hamming set as a subset of the natural
numbers. This enabled us to define the Hamming set as a least prefix point of a
continous function of type P(N)—P(N), in the complete lattice (P(N),C). But
what about the natural numbers themselves, that is, how are these defined?

A very common way to define the set, N, of natural numbers is by means of
the axioms by Peano. These involve a “constant” 0 (“zero”) and a “function” succ
(“successor”), in terms of which N is defined in the following recursive way:

) oeN ;
(117) succ(n) eN | for all neN ;
(118) The only elements of N are those required by and .
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This resembles the previous example very much, but there is an important dif-
ference: the Hamming set can be defined as a subset of N but we cannot, of course,
define N as a subset of itself. In addition, what should be the types of constant 0
and function succ? From and we infer that 0 and succ are likely to have
types N and N— N respectively. Unfortunately, 0 and succ are the constructors
used to define N so stating their types in terms of the set to be defined is unsatisfac-
tory: we should rather consider the constructors, and their types, as given a priori,
independently of the set yet to be defined, so as to avoid circular dependencies.

These issues are resolved if we postulate the existence of a set 2, the “universe
of values”, that provides the set of which N, and all other datatypes for that matter,
will be subsets: then we can define N as a subset of 2, and then the poset (P(Q2),C)
is the complete lattice needed for our purposﬂ

In terms of set ) we now require that 0 and that succ has type Q—Q.
This brings us onto familiar grounds again. Just as in the previous example we rewrite
and , by lifting and combining, into the following equivalent form:

(119) {0} U suce(N) C N .

This shows that we can define N as the least prefix point of a function F', of
type P(2) —P(£2), and defined by, for all XCQ:

F(X) = {0} U suce(X)

As before, function F' is continuous and F'’s least prefix/fixed point is the set
(Ui:OSiFi(¢)) , which boils down to {succ?(0) | 0<i}.

* * *

So, set N is the smallest solution of the equation, in unknown X :
(200 {0} Usuce(X) € X

We recall that this means that

(21) {0} Usuec(N) C N,

which expresses that N is just a solution, and

(122) {0} Usuce(X)C X = NCX ,forall XCQ ,

which expresses that N is a subset of all solutions, that is, N is the smallest solution.

Now let R be a predicate on N. That R is universally true, that is, is true for all
elements of N, is usually formulated as (Vn:neN: R(n)), but in more set theoretic
terms this can also be formulated as: the subset of N of all natural numbers for which
R is true, is equal to the whole N. Formally, this boils down to {neN| R(n) } = N.
Now, how would we prove such a proposition? One possible approach now is:

1 Demonstrating the existence of such a universe is beyond the scope of this text. Actually, we
seem to have a chicken-and-egg problem here: to define an infinite set like N recursively we need an
infinite universe of values like 2, but defining infinite sets always seems to require recursion!
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{neN|R(n)} =N

& { mutual set inclusion }
{neN|R(n)} N A NC{neN|R(n)}
& { by definition, set {neN| R(n) } is a subset of N }

N C {neN| R(n)}

“ { 22) , with X :={neN|R(n)} }
{0} U succ{neN|R(n)}) C {neN|R(n)}

& { U/C-connection }
{0} C{neN|R(n)} A succ{neN|R(n)}) C{neN|R(n)}
& { definition of C; Property (f) (of lifted functions) }
0e{neN|R(n)} A (Yn:neNAR(n):succ(n)e{neN|R(n)})
& { “definition” of € (twice), using 0€N and succ(n)eN }
R(0) A (Vn:neN A R(n): R(succ(n)))
& { range-term trading }

R(0) A (Vn:neN: R(n) = R(succ(n)))

Thus, we have proved that (Vn:neN: R(n)) is equivalent to
R(0) A (Vn:neN: R(n) = R(succ(n))), so to prove the former it is sufficient to

prove the latter, which is formally weaker and, therefore, usually easier. This is the
well-known Principle of Mathematical Induction: we see that, in the above lattice-
theoretical setting, the validity of this principle can be proved. Notice that in this
proof we have used property 7 and we cannot do without it: the Principle of
Mathematical Induction is a direct consequence of the part that defines N as the
smallest solution of equation .

4.11.3 Finite lists

A well-known datatype, particularly in Functional Programming, is the datatype of
finite lists. Usually, all elements of a (finite) list have the same type, called the element
type. The datatype of lists with elements of type B, say, then is defined informally
in the following way, by means of two, so-called, constructors, here denoted by []
(“empty”) and > (“cons”):

(123) []is a list;
(124) b s is a list, for all be B and for all lists s ;
(125) The only lists are those generated by and .

Formally, a datatype is just a set. The datatype of lists with elements of type B
is a set L.(B), say, and the above informal rules can then be rendered more formally,
as follows:
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(23)  [1€L(B) ;
(24) brse Ly(B) ,forall be B and seL.(B) ;

(25)) The only elements of L, (B) are those required by and .

Thus, a recursively defined datatype just is a recursively defined set, and to
interpret a recursive definition like the above one we can apply the same techniques
as in the previous subsections. Apparently, again, £.(B) is the smallest of all sets
satisfying and .

If, however, we wish to define the datatype as a least prefix point we do need a
function in a complete lattice. So, this raises the question: what lattice? In addition,
this raises the question: what are the types of the constructors [] and 7

As in the previous subsection, we resolve these issues by postulating the existence
of a set 2, the “universe of values”, of which our datatype will be a subset: now we
can define £, (B) as a subset of €2, and the poset (P(2),C) is the complete lattice
needed for our purpose.

In terms of set © we now require that []€Q and that > has type BxQ — Q.
We define datatype L.(B) as the smallest subset of ) satisfying and .
Thus, we are on familiar grounds again. For every be B we define an associated
function fp, of type 2 —Q, by:

fo(z) = b>z ,foralzeQ .
Now rules (23] and above can be rewritten into:

26)  {[l} < L£B) ;
27 fo(Lu(B)) € Li(B) ,forallbeB .
We now define a function F', of type P(Q)—P(Q), by:

28)  FX) = {[]} Y (Uppes (X))

Function F' is continuous and L.(B) appears as the least prefix point, hence also
as the least fixed point, of F'. Notice that (|J,.,cp fo(X)) just denotes the set
{brz |beBAzeX }.

Remark: Although the above reasoning is valid for all constructors [] and >
having the right types, some additional requirements are needed to yield
a useful datatype. For example, the above does allow the possibility that
be[] =[], for all be B. In that case the datatype collapses: then we would
have £.(B) = {[]}, which is not particularly interesting. To avoid this, it
is usual to require that bz # [], for all b and x, and it also is ususal to
require that function > is injective. The latter is achieved by postulating
the existence of two additional functions hd, of type Q— B, and tl, of type
Q—Q, say, satisfying hd(b>xz) = b and tl(b>x) = .

These additional requirements are needed to obtain a practically useful
datatype of finite lists, but they are not needed for the definition per se of
the datatype as a least prefix point.
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4.11.4 Closures of relations

We recall that an (endo)relation on a set U is a subset of UxU . In Chapter 1] we
have defined several closures of relations as smallest solutions of equations. All of
these equations have the following general shape, where R is a given relation on U
and where X is the unknown of the equation:

(29 Fp(X) € X,

in which Fg is a function of type UxU — UxU, so Fr maps relations on U to
relations on U ; generally Frp depends on R.

In all cases, the closure of R then is defined as the smallest solution of ,
that is, as the least prefix point of Fg in the complete lattice (UxU,C). We now
know, on account of the Prefix Point Theorem, that monotonicity of function Fg is
sufficient to guarantee the existence of Fg’s least prefix point, and that it is equal to
Fr’s least fixed point.

In all cases of relation closure, function Fr is even continuous, hence its least
prefix point is given explicitly by the Limit Theorem.

For example, for the reflexive closure of R function Fg can be defined by:

Fr(X) = RUT ,forall XCUxU .

This example is not very exciting, because Fr is constant, so its prefix and fixed
points are its constant value, that is, R U I.

Slightly more interesting is the symmetric closure of relation R. In this case
function Fg can be defined by:

Fr(X) = RUXT forall XCUxU .

Because Fr(Fr(X)) = RU RT U X, it is not difficult to show that, in this case,
Fg’s least prefix point equals R U RT .

The most interesting are the cases of the transitive closure and the reflexive-
transitive closures. We leave the analysis of the latter to the reader, and for the
transitive closure Fr can be defined by:

Fr(X) = RUX:;X ,forall XCUxU .

Now the theorems in this chapter can be used to prove theorems like Theorem [1.31
and Theorem in Chapter[I] Proving Theorem for example, requires defining
a function G by:

Gr(X) = RUX;R ,forall XCUxU |,

and, then, proving that Gr and Fg have the same least prefix points.

4.11.5 Grammars and languages

We confine ourselves to a simple example, but the pattern of reasoning is applicable
to all context-free grammars.

We consider the following context-free grammar, with non-terminal symbol S
and terminal symbols a and b:
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S = e¢|aSh .

This grammar represents a “language” Lg , in the following way. Let U be the set of
all finite sequences containing a’s and b’s only. The empty such sequence is denoted
by e and we use simple juxtaposition for sequence extensions; for example, for seU
we write as for the sequence obtained from s by prefixing it with a and we write sb
for the sequence obtained by postfixing s with b. Sequence extension is associative:
as (as)b and a (sb) are the same sequence we can omit the parantheses and simply
write asb.

The language Lg represented by the above grammar now is defined as follows.
It is a subset of U, and it satisfies:

(30) e€els ;
(131) asbe Lg ,forall seLg ;
(132) Lg contains no other elements than as required by and .

A more formal way to define what this means is as follows. First, we define
function f in U—U by:

f(s) = asb ,forall seU .

Now rules (a) and (b) above can be reformulated and combined as follows; notice
that, again, we use the lifted version of f, of type P(U)—P(U), here:

(33) {eyuf(Ls) € Ls .

Rule (¢) above now means that Lg is the smallest of all possible sets satisfying ,
that is, Lg is the smallest solution of the equation, with unknown X CU :

{e}uf(X) c X .

Again, the poset (P(U), C) is a complete lattice, and in this lattice Lg now
is the least prefix/fixed point of function F', of type P(U)—P(U), and defined by,
forall XCU:

F(X) = {e}Uf(X) .

4.12 Exercises

1. We consider a complete lattice (P, C). So, every subset X CP has a (unique)
supremum sup X . Therefore, sup is a function from poset (P(P),C) to poset
(P, C).

(a) Prove that function sup is monotonic, that is: XCY = supX C supY,
forall X, Y eP.

(b) In which way can, similarly, function inf be considered monotonic?
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2. Assuming that a given subset XCP in a poset (P, C) has the following prop-
erties: sup X exists and bC ¢ for some be P and for some ce X . Prove that
sup (XU{b}) = supX.

3. Prove that infinite sequence s, as recursively defined by in the proof of
Theorem is ascending, that is: (Vi: 0<i:s;C841) -

4. We consider a set V defined by V = NU{y,z}, where y and z are two
elements not in N; so, V is the naturals extended with two new elements, here
called y and z, with y#2z. On V we define a partial order C , as follows:

mEn & m<n ,forallmneN ;
mCy AN mCz ,forallmeN ;
yCy N yCz AN zCz .

In V—V we define a function f by, for all meN:

fm)=m+1 N fly)=2z N f(z)=2 .
(a) Prove that (V, C) is a complete lattice.
(b)
(¢) Show that f is not continuous.
(d) What is fiz(f) and what is sup{ fi(L)|0<i}?

Prove that function f is monotonic and that f distributes over U .

5. We consider function F', as defined by formula in Subsection [4.11.1
(a) Provethat, forall neN: F"(g) = {2375 | i, keN A itj+k<n}.
(b) Prove that F’s least fixed point equals {2737 «5F | i, 5, keN}.

6. We consider function F', as defined by in Subsection[4.11.3] How can F™,
for neN, be interpreted?

7. The (so-called) “Fibonacci sequence” is the function fib, of type N—N, and
defined recursively by, for all neN:

Jibg =0 A fiby =1 A fib, o = fib,+fib, 4

Prove that thus defined fib is a function in N— N indeed.
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5 Monoids and Groups

5.1 Operators and their properties

We consider a set V. A binary operator on V is a function of type VxV —=V |
so such a function maps pairs of elements of V' to elements of V. Very often,
applications of a binary operator are written in infiz-notation, that is, the function’s
name is written in between the arguments.

In this chapter we use * to denote any operator on a set V. Using infix-
notation, we write the application of * to pair (x,y) € VXV as zxy (instead of the
more standard prefiz-notation x(x,y) ).

Sometimes binary operators have special properties, which deserve to be named.

Definition. Let * be a binary operator on a set V. Then x* is called:
e idempotent, if for all xeV we have: xxx = z;
o commutative, if for all x,yeV we have: zxy = yx*x;
o associative, if for all z,y,z€V we have: (zxy)xz = zx (yx*2);

O

Examples.

(a) On N addition, +, and multiplication, x, are binary operators; both are com-
mutative and associative but not idempotent.

(b) On Z addition, +, and subtraction, —, are binary operators. Subtraction is
neither idempotent, nor commutative, nor associative.

(¢) On Z maximum, max, and minimum, min, are binary operators; both are
idempotent, commutative, and associative.

(d) On the set of finite lists concatenation, ++ , is a binary operator; it is neither
idempotent nor commutative but it is associative.

(e) On the set of all relations relation composition, ; , is an associative binary
operator; as a special case, so is function composition, o, on the set of all
functions.

O

For an associative operator * , the expressions (xx*y)*z and xx* (yxz) are
equal and, therefore, we may safely omit the parentheses and write z *y 2z instead.
Thus we do not only save a little writing, we also avoid the choice between two
forms that are equivalent. Therefore, particularly with associative operators it pays
to use infix-notation. With prefix-notation no parentheses can be omitted and we are
always forced to decide whether to write * (x, * (y,2)) or = (* (x,y),2): a rather
irrelevant choice!
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More important than the possibility to omit parentheses, however, is that asso-
ciativity offers a manipulative opportunity in proofs: if we have a formula of the shape
(zxy)*z and if = is associative then we may reposition the parentheses and obtain
xx* (y*2z) (and vice versa). So, even if we have omitted the parentheses we better
stay aware of their (hidden) presence and of the opportunity to reposition them. We
will see examples of this.

5.3 Definition. Let x be a binary operator on a set V. An element €V is called *’s
identity (element) if it satisfies, for all zeV :

xxl =2 N Ixx =2 .

Not every binary operator has an identity element but every operator has at most
one identity element; that is, if it exists an operator’s identity element is unique.

5.4 Lemma. Let I and J both be identity elements of binary operator % on a set V.
Then I=J.

Proof. By calculation:

1

{ J is identity element, with x:=1 }
IxJ
= { I is identity element, with z:=J }

O

5.5 Examples.

On N and Z the identity element of + is 0, and the identity of * is 1.
On NT operator 4+ has no identity element.

On Z operator — has no identity element.

On Z operators max and min have no identity elements; on N, however, the
identity element of max is 0 whereas min still has no identity element.

(e) On the set of finite lists the identity element of ++ is [] —the empty list—.

(f) The identity element of both relation composition and function composition is
the identity relation/function, I.



5.6

5.7

5.8

124

Sometimes we are interested in the relation between two (or even more) binary
operators. Although we do not elaborate this in this text, we mention one property
that already has been used extensively in previous chapters.

Definition. Let * and + (say) be binary operators on a set V. Then we say that
x distributes (from the left) over + if, for all x,y,z€V:

zx(y+z) = (zxy) + (v+2)
Similarly, = distributes (from the right) over + if, for all z,y,z€V:
(y+z)*x = (y*x) + (2% 1)

Of course, if * is commutative the distinction between “left” and “right” disappears
and we just say “distributes over”. (This is the case for almost all examples we have
seen, with relation composition as the most notable exception.)

O

Examples.

(a) On N and Z multiplication, *, distributes over addition, + , but addition does
not distribute over multiplication.

(b) On Z operator max distributes over min and min distributes over max .
(¢) On Z operator + distributes over both max and min .

(d) On N operator * distributes over both max and min, whereas this is not true
on Z.

(e) Set union, U , distributes over set intersection, N , and vice versa.

(f) Relation composition, ; , distributes, from the left and from the right, over
union of relations, U . (Recall that composition is not commutative.)

O

5.2 Semigroups and monoids

So-called algebraic structures are sets with operators having particular properties.
The simplest such structure is called a semigroup, which is just a set with an asso-
ciative operator.

Definition. Let x be a binary operator on a set V. The pair (V, x) is a semigroup
if = is associative.
O

If the operator in a semigroup has an identity element the structure already
becomes a little more interesting.
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Definition. A monoid is a triple (V, ,I), where * is an associative binary operator
on set V', so (V, *) is a semigroup, and I, I€V , is the identity element of x .
O

Examples.

(a) (N, +,0) is a monoid, whereas (NT, +) is a semigroup but not a monoid.

(b) both (N, *,1) and (NT, x,1) are monoids.

(c¢) Let L, denote the set of all finite lists, and let £, denote the set of all non-
empty finite lists. Then (L., +,[]) is a monoid, whereas (L4, +) only is a
semigroup.

(d) All relations on a set with operator ; and identity relation I form a monoid.
Similarly, all functions on a set, with function composition and the identity
function form a monoid too.

O
Definition. Let (V, x,I) be a monoid. For all €V and for all neN we define z"™

recursively, as follows:

20 =1 A 2™ = gz«

]

Lemma. Let (V, *,I) be a monoid. For every x€V and for all m,neN we have:
M = ™ ok g,

O

Definition. Let (V, x,I) be a monoid. For every z€V an element yeV is called

an inverse of x (with respect to * ) if and only if: zxy=1 A y*xx=1.
O

An element of a monoid does not necessarily have inverses, but if it has an inverse, it
is unique. This is stated by the following lemma.

Lemma. Let (V, x,I) be a monoid. Let z,y,z€V satisfy:
zxy=1 AN yxz=1 AN zxz=1 AN zxax=1 .

Then y==z2.
Proof. By calculation:
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)

= { I is identity of = }
yxl

= {zxz=1}

= { * is associative }
(y*x) * z

= {yxe=1}
Ixz

= { I is identity of * }
z

O

Notice that in the proof of this lemma we have only used z*xz=1 —z is a right-
imverse of x—and yxx =1 —y is a left-inverse of x—, so, actually, we have proved
that all left-inverses are equal to all right-inverses.

5.3 Groups

Algebraically, life becomes really interesting with groups. A group is a monoid in
which every element has an inverse (with respect to the binary operator).

Definition. A group is a monoid (V, %, 1) satisfying, for all zeV :
(134) (Fy:yeViexy=T ANyxx=1)

An Abelian group is a group in which, in addition, operator * is commutative.
O

As a matter of fact requirement is stronger than strictly necessary: either
of the two conjuncts, x*y=1I1 or yxx=1, can be dropped without affecting the
definition. It is only for practical reasons, and because we do not wish to destroy the
symmetry, that we have included both.

Lemma. Let (V, *,I) be a monoid satisfying, for all zeV:
(35) (Jy:yeViaxy=1I)
Then (V, ,I) is a group.

Proof. To prove that (V, ,I) is a group we must prove for all xeV , while
using for all eV . So, let xeV and let, using , element yeV satisfy
x+y=1. Now to prove for this particular x it suffices to show that y also
satisfies y+*x=1. Let, using once more but with z:=1y, element zeV satisfy
y*z=1. Now we calculate:
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x

= { I is identity of = }
x* 1

= {yxz=1}

= { * is associative }
(z*xy) * 2z

= {zxy=1}
Ixz

= { I is identity of * }
z .

So, we have x=z; now z satisfies y*z =1, and substituting x for z in this we
obtain y+x =1, as required.
O

The definition of groups states that every element of the set has an inverse. We
have already seen that, if an element has an inverse, this inverse is unique. The inverse
of an element, of course, depends on that element. Therefore, from now onwards we

denote the inverse of every element xeV by z7t.

Definition. Let (V, %,1) be a group. For every xeV its inverse, 7!, satisfies:

zxxl =T AN a7 Vv =1 .

In the proof of Lemma [5.16| we have introduced y as the inverse of =, and =z
as the inverse of ¥, and then we have proved z=xz. So, as an additional result, we
obtain that the inverse of the inverse of an element is that element itself.

Lemma. Let (V, x,I) be a group. Every z€V satisfies: (z71)7! = z.
O
Lemma. Let (V, x,I) be a group. All z,ycV satisfy: (z*y) !t =y txal.
O
Examples.
(a) Let V = {i} and let binary operator * on V be defined by i*i = i. Then

(V, %, i) is a group; this is the smallest possible group.
(b) (Z,+,0) is an (Abelian) group.
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() (QT,%,1) and (Q\{0}, *,1) are (Abelian) groups.

(d) For any set V' we consider the set of all bijections from V to V| here denoted
by V—V. Then ((V<V),o0,I) is a group; it is not Abelian. If V' is finite
the bijections in V <V are also called permutations and the group is called a
permutation group.

(e) For a fixed positive natural number n we define operator @, of type ZxZ — 7,
by z®y = (z+y)modn, for all x,yeZ. Then this operator also has type
[0..n)x[0..n) —[0..n),and ([0..n),®,0) is an Abelian group.

A group (V, ,I) has the property that, for all a,beV, equations of the shape
x:a+x =">b can be solved. The solution of such an equation even is unique:

axx =b
= { Leibniz }
atx(axx) = atxb
& { * is associative }

(a7lsa)xx = alxb

< { a7'is a’s inverse }
Isz=alxb
& { I is identity of * }

z=atxb ,

which shows that every solution to the equation is equal to a~' xb. Conversely, it
also is easy to show that a=! x b is a solution indeed, because a * (a~! * b) is, indeed,
equal to b.

This is the characteristic property of groups: a group is the simplest possible
structure in which all equations of the shape x:a*x =b can be solved.

5.21 Lemma. Let (V) x,I) be a group. For all €V and neN we have:

(x—l)n — (xn)—l
O

5.22 Definition. Let (V, *,I) be a group. For all z€V and neN we define =™ by:

" = (3?_1)”
O

5.23 Lemma. Let (V) x,I) be a group. For every €V and for all m,neZ we have:

M = g™ g "
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5.4 Subgroups

5.24 Definition. Let (V| x,I) be a group and let U be a subset of V. If (U, x,1I) is a
group this is called a subgroup of (V, x,1I).
O

To verify that (U, x,I) is a subgroup we do not have to verify that = is associative,
that I is the identity element, and that group elements have inverses: these properties
remain valid. But, we do have to verify that subset U is closed under the group
operations, that is, to prove that (U, x,I) is a subgroup we must prove the following
three properties:

(Ve,y:z,ycU:zxyelU) , and:
IeU ,and:
(Ve:xeU:z7tel)

5.25 Examples.

(a) In (Z,+,0) the subset of the even integers, with + and 0, form a subgroup.
More generally, for any natural number n the subset of all multiples of n, with
+ and 0, form a subgroup.

(b) (Q*, ,1) is a subgroup of (Q\{0}, x,1).

(c) For any group (V,*,I) and for any fixed a€V we can define a subset U
by U ={ada’|icZ}. Then (U, *,I) is a subgroup of (V, x,I), called the
subgroup generated by a.

(d) Actually, in (Z,+,0) the subgroup of all multiples of n, for some natural n,
is the subgroup generated by n.

O

5.26 Definition. A group (V, x,I) is called cyclic if V' contains an element a, say, such
that the subgroup generated by a is the whole group, that is, {a’|icZ} = V.
O

5.27 Definition. A group (V, *,I) is finite if its set V of elements is finite. For a finite
group (V, x,1I) the order of the group (V, *,I) is #V .
O

5.28 Examples.

(a) Let group (V, *,I) be finite of order N and let this group be cyclic. Then V/
contains an element a, say, such that V = {a’ | 0<i<N} and o™ =1.

(b) For positive natural n, the group ([0..n),®,0), with @ as defined in Ex-
ample [5.20(e) , has order n. This group is cyclic, as it is generated by 1.
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5.5 Cosets and Lagrange’s Theorem

Definition. Let (V, x,I) be a group and let (U, x,I) be a subgroup. Then for
every a€V the left coset of a is the subset {axy | yeU} and the right coset of a
is the subset {z*a | x€U }. The left and right cosets of a are denoted by a+U and
Uxa, respectively.

O

Notice that U is a (left and right) coset too, because I*U = U and UxI = U.

If (V, ,I) is a group with subgroup (U, *,I) and for fixed a €V , we can define
a function ¢: U—V by ¢(x) = axx, for all x€U. Then, the left coset a*U just
is the image of U under function ¢, that is, in terms of lifted functions, we have
axU = ¢(U).

Lemma. Let (V) x,1) be a group and let (U, *,I) be a subgroup. For fixed aeV
the function ¢: U — ax U, defined by ¢(z) = axx, for allz € U, is bijective.

Proof. Because a*xU = ¢(U) function ¢ is surjective. That ¢ is injective as well
follows from, for all z,ye U :

p(z) = o(y)
& { definition of ¢ }
axx = axy
= { Leibniz }
alx(axz) = atx (axy)
& { * is associative; definition of inverse; identity element }

=y .
O

All subsets of a finite set are finite as well. Therefore, in a finite group (V, *,1) every
subgroup (U, x,1) is finite too, and so are all (left and right) cosets of this subgroup.
In this case we arrive at an important consequence of the above lemma.

Corollary: In a finite group (V, *,I) with subgroup (U, =,I) we have, for all
a€V, that #(axU) = #U and #(Uxa) = #U. In words: in a finite
group with a subgroup all cosets have the same size as the subgroup from
which they are derived.

O

Because I €U we have acaxU, for all aeV . For a,beV one may well wonder
how the cosets axU and bxU are related. By careful analysis we can derive that
these cosets either are disjoint or are the same, and it so happens that axU = bxU
if and only if a='xb e U. This gives rise to the following lemma.
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Lemma. Let (V, x,I) be a group and let (U, *,I) be a subgroup. On V we define
a relation ~ by, for all a,beV: a~b < a '«beU. Then:

(a) ~ is an equivalence relation;

(b)  The left cosets axU, for all a€V , are the equivalence classes of ~ .

O

Now we are ready for our final theorem, which is due to the famous mathematician
Joseph Louis Lagrange.

Theorem. [Lagrange] The order of every subgroup of a finite group is a divisor of
the order of the whole group.

Proof. Let M be the order of the group and let N be the order of the subgroup. The
equivalence classes of relation ~ , as defined in Lemma [5.31], form a partitioning of
V. Each of these classes —the left cosets— has size N, and because V is finite there
are only finitely many such cosets: let K be the number of left cosets. Because these
sets are mutually disjoint and because their union equals V' we have M = K x N,

hence N is a divisor of M .
O

5.6 Permutation Groups
5.6.1 Function restriction and extension

In this section we will be studying functions on intervals of the shape [0..n), for
positive naturals n. If f is a function on the interval [0..n ), then we wish to speak
of the restriction of f to the interval [0..m ), for any naturals m,n:1<m<n; this
is a function with domain [0..m ), and on this domain it has the same values as f.
We denote this restriction as f[m —“f take m” —.

Definition. For function f on [0..n) and for m with 1<m<n the function f[m,
on [0..m), is defined by:

(fIm) (i) = f(i) ,foralli:0<i<m .
O

Property: If f,on [0..n), is injective then sois f[m, for all m,n:1<m<n.
O

* * *

As a converse to function restriction we also have need of the possibility of function
extension. If f is a function on [0..n) then we wish to define a new function, on
[0..n+1), that coincides with f on [0..n) and for which the value in n equals a
pre-specified value v, say. We denote this function as f<v —“f snoc v” —.
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Definition. For function f on [0..n) and for any value v, the function f<wv, on
[0..n+1), is defined by:

(fav)(@) = f@i) ,foralli:0<i<n
(fav)(n) = v
O

Lemma. Function f,on [0..n+1), satisfies:

f=(fIn) < f(n),

and function f,on [0..n), and value v satisfy:

(Fav)[n = f .

O

5.6.2 Continued Compositions

For any finite list fs of functions, all of the same type V — V', we define the continued
composition of (the functions in) list fs. Informally, if list fs has length & then the
continued composition of fs is:

Jsogofspo - ofsp

Formally, the continued composition of (finite) lists of functions can be defined as
a function C, say, such that C(fs) is the composition of the functions in fs. Function
C can be defined recursively as follows, for all lists fs, gs of functions and for function
f,all of type V—V.

Definition.

C([]) = Iy

C(f]) = f
(36) C(fs+gs) = C(fs) oC(ys)
O

Notice that we have defined C([]) = Iy here because Iy is the identity element of
function composition: thus, we guarantee that rule also holds if either fs or gs
equals []. Also notice that rule is ambiguous: the decomposition of a list of
functions as a concatenation fs-+gs of two lists fs and gs of functions is not unique,
but, fortunately, this is harmless, because of the associativity of function composition:
the result will be the same, independently of this decomposition. As a matter of fact,
lists are the appropriate data structure here, because of this associativity and because
function composition is not commutative.
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5.6.3 Bijections

We recall that a bijection on a set V is a function in V' — V' that is both injective and
surjective. Informally, this means that, for every veV', there is exactly one ueV
satisfying f(u)=wv: that f is injective means that, for every v, there is at most one
such u, and that f is surjective means that, for every v, there is at least one such
u . For any given set V', the bijections on V' have the following properties:

e The identity function Iy is a bijection on V'
e If f and g are bijections on V then so is their composition fog;

e If f is a bijection on V', then f has an inverse, f~!, and f~! is a bijection
on V too.

From this we conclude that the bijections on V| with o and I, form a group.

5.6.4 Permutations

For finite set V the bijections on V are also called permutations of V. In what
follows we will restrict our attention to finite sets of a very particular shape, namely,
initial segments of the natural numbers. That is, we consider nonempty intervals of
the shape [0..n), for n:1<n. In this section we denote the identity permutation
on [0..n) as I,. Notice that there is only one permutation of [0..1), namely I; .

* * *

We will use P,, to denote the set of all permutations of [0..n), for n:1<n. So,
P,, is the subset of those functions in [0..n)—[0..n) that are bijections. In what
follows, the requirement 1<n is left implicit. Hence, as permutations are bijections,
we now have that (P, ,o,I,) is a group, for every n.

* * *

Every permutation in P, can be represented compactly by enumerating its val-
ues in a list of length n. That is, if se€P, then it is represented by the list
[$0,81, " ,Sn—2,8n—1]. Notice that, because every permutation is a bijection, this
list contains each of the naturals i: 0<i<n exactly once. For example [0, 1,2,3] is
the identity permutation of [0..4), and [3,0,1,2] is the permutation that “rotates
the elements of [0..4) one place to the left”.

If s€Pp41 then s is a permutation of [0..n+1); so, s is injective and, there-
fore, s[n also is injective on [0..n). Function s also is surjective and if, in addi-
tion, s, =n, then s[n also is surjectivein [0..n)—[0..n). Hence, if (and only if)
$n=n then s[n is a permutation in P, as well. This is expressed by the following
lemma.

5.37 Lemma. (Vs:5€P,t1:8,=n = s[neP,)
O
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Conversely, every permutation in P, can be extended to a permutation in P41 in
a simple way, namely by extending the function with value n.

Lemma. (Vs:seP,:saneP,qq)
O

corollary: As a result of these lemmata and of Lemma (5.35) we have:
(Vs:8€EPn+1: Sn=n = s= (s[n)<n) ,

and:

(Vs:s€Pp:s= (s<an)[n)
O

This shows that the subset of those permutations in P,4; that map n to n is
isomorphic to Py : the functions ([n) and (<n) are the bijections from that subset
to P, and back, respectively.

In what follows, therefore, we will identify the subset of the permutations in
Pr+1 that map n to n and P, , that is, we will leave the application of the bijections
implicit. Thus, for every permutation s€P,y; with s, =n will also say that seP,
and, conversely, we consider every permutation in P,, to be a permutation in P, 1,
as well.

5.6.5 Swaps

For p,qe[0..n) we define the permutation p<q — “p swap ¢” — as follows:

(pe=q)(p)
(p=q)(q)
(p—q)(i)

q ,
p,
i, foralli:i€[0..n) Ai#p ANi#q .

So, p«>q is the permutation that interchanges p and ¢ and leaves everything else
in place. Obviously, if p=g¢ then p<—q = I,, so, if p=g then p<¢q is not a true
“swap”, but it is a permutation nevertheless: it equals I,,. We are mainly interested
in proper swaps, which are swaps p«q with p#¢q. In the literature proper swaps
are also known as “transpositions”.

convention: Because of the isomorphism discussed in the previous section we
consider p< ¢ to be a permutation in P, , for every n satisfying p,q€[0..n),
without distinguishing these swaps notationally.

O

Property: Swapping p and ¢ is symmetricin p and ¢, thatis: (p<—¢q) = (¢<p),
for all p,q. Usually, we will, however, represent swaps uniquely, by confining
ourselves to swaps (p«q) with p<gq.

O
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Lemma. Every swap is its own inverse; that is, for all p,g€[0..n) we have:
(peq)o(peoq) = In -

proof: Directly from the definitions of o and « .
O

The following property shows the effect of the composition of a permutation and
a swap: the permutation so(p«¢q) differs from s only in that s, and s, are
interchanged.

Property (37): For seP, and for p,qe[0..n) we have:

(so(pe=q))(p) = 354,
(so(p=q))(q)
(so(p—q)) (i)

Il
»
S

si , foralli:ie[0..n) ANi#£p ANi#tq .

proof: Directly from the definitions of o and « .
O

Lemma. Every permutation is the continued composition of a finite sequence of
swaps.

proof: The lemma states that, for every n:1<n and for every permutation in P, ,
there exists a finite list of swaps, the continued composition of which equals s. We
prove this by Mathematical Induction on n.

base: The only permutation in P; is I;, and I, being the identity element of
function composition, is the continued composition of [].

step: Let s€P,41. Let p, 0<p<n, be such that s, =n. Then we have, by prop-
erty , that (so(p—n))(n) =n, from which we conclude, using Lemma ,
that so(p<n) € P, . By Induction Hypothesis, let ss be a (finite) list of swaps the
continued composition of which equals so (p<—n) ; so, we have: C(ss) = so(p—n).
Now we derive:

s

{ I, is identity of o; Lemma }
so(peorn)o(pern)
= { definition of ss }
C(s5) o (prn)
= { definition of C }
C(ss)oC([(p=n)])
= { definition of C }
Clss[(pom)])

from which we conclude that permutation s is the continued composition of the list
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ss+ [(pe—n)] of swaps.
O

The proof of this lemma also provides some information on the length of the list of
swaps. The permutation I; is the continued composition of [], which has length 0,
that is, 1—-1. If we now, by Induction Hypothesis, assume that list ss has length
n—1, then list ss+ [(p<—n)] has length (n+1)—1. Thus, we conclude that every
permutation in P,, is the composition of n—1 swaps.

Notice that, in the above proof, we have not distinguished the cases p=n and
p#n, as this is unnecessary: the given proof is valid for either case. If, however,
p=n then (p<n) equals the identity and can, therefore, be omitted. As a result,
we conclude that every permutation in P,, is the composition of at most n—1 swaps.

Finally, we note that the representation of a permutation by a list of swaps is
not unique: every finite list of swaps represents some permutation, and one and the
same permutation may be represented by very many different lists of swaps. In the
following section, however, we will prove quite a surprising result: the permutations
can be partitioned into two classes, which we will call “even permutations” and “odd
permutations”, and every swap changes the class of the permutation; that is, the
composition of a permutation and a swap always is in the other class than the original
permutation. As a consequence, every permutation is even if and only if it is the
composition of an even number of swaps, independently of the actual composition!

5.6.6 Neighbour swaps

A special case of swaps are the, so-called, “neighbour swaps”, which are swaps of the
form (p« (p+1)). As we will see, these provide useful stepping stones in the analysis
of even and odd permutations, in the next subsection.

Just as every permutation can be composed from swaps, every swap, in turn, can
be composed from neighbour swaps. To prove this we need the following lemma first.

Lemma. For every p,q with 0<p<q we have:
(pe(a+1)) = (g (g+1)) o (p—q)o (g (g+1))

proof: We prove this by showing that (p«(g¢+1))(i) 1is equal to
((g=(g+1))o(p—q)o(g—(g+1))) (i), for all i:0<i. This requires distinction
of 4 cases: i=p, i=q, i=q+1, and all other values of 7. We illustrate this for the
case i =¢q+1; the other cases can be verified similarly:

((g=(g+1))o(peq)o (g (g+1))) (g+1)
{ Property }
((ge=(g+1)) o (p=q)) (q)
{ Property }
((g=(g+1))) (p)

= { definition of «, using p<q, so p#q and p#q+1 }
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{ definition of < }
((pe(g+1))) (g+1)

O

This lemma shows that the swap (p<> (¢+1)) can be defined recursively as the com-
position of (p«<¢q) and 2 neighbour swaps (g« (g+1)). As a result we obtain the
following lemma, which turns out useful in the next subsection.

Lemma. Every swap (p<—gq), for p,q with 0<p<gq, is the continued composition
of exactly 2xk+1 neighbour swaps, where k=¢g—1—p. Notice that the number
2xk+1 is odd.

proof: We prove this by Mathematical Induction on the value of k. The basis
of the induction, of course, is the swap (p< (p+1)), so k=0, which all by itself
is a single neighbour swap. For p,¢ with 0<p<gq, the swap (p< (¢+1)) is, by
Lemma , the composition of (p«<>¢) and 2 neighbour swaps (g« (¢+1)).
Hence, if, by Induction Hypothesis, (p< ¢) is the composition of 2 k+1 neighbour
swaps then (p< (g+1)) is the composition of 2x (k+1)+1 neighbour swaps.

O

Esthetical aside: Because (¢< (¢+1)) = ((¢+1)+q) , the formula in Lemma (5.41))
can be rendered in a more symmetric way as:

(p=(g+1)) = ((g+1)<=q)o(p—q)o(g=(g+1))

For p,q with 0<p<gq, Lemma (5.42) can now be rendered, informally, as:
(p—=q) = (g<(q-1))o((g-1)=(g=2)) o -+ o ((p+2) < (p+1)) o
(p(p+1))o

((p+1) = (p+2)) o -+ 0 ((¢=2) = (g—-1)) o ((g—1) < q)
O

5.6.7 Even and odd permutations

A quantity that proves to be relevant in relation to permutations is the, so-called,
number of inversions of a permutation. For any permutation se€ P, , an inversion is
a pair (i,7) of indices i,7€[0..n) with the property:

1<j A 55 <8 .
We now investigate the number of inversions, which is, for s€ P, , the quantity:

(#1,7:0<i<j<n:s;<s;)
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For example, for the identity I, the number of inversions is 0, whereas for s defined
by s;=n—1-i, thatis, s = [n—1,---,1,0], the number of inversions is mazimal:
it equals the number of all pairs i, j satisfying 0<i<j<n which equals nx(n—1)/2.
For every se P, its number of inversions is a natural number from and including 0,
and upto and including nx(n—1)/2.

* * *

Now let seP, and let p,qe[0..n) such that p<g. We now investigate how the
number of inversions in so(p«¢q) depends on the number of inversions in s. This
analysis can be carried out in terms of (p< ¢) directly, but this brings about a rather
elaborate case analysis. We have seen that every swap is the continued composition
of neighbour swaps, and it so happens that investigating how neighbour swaps affect
the number of inversions in a permutation simplifies matters considerably.

So, firstly, we investigate how the number of inversions in so (g« (g+1)) depends
on the number of inversions in s. Recall that, by property , we have that
(so(qe=(g+1))) (q) = sq1, (s0(g=(g+1))) (¢+1) = 54, and
(so(q«(g+1))) (i) = s;, for all other indices ¢. The only pair of indices that is
relevant here is the pair (g, q+1): for all other pairs (i,5) of indices we have that the
swap (g« (g+1)) does not affect the inversions; that is, the pair (7, ) is an inversion
in so(g« (g+1)) if and only if it is an inversion in s, for all other pairs (4, 7).

Now, if sq41 <84 then the pair (g,¢+1) is an inversion in s and it is not an in-
version in so (g« (g+1)) . So, in this case the number of inversions in so (g« (g+1))
equals the number of inversions in s minus one. Conversely, if s, <sq,4+1 then the
pair (g,g+1) is not an inversion in s but it is an inversion in so (g« (g+1)) . So, in
this case the number of inversions in so (g« (g+1)) equals the number of inversions
in s plus one. Hence, in either case, the number of inversions in so (g« (g+1))
differs from the number of inversions in s by either +1 or —1.

Secondly, by Lemma , every swap is the composition of an odd number
of neighbour swaps. Hence, the number of inversions in so(p«<gq) differs from the
number of inversions in s by an odd amount of individual contributions, each of
which is either +1 or —1; the net result of this —see Exercise [5.7}19— is odd. Isn’t
that odd?

We are now ready to harvest the results of the above labour. To start with, we
observe that the actual number of inversions in a permutation does not give much
information, but this number being even or odd does. This we call the parity of a
permutation.

5.43 Definition. For seP, the parity of s is:

(#1,j:0<i<j<n:s;<s;) mod 2
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If the parity of a permutation equals 0 we also call the permutation “even” and if
its parity equals 1 we also call the permutation “odd”. Now the above analysis boils
down to the following lemma.

Lemma. Composition of a permutation with a proper swap changes its parity.
O

By “repeated application” —that is, of course, by Mathematical Induction— of this
lemma we obtain the following theorem.

Theorem. If a permutation equals the continued composition of a sequence of proper
swaps, then its parity equals the parity of the number of swaps.

proof: By Mathematical Induction on the length of the sequences, using the previous
lemma.
O

Notice that this theorem pertains to all possible ways in which a given permutation
equals the continued composition of a sequence of proper swaps. As a consequence,
if two different such sequences represent the same permutation, then their lengths
have equal parities. So, an even permutation can only be composed from an even
number of swaps and an odd permutation can only be composed from an odd number
of swaps, independently of how the permutation is composed from swaps.

Having the same parity is an equivalence relation. This relation partitions P,
into two equivalence classes, containing the even and the odd permutations in P, ,
respectively. Recalling that (P, ,o0,1I,) is a group, we now also obtain the following
additional result.

Theorem. In the group (P, ,o,I,) the subset of the even permutations, with o
and I, , form a subgroup of (P, ,o,I,). This means that:

a) I, is even;
b) if s and ¢ are even then so is sot;
1

c) if s is even then sois s™+.

proof: Left as an exercise.
O

5.7 Exercises
1. Prove Lemma [5.12]
2. Prove that every group (V, ,I) satisfies: I = 1.

3. Describe all groups with exactly 2 elements, with 3 elements, and with 4
elements.
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Why is (N, +,0) not a group?
Prove Lemma [5.21]

Prove that in every group (V, x,I) we have, for all zeV and neN:
"= & ™ "=1.

Prove Lemma [5.23

For a fixed natural number p, 2<p, we define operator ®, of type ZxXZ — 7,
by z®y = (zxy)modp, for all x,yeZ. Prove that:

(a) ([0..p),®,1) is a monoid;
(b) ([0..p),®,1) is not a group;
(¢) ([1..p),®,1) is a group if and only if p is a prime number.

What is, in a group (V, x,1), the subgroup generated by I?

What is, in the group (Q\{0}, *,1), the subgroup generated by 27

Why is (Q, *,1) not a subgroup of (Q\{0},*,1)?

Show that (Z,+,0) is cyclic.

We consider a group (V, =,I). Prove that, for every non-empty subset UCV',

the structure (U, *,I) is a subgroup of (V, x,I) if and only if:
(Va,y:m,ycU:zxy tel)

We consider, for some positive natural n, the group ([0..n),®,0), with &
as defined in Example [5.20|(e) .

(a) Prove that, for all positive natural m, the subgroup generated by m is
the whole group if and only if m and n are relatively prime.
(b) Identify all subgroups of this group.
We consider a monoid (M, *,I) with exactly 8 elements. M contains an
element ¢, say, of order 7. This means that ¢’ = I and that ¢° # I, for all
1:0<i<7.
(a) Prove that M contains an element h, say, that is not a power of g.

(b) Prove that such h satisfies h*xg = h.
Prove Lemma 5311

Identify all subgroups of ([1..p),®,1), for pe{2,5,7,11}, and where oper-
ator @ is defined as in Exercise 8.
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Give an example showing that composition of swaps usually is not commutative.
That is, give example values for k,l,p,q such that:

(k=l)o(peq) # (pq)o(kel).
Derive under what condition, to be imposed on k,[,p, and ¢, we do have that:
(kel)o(peq) = (pogq)o(kel).

Prove Theorem ([5.46)) .

Prove, formally but as elegantly as possible, that the sum of any odd amount
of odd numbers is odd.

We consider (in-situ) sorting algorithms in which the only primitive operations
used to modify the array to be sorted are swaps of the shape p« (p+1). Prove
that for every algorithm of this kind the (worst-case) time complexity is not
better than O(n?).
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Combinatorics: the art of counting

Introduction

Combinatorics is the branch of Mathematics in which methods to solve counting
problems are studied. Here is a list of questions that are considered combinatorial
problems. As we will see, some of these problems in this list may look different but
actually happen to be (instances of) the same problem.

1.

10.

11.

12.

13.

14.

15.

What is the number of sequences of length n and constructed from the symbols
0 and 1 only, for any given natural n?

. What is the number of sequences of length n and constructed from the symbols

0 and 1 only, but containing no two 0’s in succession, for any given natural
n?

What is the number of subsets of a given finite set?

What is the number of elements of the cartesian product of two given finite
sets?

What is the number of possible Hungarian licence plates for cars? (A Hungarian
licence plate contains three letters followed by three digits.)

What is the number of relations on a given finite set?

What is the number of sequences of length n and containing each of the numbers
0,1,---,n—1 (exactly) once, for given n:1<n?

What is the number of sequences of length n and containing different objects
chosen from a given collection of m different objects, for given n,m:1<n<m?

What is the number of ways to select n objects from a given collection of m
objects, for given n,m:1<n<m?

What is the number of numbers, in the decimal system, the digits of which are
all different?

What is the number of “words” consisting of 5 letters?

What is the number of ways in which 5 pairs can be formed from a group of
10 persons?

What is the number of nxn matrices, all elements of which are 0 or 17 How
many of these matrices have an odd determinant?

What is the number of steps needed to sort a given finite sequence?

What is the minimal number of “yes/no”-questions needed to determine which
one out of a given (finite) set of possibilities is actually the case?
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16. In a digital signalling system 8 wires are used, each of which may or may not
carry a voltage. For the transmission of a, so-called, “code word” via these wires
exactly 4 wires carry a voltage (and the other 4 wires carry no voltage). How
many code words are thus possible?

To provide some flavour of the theory needed to answer these questions in a systematic
way, we discuss some of these questions here, not necessarily to solve them already
but, at least, to shed some light on them.

question 1:

What is the number of sequences of length n and constructed from the symbols 0
and 1 only, for any given natural n? Well, a sequence of n symbols has n positions,
each of which may contain a 0 or a 1. So, each position admits 2 possibilities, and
the choice at each position is independent from the choice at every other position.
For n=2, for instance, we have a total of 2%2 choices, whereas for n=3 we have
a total of 2x2x2 possibilities. Generally, for arbitrary n the number of possibilities
is 2.

This is about the simplest possible counting problem. A systematic way to solve
it, which is also applicable to more difficult problems, is by means of induction on n .
The only sequence of length 0 is the “empty” sequence, of which there is only one.
So, for n=0 the number of sequences equals 1. (And, if one wishes to avoid the
notion of the empty sequence, one starts with n=1 and finds the answer 2, because
there are only 2 sequences of length 1, namely consisting of a single symbol 0 or 1.)
Next, a sequence of length n+1 can be viewed as the extension of a sequence of length
n with an additional symbol, being 0 or 1. So, such an extension is possible in two
ways, each yielding a new sequence. Hence, the number of sequences of length n+1
is twice the number of sequences of length n. Thus, we also arrive at the conclusion
that the number of sequences of length n equals 2": for n=0, the number is 2°,
and each extension doubles the answer, with 27 %2 = 271,

question 2:

What is the number of sequences of length n and constructed from the symbols 0
and 1 only, but containing no two 0’s in succession, for any given natural n? This
question is harder than the previous one, because of the restiction that the sequences
contain no two 0’s in succession: now different positions in the sequence are not
independent anymore, and the question is not as easily answered as the previous one.
As an abbreviation, we call the sequences constructed from the symbols 0 and 1
only, but containing no two 0’s in succession, “admissible”.

To answer this question it pays to introduce a variable —a name — for the answer.
Because the answer depends on variable n, the parameter of the problem, we let this
variable depend on n; that is, we make it a function on N, as neN. So, we say: let
a; be the number of admissible sequences of length ¢, for all ieN. Then a is the
function, with type N—N. This enables us to try to formulate an equation for a
which, hopefully, we can solve.
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For our current problem we reason as follows. The one and only sequence of
length 0 is the empty sequence, and it is admissible: as it contains no 0’s at all, it
certainly contains no two 0’s in succession. Thus, we decide that ag =1. Next, for
1€N, a sequence of length i+1 can now be obtained in two different ways: either
by extending an admissible sequence of length i with a symbol 1, always resulting
in an admissible sequence, or by extending an admissible sequence of length ¢ with
a symbol 0; this, however, yields an admissible sequence only if the sequence thus
extended does not end with a 0 itself: if it did we would obtain two 0’s in succession!

Hence, a new kind of sequences enter the game, namely “admissible sequences
not ending with a symbol 0”. Therefore, we introduce yet another name b, say:
let b; be the number of admissible sequences not ending with a symbol 0, for all
1eN. Using b, we can now complete our equation for a; we obtain: a;41 = a; +b;.
Notice that, in this formula, a; is the number of admissible sequences of length i+1
obtained by extending an admissible sequence with a symbol 1, and that b; is the
number of admissible sequences of length i+1 obtained by extending an admissible
sequence, not ending in a 0, with a symbol 0; their sum, then, is the total number
of admissible sequences of length i+1.

Thus we obtain the following equation for our function a:

ag =1
Ajir1 = a; + b; ,fOT all ieN

This equation contains our new variable b and to be able to solve the equation we
also need a similar equation for b. By means of precisely the same kind of reasoning
we decide that the only admissible sequence, not ending in a 0, of length 0 is the
empty sequence; hence, by = 1. And, the only way to obtain an admissible sequence,
not ending in a 0, of length i+1 is by extending an admissible sequence of length
1 with a symbol 1; so, b;11 = a;. Thus we obtain the following equation for our
function b:

bo = 1
bi+1 = a; 7fOI‘ all ieN

These two equations can now be combined into one set of equations for a and b
together. Actually, they constitute a recursive definition for a and b, because, for
any given neN, they can be used as rewrite rules to calculate the values of a, and
b, in a finite number of steps. Nevertheless, we also call this an “equation” because
it does not give explicit expressions for a and b.

Qo =1

a;+1 = a; + b; , for all ieN
bo =1

b1'+1 = a; , for all ieN

Because these equations pertain to functions on N, and because of their recursive
nature, they are also called recurrence relations. Recurrence relations of this and
similar forms can be solved in a systematic way. This is the subject of a separate
section.
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question 3:

What is the number of subsets of a given finite set? Well, every element may or may
not be an element of a subset: for every element of the given set we have a choice out
of 2 possibilities, independently of (the choices for) the other elements. Therefore, if
the given set has n elements, we have n independent choices out of 2 possibilities;
hence, the number of subsets of a set with n elements equals 2™ .

Actually, this is the very same problem as the one in question 1. The elements of
any finite set can be ordered into a finite sequence, and now every subset of it can be
represented as a sequence of length n consisting of symbols 0 and 1: a 1 in a given
position encodes that the corresponding —according to the order chosen— element of
the given set is an element of the subset, and a 0 in a given position encodes that the
corresponding element of the given set is not an element of the subset. Thus, there
is a one-to-one correspondence —that is: a bijection— between the set of all subsets
of a given set of size n and the set of all sequences of length n consisting of symbols
0 and 1. Thus, question 3 and question 1 are essentially the same, and so are their
answers.

question 4:

What is the number of elements of the cartesian product of two given finite sets? Let
V and W be finite sets with m and n elements, respectively. The cartesian product
VW is the set of all pairs (v,w) with veV and weW . Because v can be chosen
out of m elements, and because, independently, w can be chosen out of n elements,
the number of possible pairs equals mxn. So, we have: # (VW) = #V x #W .

Similarly, the number of elements of the cartesian product of three finite sets is
the product of the three sizes of these sets: # (UXVXW) = #U x« #V x #W , and
so on. The following two questions contain applications of this.

question 5:

What is the number of possible Hungarian licence plates for cars? (A Hungarian
licence plate contains three letters followed by three digits.) Each letter is chosen from
the alphabet of 26 letters, and each digit is one out of 10 decimal digits. Actually,
with A for the alphabet and with D for the set of decimal digits, a Hungarian license
plate number is an element of the cartesian product Ax AxXxAxDxDxD ; hence, the
number of possible combinations equals #Ax #Ax #Ax # D« # D+ # D, that is:
263 %103

question 6:

What is the number of relations on a given finite set? A relation on a set V is a
subset of the cartesian product V' xV', so the number of relations on V equals the
number of subsets of VxV . If V has n elements then VxV has n? elements, so

the number of relations equals o’
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question 7:

What is the number of sequences of length n and containing each of the numbers

0,1, ---,n—1 (exactly) once? Notice that the requirement “containing each of the
numbers 0,1,--- ,n—1 (exactly) once” is rather overspecific: that it is about the
numbers 0,1,--- ,n—1 is not very relevant, all that matters is that the sequence

contains n given different objects. The element in the first position can be chosen
out of n possible objects, and this leaves only n—1 objects for the remainder of the se-
quence. Hence, the second element can be chosen out of these n—1 objects, and this,
in turn, leaves n—2 objects for the (next) remainder of the sequence; and so on, until
we are left with exactly one object to choose from for the last element of the sequence.
Hence, the number of possible such sequences equals nx(n—1)*(n—2)x -+ x2x1;
this quantity is usually denoted as n! — “n factorial” —.

Here, too, a recursive characterisation is possible. The number of sequences of
length 1, and containing one given object exactly once, equals 1. And, for any neN,
a sequence of length n+1 containing each of n+1 different objects exactly once can
be constructed, firstly, by choosing one of these objects, which can be done in n+1
ways, and, secondly, by constructing a sequence of length n containing each of the
remaining n objects exactly once; finally, the sequence thus obtained is extended with
the single object chosen in the first step. We conclude that the number of sequences
of length n+1 equals n+1 times the number of sequences of length n. Thus we
arrive at this, well-known, recursive definition of n!:

1! =1
(n+1)! = (n+l) xn! | for all neNT

question 8:

What is the number of sequences of length n and containing different objects chosen
from a given collection of m different objects, for given n,m: 1<n<m? One way to
approach this problem is to observe that the m given objects can be arranged into a
sequence in m! ways, as we have seen in the previous question. The first n objects
of such a sequence then constitute a sequence of length n and containing different
objects chosen from the given collection of m objects. The order of the remaining
m—n objects (in the sequence of length m ), however, is completely irrelevant: these
remaining objects can be ordered in (m-n)! ways, so there are actually (m-n)!
sequences of length n, that all begin with the same n objects in the same order, and
that only differ in the order of their last m—n elements. So, to count the number
of sequences of length n we have to divide the number of sequences of length m by
(m—n)!. Thus we obtain as answer to our question: m!/(m-n)!.

question 9:

What is the number of ways to select m objects from a given collection of n objects,
for given m,n:1<m<n? One may well wonder if, and if so how, this question differs
from the previous one. Well, the previous question was about sequences, whereas this
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question is about sets. The question can be rephrased as: What is the number of
subsets of size n of a given set of size m, for given n,m:1<n<m? Well, every
sequence of length n of the kind in the previous question represents such a subset,
albeit that the order in which the objects occur in the sequence now is irrelevant.
That is, every two sequences, of length n, containing the same objects in possibly
different orders now represent the same subset. Actually, for every selection of n
objects there are n! sequences containing these objects and all representing the same
subset. Hence, the number of ways to form a subset of size m from a given set of
size n equals the answer to the previous question divided by m!. Thus we obtain:
m!/ ((m-n)!«n!). This quantity is called a binomial coefficient and it is usually

denoted as (TS) , which is defined by:

() = T

Binomial coefficients happen to have interesting properties which we will study later.

question 10:

What is the number of numbers, in the decimal system, the digits of which are all
different? Obviously, such a number consists of at most 10 digits. It is questionable
whether we allow such a number to start with the digit 0: on the one hand, “0123”
does represent a number in the decimal system, on the other hand, we usually do
not write down such leading zeroes because they are meaningless: “0123” represents
the same number as “123”. So, let us decide to exclude meaningless leading zeroes.
Then, the only number starting with the digit 0 is “0”.

In this case, the problem is most easily solved by distinguishing the possible
numbers according to their length. We have already observed that the length of
our numbers is at most 10. For numbers consisting of a single digit we have 10
possibilities, as each of the 10 decimal digits is permitted. For numbers of length
n+1, 1<n<9, we can choose the first digit in 9 ways, 0 having been excluded as
the first digit. Independently of how this first digit has been chosen we still have 9
digits left for the remaining n digits of the number, because now digit 0 is included
again. So, for these remaining n digits the question becomes: what is the number
of sequences of n digits, chosen from a set of 9 different digits? This question,
however, is an instance of problem 8, with m:=9; hence, the answer to this question
is 91/(9—n)!. Thus, we conclude that the number of numbers, in the decimal system,
the digits of which are all different, is 10 single-digit numbers, and 9 * 9!/(9—n)!
numbers consisting of n+1 digits, for 1<n<9.

question 11:

What is the number of “words” consisting of 5 letters? This depends on what one
considers a “word”. If we are asking for the number of 5-letter words in a specific
language the question is a linguistic question, not a mathematical one. So, let us
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decide that a “word” is just an arbitrary sequence consisting of letters from the 26-
letter alphabet. Then, for every position in the sequence we have an independent
choice out of 26 possibilities, so the number of 5-letter words equals 26° .

Notice that this question is very similar to questions 1 and 4.

question 12:

What is the number of ways in which 5 pairs can be formed from a group of 10
persons? This question does not admit a simple, straightforward answer. Therefore,
as in the discussion of question 2, we introduce a variable to represent it: let a; be
the number of ways in which ¢ pairs can be formed from a group of 2*¢ persons, for
all 7eNT. The original question, then, amounts to asking for the value of as.

For a group of 2 persons, the answer is quite simple: only one pair can be formed,
so a3 =1. For a group of 2x (i+1) persons, which is equal to 2xi+2, one person
can be matched to 2x+i+1 other persons, and the remaining 2 ¢ persons can then be
arranged into pairs in a; ways. Thus we obtain: a;11 = (2xi+1) % a; . Combining
these results we obtain the following recurrence relations for a:

ag =1
aiy1 = (2%i+1)*a; ,forallieN*t
So, informally, we have: a; = (2xi—1) % (2%i—3) % --- x3 1, and the answer for a

group of 10 persons is 9*7x5x3 1. In some textbooks, the expression for a; is
denoted as (2xi—1)!!.

question 13:

What is the number of nxn matrices, all elements of which are 0 or 17 How many
of these have an odd determinant? The first question has no relation to linear algebra.
An n xn matrix has n? elements, each of which may be 0 or 1. Hence, the number

of such matrices equals 27° . This answer is the same as the answer to question 6,
and this is no coincidence. Why?

The problem posed in the second question does belong to linear algebra. The
answer, which we shall not explain here, is that the number of nxn 0/1-matrices
with an odd determinant is given by this nice formula:

(Ii: 0<i<n:2m—2%)
For n=3, for example, we thus find 168 matrices with an odd determinant, and

344 | namely: 23" _ 168, with an even determinant.

question 16:

In a digital signalling system 8 wires are used, each of which may or may not carry
a voltage. For the transmission of a, so-called, “code word” via these wires exactly 4
wires carry a voltage (and the other 4 wires carry no voltage). How many code words
are thus possible? Every code words corresponds to a particular selection of 4 wires
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from the 8 available wires, so the number of possible code words equals the number
of ways to select 4 objects out of a collection of 8. This is exactly question 9, with
n:=4 and m:=8. Hence, the answer is 8!/(4!x4!), which equals 70.

6.2 Recurrence Relations
6.2.1 An example

In the introduction we have discussed this question: What is the number of sequences
of length n and constructed from the symbols 0 and 1 only, but containing no two
0’s in succession, for any given natural n? For the sake of brevity we have called
such sequences “admissible”.

To solve this problem we have introduced two functions, a and b, on N, with
the following interpretation, for all {eN:

a; = “the number of admissible sequences of length ¢ , and:

bi

“the number of admissible sequences of length 7,
not ending with a 0”

The answer to the above question then is a,, and we already have formulated the
following set of equations for a and b, also called recurrence relations:

ap =1

a;41 = a; + b; for all ieN
bo =1

biy1 = a; ,forallieN

These recurrence relations form equations for two unknowns, namely a and b.
We can, however, use and to eliminate b from equation . after all, we can
view and as a definition for b in terms of a. Because of the case distinction
between by and b;41 we must apply a similar case distinction to ; that is, we
must split into separate equations for a; and a;y2. In the equation for a; we
can now substitute 1 for by (and 1 for ag), and in the equation for a;+2 we can
now substitute a; for b; ;. Thus we obtain a new set of equations for a in which b
does not occur anymore:

(&) ag =1
(15) a = 2
(6) aiy2 = Q11 + a; , for all ieN

Thus, we have obtained a recurrence relation for a in isolation —that is, without
b—; the “old” equations and can now be used to define b in terms of a, if
so desired. That is to say, if we are able to derive an explicit —that is, non-recursive —
definition for a then and provide an equally explicit definition for b in terms
of a. Notice, however, the proviso “if so desired”: we may very well be interested in
b too, but our original problem was about a, and we have only introduced b as an
additional, auxiliary variable to be able to formulate equation .
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* * *

Equations through @ can be used to calculate as many values a; as we like,
preferably in the order of increasing ¢. For example, the first 7 values are:

) a;
0 1
1 2
2 3
3 )
4 8
5 13
6 21

We see that the values a;, as a function of 7, increase rather quickly. This is not so
strange: equation @ is very similar to the following, only slightly different, equation.

Qjyro = Gjr1 + Q11 for all ieN s

which is equivalent to a;42 = 2% a;41. Now for this equation, together with and
(B) , it is quite easy to guess that the solution might be a; = 2%, for all ieN, and,
once we have guessed this, it requires only ordinary Mathematical Induction to prove
that our guess is correct.

In our case, however, we have to deal with equation @ . Because of the smaller
index, ¢ instead of i+1, in one of the terms of the right-hand side, we suspect
that the solution does not increase as quickly as 2¢, but, perhaps, it still increases
exponentially? This idea deserves further investigation. Notice that we have tacitly
decided to confine our attention to equation (@ , and to ignore, at least for the time

being, equations and .

6.2.2 The characteristic equation

The last considerations give rise to the idea to investigate solutions of the form - x o
(for a; ), for some, non-zero, constants v and « yet to be determined. To investigate
this we substitute this expression for a; in equation @7 such that we can try to
calculate solutions for v and «:

yrat? = ~yxa't! 4+ yxat | forall ieN .

Firstly, we observe that, unless v=0, which would make the equation useless, this
equation does not really depend on +; for every ~#0, this equation is equivalent to
the following one:

a't? = ot 4 o | forallieN .

Although this equation has to be met, for one-and-the-same «, for all natural 7, this
is not as bad as it may seem; for a# 0, this equation, in turn, is equivalent to the
following one, in which 4 does not occur anymore:
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a? =al +a°
Using that a®=1 and bringing all terms to one side of the equality we rewrite the
equation into this form:

(7) a?—al-1=0".

This is called the characteristic equation of recurrence relation @ . What we have
obtained now is the knowledge that if the solution to @ is to be of the shape o’
then o must satisfy .

Equation is a quadratic one with two solutions ay and aj, say, given by:

(8) ap = (14v5)/2 and: a1 = (1-v/5)/2 .

Apparently, we have two possibilities for a here, so a; = ) and a; = ! are both
solutions to our original equation @ , but there is more. We recall equation @ :

@ Q12 = Q41 + a; for all ieN .

As we will discuss more extensively later, this is a so-called linear and homogeneous
recurrence relation, which has the property that any linear combination of solutions
is a solution as well. In our case, this means that for all possible constants 7y, and
v1 , the definition:

() a; = yoxah +yxal | forallieN |

provides a solution to equation @ . In fact, it can be proved that all solutions have
this shape, so now we have obtained all solutions to equation @ .

Recurrence relations through @ , however, which also constitute a recursive
definition for a, suggest that the solution should be unique. After all, we are able to
construct a table containing the values a; , for increasing 7, as we did in the previous
section. So, which one out of the infinitely many solutions of the shape given by (]E[)
is the one we are looking for? This means: what should be the values of constants g
and ~; such that we obtain the correct solution? To answer this question we have to
consider equations and again, the ones we have temporarily ignored:

(4) ag = 1
(&) ap = 2

If we now instantiate (9] , with i:=0 and i:= 1, and using that a° =1 and o! =«
for any «, we obtain these two special cases:

ap = Yo+ and: a3 = Yorop+ Y1 *x

By substituting these values for ag and a; into equations and we obtain the
following two new equations, in which ¢ and ~; are the unknowns now:

Yo+ M =1
Yo * g + Y1 * Q1 2
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With 79 and 7; as the unknowns, these are just two linear equations that can be
solved by standard algebraic means. In this case we obtain:

Y% = (2—-a1)/(ap—a1) and: v = (ap—2)/(vo—1) ,
where o and «; are given, above, by definition . Thus we obtain, for all ieN:

@0 ai = ((3+v5)/2V5)* ((1+v5)/2)" + ((vV5-3)/2V5) « (1-V5)/2)" .

6.2.3 A strange, but beautiful, phenomenon

We recall that, originally, we have introduced function a to represent a counting
problem; that is, we “defined” a; to be “the number of admissible sequences”. So,
a; is a natural number, for every 1€N. In the mean time we have obtained a solution
of the form , in which both «q, a7, and the coefficients vy and 7; are defined
in terms of true —non-integer, even irrational - real numbers like /5. Apparently,
however complicated formula is, its value is a natural number nevertheless. Isn’t
that strange?

This observation does have some practical consequences. From a mathematical
point of view nothing is wrong with making an excursion into R to solve a problem
regarding integers only. From a computational point of view, however, this is awk-
ward: in a discrete computer real numbers can only be represented approximately.
Hence, if we wish to use formula to actually calculate the values of a we have
to see to it that the approximation errors are kept small enough not to disturb the
answers. In order to avoid these problems, we may prefer to keep the calculations in
the domain of the integers altogether. That is to say, from a computational point of
view, the original recurrence relations through @ may be more attractive than
the excursion into R via formula .

If we are interested in all values a; for all ¢: 0<¢<n, for some given natural n,
the computation will unavoidably require an amount of time proportional to O(n),
and the recurrence relations fit this very well. Moreover, if we are only interested in
ap, , for some given, fixed (an possibly rather large) value of n, programming tech-
niques exist to construct algorithms that allow a,, to be computed in O(log(n)) time,
and entirely within the domain of the integers. We return to this in Subsection [6.2.7]

6.2.4 Linear recurrence relations

The recurrence relation studied in the previous section belongs to a class of recurrence
relations known as linear recurrence relations with constant coefficients. They are
called linear because function values, like a;y2, are defined as linear combinations
of other function values, like a;41 and a; in @ Notice that equation @ can be
written, slightly more explicitly, as:

Aj12 = l*aH_l—f—l*ai , for allieN .

Any formula of the shape co*xg + ¢y 1 + co*xx2 + --- is called a linear com-
bination of the xs, with the c¢s being the coefficients. In the case of recurrence
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relations, we speak of constant coefficients if they do not depend on i. For example,
in our example the coefficients, of a;y1 and a;, are 1 and 1, respectively, which,
indeed, do not depend on 7.

The general shape of a linear recurrence relation with constant coefficients is the
following one, in which the c¢; are the coeflicients, for all j:0<j<k, and in which &
is a constant called the order of the recurrence relation:

(L1 Qiyk = Ch—1%Qitk—1 + --+ + C1%ai41 + co*a; , forall ieN .

So, in a k-th order recurrence relation value a;;j is defined recursively in terms of

its k direct predecessors, which are a;4—1,---,a;41,0a;, only.

Relation defines a;y; recursively in terms of a;4p—1, - ,a;4+1,0;, as a
linear combination, for all €N, but it does not define the first k elements of function
a; that is, relation gives no information on the values ax_1,---,a1,a9. These

values, therefore, may be, and must be, defined separately. So, a complete k-th order
recurrence relation consists of relation together with k separate definitions for
the values a;, for all i:0<i<k. These definitions also are known as the initial
conditions of the recurrence relation.

* * *

Relation is homogeneous, which means that if «; is a solution for a;, then so is
vy, for any constant . Relation is linear, which means that if «; and f;
both are solutions for a;, then so is a; +08;. Combining these two observations we
conclude that any linear combination of solutions to is a solution as well. Note
that this conclusion only pertains to equation in isolation, so without regard for
the initial conditions. If the initial conditions are taken into account the recurrence
relation has only one, unique, solution.

As in the example before, we now investigate to what extent equation
admits solutions of the shape o for a;. Notice that, because of the homogeneity, we
do not need to incorporate a constant coefficient: as was the case with the solution to
the example —Section [6.2.2]-, this coefficient will drop out of the equation anyhow.
Substitution of o' for a; in transforms it into the following equation for «:

QTR = g xat Rl 4 4 kot £oegxal | for allieN .

As we are looking for solutions with a0, this equation can be further simplified
into this, equivalent, form:

(112) af —cp_1xaF Tl oo — gk —coxl = 0

Now o' is a solution for a; in equation if and only if « is a solution to
equation , which, as before, is called the characteristic equation of the recurrence
relation. Notice that this is an algebraic equation of the same order as the order of
the recurrence relation.
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The simplest case arises when the k-th order characteristic equation has k different
real roots, a;, say, for j:0<j<k. Then, any linear combination of the powers of
these roots, that is, for all possible coefficients «;, with 0<j <k, function a defined
by:

(13) a; = (3j:0<j<k:yjxaf) ,forallieN ,

is a solution to . Moreover, not only does this yield just a solution to , it
can even be proved that all solutions are thus characterized.

As stated before, when the k initial conditions, that is, the defining relations
for a;, for 0<i<k, are taken into account, the solution to the recurrence relation is
unique. This means that if the values for a;, for 0<i<k, have been given, and once
the a;, for 0<j <k haven been solved from , definition ,forall i:0<i<k,
is not a definition anymore but a restriction on the possible values for «;. That is,
the set of relations:

(Zj:0§j<k:'yj*a§) =a; ,foralli:0<i<k ,

now constitutes a system of k linear equations with unknowns ~; , with 0<j<k, from
which these can be solved by means of standard linear-equation solving techniques.

* * *

A somewhat more complicated situation arises if the chracteristic equation has mul-
tiple roots. A simple example of this phenomenon is the equation:

a? - 28xa+19 = 0 ,
which can be rewritten as:
(a—14)2 = 0 .

This means that both roots oy and «y are equal to 1.4.

In a general k-th order algebraic equation a root may have a, so-called, multi-
plicity upto k. It can now be proved that, if a certain root o, say, has, multiplicity
q, say, then of, ixal,, i*xal,---, i% 'xa are ¢ independent solutions for a;
in equation . These ¢ different solutions account for the multiplicity, also ¢, of
root a,. Thus, in total we still obtain % different basis solutions from which linear
combinations can be formed to obtain, again, all solutions of the recurrence relation.

As a simple example, the characeristic equation:
a? - 28xa+19 = 0 ,

has a single root, 1.4, with multiplicity 2. Hence, all solutions to the (homoge-
neous) recurrence relation of which this is the characteristic equation are of the form

’)/0*147' + 71 *2*147'
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The situation becomes even more complicated if the characteristic equation has less
than &, possibly multiple, roots in R: then the equation still has k roots, but some
(or all) of them are complex numbers. A very simple example is the equation:

a?—a+1 =0 .

As the determinant, namely 1-—4, of this equation is negative, this equation has no
roots in R at all, but it has two complex numbers as its roots: (14++/-3)/2 and
(1—/=3)/2, which are usually written as —with i=+/—1 —: (14+i%+/3)/2 and
(1—ix+/3)/2.

These complex roots can be used, in the same way as described earlier, to obtain
all solutions to the recurrence relation. Although, definitely, there is quite some
mathematical beauty in this, such solutions are not very useful from a practical point

of view. In Subsection we present a more computational way to cope with such
situations.

6.2.5 Keeping simple things simple

In the previous subsection we have presented a general technique to solve linear re-
currence relations. Fortunately, for sufficiently simple recurrences we can get away
with a more direct, albeit ad hoc, approach. In this subsection we present a few of
these simple cases.

These cases have in common that we can guess the solutions quite easily, after
which a straigthforward proof by Mathematical Induction suffices to confirm the cor-
rectness of our guess. In each of the following cases we leave these proofs as exercises
to the reader.

The simplest possible recurrence relation is: a;41 = a;, for all ieN. Its solutions are
the constant functions, as all solutions will satisfy: a; = ag, for all ieN.

* * *

Next we consider the relation: a;y1 = a;+d, for all ¢€N, where d is some given
constant. Although, because of the presence of d, this recurrence relation is not
homogeneous, its solution is still simple, as d is the difference between any two
successive values of a; therefore: a; = ag+ix*d, for all ieN.

* * *

Similarly, the following recurrence relation, which is a first order linear recurrence,
can be solved as easily: a;11 = cxa;, for all 1eN, where ¢ is some given constant.

Its solution is: a; = ¢ xag, for all 1eN.
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Let d be an integer function on N. We consider the recurrence relation: a;41 = a; +d; ,
for all ieN. Then we obtain as solution: a; = ag+ (Xj:0<j<i:d;), for all ieN.
Of course, whether we can derive a (sufficiently simple) expression for the summation
(Xj:0<j<i:d;) depends on how d has been defined.

A very simple instance of this pattern is the recurrence: a;+1 = a;+14, for all
1eN. Because (Xj:0<j<i:j) =ix(i—1)/2, we obtain: a; = ap+ix(i—1)/2,
for all ieN. Similarly, because (Xj:0<j<i:27) = 2°—1, the recurrence relation:
Qi1 = a; + 2%, for all ieN, is solved by: a; = ap+ 2°—1, for all ieN.

*k k k
In the same vein the following recurrence relation can be solved equally easily:
@i+1 = a; = d;, for all i€N. Then we obtain as solution: a; = ag * (IIj: 0<j<i:d;),
for all ieN. For instance: a;+1 = a; * (i+1), for all ieN. Its solution is, of course:
a; = ag* (Ij:1<j<i:j), for all €N, which amounts to: a; = ag = i!.
6.2.6 Slightly more complicated cases

The following recurrence relation expresses a;+r as a linear combination of

Qitk—1," " ,0i+1,a; plus an additional constant, d:
" At = Ck—1%Qjyrk—1 + -+ + C1 %041 + Co*a; + d ,forall ieN .

This relation is not homogeneous anymore, but we can try to transform it into a
homogeneous one in the following way. We introduce a new function b, say, which
we couple to a by means of:

b; = a;—9 ,forallieN ,

for some, yet to be chosen, constant §. This means that a; = b; +§ and if we substi-
tute this into equation we obtain, after some massaging in which all occurrences
of 0 are “collected” —here we introduce C' = (¥j:0<j<k:c;) as an abbreviation—:

bﬁ,k = Ckfl*biJrkfl + .- +Cl*bi+1 +CO*bi+ (C—l)*5+d s
for all ieN .

If we now succeed in choosing § in such a way that the subexpression (C'—1) x4 + d
becomes equal to 0, then we have effectively eliminated d from the recurrence rela-
tion, because then the relation becomes:

bﬁ,k = Ckfl*biJrkfl + 0+ Cl*bi+1 + Co*bi ,fOI‘ all 1eN s

which is a homogeneous equation of the standard form. To achieve this we must, of
course, define § as follows:
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d
§ = ——
(1-c) '
which is well-defined only if C'#1: if C'=1 this, so-called, translation trick does not
work.

The following recurrence relation expresses a;4+r as a linear combination of
Qitk—1," " ,0i+1,a; plus the value of an additional disturbing function, b:

Ajt = Ck—1%Qjrk—1 + -+ + C1*0i41 + Co*xa; + b; ,forall ieN .

This case differs from the previous one in that here the value added to the linear
combination depends on 7, whereas in the previous case it was constant.

To what extent this recurrence relation admits a systematic solution depends
very much on the properties of function b. Sometimes, however, we can formulate a
linear recurrence relation for b very similar to the one for a. This relation may define
bi+r as a linear combination of both b; 151, -+ ,bi41,b; and a;yp—1,-"+ ,Qi41,0;.
Thus we obtain two recurrence relations for a and b together that may be mutually
dependent. This is called a multiple recurrence relation.

To make such a multiple recurrence complete we also need, of course, initial
conditions for b;, for all i: 0<i<k, similarly to the initial conditions for a.

* * *
A special case of the previous example is a recurrence relation of the shape:
a;+1 = cxa; +1 ,forallieN .

The factor ¢ suggests solutions of the shape ¢’ ; therefore, to deal with the disturbing
term “+4” we introduce a new function b, say, which we couple to a by means of:

b; = a;/c" ,forallieN

Notice that this transformation is similar to the translation trick discussed earlier,
but now the relation between b and a is division by ¢' instead of substraction.
Conversely we have:

a; = byxct ,forall ieN |,
and if we substitute this into the recurrence relation for a we obtain:
bi+1 = b; + Z'/CiJrl , for allieN .

The initial condition for b becomes, of course, by =ag. The solution to the new
recurrence relation for b now is —according to one of the earlier cases in this subsec-
tion —:
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by =bo+ (Zj:0<j<i:j/cdTL) [ forallieN .

* * *

We recall the recurrence relation from the example discussed in Subsection [6.2:1}

Qo =1

a;+1 = a; + b; , for all ieN
bo =1

b1'+1 = a; , for all ieN

In order to be able to formulate it we had to introduce an additional variable, b,
with b; representing the number of admissible sequences, of length 4, that satisfy an
additional restriction —in our example: not ending with a “0” —. So, this is a multiple
recurrence relation too. Because a;y; and b;.; are defined in terms of a; and b;
only, we call this a first-order multiple recurrence relation.

In Subsection we have solved this recurrence by viewing equations and
(3) as definitions for b in terms of a and, using this, subsequently eliminating b
from equation . The result was the following, second-order recurrence relation for
a in isolation:

(4) a =1
(5] ap = 2
(o) ajy2 = Q11 + a; ,for all ieN

In the previous example, above, we also have seen how a multiple recurrence
relation can come into existence: to eliminate a disturbing function by formulating
recurrences for it.

Generally, every multiple linear recurrence relation with constant coefficients,
involving n+1 variables, can be transformed into a recurrence relation involving n
variables only, by expressing one of the variables in terms of the remaining ones and,
subsequently, eliminating it. This transformation increases the order of the recurrence
by one. By repeating this transformation as often as needed every recurrence relation,
involving n+1 variables, can be transformed into a recurrence relation involving a
single variable only, at the expense of increasing the order by n.

6.2.7 A more computational approach

In Subsection we have introduced a general technique for arbitrary linear re-
currence relations with constant coefficients. This technique gives rise to a so-called
characteristic equation, which is an algebraic equation of the same order as the order
of the recurrence relation.

From a practical point of view, however, this technique has several drawbacks.
Firstly, the solutions of the characteristic equation generally are real numbers, if they
exist, and else they even are complex numbers. Secondly, algebraic equations of order
4 and higher cannot be solved algebraically: for such equations the solutions can
only be approximated numerically.
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In this subsection, therefore, we present an approach that can be considered a ba-
sis for the developmant of efficient computer algorithms for the solutions of recurrence
relations.

* * *

Firstly, as we have already seen —Subsection [6.2.5- that a first-order linear recurrence
relation has the shape: a;11 = c*a;, for all ieN, where ¢ is some given constant.
As we have seen, its solution is: a; = ¢’ xag, for all ieN.

Actually, even multiple first-order linear recurrences can be solved this easily, if
only we are prepared to make a little excursion into Linear Algebra. We demonstrate
this by means of the same example used earlier, involving only two variables, but the
technique is applicable to any number of variables:

ag =1

a;4+1 = a; +b; ,forallieN
bo =1

bi+1 = a; , for all ieN

By rearranging the order of the equations we group the two initial conditions together,
and we group the two homogeneous parts together, thus:

ag =1

bo =1

a;41 = a; + b; , for all ieN
biy1 = a; ,forallieN

The crucial onservation now is that equations and define both a;y; and
bi+1 , respectively, as linear combinations of a; and b;: a; +b; equals 1xa;+1xb;
whereas a; equals 1xa; +0xb;. Hence, the function mapping the pair (a;,b;) to
the pair of defining expressions for a;+1 and b;y1 is a linear mapping.

In the world of Linear Algebra linear mappings are studied from vector spaces to
vector spaces. In this world linear mappings from an n-dimensional space to an m-
dimensional space are represented by nxm matrices, and the application of a linear
mapping to a vector is (represented by) the product of the corresponding matrix and
the vector.

nice to know: Moreover, composition of two linear mappings amounts to ma-
trix times matrix multiplication. Because n-dimensional vectors are n x1
matrices, this means that in this world both function application and func-
tion composition are represented by the very same binary operator, namely
matrix multiplication.

O

We now consider a; and b; as the components of a (two-dimensional) vector, and we
also conisder a;y; and b;4; as the components of a vector, and now we can combine
equations and into a single linear, and still first-order, recurrence relation:
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(D) (Zi“) - G é)x(i) ,for all ieN |
i+1 i
ag - 1

where the matrix has been chosen such that the correct linear combinations of a; and
b; are obtained for a;41 and b;41, respectively: the matrix contains the coefficients
of the required linear combinations.

To abstract from the vectors and matrices we introduce a new function v, say,
of type N — Z?, to represent the vectors formed by a and b:

v, = (ai> ,for all ieN |
b;

and we denote the matrix containing the coefficients of the recurrences for a and b

by C:
1 1
- (i)

In terms of v and C equations and can now be rewritten as follows:

(117) viy1; = Cxv; ,forallieN | and:

1
(IKS) vy = (1>

This is an ordinary first-order, linear recurrence relation, albeit that the type of the
values v; now is a two-dimensional integer vector —that is: a pair of integers — instead
of a single integer. The vector space, however, has all required algebraic properties
for the solution, which is:

vi; = Cixvy ,forallieN .

* * *

From Subsection [6.2.4] we recall the general form of a k-th order linear recurrence
relation with constant coefficients; for the sake of clarity we also introduce names, «;
—not to be confused with the roots of the characteristic equation in Subsection [6.2.4]—,
for the k values needed in the initial conditions for a;, for all i: 0<i<k:

aq = Oy
a1 = 7
ag—1 = -1

" At = Cg—1*Qj4k—1 + -+ + Cr*a;41 + Co*xa; , for all ieN
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If the order, k, of this equation is larger than 1, then we can decrease the order
by one, at the expense of the introduction of an additional variable, as follows. We
introduce a new function b, say, which we define in terms of a by:

bi = Q;+1 , for all ieN .
Conversely, reading this from right to left, we obtain a new recurrence relation for a:
A1 = b; R for all ieN .

In equation we may now substitute b; for a;41, and b; 41 for a;42,---, and
substitute b;y,_1 for a;;x. This transforms equation into the following, equiv-
alent equation:

" bi+k—1 = Ck—1 *bi+k_2 + --- +c1xb; +cogxa; ,forallieN |
which, together with the initial conditions: bg_o=ar_1, -+, by =ag, by = a; forms

a (k—1)-th order linear recurrence relation for b. Notice that equation (20 still
contains a;: the new recurrence becomes a true mutual recurrence relation, in which
a and b are mutually dependent. Thus we obtain:

ao = Qp
bo = o
by = Q2
b2 = ap_1
" A4 = b; R for all ieN
(122) bitk—1 = Cp—1%bigp_2+ -+ +crxb; +coxa; ,forall ieN

Thus, by introducing an additional variable, b, we have decreased the order of the
recurrence relation by 1: equation is a first-order recurrence, and equation
is (k—1)-th order recurrence. By repeating this step as often as needed, the order of
the recurrence relation can be reduced to 1, but notice that this transforms a k-th
recurrence relation for a single variable into a first-order multiple recurrence for k
variables: in each step an additional variable is introduced.

We can now represent the final result as a first-order recurrence for a k-dimensional
vector variable, v, say, of type N — ZF. Vector v; contains a; and the k—1 ad-
ditional variables b;,--- mneeded to reduce the k-th order recurrence relation to a
first-order one:

v, = ) , for all ieN .

The kxk matrix C, say, of coefficients then takes the following shape:
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0 1 0 0 0
0 0 1 0 O
C - :
0 0 0 -1 0
0 0 0 - 001
Ck—1 Cg—2 Cp-3 -+ C1 Co

In terms of v and C the original homogeneous equation now is represented as
follows:

vit1 = Cxv; ,forallieN |

whereas the original initial conditions for «a,, for all i: 0<i<k, take the shape of a
single initial condition for vy :

Qo
aq
Vo =

Of—1
Finally, the solution of this recurrence relation simply is given by:
v; = Cixvy ,forallieN |,

and this can be used as a starting point for algorithms for the efficient computation
of a, , for any given natural number n. Because C™ can be calculated in O(log(n))
matrix multiplications and because multiplication of kxk integer matrices requires
no more than O(k?®) integer multiplications, the computation of v,, and, hence, of
a, can be performed in O(log(n)*k®) time.

6.3 Binomial Coefficients
6.3.1 Factorials

We already have seen that the product nx(n—1)*(n—2)x--- x2x1 is denoted as
n! — “n factorial” —, for any neNT . Even for n=0 this product is meaningful: then
it is the empty product, consisting of 0 factors, for which the best possible definition
is the identity element of multiplication, that is: 1. A recursive definition for n! is:

0! =1
(n+1)! = (n+1) xn! | for all neN

Factorials occur in solutions to many counting problems. In Section [6.1] we already
have argued that the number of ways to arrange n given, different objects into a
sequence of length n equals n!. Here we repeat the argument, in a slightly more
precise way. We do this recursively; for this purpose, we introduce a function a on
N with the idea that:
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a; = “the number of sequences of length i, containing ¢ different objects” |
for all ieN .

The number of ways to arrange 0 different objects into a sequence of length 0 equals
1, because the only sequence of length 0 is the empty sequence, and it contains 0
objects. So, we conclude: ag=1. Next, to arrange i+1 different objects into a
sequence of length i+1 we can, firstly, select one object that will be the first element
of the sequence, and, secondly, arrange the remaining ¢ objects into a sequence of
length 7. The first object can be selected in i+1 different ways and, independently,
the remaining i objects can be arranged in a; ways into a sequence of length 7. So,
we obtain: a;+1 = (i+1) * a; . Thus, we obtain as recurrence relation for a:

Qo =1
ai+1 = (i+1)*a; ,forallieN

The solution to this recurrence is a; =1!, for all ieN.

Notice that, while we are speaking here of “different objects”, their actual nature
is irrelevant: all that matters is that they are different. Actually, we even have used
this tacitly in the above argument: after we have selected one object from a collection
of i+1 different objects, the remaining collection, after removal of the object selected,
is a collection of 4 different objects, independently of which object was selected to be
removed.

A slightly more complicated problem we also have discussed in Section [6.1] was: what
is the number of ways to select and arrange n different objects from a given collection
of m different objects into a sequence of length n, for given n,m:0<n<m?

One way to approach this problem is to observe that, as we now know, the m
given objects can be arranged into a sequence in m! ways. The first n objects of such
a sequence then constitute a sequence of length n that contains n different objects
chosen from the given collection of m objects. The order of the last m—n objects
(in the sequence of length m ), however, is completely irrelevant: these remaining
objects can be ordered in (m-n)! ways without affecting the first n objects in the
sequence, so there are actually (m-n)! sequences of length n, that all begin with
the same mn objects in the same order, and that only differ in the order of their
last m—n elements. So, to count the number of sequences of length n we have to
divide the number of sequences of length m by (m-n)!. Thus we obtain as solution:
m!/(m-n)!.

6.3.2 Binomial coefficients

The number of ways to select an (unordered) collection —instead of an (ordered)
sequence — of n different objects from a given collection of m different objects, for
n,m:0<n<m, can be determined by the following argument. The number of ways
to arrange n different objects into a sequence is, as we know, n!. If we are only
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interested in a collection of such objects, their order is irrelevant, and this means
that all n! such arrangements are equivalent. So, to obtain the number of possible
collections we must, again, divide the answer to the previous problem by n!. Thus,
we obtain as solution:

m!
nlx (m-n)!

It so happens that this is an important quantity that has many interesting properties.
These quantities are called binomial coefficients, and we introduce a notation for it,
which is pronounced as “m over n”:

|
my _ . m ,forall n,m:0<n<m .
n nlx (m-n)!

* * *

For example, we consider all sequences of length m consisting of (binary) digits —
“bits”, for short— 0 or 1. As every bit in such a sequence is either 0 or 1 —so,
one out of two possibilities—, independently of the other bits in the sequence, the
total number of bit sequences of length m equals 2™ . If we number the positions
in such a sequence from and including 0 and upto and excluding m, a one-to-one
correspondence —that is, a bijection— exists between the collection of all subsets of
the interval [0..m) and the collection of all bit sequences of length m: number
1 is in a given subset if and only if the corresponding sequence contains a bit 1 at
position i, for all 1€[0..m).

The collection of bit sequences of length m can be partitioned into m+1 disjoint
classes, according to the number of bits 1 in the sequence. That is, we consider the
bit sequences, of length m , containing exactly n bits 1, for n,m:0<n<m. In the
subset < bit-sequence correspondence every bit sequence containing exactly n bits 1
now corresponds to a subset with exactly n elements.

We already know that the number of subsets containing exactly n elements

chosen from a given collection of m elements equals <TZ . Hence, because of the
one-to-one correspondence, the number of bit sequences of length m and containing
exactly n bits 1 also equals

Because the bit sequences of length m and containing exactly n bits 1, for all
n with 0<n<m, together are all bit sequences of length m , we obtain the following,
quite interesting result:

(En:0<n<m: (")) = 2™ | for all meN .

* * *

Binomial coefficients satisfy an interesting recurrence relation, which is also known as
Pascal’s triangle. As a basis for the recurrence we have, for all meN:
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§) o (2) 1

and for all n,m with 1<n<m we have:

m-+1
n n n—1
By means of these relations the binomial coefficients can be arranged in an (infinite)
table of triangular shape —hence the name “Pascal’s triangle” —, such that, for any

meN, row m in the table contains the m+1 binomial coefficients ZL in the order

of increasing n . For instance, here are the first 7 rows of this triangular table:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

6.3.3 The Shepherd’s Principle

Sometimes it is difficult to count the things we wish to count directly, and it may be
easier to count the elements of a larger set that is so tightly related to our set of interest
that we can obtain the count we want by means of a straightforward correction.

This is known as the Shepherd’s Principle, because of the following metaphor. To
count the number of sheep in a flock of sheep may be difficult: when the sheep stick
closely together one observes a single, cluttered mass of wool in which no individual
sheep can be distinguished easily. But, knowing —and assuming!— that every sheep
has 4 legs, we can count the legs in the flock and conclude that the number of sheep
equals this number of legs divided by 4.

As a matter of fact, we have already applied this technique, in Subsection [6.3.1
to count the number of sequences of length n and containing n different objects
from a given collection of m different objects —the sheep—, we have actually counted
the number of sequences of length m —the legs— and divided this by the number of
ways the irrelevant m—n remaining objects can be ordered —the number of legs per
sheep —.
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To demonstrate the Shepherd’s Principle we discuss a few simple examples. Firstly,
the number of anagrams of the word “FLIPJE” just equals the numbers of ways in
which the 6 different letters can be arranged into a sequence of length 6. This is
simple because the 6 letters are different, and the answer just is 6!.

Secondly, what is the number of anagrams of the word “SHEPHERD”? As this
word contains 8 letters there would be, if all letters would be different, 8! ways to
arrange them into an anagram. But the letters are not different: the word contains 2
letters “H” and 2 letters “E”; here we assume, of course, that the 2 letters “H” are
indistinguishable and also that the 2 letters “E” are indistinguishable. Well, we make
them different temporarily, by tagging them, for example, by means of subscripts:
“SHoEqPH,E1RD”. Now all letters are different, and the number of anagrams of this
word —the legs— equals 8!. The number of legs per sheep now is the number of ways
in which the tagged letters can be arranged: Eg and E; can be arranged in 2! ways
and, similarly, Hy and H; can be arranged in 2! ways. So, the number of legs per
sheep equals 2!=x2!, and, hence, the number of anagrams of “SHEPHERD” —the
number of sheep— equals 8!/ (2!%2!).

Thirdly, what is the number of anagrams of the word “HAHAHAH”? Well, this
7-letter word contains 4 letters “H” and 3 letters “A”; so, on account of the Shep-

Z . Is this a surprise?
No, because the word is formed from only 2 two different letters, “H” and “A”; so,
the number of anagrams of “HAHAHAH?” is equal to the number of 7-letter words,
formed from letters “H” and “A” only and containing exactly 4 letters “H”.

As the exact nature of the objects is irrelevant —it really does not matter whether
we use “H” and “A” or “1” and “0” —, this last question is the same as the question
for the number of 7-bit sequences containing exactly 4 bits 1. Hence, the answers
are the same as well.

herd’s Principle, the answer is 7!/ (4!%3!), which equals

6.3.4 Newton’s binomial formula

In subsection we have derived the following relation for binomial coefficients:
(Zn:0<n<m: (7:)) = 2™ for all meN .

Actually, this is an instance of the following, more general relation, for all —integer,
rational, real, ... — numbers z,y:

(123) (z+y)™ = (Zn:0<n<m: () xa™+y™ ™) | for all meN .

This is known as Newton’s binomial formula, although it appears to be much older
than Newton. Newton, however, has generalized the formula by not restricting m to
the naturals but by allowing it even to be a complex number.

We will not elaborate this here; instead we confine ourselves to the observation
that there is a connection between the recurrence relation for binomial coefficients we
have seen earlier:
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(") = () ()

and relation (23], by means of the recurrence relation for exponentiation when applied
to (z+y):

(z+y)™ = (z+y) = (z+y)™

6.4 A few examples

We conclude this chapter with a few more examples, some of which we have already
solved, albeit in a slightly different form.

example 1:

A vase contains m balls which have been numbered 0,1,---,m—1. From this vase
we draw, at random, n balls, for some n:0<n<m. What is the number of possible
results if the order in which the balls are drawn is relevant?

Notice that, although the balls themselves may not be distinguishable by their
shapes, the fact that they have been numbered makes them distinguishable. So, what
matters here is that we have a collection of m different objects. The problem at
hand now is the same as a question we have already answered earlier: What is the
number of sequences of length n and containing different objects chosen from a given
collection of m different objects, for given n,m:1<n<m? As we have seen, the
answer to this question is: m!/ (m-n)!.

example 2:

A vase contains m balls which have been numbered 0,1,--- ,m—1. From this vase
we draw, at random, n balls, for some n:0<n<m. What is the number of possible
results if the order in which the balls are drawn is not relevant? We recall that this
question is equivalent to the question: What is the number of subsets of size n of a

given finite set of size m? As we have seen, the answer is

We also have seen that an alternative way to answer this qustion is to apply the
Shepherd’s Principle: the n balls drawn from the vase can be ordered in n! ways; as
this order is irrelevant we have to divide the answer to the previous question by this

very n!; as a result, we obtain the same answer, of course:

example 3:

A vase contains m balls which have been numbered 0,1,--- ,m—1, for some positive
natural m. From this vase we draw, at random, n balls, for some neN, but now
every ball drawn is placed back into the vase immediately, that is, before any next
balls are drawn. What is the number of possible results if the order in which the balls
are drawn is relevant? (Notice that in this example we do not need the restriction
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n<m.) The result of this game simply is a sequence, of length n, of numbers in the
range [0..m), and the numbers in this sequence are mutually independent. Henece,

the answer is: m™.

example 4:

A vase contains m balls which have been numbered 0,1,--- ,m—1, for some positive
natural m. From this vase we draw, at random, n balls, for some neN, but now
every ball drawn is placed back into the vase immediately, that is, before any next
balls are drawn. What is the number of possible results if the order in which the balls
are drawn is not relevant? This example is new, and more difficult that the previous
ones.

An effective technique to solve this and similar problems is to choose the “right”
representation of the possible results of the experiment, namely in such a way that
these results can be counted. In the current example, we might write the down the
numbers of the balls drawn, giving rise to sequences, of length n, and containing
numbers in the range [0..m). In this case, however, this representation is not
unique, because the order of these numbers is irrelevant. For instance, the sequence
“3011004” is a possible result, but so are the sequence “4011030” and “0001134";
because the order of the numbers in the sequences is irrelevant and because these
three sequences contain the same numbers, albeit in different orders, these sequences
actually represent only one result, which should be counted only once. So, we need
a unique representation, because only then the number of possible results is equal to
the number of possible representatives of these results.

We obtain a unique representation by writing down the numbers of the balls
drawn in ascending order: then every result corresponds in a unique way to an as-
cending sequence, of length n, and containing numbers in the range [0..m ). For
instance, from the three example sequences “3011004” , “4011030” , and “0001134”,
the last one is ascending: it uniquely represents the, one-and-only, common result
corresponding to these sequences.

So, the answer to our original question equals the number of ascending sequences,
of length n, and containing numbers in the range [0..m ). To be able to count these
smoothly, yet another representation happens to be convenient, based on the following
observation. The sequence “0001134”, for instance, consists of 3 numbers 0, followed
by 2 numbers 1, followed by 0 numbers 2, followed by 1 numbers 3, followed by
1 numbers 4, followed by 0 numbers 5, where we have assumed m=6 and n=7.
So, by counting, for every number in the range [0..m), how often it occurs in
the ascending sequence we can also represent the result of the experiment. For the
sequence “0001134”, for instance, the corresponding sequence of counts is “320110”:
it contains m numbers, namely one count for every number in the range [0..m);
each count itself is a number in the range [0..m] and the sum of all counts equals
n , which was the length of the ascending sequence.

The restriction that the sum of the counts equals n is a bit awkward but can
be made more manageable by means of the following coding trick: we represent each
count by a sequence of as many zeroes as the count —in the wunary representation,
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so to speak— and we separate these sequences of zeroes by means of a digit 1. For
instance, again with m =6, the counts of the original ascending sequence “0001134”
are 3, 2, 0, 1, 1, and 0, which in the zeroes-encoding become “000”, “00”, “”, “0”,
“0”, and “”. Concatenated and separated by digits 1 we obtain: “000100110101”.
This is a bit sequence containing exactly n digits 0, because now the sum of the
counts simply equals the total number of zeroes, and containing exactly m—1 digits
1, because we have m counts separated by m—1 digits 1. Consequently, the length
of this bit sequence is m—1+n.

Generally, every ascending sequence of length n and containing numbers in the
range [0..m) can be represented uniquely by a bit sequence of length m—1+n
containing exactly n digits 0 and m—1 digits 1. So, also the results of our balls
drawing experiment are uniquely represented by these bit sequences. Therefore, the
number of all possible results equals the number of these bit sequences, which is:

m—1+4n
("

afterthought: It may appear that we have solved this problem in a rather ad
hoc fashion. This is true as far as the particular representations we have used
are concerned, but choosing a suitable representation for a problem at hand
is a crucial ingredient of solutions to very many mathematical problems,
particularly in the world of discrete structures. What actually constitutes
a “suitable” representation is very problem dependent, which we will not
further investigate here, but the method deserves to be remembered.

O

6.5 Exercises

1. Let V be a finite set with n elements.

(a) What is the number of functions in V— {0,1}?

(b) What is the number of functions in V— {0,1,2}7

(¢) What is the number of functions in V— W | with #W=m?
)
)

a

(
(b

What is the number of “words” consisting of 5 different letters?

What is the number of injective functions in

{0,1,2,3,4} —{a,b,c, -+ ,2}?

(¢c) What is the number of injective functions in V— W, with #V=n and
H#W=m?

3. Let w; be the number of sequences, of length i, consisting of letters from
{a,b,c}, in which each two successive letters are different, for all ieN.

(a) Formulate a recurrence relation for w.

(b) Derive an explicit definition for w.
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. Let v; be the number of sequences, of length i, consisting of letters from
{a,b,c}, in which no two letters a occur in direct succession, for all 1eN. It
is given that v;yo = 2xv;41+2xv;, for all 1eN.

(a) Determine vy and vy .

(b) Values cp,c1,00, and «; exist such that v; = co*af+cy+al, for all
ieN. Determine c¢g,c1,qp, and ajy .

. Let a; be the number of 0/1-sequences, of length i, not containing isolated
zeroes, for all :eN. Such sequences are called “admissible”. For example, “1”
and “0011” are admissible, but “0”, “0110” , and “0100” are not. The empty
sequence —with length 0— is considered admissible.

(a) Formulate a recurrence relation for a.

(b) Solve this recurrence relation.

(a) What is the number of 2-letter combinations in which the 2 letters occur
in alphabetical order? For example: “kx” is such a combination, whereas
“xk” is not.

(b) What is the number of 3-letter combinations in which the 3 letters occur
in alphabetical order?

(c) What is the number of n-letter combinations in which the n letters occur
in alphabetical order, for every natural n:n<267

. We consider (finite) sequences g, of length n, consisting of natural numbers,
with the additional property that g; <, for all i: 0<i<n. (Here g; denotes
the element at position ¢ in the sequence, where positions are numbered from
0, as usual.)

(a) What is the number of this type of sequences, as a function of neN*t?
(b) Define a bijection between the set of these sequences and the set of all

permutations of [0..n).

. This exercise is about strings of beads. The answers to the following questions
depend on which strings of beads one considers “the same”: therefore, give this
some thought to start with.

(a) What is the number of ways to thread n different beads onto a string?

(b) We have 2xn beads in n different colours; per colour we have exactly 2
beads, which are indistinguishable. What is the number of ways to thread
these beads onto a string?

(¢) The same question, but now for 3xn beads, with 3 indistinguishable
beads per colour.

(d) What is the number of ways to thread m red and n blue beads onto a
string, if, again, beads of the same colour are indistinguishable?
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The sequence of, so-called, Fibonacci numbers is the function F defined recur-
sively by: Fo=0, Fi=1, and Fj4o=F;41+F;, for ieN. The sequence S
of, so-called, partial sums of F is defined by: S, = (Xi:0<i<n: F;), for all
neN. Prove that S,, = F,,;1 —1, for all neN.

What is the number of anagrams of the word “STRUCTURES”?
Prove that (Xj:0<j<i:27) = 2¢—1, for all ieN.

A given function a on N satisfies: ag=0 and a;41 = a;+1, for all ieN. Derive
an explicit definition for a.

A given function a on N satisfies: ag=0 and a;4+; = 2 xa;+ 2%, for all ieN.
Derive an explicit definition for a.

A given function a on N satisfies: ag=0 and a;;1 = 2*a; +2'T!, for all ieN.
Derive an explicit definition for a.

A given function a on NV satisfies: a;=1 and a;y1 = (1+1/i) % a;, for all
ieN* . Derive an explicit definition for a.

At the beginning of some year John deposits 1000 Euro in a savings account,
on which he receives 8% interest at the end of every year. At the beginning of
each next year he withdraws 100 Euro. How many years can John maintain this
behaviour, that is, after how many years the balance of his account is insufficient
to withdraw yet another 100 Euro?

Solve the following recurrence reations for a function a; in each of the cases we
have ag=0 and a; =1, and for all ieN:

(a) Ai4o = 6*ai+1—8*ai;

(b) Ai4o — 6*ai+1—9*ai;

(C) Ai4o = 6*ai+1 —10*@1' .

Solve the recurrence relation a;42 = 6xa;11+9xa;, for all 1eN, with ag=6
and a1 =9.

The, so-called, Lucas sequence is the function L defined recursively by: Ly=2,
Li=1,and Ljys= Liy1+L;, for all 1eN. Determine the first 8 elements of
this sequence, and derive an explicit definition for L.

Let V be a finite set with m elements. Let mn satisfy: 0<n<m. What
is the number of functions in V' — {0,1}, with the additional property that
#{veV | f(v)=1} =n?

A chess club with 20 members must elect a board consisting of a chairman, a
secretary, and a treasurer.

(a) What is the number of ways to form a board (from members of the club)
if the three positions must be occupied by different persons?
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(b) What is the number of ways if it is permitted that a person occupies several
positions?

(c¢) What is the number of ways if the rule is that every person occupies at
most 2 positions?

22. What is the number of sequences, of length 27, constisting of exactly 9 symbols
0, 9 symbols 1, and 9 symbols 27

23. In a two-dimensional plane, a robot walks from gridpoint (0,0) to gridpoint
(12,5) , by successively taking a unit step, either in the positive x-direction
or in the positive y-direction; it never takes a step backwards. What is the
number of possibles routes the robot can walk?

24. What is the number of 8-digit decimal numbers in which the digits occur in
descending order only? For example, “77763331” is such a number, whereas
“98764511” is not.
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7 Number Theory

7.1 Introduction

The basic arithmetic operations we have learned in primary school are addition, sub-
traction, multiplication, and division on natural numbers. These operations are mean-
ingful, not only for numbers, but also for more general objects, like functions and, in
particular, polynomials. Some properties of the arithmetic operations remain valid in
these more general structures, whereas other properties lose their validity.

In this chapter we study some of the properties of integer numbers, which are
the numbers ---,-2,-1,0,1,2,3,---. The set of these numbers is called Z; it
has the set N of the natural numbers 0,1,2,3,--- as a subset. So, N includes
0. In the earlier days of mathematics 0 was not considered a natural number, but
if we “define” the natural numbers as the numbers used for counting then 0 is a
very natural number: at the moment I write this, for instance, I have 0 coins in my
pocket. (As a child T have learned that “zero is nothing”, but this is not true, of
course: although I have 0 coins in my pocket, it is not empty: it contains 0 coins
but 1 handkerchief and 1 keyring holding 5 keys.) Also, at any given moment my
wallet may contain 3 Euros and 0 U.S. dollars. Moreover, 0 has the, very important,
algebraic property that it is the identity element of addition: xz+0 = z, for all zeN
(and also for z in Z,Q,R, of course). In addition, the natural numbers have the
property that every natural number is equal to the number of its predecessors, where
the predecessors of x are all natural numbers less than x: for every z€N, we have
that z is equal to the number of elements of the set {yeN | y<z}, and this is also
true if x=0.

The set of positive naturals is denoted by N7 ; it equals N but without 0, so we
have Nt = N\{0}. When we discuss the prime numbers we will have need of the
set of all natural numbers that are at least 2, so this is N without 0 and 1. We will
call such numbers “multiples” and denote its set as N*2. So, N*2 = N\{0,1}.

7.2 Divisibility
We start our subject with an exploration of divisibility and its, hopefully well-known,
properties.

Definition. For a,de€Z we say that “a is divisible by d” or, equivalently, that “a
is a multiple of d” or, equivalently, “d is a divisor of a” if and only if:

(Fq:qeZ:a=qxd)
O

By this definition, every integer is a divisor of 0, even 0 itself, although 0/0 is not
defined! If, however, d#0, then for every a€Z the value ¢, if it exists, for which
a=qgxd is unique, and we write it as a/d, called the “quotient of” a and d. So,
note that a/d is well-defined if and only if both a is divisible by d and d#0.
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Other simple properties are that every integer is divisible by 1 and by itself, and, as
a consequence, 1 is a divisor of every integer.

The relation “is a divisor of” is often denoted by the (infix) symbol |. That
is, we write d|a for the proposition “d is a divisor of a”. Then, as we have seen
earlier, (NT,|) is a poset: the relation | is reflexive, anti-symmetric, and transitive.

Lemma. (VYa,d:a,deNt:d|a = d<a).

A direct consequence of this is that the set of all (positive) divisors of a positive
natural number is finite: the set of divisors of a € NT is a subset of the (finite) interval
[1..a]. Because 1|a the set of divisors of a is non-empty, for every a € N*.

O

Another important property of divisibility (by d) is that it is invariant under addition
of multiples (of d). We call this a translation property.

Lemma. (VYa,d,z:a,deNt ANz€Z:d|la & d|(a+z*d)).

O
* * *

We have seen that not every number is divisible by every other number: a/d is not
defined for all a,d, even if d+0. Division can, however, be defined more generally, if
only we allow the possibility of a, so-called, remainder. For the sake of this discussion
we restrict ourselves to positive d, so deNT .

The equation, with ¢e€Z as the unknown, a = ¢xd may not have a solution,
but we can weaken the equation in such a way that it has a solution, and then the
solution still happens to be unique.

Theorem. For all a€Z and deNT unique integers q,r exist satisfying:
a=qgxd+r N 0<r<d .

Proof. We prove existence of the solution and its uniqueness separately.
Existence. We distinguish the cases 0 <a and a<0. For the first case we prove, for
all aeN| existence of a solution by Mathematical Induction on a. Firstly, if a<d,
then ¢=0 and r=a are a solution. Secondly, if d<a then a—d e N and, because
1<d, we have a—d<a. Now, we assume, by Induction Hypothesis, that ¢ and r
satisfy:

a—d = qgxd+r N 0<r<d .
Then we also have:

a= (g+1)xd+r AN 0<r<d ,

hence, g+1 and r are a solution for a and d.

The proof for the case a <0 is very similar, but now by Mathematical Induction on
—a. Firstly, if —d <a then ¢g=—-1 and r =a+d are a solution. Secondly, if a < —d
then we have a+d <0 and —(a+d) < —a. So let, again by Induction Hypothesis, ¢
and r satisfy:
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a+d = qxd+r N 0<r<d .
Then we also have:
a= (¢g—1)xd+r N 0<r<d ,

hence, now ¢—1 and r are a solution for a and d.

Uniqueness. Assume that ¢y and rg satify: a = go*xd+1r9 N 0<rg<d, and, simi-
larly, assume that ¢; and r; satify: a = g1 xd+1r1 A 0<r;<d. To prove unique-
ness of the solution, then, we must prove ¢y =¢; and rg=r;. We now derive:

a= qxd+19 N a=q*xd+r
= { transitivity of = }
qo*xd+ro = qurxd+r
& { algebra }
ro—71 = (1—qo)*d ,

from which we conclude that rg—r; is a multiple of d. From the restrictions on
ro and rq, in the above equations, however, it follows that —d < rqg—r1 < +d, and
the only multiple of d in this range is 0. So, we conclude that ry —ry = 0, which is
equivalent to 79 =7r;. But now we also have (¢1—qo)*d = 0, which, because d#0,
is equivalent to qg = q1 , as required.

O

Definition. The unique value ¢ mentioned in the theorem is called the “quotient of”
a and d, and is denoted as adivd. The unique value r mentioned in the theorem
is called the “remainder of” a and d, and is denoted as amodd. As a result we
obtain the following relation for div and mod , which we consider their definition,
albeit an implicit one:

a = (adivd)*d +amodd A 0<amodd<d .
O

warning: Most programming languages have operators for quotient and remain-
der, even for negative values of d. The definitions of these operators not
always are consistent with the definition given here. They do, however, al-
ways yield values ¢ and r that satisfy a = ¢+d+r, but differences may
arise in the additional restrictions imposed upon 7. If both a and d are
natural, however, so 0<a and 1<d, then the operators for quotient and
remainder yield the same values as adivd and amodd as defined here. Be
careful, though, in cases where either a or d may be negative. In particular,
for negative a or d, the operations in most programming languages do not
have the translation properties in Lemma

O

Operators div and mod are a true generalisation of division, as they have the fol-
lowing properties.
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Lemma. For all a€Z and deNT we have:

amodd=0 < d|a , and:

amodd=0 = adivd = a/d .
O

Operators div and mod have many other useful properties, such as the following, so-
called, translation properties. For more properties we refer the reader to the exercises.

Lemma. For all a€Z and de N7, and for all z€Z we have:

(a+z*d)divd = adivd+z , and:
(a+z*d) modd = amodd

O

7.3 Greatest common divisors

In this section we consider positive natural numbers only. Throughout this chapter we
use names a, b, c,d for variables of type NT and variables z,¥, 2z to denote variables
of type Z.

As we have seen already in Lemma [7.2| the set of (positive) divisors of a € NT is
non-empty, as it contains 1 and a, and it is finite. We denote this set as D(a).

Definition. For a € N the set D(a) of (positive) divisors of a is defined by:
D(a) = {deNt|d|a} .
O

For all a,beNT their respective sets D(a) and D(b) have a non-empty intersection,
because both contain 1, and this intersection is finite as well. The elements of the
set D(a) ND(b) are called common divisors of a and b. As an abbreviation we also
denote this intersection as D(a,b). So, by definition D(a,b) satisfies:

D(a,b) = {deN*|dland|b} .

Because D(a,b) is non-empty and finite it has a maximum. This maximum is called
the greatest common divisor of a and b. This depends on a and b, of course, so it
is a function, which we call ged .

Definition. Function gcd, of type NT xNT — N7 | is defined by, for all a,beN*:
gcd(a,b) = maxDl(a,b) ,
or, more explicitly, by:

ged(a,b) = (maxd:deNTAdland|b:d)
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The common divisors of a and a itself just are the divisors of a, that is, we have
D(a,a) = D(a); hence the greatest common divisor of ¢ and a itself just is the great-
est divisor of a, which is a. If b<a then a—beNT, and on account of translation
Lemma [7.3] we conclude that D(a,b) =D (a—b,b). In words: if b<a then a and b
have the same common divisors as a—b and b; hence, their greatest common divi-
sors are equal as well. Similarly, if a<b then D(a,b) = D(a,b—a) and the greatest
common divisor of a and b is equal to the greatest common divisor of b and b—a.
Thus we obtain the following lemma.

Lemma. For all a,beN*:

gcd(a,a) = a

gcd(a,b) = ged(a—b,b) ,ifb<a

ged(a,b) = ged(a,b—a) ,ifa<b
O

Greatest common divisors also have the following, quite surprising, property that the
common divisors of a and b are the divisors of gcd(a,b).

Lemma. For all a,b,ce Nt with ¢ = ged(a,b):
D(a,b) = D(c)

Proof. By Mathematical Induction on the value a+b. Firstly, if a =0 then, as we
have seen, D(a,b) = D(a) and, by Lemmal[7.10, we have ¢ =a, so also D(c) =D(a);
hence, D(a,b) = D(c). Secondly, if b<a then, as we have seen, D(a,b) = D(a-b,b),
and, by Lemma we have ¢ = ged(a—b,b); now we assume, by Induction Hypoth-
esis —because (a—b)+b<a+b— that D(a—b,b) =D(c); then it also follows that
D(a,b) =D(c). Thirdly, the case a<b is similar to the previous case, because the
situation is symmetric in a and b.

U

A direct consequence of translation Lemma [7.3] is that every common divisor of a
and b also is divisor of any linear combination of a and b.

Lemma. For all a,b,deN* and for all x,ycZ:

dla Ndlb = d|(zxa+yxb)
O

In particular, ged(a,b) is a common divisor of a and b; hence, ged(a,b) also is a
divisor of every linear combination of a and b. There is more to this, however, as
the following theorem shows.

Theorem. For all a,beN* | integers x,y €7 exist satisfying:

ged(a,b) = xzxa + yx*b
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Proof. A constructive proof is given in the next section, in the form of Euclid’s
extended algorithm, which shows how suitable numbers x and y can be calculated.

O

A consequence of this theorem is that gced(a,b) is the smallest of all positive linear
combinations of a and b.

Theorem. For all a,bcNT we have:
ged(a,b) = min{zxa+yxb | z,yeZ N 1<x*xa+y*b} .

Proof. Let om and ym be integers for which xm * a + ym b is positive and minimal.
Let ¢=gcd(a,b) and let zc and yc be integers for which ¢=zcxa+yc*b; on
account of Theorem[7.13]such numbers exist. Now we must prove: ¢=zmx*a+ym=xb,
which we do by proving c < am=*a+ym=*b and zm*a+ ymxb < c separately:

c<ozmxa+ymx*b
= { Lemma using that both ¢ and zmxa+ym=b are positive }

c| (zm+a+ym=b)

<= { Lemma }

cla A c|b
& { ¢=gcd(a,b) }
true
and:
zm*xa+ymxb < c
& { definition of zc¢ and yc }
zm*a+ymxb < xcxa+ycxb
& { both sides of the inequality are positive, and the LHS is minimal }
true
O
* * *

Numbers of which the greatest common divisor equals 1 are called relatively prime
or also co-prime. As we have seen — Theorem [7.13|-, for all a,beNT integers z,y
exist such that

ged(a,b) = xxa +y*b .
If ged(a,b) =1 this amounts to the existence of integers = and y satisfying:

zxa +yxb = 1
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The following two lemmata are useful consequences of this property.

7.15 Lemma. For all a,b,ceNT: ged(a,b) =1 A a|(bxc) = alc .
Proof. Let gcd(a,b) =1 and let a| (b*c) ; that is, assume that z,y,z € Z satisfy:
(124) rxa+yxb =1
(125)) bxc = zxa
Now we derive:
true
& { }
rxa+yxb =1
= { Leibniz }
rxaxc+yxbxc = c

& { @)}

T*xaAa*xC+Y*x2*xa = C

& { algebra }
(zxc+yxz)xa=c

= { J-introduction, with ¢:=x*c+y=*z }
(3q:q€Z:c=qx*a)

& { Definition of | }
alc

O

7.16 Lemma. For all a,b,ceNT: gcd(a,b) =c = gcd(a/c,b/c) =1 .
O

7.4 Euclid’s algorithm and its extension

The relations in Lemma [Z.10] can be considered as a recursive definition of function
ged ; that, thus, function ged is well-defined is, again, proved by Mathematical In-
duction on the value a+b. So, the following recursive definition actually constitutes
an algorithm for the computation of the greatest common divisor of two positive
naturals. This is known as “Euclid’s algorithm”. For all a,be N7 :

ged(a,b) = if a=b — a
[ a>b — ged(a—b,b)
| a<b — gecd(a,b—a)
fi
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This version of the algorithm is not particularly efficient, but it is the simplest pos-
sible. If, for instance, a is very much larger than b the calculation of ged(a,b) gives
rise to the repeated subtraction a—b, until a does not exceed b anymore. Therefore,
a more efficient algorithm can be constructed by means of div and mod operations.

* * *

According to Theorem we have that gcd(a,b) is a linear combination of a and
b; this means that, for every a,be N7 | integers z,y exist satisfying:

(126) ged(a,b) = zxa +yx*b .

In what follows we call such integers “matching numbers” for gcd(a,b). Matching
numbers are not unique: if, for instance,  and y are matching numbers for ged(a,b)
then so are z+b and y—a.

Because Theorem [7.13] is about ezistence of integers, we can try to prove it
constructively by showing how these numbers can be computed. It so happens that
Euclid’s algorithm can be extended in such a way that, in addition to ged(a,bd),
integers x and y are calculated that satisfy as well. As a result, provided we
have proved the correctness of the extended algorithm, we not only have a proof of
the theorem but we also obtain an algorithm to compute these numbers. (And, from
the point of view of proving the theorem, efficiency is of no concern and the simplest
possible algorithm yields the simplest possible proof.)

As was the case with function ged we present Euclid’s extended algorithm in the
form of a recursively defined function. For this purpose we simply call this function
F' here; it maps a pair of positive naturals to a t¢riple consisting of a positive natural
and two integers, namely the GCD of the pair together with matching numbers. We
denote such a triple as (c¢,z,y), in which ¢, x, and y are the elements of the
tripldﬂ This means that function F' is required to satisfy the following specification.

specification: Function F' hastype NTxNT — N*xZ x Z, and for all a,b,ce N*
and for all z,y€Z, function F satisfies:

F(a,b) = (c,z,y) = c=gcd(a,b) N c=z*xa+yxb
O

Notice that this specification does not specify F uniquely: because, as we have
seen, matching numbers are not unique, several different functions F will satisfy this
specification. This specification only states, firstly, that for every pair of positive
naturals a and b its value F'(a,b) is a triple consisting of a positive natural and two
integers, and, secondly, that for every such triple its first element is equal to ged(a, b)
and its second and third elements are matching numbers for ged(a,b) .

A simple recursive definition for F' can now be constructed, based on the fol-
lowing considerations, using Mathematical Induction on a+b again. Firstly, if a=0

12The datatype of, so-called, tuples, of which triples are a special case, is common in functional
programming; it corresponds to “records” in PASCAL and “structs” in JAVA.
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then gced(a,b) =a, and a = 1xa+0x%b: hence, in this case x=1 and y=0 is an
acceptable solution for = and y. Because a=b we also have gcd(a,b) = b; therefore,
=0 and y=1 is an acceptable solution too: this illustrates once more that the
numbers x and y are not unique.

Secondly, if a>b then we have gcd(a,b) = ged(a—b,b). Now suppose, by In-
duction Hypothesis, that z,y are integers satisfying:

ged(a—b,b) = zx(a—b) +yxb .

The right-hand side of this equality can be rewritten to:
ged(a=b,b) = z*xa+ (y—x)*b

and because ged(a,b) = ged(a—b,b) this is equivalent to:
ged(a,b) = xTxa+ (y—x)*b .

From this we conclude that if  and y are matching numbers for ged(a—b,b) then
2z and y—x are matching numbers for gcd(a,b) .

Finally and similarly, for the case a <b we can show that if x and y are matching
numbers for ged(a,b—a) then z—y and y are matching numbers for gcd(a,b).

We now combine these results into the following recursive definition for F'; this
we call Fuclid’s extended algorithm:

F(a,b) = if a=b — (a,1,0)
l a>b— (c,x,y—xz)
where (c¢,z,y) = F(a—b,b) end
[ a<b— (c,z-y,y)
where (c¢,z,y) = F(a,b—a) end
fi

This recursive definition is an example of a, so-called, functional program, but it is not
difficult to encode this as a recursive function in languages like PASCAL or JAVA. As
was the case with Euclid’s algorithm proper, this algorithm is not very efficient, but
it can be transformed into a more efficient one by means of division and remainder
operations.

7.5 Equations and their solutions
As we have seen, if ged(a,b) =1, for a,b€ NT | then integers z,y exist satisfying:
(127) Txa +yxb = 1

Conversely, if x and y satisfy (27) then, because 1 is the smallest of all positive
naturals, we also have that 1 is the smallest of all positive linear combinations of a
and b. Hence, we conclude, by Theorem that if then ged(a,b) =1. Thus,

we obtain:
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ged(a,b) =1 & (Fx,y:x,y€Z: zxa+yxb=1)

This shows that the equation zxa+y*b = 1, for given a,beNT and with z,ycZ
the unknowns, has a solution if and only if gcd(a,b) =1. As we have seen, Euclid’s
extended algorithm can be used to calculate such a solution, but we also have seen
that the solution is not unique. So, the question arises whether we can characterize
all solutions of this equation. The answer is that we can, as the following theorem
shows.

7.17 Theorem. For a,be NT with gcd(a,b) =1, let zc, yc € Z satisfy: zcxa+ycxb = 1.
Then the set of all pairs (zc+z*b,yc—z=*a), for all z€Z, is the set of all solutions
to the equation xxa+y*b = 1.

Proof. We prove this by proving, firstly, that every such pair is a solution, and,
secondly, that every solution is such a pair. For z€Z we derive:

(ze+zxb)*xa + (yc—zxa)*b
= { algebra }

xexa + zxbxa + ycxb — zxaxb
= { algebra }

xcxa + ycxb
= { definition of zc and yc }

1

)

which shows that the pair (zc+z%b,yc—zxa) is a solution indeed. Conversely:

zxa+yxb=1 A zcxa+ycxb =1

= { algebra }
(x—xc)*xa + (y—yc)xb =0
& { algebra }

(x—zc)*xa = (yc—y)*b
= {b|((x—zc)*a) andgcd(a,b):l:Lemma}
b|(x—zc)
& { Deﬁnition of | }
(Fz:2€Z:x—xCc=2%b)
< { algebra }
(Fz:z€Z:x=2c+zxb)
which shows that if  and y solve the equation then z =zc+2zx*b for some z€Z.
Now it is easy to show that, for this very same z we also have y = yc—z *a. Thus we
conclude that all solutions to the equation are of the shape (zc+z*b,yc—zx*a), for

some z€Z. Notice that here (zc,yc) may be any solution to the equation, which
can be obtained, for instance, by means of Euclid’s extended algorithm.

O
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We now consider the more general equation zxa+y*b = d, for given a,b,deN*
and with z,y€Z the unknowns. Because gcd(a,b) is a divisor of xxa+y*b we
conclude that, if the equation has a solution then ged(a,b) is a divisor of d too; if
not, the equation has no solutions at all.

Conversely, if ged(a,b) is a divisor of d then, as we will show, the equation does
have solutions and again, we wish to characterize all solutions. So, we assume that
gcd(a,b) is a divisor of d. Now, gcd(a,b) also is a divisor of a and b; therefore,
with ¢ = ged(a,b) we have that the equation zxa+y*b = d is equivalent to:

zx(a/c) +yx*(b/c) = (d/c)

and, because of the divisibility, the coefficients a/c, b/c and d/c all are integers. So,
by means of the substitutions a:=a/c, b:=b/c, and d:= d/c, the equation can be
transformed into this new equation:

(128) zxa+yxb=d ,

which has the same shape as the original equation but with the additional property, on
account of Lemma that ged(a,b) = 1. Moreover, this equation has exactly the
same solutions as the original one. By means of Theorem we have characterized
all solutions to the equation:

(129) rxa+yxb =1

Now if zxa+y*b =1 then also (zxd)*a+ (y*d)*b = d, so for such z,y the pair
(zxd, y*d) is a solution to equation (28]). By means of the same reasoning as in
(the second part of) the proof to Theorem we can prove that all solutions to
equation are thus obtained.

Summarizing, let (zc,yc) may be any solution to equation , then the pairs
(zexd+2zxb,ycxd—zx*a) , for all z€Z, constitute all solutions to equation .

7.6 The prime numbers

In this section we study the set N12 of multiples, which are the natural numbers
from 2 onwards. As we have seen, every integer, and, hence, also every multiple is
divisible by 1 and by itself. A multiple with the property that it is not divisible by
any other number is called a prime (number).

Definition. A prime is a multiple that is divisible by 1 and itself only.
O

If we would not restrict ourselves to multiples but to positive naturals instead, 1
would be a prime too, according to this definition. There are sound, technical reasons,
however, not to consider 1 as a prime, which is why we define the primes as a subset
of the multiples. So, the smallest prime is 2.
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Example. The primes less than 100 are: 2,3,5,7,11,13,17,19,23,29,31,37,41
43,47,53,59,61,67,71,73,79,83,89,97. Notice that 2 is even and that it is the

only even prime.
O

The following lemma expresses that every multiple is divisible by at least one prime.
If we would have allowed 1 as a prime number this lemma would have been void.

Lemma. For every a € NT2 a prime p exists such that p|a.

Proof. By Mathematical Induction on a. Firstly, if a is a prime then a is a prime
and a|a. Secondly, if a is not prime then a multiple be N2 exists satisfying b#a,
and b|a. From Lemma using b|a, we conclude that b<a, but because b#a
this amounts to b<a. So, by Induction Hypothesis, we may assume that p is a prime
such that p|b. Because b|a, by the transitivity of divisibility, we then conclude p|a,
as required.

O

The following theorem is important; it has been proved already by Euclides.

Theorem. The set of all primes is infinite.

Proof. One way to prove that a set is infinite is to prove that every finite subset of
it differs from the whole set; that is, for every finite subset the whole set contains an
element not in that subset. So, let V' be a finite subset of the primes. Now we define
multiple a by:

a = (IIp:peV:p) +1

Because the product (IIp:peV:p) is divisble by every peV, the number a is not
divisible by p, for every pcV . On account of Lemma however, a is divisible
by at least one prime, which therefore, is not an element of V .

O

A very old algorithm to compute “all” primes is known as Erathostenes’s sieve. This
involves infinite enumerations of infinite subsets of the multiples, which is unfeasible,
of course, but for the purpose of computing any finite number of primes, finite prefixes
of these infinite enumerations will do. To compute all, infinitely many, primes would,
of course, take an infinite amount of time. Yet, we call it an algorithm to compute
“all” primes because it can be used to compute as many primes as needed in a finite
amount of time.

Informally, the algorithm is presented as follows. One starts with writing down
all —that is: sufficiently many — multiples in increasing order:

2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, - --
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The first number of this sequence, 2, is the first prime number, and we now construct
a new sequence from the first one by eliminating all multiples of 2 from it:

3,5,7,9,11,13,15, 17,19, 21,23, ---

This second sequence is an enumeration, again in increasing order, of all multiples that
are not divisible by the first prime, 2. The first number, 3, of this second sequence
is the second prime, and, again, we construct a third sequence from this second one,
this time by eliminating all multiples of 3:

5,7,11,13,17,19,23, ---

This sequence contains all multiples that are not divisble by either 2 or 3; its first
element, 5, is the next prime number, which is the smallest prime that is larger than
2 and 3. And so on...

The general properties on account of which this algorithm is correct are easily
formulated. After n steps, for some neN, a sequence is obtained that contains, in
increasing order, all multiples that are not divisible by the smallest n prime numbers.
The first number of this sequence then, because the sequence is increasing, is its
minimum, and it can be proved that this minimum is the next prime, that is, the
smallest prime number exceeding the smallest n prime numbers. By eliminating all
multiples of this next prime the next sequence is obtained, containing all multiples
not divisible by the first n+1 primes.

* * *

We have seen that the set of primes is infinite, but we may still ask for the density
of the primes; that is, for any given multiple n we may ask how many primes are
less than n. Because the number of potential divisors of n increases with n, the
likelyhood —not in the mathematical meaning of the word — that an arbitrary number
is prime may be expected to decrease with increasing numbers.

The, so-called, Prime Number Theorem states that the number of primes less than
n is approximately n/In(n). This formula really gives an approximation only; for
example, the numer of primes less than 10° equals 50847 534 , whereas 10°/ In(10°)
is 48254942 (rounded). An elementary proof of the Prime Number Theorem has
been constructed by the famous Hungarian mathematician Pal Erdos.

The greatest common divisor of a prime p and a positive natural a can have
only one out of two possible values: either p|a and then gcd(p,a) =p, or —(p|a)
and then ged(p,a) =1. An important consequence of this is the following lemma.

Lemma. For every prime p and for all a,beNT: p|(axb) = pla V p|b.

Proof. By distinguishing the cases p|a and —(p|a) and, for the latter case, using

Lemma [T.15]
O
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A corollary of this lemma is the more general property that if a prime p is a divisor
of any finite product (Ila:a€V :a), where V is some finite bag of positive natu-
rals, then p|a for some element a€V . These observations lead to the following,
important, theorem, known as the Unique Prime Factorization Theorem.

Theorem. For every positive natural a€N™ a unique bag V of prime numbers ex-
ists such that: a = (IIp: peV:p).

Proof. We prove existence and uniqueness separately.

Existence. By Mathematical Induction on a. Firstly, if a=1 then a has no other
divisors than 1, so a has no prime divisors, and the only bag of primes the product of
which equals 1 is the empty bag, which we denote as { } here: 1 = (Ilp: pe{ }:p) H
Primes are multiples, so the product of any non-empty bag of primes differs from 1.

Secondly, if a>2 then, by Lemma a prime ¢, say, exists such that ¢|a;
o, a/q is a positive natural and a/q < a. Now, by Induction Hypothesis, let V' be
a bag of primes such that a/q = (IIp:peV :p). Then we have that a is equal to
g+ (Ilp: peV:p), which is equal to (IIp:peV+{q}:p)

Uniqueness. We prove that any two bags U and V of primes satisfy:
(Ip:peU:p) = (Up:peV:p) = U=V |

by Mathematical Induction on #U+#V . Firstly, if both U and V' are empty then
the proposition is true because then U=V . Secondly, if one of U and V is empty
and the other one is non-empty, the proposition is true because the product of the
empty bag equals 1 whereas the product of a non-empty bag of primes is larger than
1; so, in this case the left-hand side of the implication is false. Thirdly, remains the
case that both U and V are non-empty. We assume that their products are equal.
Now let geU then ¢ is a divisor of (IIp:peU: p) ; hence, because the products are
equal, ¢ also is a divisor of (IIp:peV:p). Hence, by Lemma we have ¢|p for
some peV , but, because such p is prime this amounts to g=p. So, we have geV as
well. Thus, we obtain that (Ilp:peU—{q}:p) = (Ip:peV—-{q}:p), which, by
Induction Hypothesis, implies that U—{q} = V—{q¢}; this is equivalent to U=V,
as required.

O

By means of prime factorization we can look at Greatest Common Divisors ( ged )
and Least Common Multiples (lem) in a different way. Let a,beNT. If p is a
prime and p|a and p|b then, of course, we also have p|gcd(a,b). Now let m be the
largest natural number satisfying both p™ |a and p™|b, then also p™ | gcd(a,b), and
m also is the largest natural for which this is true. Moreover, let k& be the largest
natural for which p*|a and let [ be the largest natural for which p!|b then we have
that m = kminl. As a matter of fact, we now have that ged(a,b) is the product

13Recall that the product of an empty bag of numbers, by definition, equals 1 because 1 is the
identity element of multiplication.
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of all such numbers p™ . More precisely, the bag of primes of which ged(a,b) is the
product is obtained by joining the bags of primes factorizing a and b by taking the
minimums of the occurrences of all primes.

The Least Common Multiple of a and b, denoted as lem(a,b), is defined as the
smallest positive natural number that is a multiple of both a and b. So, a and b
both are divisors of lem(a,b), and lem(a,b) is the smallest of all positive naturals
with this property. So, with k£ and [ for the (maximal) numbers of occurrences of
prime p in a and b, respectively, we have that p occurs kmaxl( times in lem(a,b).

Thus, we obtain the following result. If prime p occurs (exactly) & times in a
and if p occurs [ times in b, then p occurs kmin! times in gcd(a,b) and kmax!
times in lem(a, b) . Now we also have that (kminl) + (kmax!) = k+1, and p occurs
k+1 times in ax*b. Because this is true for every prime p we conclude that the bag
of primes factorizing gcd(a,b) * lem(a,b) is equal to the bag of primes factorizing
axb; hence:

gcd(a,b) « lem(a,b) = axb .

7.7 Modular Arithmetic
7.7.1 Congruence relations

Almost everybody probably knows that the product of two even integers is even, and
that the product of two odd integers is odd. Also, the sum of two even integers is even
too, and even the sum of two odd numbers is even. The point is that, apparently,
whether the result of an operation, like addition or multiplication, is even or odd only
depends on whether the arguments of the operation are even or odd.

The proposition that integer “x is even” is equivalent to “x is divisible by 27,
which in turn is equivalent to xzmod2 =0; similarly, the proposition “z is odd”
is equivalent to xmod2=1. That the property “being even” of the sum of two
integers only depends on the “being even” of these two numbers know means that
(z+y) mod 2 only depends on xmod2 and ymod2 (and not on xdiv2 or ydiv2).
In formula this is rendered as:

(130) (z+y)mod2 = (zmod2+ymod2)mod2 , forall z,yeZ .

Properties like these are not specific for 2 as a divisor: similar properties hold for
all positive divisors. From the chapter on relations we recall that, for every function
of type B—V , the relation, on its domain B, “having the same function value”
is an equivalence relation. For any fixed d € NT | the function (modd) that maps
every x €7 to xmodd has type Z —[0..d). This function induces an equivalence
relation, on Z, of “having the same remainder when divided by d”. This relation
partitions Z into d different (and, as always, disjoint) equivalence classes, namely
one for every value of the function (modd): the equivalence class corresponding to
a€[0..d) is the set

{z€Z | xmodd=a} |,

which can also be formulated as:
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In particular, of course, a€{z€Z | xmodd=a}, because amodd=a, for every
ac[0..d).

(31)

Now properties similar to (30 also hold in this case; that is, we now have:

(z+y)modd = (xmodd+ymodd)modd |, for all z,ycZ .

A similar property holds for subtraction and multiplication:

(32)

(zxy)modd = (xmodd x ymodd)modd , for all z,ycZ .

A consequence of propositions like and is that equivalence is preserved un-
der arithmetic operations like addition and multiplication. Using , for instance,
we can now derive, for all x,y,z€Z:

(33)

zmodd = ymodd = (x+z)modd = (y+z)modd .

An equivalence relation that is preserved under a given set of operations is called
a congruence relation. In our case, the relation “having the same remainder when
divided by d” is congruent with the operations addition, subtraction, and multi-

plication.

multiplication are compatible with the relation.

Notation: According to mathematical convention, the fact that « and y are

congruent modulo d is often denoted as:
z =y (modd)

This notation is somewhat awkward, though, because it is not very clear
what the scope is of the suffix “(modd)”. Apparently, its scope extends
over the complete equality textually preceeding it; that is, if we would use
some sort of brackets to delineate the scope of “(modd)” more explicitly,
we should write something like:

[z =y (modd) ]|

Because the relation is a congruence relation and because it is not the same as
sheer equality, although it resembles it, it seems better to denote the relation
as an infix symbol resembling but different from “=7". For example, the
symbol “ =044 would be appropriate, as the subscript explicitly indicates

the nature of the congruence. In this text we will abbreviate this to “=4";
so, by definition we now have, for all deNT and z,y€Z:

T =4y & xmodd = ymodd .

For example, congruence property can now be rendered as, for all
x,y,2€L:

T =qYyY = Ttz =qy+z .

Conversely, we also say that the operations addition, subtraction, and
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Other algebraic properties are compatible with congruence modulo d too. The num-
bers 0 and 1, for instance, are the identity elements of addition and multiplication,
respectively, and this remains so under congruence. In addition, the property that
0 is a zero-element of multiplication —that is: 0*x = 0— is retained. Finally, that
multiplication distributes over addition remains true as well.

For any given d € N1 we can now define binary operations @ and ®, say, by,
for all z,yeZ:

TDY (x+y)modd , and:

z®y = (zxy)modd ,and:

(If we would be very strict we should make the dependence on d explicit by writing
®q and ®4.) Now @ and ® have type [0..d)x[0..d) — [0..d) and with these
operators various algebraic structures can be formed, which we mention here without
further elaboration or proofs.

Properties. For all deN™:
(a) ([0..d),®,0) is a group.
(b) ([0..d),®,1) is a monoid but not a group.
(¢) ([1..d),®,1) is a group if and only if d is prime.
(d) ([0..d),®,®,0,1) is a, so-called, ring.
(e) ([0..d),®,®,0,1) is a, so-called, field if, but not only if, d is prime.

In traditional mathematical parlance these structures are ususally denoted differently.
The ring ([0..d),®,®,0,1), for instance, then is denoted as (Z/dZ,+,*,0,1),
where Z/dZ denotes the set [0..d) —actually, the set of the equivalence classes—
and where + and * must be read as addition and multiplication modulo d, that is,
as our operations ¢ and ®.

O

Another important property is that two integers are congruent modulo d if and only
if their difference is divisible by d; that is, for all xz,y €Z we have:

r=qy & (r—y)modd =10 .
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7.7.2 An application: the nine and eleven tests

A technique that was commonly applied to verify manual calculations is the, so-called,
nine test. This is based on the property that, in our decimal number representation,
the remainder of a number when divided by 9 can be easily calculated: it equals
the remainder of the sum of the number’s digits modulo 9. As the sum of the digits
of a number usually is much smaller than the number itself, the problem has been
reduced. This process is repeated until a number is obtained that is less than 10:
this last number, then, is the remainder of the original number modulo 9, except
when it is 9 in which case the remainder is 0, of course.

For example, the sum of the digits of the number 123456789 equals 45, and the
sum of the digits of 45 is 9. Hence, the remainder of 123456789 modulo 9 is 0.

Now to verify a calculation, for instance the addition or multiplication of two
large numbers, one calculates the remainders modulo 9 of both numbers and of the
result of the calculation, and one performs the same operation, modulo 9, to these
remainders. If the results match we can be pretty confident that our calculation was
correct, although we do not have certainty, of course. But, if the results do not match
we certainly have made an error!

* * *

The property that the remainder modulo 9 of a number equals the remainder modulo
9 of the sum of the digits of that number’s decimal representation is based on the
observation that 10mod9 = 1. Now we have that a number like, for instance, 1437
is equal to 143« 10+ 7. Therefore, we have:

1437 mod 9
{ above property }
(143%10+7) mod 9
{10=9+1}
(143+9+143%1+7) mod 9
{ mod over + ; multiples of 9 may be discarded and 7Tmod9=7 }
(143mod9+7) mod 9 .

This calculation shows that 1437 mod 9 is equal to 143 mod 9 plus 7, modulo 9;
if now, by Induction Hypothesis, 143 mod 9 is equal to the sum, modulo 9, of the
digits of 143 then 1437 mod 9 also is equal to the sum of its digits, modulo 9.

* * *

In general, the decimal representation of natural numbers can be defined in a recursive
way, as follows. A sequence of n decimal digits “d,_1---dod1dy” represents the
natural number dy if n=1: in this case the sequence just is a single digit, “dy”. If
n >2, the number represented by the sequence is equal to the number represented
by the sequence of n—1 digits “d,,—1 ---dady” times 10 plus dp.
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By means of this recursive definition it can be proved, by Mathematical Induc-
tion, of course, that the number represented by a sequence of decimal digits and the
sum of these digits are congruent modulo 9. By means of the recursive definition
it also is possible to prove that the number represented by the sequence of digits
“dp_1---dadidy” is equal to:

(Xi:0<i<n:d;*10%) |
but in most cases the recursive definition is more manageable than this expression.

* * *

In a very similar, albeit slightly more complicated way we observe that 10 is congruent
to —1 modulo 11, and that 100mod 11 is equal to 1. This is the basis of the eleven
test: the remainder of a natural number modulo 11 is equal to the remainder modulo
11 of the sum of the digits of that number’s decimal representation, but here the
digits are added with alternating signs, starting at the least-significant digit with
a positive sign. The number 123456789, for example, is congruent modulo 11 to:
+9-847-64+5—-4+3-2+1, which equals 5.

As was the case with the nine test, the eleven test can be used to “verify” the
results of calculations.

7.7.3 Linear congruence equations

We consider, for given a€NT and bc[0..d), the equation a*xx =4b, so x is
the unknown here. Can we determine all integers x satisfying this, preferably in
a systematic way?

WEell, the relation “=,” means that we are actually considering this equation:

(134) (axxz)modd = bmodd

which, because bmodd = b, is equivalent to:
(axx)modd = b

and also to:
d| (axxz—Db)

This means that an integer y exists satisfying:
axr—b=dxy .

Demonstrating the existence of such y amounts to determining a suitable value of
it, so in fact we are dealing with an equation with two unknowns, =z and y. This
equation can be rewritten equivalently as:

axx—dxy =b .

Because the range of y is Z we can apply a substitution —comparable to a dummy
transformation— y:= —y, so as to transform the equation into this form:
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(135)) axr+dxy =b .

This equation, however, we know how to solve: this equation is, except for the names
of the variables, the same as equation in Section ! Moreover, a method to
solve it has been presented there too. Recall that this equation has solutions if and
only if ged(a,d) is a divisor of b.

In our case, of course, we are not really interested in the solutions for y: our
original equation only has z as the unknown. This means that, in the set of all
solutions for x and y obtained for we can simply discard the values for y.

* * *

The method in Section shows that if = is a solution to then so is x4+ zxd,
for all zeZ. But this means that x may be replaced by xmodd without losing
generality; that is, if x is a solution then all solutions are xmodd + zx*d, for all
zeZ . This also shows that, modulo d, the solution is unique because all numbers
xmodd + zxd are congruent modulo d.

But now a second method to solve equation emerges. If all solutions will
be numbers of the shape r + zxd, for all zeZ, for some yet to be determined
re[0..d), then we might as well start with substituting r for z in the equation,
and solve r from this under the additional restriction r€[0..d)! Particularly if
d is not very large, the number of potential values for r is small enough to make
enumeration and verification of all of them feasible.

7.7.4 An example

As an example, we will determine all x€Z satisfying: 11*x =17 13. This proposition
is equivalent to the proposition that 11xx — 13 is divisible by 17, which, in turn,
means that an integer y exists satisfying:

11xx—-13 = 17xy .

By means of the subsitution y:= —y and some simple rewriting this equation is
transformed into the following one:

B6)  1lsz+17xy = 13 .

In Section we have seen that this equation has a solution if and only if ged(11,17)
is a divisor of 13. This is the case, because ged(11,17) = 1. Now we first solve this
equation:

1lxz+17xy =1 .

This equation can be solved by means of Euclid’s extended algorithm, because the
1 in its right-hand side equals ged(11,17). This yields # =14 and y=-9 as a
solution. Multiplication by 13 then yields x =182 and y =—117 as a solution to
equation ([36]) , so x = 182 is a solution to our original equation 11 %z = 13 (mod 17).
In addition, as we have seen in Section adding (or subtracting) multiples of 17
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—that is: the coefficient of y in — to a solution yields new solutions again.
So, all solutions to 11*x = 13 (mod 17) are the numbers 182+ 2z 17, for all z€Z.
Because multiples of 17 may be added or subtracted ad libitum, the number 182 in
this expression may be reduced modulo 17, if so desired; that is, it may be replaced by
182 mod17. Thus, all solutions to our equation also may be expressed as, somewhat
simpler: 12+ zx17, for all z€Z.

* * *

To illustrate the alternative method discussed in the previous subsection, we now
solve the same problem by means of this method. This means that we are looking
for an r€[0..17) satisfying (11xr—13)mod17 = 0. We obtain it by tabulating
the 17 possible values of r together with the corresponding values of the expression
(117 —13) mod 17, until we encounter 0:

4
15

Nel

O O Ul W N HH=O
[
S

Thus we find that r =12 solves the equation and, hence, that all solutions are the
numbers 12+ z 17, for all z€Z. Notice that the process of constructing this table
can be aborted as soon as the value 0 is encountered. (Exercise: why?)

7.7.5 Multiple linear congruences: an example

As another example we consider the system of equations = =915 and x =35 12,
where z is the unknown. So, one-and-the-same = must satisfy both equations.

The proposition z =97 5 means that « —5 is divisible by 21. Because 21 = 3«7
this is equivalent to the proposition that x —5 is divisible both by 3 and by 7; So,
the equation x =97 5 can be reformulated equivalently as the conjunction of = =35
and = =7 5. In very much the same way we observe that 35 = 5%7; therefore the
equation x =35 12 can be reformulated equivalently as the conjunction of z =5 12
and x =7 12.

Hence, the whole system of equations x =21 5 and = =35 12 is equivalent to the
following system:
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rT=35 N x=75 N =512 N x =712 .

Because 12—5 is a multiple of 7, the two equations x =7 5 and = =7 12 are equiva-
lent: they have the same solutions and, therefore, one of them may be omitted. (And:
if 12—5 would not be a multiple of 7 the two propositions would be contradictory
and the system of equations would have no solutions at all.)

Thus, we obtain this, somewhat simplified, system of equations:

rT=35 N x=75 AN x=512

We now solve this system by solving each of its three parts, one by one, but in
such a way that, for each next part, we express the solution in terms of the solutions
for preceeding parts.

The proposition x =35 means that « —5 is a multiple of 3, so its solutions are
the integers 5+ 3 xu, for all uweZ. The solutions of the second equation, = =7 5, are
a subset of the solutions of the first one. To obtain them, we substitute 7*wv+r for
u, with veZ and 0<r<7. Hence, the solutions of the first equation, the numbers
5+ 3xu, for all wueZ, are rewritten as the numbers 5+ 3 (7xv+r), for all veZ
and r€[0..7). In order to identify which of these numbers are solutions to the
second equation as well, we now calculate as follows:

r =75
& { definition of =7 }
(x—5)mod7 =0
& { substitute z:=5+3 % (Txv+7) }
(543 (7Txv+7r)—5)mod7 =0
& { algebra }
(21xv+3+r)mod7 = 0
& { property of mod: 21xwv is divisible by 7 }

(3«r)mod7 =0 .

Thus, we conclude that the second equation poses restrictions on r only (and not
on v). In view of the limited range of values of r, after all we have r€[0..7), we
conclude that the only solution to (3*7)mod7 =0 is r=0. Actually, the reason to
rewrite u as 7xv +r was to introduce a factor 7, in the hope that v would disappear
from the equation, as it did indeed.

Thus, we obtain that the solutions of the system xz =35 and x =75 are the
integers 5+21xv, for all veZ. (In retrospect, we could have discovered this in a
more direct way: these numbers are the solutions to the equation x =9; 5, and the
factorization of 21 into 3 and 7 has not been really necessary.)

Finally, we take the last equation, x =5 12, into account, by applying the same
technique once more. That is, we substitute 5*w + s for v, in the above expression
for the solutions thus far, where weZ and s€[0..5), and after this substitution
we calculate again, as follows:
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T =512

& { definition of =5 }
(x—12) mod5 = 0

& { substitute z := 5+21 % (5xw+s) }
(5+21% (bxw+s)—12) mod5 = 0

& { algebra }
(1055w +21*%s—7)mod5 = 0

& { property of mod: 105w is divisible by 5 }
(21xs—T)mod5 = 0

& { properties of mod }

(21%s) mod5 =2 .

In view of the limited range of values of s we conclude that the only solution to
(21xs) modb5 =2 is s=2.

Thus, we obtain the solution to the whole system of equations is: the set of
all integers 5+21x% (5xw+2), for all weZ. If so desired, this expression can be
simplified to 47+ 105w, for all weZ.

7.7.6 Two linear congruences: the general case

We now consider the general situation of the following two congruences:
(137) z=pa N x=4b,

for given positive naturals a,b and p,q. In addition we assume that ged(p,q) =1.
If ged(p,q) #1 we can factor out the greatest common divisor by means of the same
trick we employed in the previous subsection, where we transformed a system of two
equations with moduli 21 and 35 into a system of three equations with moduli 3,
5,and 7.

Because, by the definition of =, and =, the equation is equivalent to:

zmodp = amodp A zmodqg =bmodgq ,

we may as well assume that a€[0..p) and be[0..q), because amodp and bmodg
are all that matter. With these assumptions we may simplify amodp and bmodg to
a and b respectively. Thus, our equation becomes:

zmodp=a A xzmodqg=1> .

Now all solutions to the first conjunct are easily characterized as the integers
a+uxp, for all ueZ, with a being the unique solution in the interval [0..p). As
with the example in the previous subsection, we now take the second equation into
account by substituting r+wvxg for u in this formula, where veZ and r€[0..q),
and we obtain a + (r+vx¢q)*p. As in the last example, we now calculate:
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xmodqg = b

& { property of mod }
(x—b)modg =0

& { substitute z:=a + (r+v*q)*p }
(a+ (r+v+q)*p—>b)modgqg = 0

& { algebra }

((vxp)xqg+r*p+a—-b)modg = 0
& { properties of mod }
(r«p)modgq = (b—a)modq .
This is a kind of equation we have seen earlier. Because gcd(p,q) =1 a unique solution

for r exists in the range [0..q). Calling this solution ry, we obtain as formula for
all solutions for x in our original equation :

(138) a+roxp+uvx(pxq) ,forallveZ .

Because 0<a<p and 0<ry<q we also have 0 <a+7rg*p <p=*q, and this is the
only solution in the interval [0..p=*q), because of the shape of the additional term
vx(pxq). So, modulo pxq, the solution is unique.

This also means that our original equation is equivalent to the following,
single congruence equation, with unknown z and in which 7y is the solution for r
in (r+p)modq = (b—a)mod g, as defined above:

" T =pxqg @ +To*p .

We will need this result to prove the Chinese Remainder Theorem, in the next sub-
section.

Here is a different way to solve equation , which does not destroy the symmetry
between the two conjuncts of the equation. These two conjuncts of the equation are:

137) z=pa and: x =40 ,

and taken in isolation they can be solved easily. The solutions to =z =,a are all
integers a+ux*p, where uweZ, and the solutions to x =4b are all integers b+v+q,
where veZ. The set of solutions to both equations is the intersection of these two
sets, so we obtain a solution provided that uwe€Z and veZ satisfy:

(140) a+uxp = b+uvxq ,
which can be rewritten to:

uxp—v*q = b—a .
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This equation, now with unknowns w and v, however, we know how to solve: it is
the type of equation we discussed in Section[7.5] There we have seen that a necessary
(and sufficient) condition for this equation to have solutions at all is that ged(p, q) is
a divisor of b—a. This condition is satisfied, because of our assumption ged(p,q) =1.
By means of the technique from Section we can calculate values uy and vq, say,
satisfying:

a+upxp = b+uvog*xq

and all solutions for u and v in are the pairs up+z*q and vg+zxp, for
all ze€Z . Because both sides of equation represent the solutions for z in our
original equation , we obtain, by straightforward substitution, as formula for all

solutions to :

a+ (up+z+q)*p ,forall zeZ |,
which can be rewritten to:
a+upxp + zx(pxq) ,forall zeZ .

This formula is, except for the names of the variables, exactly the same as formula
obtained earlier. And, of course, the solutions also are characterized by this
formula’s symmetric counterpart:

b+ voxq + zx(pxq) ,forall zeZ .

7.7.7 The Chinese Remainder Theorem

A very old theorem in number theory is known as the “Chinese Remainder Theorem” .
It states that any number of congruence equations, of the kind discussed in the
previous subsections, has a unique solution.

Theorem. For all k€N the system of equations z=a; (modg;), for i:0<i<k,
has a solution that is unique modulo (IIi: 0<i<k:gq;), provided the values ¢ are
pair-wise relatively prime, that is: provided ged(q;,q;) =1, for all ¢,7:0<i<j<k.

Proof. By Mathematical Induction on k. Firstly, if k=0 the system consists of a
single equation, = = ag(modqp), only, which we know how to solve. The solution,
modulo ¢qq, is ag mod gg and this is unique modulo qq .

Secondly, we consider a system of k+1 such equations, for some k€ N. The two
equations with the largest indices then are:

x=ag (modgr) and: x=ap41 (modqry1)

where gcd(gr,qr+1) =1. As we have seen in Subsection [7.7.6] the conjunction of
these two equations is equivalent to the single equation —see formula -

T = ag+71o*qr (mod gp*qr+1)
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where rg is the solution for r in (rxgqg) mod qxy1 = (ag+1—ag) mod gry1 . Thus,
the system of k+1 equations can be transformed into an equivalent system of k equa-
tions, by replacing equations k£ and k+1 by the single equation modulo gy * ggt1 -

Moreover, we have that ged(q;,qr*qr+1) =1, for all i:0<i<k, on account of
Lemma [7.26] below. Therefore, by Induction Hypothesis, the new system of k equa-
tions has a unique solution modulo (IIé: 0<i<k: ¢;) , and so does the original system
of k+1 equations. Notice that the product (ITi:0<i<k:¢q;) is not affected by the
transformation.

O

In the proof of this theorem we have used the following lemma, the proof of which we
leave to the exercises.

Lemma. For all a,b,c, € NT we have:

ged(a,c) =1 A ged(b,e)=1 = ged(axb,c) =1 .
O

7.8 Fermat’s little theorem

For a fixed pe N*2? we define, on Z, a binary operator ® by r®y = (z*y) modp,
for all z,y€Z. Then the structure ([1..p),®,1) is a monoid and this structure
is a group if and only if p is prime.

Lemma. For all pe N2 we have:

“([1..p),®,1) is a group” <« “p is prime”
O

Using this lemma we can prove the following theorem which is known as “Fermat’s
little theorem”.

Theorem. For every prime number p and for every a € Nt we have:
= (pla) = a?"Imodp =1

Proof. Let p be a prime and let a€NT. Assume —(p|a); this is equivalent to
amodp # 0, so we have: 1 <amodp < p; that is, amodpe[1..p). For the sake of
brevity, we define b = amodp. Now we have that a?~'mod p is equal to b?~! | where
be[l..p) and bP~! is to be interpreted in terms of ®-operations, instead of x .
Hence, we also have bP~1 € [1..p).

By Lemmal[7.27we have that ([1..p),®,1) isa group, because p is prime. The
set {b"|0<i} together with ® and 1 is the subgroup of ([1..p),®,1) generated
by b. Because the whole group is finite, of size p—1, so is this subgroup. Therefore,
a number neNT exists such that b” =1 and b #£1, for all i:1<i<n. Then we
have: {b’|0<i} = {b°|0<i<n}, and n is the size of this set.

On account of Lagrange’s Theorem we conclude n | (p—1). So, let z €N satisfy
p—1 = zxn. Now we derive:
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aP~Tmodp
= { as observed above }
pr—1

= { definition of z }

bZ*'IL

= { property of exponentiation }
(b7)?

= { definition of n }
12

= { 1 is the identity of @ }

7.9 Cryptography: the RSA algorithm

We conclude this chapter with a practical application of the theory, namely in the
area of cryptography, which is the art of transmitting messages in a secure way, such
that these messages cannot be read by anyone else than the intended receiver. For this
purpose the messages are encrypted in such a way that they become unintelligible,
except for the intended receiver who is the only one able to decypher the messages.

The algorithms for encryption and decryption themselves usually are not kept
secret, but the parameters used in the process are. In cryptography such parameters
usually are called keys.

Here we discuss the, so-called, RSA-algorithm, named after its inventors: Rivest,
Shamir, and Adleman. This is an example of a so-called public key system. This
means that the keys needed for encryption and decryption are choosen by the receiver
of the messages, and the receiver makes the encryption key publicly known: everybody
who wishes to send a message to this particular receiver now can use this public
encryption key. The security of this arrangement is based on the assumption that it is
(virtually) impossible to infer the (secret) decryption key from the (public) encryption
key.

In older encryption schemes the encryption and decryption keys used to be chosen
by the sender of the messages, and the sender now was faced with the problem how
to communicate the decryption key to the intended receiver(s) in a secure way. In a
public key system this difficulty is avoided.

The security of the RSA-algorithm rest on the assumption that it is very hard
to factorize very large numbers into their prime factors. Here “very large numbers”
means: numbers the decimal representation of which comprises several hundreds of
digits.
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The intended receiver of secure messages picks two different and very large prime
numbers p and ¢, say, and calculates their product, which we call n. So, n=p=xq.
For any positive natural number a that is smaller than both p and ¢ we have that
neither p nor ¢ divides a. Therefore, by Fermat’s little theorem, we have:

a’'modp =1 A a? 'modq =1
From this it follows that we also have, because 17! and 197! are equal to 1:
a(pfl)*(qfl) modp =1 A a(pfl)*(qfl) modq =1

By means of the equation solving technique from Section [7.7.6] we can show that we
now also have, using that gcd(p,q) =1 as p and ¢ are different primes, and recalling
that n=p=xq:

(1)) a®@=D*(a=1) modn = 1

Message encryption is now performed as follows. The product of the two primes
p and ¢, that is, the number n, is the public key used for encryption. A (digital)
message to transmitted can be represented, one way or another, as a finite sequence
of bits, and every such sequence can be interpreted as a natural number, according
to the rules of the binary number system. It is, of course, not difficult to ensure that
this number m, say, is positive. So, the message to be transmitted is represented as
a positive natural m, of which we also assume that m<p and m<gq. (A message
that is too large to meet these latter requirements can, of course, be partitioned
into several smaller messages, to be encrypted and transmitted separately.) The
sender now computes m'2” modn , and this is the encrypted message actually sent to
the intended receiver. (The number 127 in this expression seems rather arbitrary;
actually, it is, and in practical applications larger exponents are used.)

The receiver now receives a number, of which he knows that it is a number of the
shape m'2” modn ; he also knows that m <p and m < ¢. To decypher this message he
must solve m from this. For this purpose, the receiver first solves another equation,
namely: (127*xz) mod (p—1)*(¢g—1) = 1. As this equation does not depend on m , it
has to be solved only once: the same solution x can be used to decrypt all messages
that have been encrypted by means of n. Solving this equation means that the
receiver, in fact, calculates integers = and y satisfying:

1272 = yx(p—1)*(¢—1) +1
To decrypt the message, that is, to calculate m from m!2"modn the receiver now
performs the following calculation, in which all operations are operations modulo n:
(m127) T

=n { algebra, and the relation between z and y }
my*(P—1)x(g—1)+1

=n { algebra }
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(mP=Dxa=1)y

=n { property (1)), using m<p and m<q }
1Y xm

=n { algebra }
m .

Hence, by raising the value received, m'?” modn, to the power x and calculating the
remainder modulo n, the receiver obtains m modn. Because m<p and m<q we

certainly have m<n as well, so mmodn =m. Hence, we have obtained our final
result:

(m'?"modn)® modn = m .

The security of this encryption/decryption scheme rests on the assumption that,
given a product, n, of two prime numbers p and ¢, it is unfeasible —in a reasonable
amount of time, that is— to compute p and ¢ from n alone. This assumption has

proved to be fair enough in practice, provided the primes p and ¢ are sufficiently
large.

Question: In order that this algorithm be executable, an additional restriction

must be imposed upon the primes p and ¢. What restriction?
O

7.10 Exercises

1. Let a,de€Z and d#0. Assuming that a is divisible by d, prove that the value
q satisfying a = ¢*d is unique.

2. (a) What are the divisors of 1?7 Prove the correctness of your answer.
(b) Prove (Va,d:acZ AdeN*?:d|a= —(d|(at1))).

(¢) Prove (Va,b,d:a,beZ ANd#0:d|aV d|b=d]|(axb)).

(d) Give a simple counter-example illustrating that Lemma does not hold

if p is not prime, for every pe N2,

3. Prove the following properties of div and mod , using Definition[7.5]; it is given
that de NT and that a,b, v €Z:

(a
(b

) 0<a<d & (amodd)=a

) 0<a<d < (adivd)=0

(¢) 0<a < 0<adivd

(d) (a+d)modd = amodd

e) (a+d)divd = (adivd)+1
)

f) (a+zxd)modd = amodd

(
(
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12.
13.
14.
15.
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(g) (a+zxd)divd = (adivd)+x

(h) (amodd)modd = amodd

(i) (amodd)divd = 0

(G) (a+b)modd = (amodd+ bmodd)modd

(k) (a+b)divd = (adivd) + (bdivd) + (amodd+bmodd) divd
)

essarily equal to amodd+bmodd, and that (a+b)divd is not necessarily
equal to adivd+bdivd.

) (axb)modd = ((amodd)* (bmodd))modd
) amodd=0 & d|a
) amodd=0 < adivd =a/d
(p) 1<a <« adivd<a, provided that 2<d
) amodd = bmodd < (a—b)modd =0
)

Given are c¢,deNT . Prove that for all acZ:
(axd)mod (¢xd) = (amodc)*d and:
(axd)div(cxd) = adive .
(a) Determine the ged of the numbers 112 and 280.
(b) Determine numbers z and y satisfying: zx112 + y*280 = gcd(112,280) .
Prove Lemma [7. 16l

(a) Construct an efficient implementation, in your favorite programming lan-
guage, of Euclid’s extended algorithm and prove its correctness.

(b) Extend your program in such a way that it computes the least common
multiple of the two numbers as well.

Determine all integer solutions z,y of: 21xx + 15xy = 33.
Prove Lemma

Determine, by hand, all prime numbers between 100 and 200 .
Prove that * (z+1) % (z+2) is divisible by 6, for all z€Z.
Prove that (2%2—-1)mod8 € {0,3,7}, for all x€Z.

Resolve 8! -3« 7! into prime factors.

Solve xze€Z from: 12xx =15 30.

Solve x€Z from: 12xx =15 13.
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17.
18.

19.
20.

21.

22.

23.

24.
25.

26.

27.
28.
29.
30.
31.

32.
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Solve €7 /347 from: 11xx = 13.
Determine the lem of the numbers 1500000021 and 3000000045 .

We consider the number whose decimal representation consists of 38 digits 1.
We call this number X .

a) Give a, formally correct, mathematical expression for X .

(a)

(b) What is the remainder of the division of = by 97
(¢c) What is the remainder of the division of x by 117
(d) What is the remainder of the division of by 997

Determine all values z€Z satisfying both: =2 (mod11) and: z=3 (mod23).

Solve xe€Z from the system: z =51, £ =172 and: = =23 3.
17\ . .
Resolve 5 into prime factors.

Prove Lemma

Determine the ged and lem of (157) and (148 >
Prove that (n+1)(n+2)* --- x(n+k) is divisible by k!, for all n,keN.

Prove that a natural number is divisible by 4 if and only if, in the representation
of that number in base 17, the sum of the digits is divisible by 4.

We know that 37 %43 = 1591 . Determine e€N in such a way that, for all meZ,

we have: m127%¢ =1591 M.

Represent the number 1000 in base m , for every me {2,3,4,5,6,7,8,9,10}.
Calculate (¥i:0<i<n:5'« (’Z) ).

What is the period of the recurring decimal fraction that represents 1/1001001 ?
Determine all prime numbers p with the property that 33xp+1 is a square.

A given number requires 10 (ternary) digits for its ternary representation. How
many digits are needed to represent this number in the decimal system?

Solve z€Z from: x =91 5 and: x =95 13.
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