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A random graph is a very simple object: a collection of vertices and edges, where at
least some of the edges are in the graph ”randomly” according to some basic probability
distribution. The Newman-Watts small world model, often referred to as ”small world” in
short, is one of the first random graphs, created to model real-life networks. It was first
introduced by Watts and Strogatz, a simplifying modification made by Newman and Watts
later. The Newman-Watts model starts with a ring of n vertices, each connected to the k ≥ 1
nearest vertices, then to create shortcuts, each possible edge between any two vertices that
is not yet in the graph is independently added with probability p. This makes the model
”tunable” in the sense that if p = 0 or small, then the graph is essentially just a ring, but if
p is larger the graph more resembles a random graph. If we look at a circle, it is clear that
the distance between two randomly chosen vertices is linear in n. However, if p is small but
positive (of order 1/n is enough), even comparatively few shortcuts make distances drop
significantly, to order log n, hence the name small world.
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Figure 1. A realisation of the Newman-Watts model for k = 1 and p =
1.1/60 with 60 vertices. On these two pictures, we illustrated the growing
neighbourhood of a uniformly picked vertex. Circle edges are red and global
edges are blue in the neighbourhood of the starting vertex. fig::NW-basic

In this Bachelor project the student(s) will write simulations of and investigate one or
both of the following processes:

1.) Competiton on the Newman Watts small world.
We want to model how competitive companies can gain customers in society, where customers
recommend the companies among their friends and acquaintances. We model this via two
or more colors spreading on the random graph. They paint the vertices, and already
colored vertices spread their color to their neighbors. Eventually, the whole graph is colored.
The question is, what proportion of vertices can each color paint? What are the relevant
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parameters in this competitive spreading? E.g. speed, starting location? If one of the colors
spreads faster than the other, how many vertices can the slower color paint?

The student will carry out simulations of the spreading process with different spreading
rules (e.g. deterministic spreading times, when it takes a deterministic fixed time to go
through an edge, or random exponential spreading times), and will analyse the outcome.

2.) Distances in a space with ‘wormholes’.
We generalise the continuous version of this random graph as follows: in two dimensions,
it is a continuous circle with circumference n instead of n many vertices, and then we add
Poi(nρ/2) many shortcuts (‘wormholes’) with random endpoint locations. Distances are
measured by the usual arc length along the circle, while shortcuts are given length 0. One
can imagine the shortcuts as wormholes when any imaginary person who wanders on the
surface on the circle can slide through the wormhole and end up at the other end of it in no
time. In three dimensions, we do the same wormhole model on the surface of a sphere.

The question is, how wormholes shorten distances in this model? What is the typical
distance between two uniformly chosen points on the surface? How many wormholes are
typically used to get from one to another?

Again, the student will carry out simulations of the models (in two and/or three and
higher dimensions) with different wormhole densities, and will analyse the outcome, of how
distances behave in the generated random space.

Prerequisites: 2WS20 Kansrekening course is necessary, 2WB20 - Stochastische processen
is recommended, but not necessary. Knowledge on how to write simulations in at least one
software/programming language is essential. The student can use her/his own preferred
software, such as Mathematica, Matlab, R, or programming language such as python, c++,
etc. The focus of the project is however not learning how to use these softwares, but how to
implement a certain simulation problem in an efficient way, and make new discoveries about
the model under investigation.


