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Abstract

The problem of nonparametric drift estimation for ergodic diffu-
sions is studied from a Bayesian perspective. In particular, Gaussian
process priors are exhibited that yield optimal contraction rates if the
drift function belongs to a smoothness class.

1 Introduction

In this paper we study nonparametric Bayes procedures for the problem of
making inference about the drift function θ of an ergodic diffusion process
X satisfying the stochastic differential equation

dXt = θ(Xt) dt+ σ(Xt) dWt, X0 = x, (1.1)

where W is a standard Brownian motion. We assume we observe a con-
tinuous record XTn = (Xt : t ∈ [0, Tn]) for some time horizon Tn > 0 and
∗Research partially funded by the Netherlands Organization for Scientific Research

(NWO).
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consider an asymptotic framework in which Tn → ∞ as n → ∞. Since
the diffusion function σ can essentially be recovered without error from the
quadratic variation in this setting, we assume that it is known.

For parametric ergodic diffusion models the asymptotic behaviour of
Bayes procedures is essentially known. Under regularity conditions such a
model is locally asymptotically normal and Bayesian estimators converge
at the usual parametric rate Tn

−1/2 and are asymptotically efficient, cf.
Kutoyants (2004). Various nonparametric methods for continuous observa-
tions from the model (1.1) have been considered in the literature as well.
In particular kernel-type estimators have been widely studied for θ belong-
ing to a smoothness class. See, among others, Banon (1978), Tuan (1981),
Van Zanten (2001), Galtchouk and Pergamenshchikov (2001), Kutoyants
(2004). Optimal adaptive methods were developed by Spokoiny (2000) and
Dalalyan (2005).

Nonparametric Bayesian methods for diffusions have recently been con-
sidered in the paper Van der Meulen et al. (2006). For continuously observed
ergodic diffusions the latter paper provides a general result for obtaining con-
traction rates for nonparametric priors, in the spirit of the results of Ghosal
et al. (2000) for i.i.d. data and Ghosal and Van der Vaart (2007) for several
non-i.i.d. settings. The only known concrete asymptotic result for a specific
prior deals with ergodic diffusion models of the type (1.1) with a decreas-
ing drift function θ. It is proved in Van der Meulen et al. (2006) that the
posterior based on a Dirichlet-type prior contracts in that case at the rate
T
−1/3
n (up to a logarithmic factor), which is optimal for that setting.

The focus in the present paper is on drift functions satisfying a smooth-
ness condition rather than a shape restriction. It is by now well known
that in Bayesian nonparametrics, prior distributions have to be carefully
chosen. Naive choices may lead to inconsistent procedures (cf. e.g. Diaconis
and Freedman (1986)) or suboptimal convergence rates (Castillo (2008)).
Our main aim is to propose priors that perform well when the drift function
belongs to a smoothness class. If the true drift function is α-smooth in an
appropriate sense, the optimal minimax rate of a nonparametric estimator is
T
−α/(1+2α)
n , cf. Kutoyants (2004). We will exhibit certain Gaussian process

priors for the drift which yield contraction of the posterior at this optimal
rate, up to a logarithmic factor.

The priors are constructed from so-called Riemann-Liouville processes,
which are essentially (fractionally) integrated Brownian motions. The use of
integrated Brownian motion priors goes back at least to Wahba (1978), who
employed them in a nonparametric regression setting. In the paper Van der
Vaart and Van Zanten (2008a) they were shown to have good asymptotic
properties in several statistical settings, including nonparametric regression
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and density estimation. A complicating factor in the ergodic diffusion set-
ting is the fact that the unknown function of interest is defined on the whole
real line. We deal with this situation by employing a sequence of priors
constructed from Riemann-Liouville processes indexed by increasing com-
pact intervals. The rate at which these intervals grow influences the rate of
contraction of the posterior.

The Gaussian process priors we propose are not adaptive, in the sense
that the optimal prior for α-regular drift functions depends on the regu-
larity α. We expect that adaptation can be achieved by treating α as a
hyperparameter, endowing it with an additional prior distribution. Recent
studies have shown that such hierarchical Bayes procedures can indeed be
rate adaptive when the prior on the hyperparameter is carefully chosen (see
for instance Belitser and Ghosal (2003), Huang (2004), Ghosal et al. (2008),
Van der Vaart and Van Zanten (2009)). The results of this paper can serve
as a first step in the construction of such adaptive Bayesian methods for
ergodic diffusions.

The remainder of the paper is organized as follows. In the next section we
present the precise assumptions on the diffusion model, the construction of
the Riemann-Liouville prior, and the main result on the rate of contraction
of the corresponding posterior distribution. The proof of the theorem relies
on general rate of contraction results for ergodic diffusions given in Section
3. The proof itself is presented in the final Section 4.

2 Main results

2.1 Model assumptions

We assume we have observations XTn = (Xt : t ∈ [0, Tn]) from the diffusion
model

dXt = θ0(Xt) dt+ σ(Xt)dWt, X0 = x. (2.1)

Here W is a Brownian motion, x ∈ R is a fixed initial point (this is not
essential) and Tn is a time horizon that increases to infinity as n → ∞.
The drift and diffusion functions θ0 and σ are assumed to verify the usual
Lipshitz and linear growth conditions that ensure the existence of a unique
(strong) solution of the SDE (2.1), see for instance Karatzas and Shreve
(1991). The aim is to estimate the unknown drift function θ0. The positive
function σ is considered to be known, as it can be reconstructed from the
observations without error, at least on the range of the observations. The
diffusion function σ only enters the likelihood through the quantity σ2(Xt),
cf. (2.2) in the following subsection. In our setting the quadratic variation
process (〈X〉t : t ∈ [0, Tn]) of the diffusion is fully observed and it almost
surely holds that σ2(Xt) = d〈X〉t /dt.
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In addition to the Lipschitz and linear growth conditions we assume that
σ is a positive function bounded away from zero and infinity, and that the
true drift function satisfies

lim sup
|x|→∞

θ0(x)sign(x) < 0.

These assumptions are standard in this setting and ensure that the SDE
(2.1) generates a recurrent, ergodic diffusion on the whole real line with
invariant probability measure µ0 satisfying

µ0(dx) = C0
e
2

R x
0
θ0(y)

σ2(y)
dy

σ2(x)
dx,

with C0 a normalizing constant. Moreover, the assumptions imply that the
measure µ0 has subexponential tails, i.e. there exist constants C1, C2 > 0
such that

µ0(x : |x| > a) ≤ C1e
−C2a

for a > 0 large enough.

2.2 Construction of the prior

The Bayesian approach to making inference about θ0 is to endow it with a
prior distribution Πn and base the inference on the posterior distribution,
which is given by

Πn(B |XTn) =

∫
B L(θ,XTn) Πn(dθ)∫
L(θ,XTn) Πn(dθ)

.

Here L(θ,XTn) is the likelihood,

L(θ,XTn) = exp
(∫ Tn

0

θ(Xt)
σ2(Xt)

dXt −
1
2

∫ Tn

0

θ2(Xt)
σ2(Xt)

dt
)
, (2.2)

cf. e.g. Liptser and Shiryayev (1977). The priors Πn we will propose below
give full mass to the function space L2(µ0) = L2(R,B(R), µ0). For θ ∈
L2(µ0) we have ∫ Tn

0
θ2(Xt) dt ≤ ‖θ‖22,µ0

sup
y∈R

lTn(y),

where ‖f‖22,µ0
=
∫
f2 dµ0 and (lT (y) : T ≥ 0, y ∈ R) is the local time of

the diffusion relative to the normalized speed measure µ0 (cf. e.g. Itô and
McKean (1965)). In particular the integral on the left is almost surely finite.
Together with the assumption that σ is bounded away from 0 this ensures
that L(θ,XTn) is well defined for all θ in the support of Πn.
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Recall that the Riemann-Liouville process (RL-process) with parameter
α > 0 is defined by

Rαx =
∫ x

0
(x− y)α−1/2 dBy, x ≥ 0,

where B is a standard Brownian motion. Integration by parts shows that
Rα can be viewed as an α-fold (fractional) integral of the Brownian motion
B. It is clear that the RL-process is a centered, Gaussian process. The
scaling property of Brownian motion implies that it is α-self-similar in the
sense that for all c > 0, the process c−αRcx is a RL-process with parameter
α as well. For M > 0 we define the modified RL-process with parameter α,
indexed by [0,M ], by

Sα,Mx = Mα
α+1∑
k=0

Zk

( x
M

)k
+Rαx , x ∈ [0,M ],

where α is the biggest integer strictly smaller than α and Z1, Z2, . . . are
independent standard Gaussian variables, independent of Rα.

As prior on θ0 we employ the law Πn of the process

Sα,2Mn

x+Mn
1[−Mn,Mn](x), x ∈ R, (2.3)

where Mn is an increasing sequence that will be specified below. Note that
the sample paths of the process (2.3) vanish outside the interval [−Mn,Mn].
Since we are attempting to estimate the drift function θ0 which is supported
on the whole real line we will have to choose the constants Mn such that
Mn →∞ to ensure posterior consistency.

2.3 Contraction rates

In the statistical setting under consideration the natural global statistical
metric is the random Hellinger distance hn defined by

h2
n(θ, ψ) =

1
Tn

∫ Tn

0

(θ(Xt)− ψ(Xt)
σ(Xt)

)2
dt, (2.4)

cf. also Van der Meulen et al. (2006). Note that by ergodicity, we have that

hn(θ, ψ)→
∥∥∥θ − ψ

σ

∥∥∥
2,µ0

Pθ0-almost surely, where ‖ · ‖2,µ0 is the L2-norm associated to the invariant
measure µ0, i.e. ‖f‖22,µ0

=
∫
f2 dµ0. Moreover, since σ is bounded away

from zero and infinity, the norm ‖ ·/σ‖2,µ0 is equivalent to the L2(µ0)-norm.

5



We say that the posterior associated to the prior Πn contracts around θ0 at
the rate εn if

Πn

(
θ : hn(θ, θ0) > Lεn |XTn

) Pθ0−→ 0

for L large enough, as n→∞. The convergence is convergence in probability
under the true model. In other words, posterior contraction at the rate εn
means that asymptotically, the posterior mass is concentrated on hn-balls
around the true drift function θ0 with radius of the order εn. We remark
that it follows from the results of Van Zanten (2003) that if the posterior
contracts at the rate εn in this sense, then for all compact subsets J ⊂ R,

Πn

(
θ :
∥∥∥(θ − θ0)1J

∥∥∥
2,µ0

> Lεn |XTn
) Pθ0−→ 0

for L large enough, as n→∞.
If a prior Πn yields a posterior contraction rate εn in this sense, there

exist for every compact J ⊂ R nonparametric estimators of the restriction
of θ0 to J with attain the rate of convergence εn relative to the L2(µ0)-
norm, cf. Ghosal et al. (2000). This implies that the contraction rate of
the posterior as defined above is limited by the optimal convergence rate of
estimators relative to this norm. The main result of this paper asserts that
if the true drift function is α-smooth, a properly chosen modified RL-process
prior yields the optimal rate T−α/(1+2α)

n , up to a logarithmic factor.
For α > 0, we denote by Cα(R) be the space of α-Hölder continuous

functions. For α ∈ (0, 1] this is the space of function f for which there
exists a constant C such that |f(x) − f(y)| ≤ C|x − y|α for x, y ∈ R. For
general α > 0 a function f belongs to Cα(R) if it has α continuous, bounded
derivatives and highest derivative f (α) belongs to Cα−α(R).

Theorem 2.1. Let the model assumptions of Section 2.1 be satisfied. Let
the prior Πn be the law of the shifted modified Riemann-Liouville process
defined by (2.3) in Section 2.2, with α > 0 and Mn = logp Tn for some
p > 1. Then if θ0 ∈ Cα(R), the posterior contracts around θ0 at the rate

εn =
( Tn

logp Tn

)−α/(1+2α)
.

The presence of the logarithmic factor is due to the fact that we are
using priors that give full prior mass to classes of functions supported on
the increasing interval [−Mn,Mn]. We need this to ensure that we are
eventually close to the true drift function θ0 on any interval J ⊂ R. We
conjecture that if a fixed prior Π is used, with Mn replaced by a fixed
M , we have contraction at the optimal rate without the extra logarithmic
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factor, but only on the interval J = [−M,M ], not globally. Moreover, it
is likely that the global Hölder condition we impose can then be replaced
by a smoothness condition on the interval [−M,M ] only. The use of such
a fixed prior can be seen as misspecifying the model. Techniques analogous
to those of Kleijn and Van der Vaart (2006) for i.i.d. data may be necessary
to prove (or disprove) this conjecture.

The proof of Theorem 2.1 is deferred to Section 4. In the next section
we first prepare some general results on posterior contraction rates for the
model we are investigating.

3 Some general posterior contraction results for

ergodic diffusion models

3.1 Rates of posterior contraction in ergodic diffusion mod-
els

A set of sufficient conditions for having a certain given rate of posterior
contraction in the ergodic diffusion model is given by Theorem 3.3 and
Lemma 2.2 of Van der Meulen et al. (2006). The conditions as stated in
the cited paper are however not flexible enough to be directly useful for the
proof of Theorem 2.1. In this section we adapt the results to make them
suitable for our purposes.

The result below gives conditions that are quite common in rate of con-
traction results in Bayesian nonparametrics. Roughly speaking, it requires
that sufficient prior mass is put near the true parameter and that there ex-
ists certain subsets of the parameter space, so-called sieves, of which we can
control the metric entropy and that contain most of the prior mass. The key
difference with the results of Van der Meulen et al. (2006) is that the the-
orem presented here puts less restrictive conditions on the amount of prior
mass that is allowed to lie outside a certain sieve. We need this refinement
to be able to deal with the Gaussian process priors we are interested in.

For a metric space (A, d) and ε > 0 we denote by N(ε,A, d) the ε-
covering number of (A, d), i.e. the minimal number of balls of d-radius ε
that are needed to cover A. Recall that hn is the random Hellinger metric
defined by (2.4).

Theorem 3.1. Let Πn be a sequence of prior distributions on L2(µ0), εn
a sequence of positive numbers such that εn ↓ 0 and Tnε

2
n → ∞. Suppose

that there exists a C0 > 0 such that for every C > C0, there exist subsets
ΘC,n ⊂ L2(µ0) and a constant K > 0 such that

logN(εn,ΘC,n, ‖ · ‖2,µ0) ≤ KTnε2n, (3.1)
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Πn(θ : ‖θ − θ0‖2,µ0 < εn) ≥ e−Tnε2n , (3.2)

Πn(Θc
C,n) ≤ e−CTnε2n . (3.3)

Then for all L > 0 sufficiently large,

Πn

(
θ : hn(θ, θ0) > Lεn |XTn

) Pθ0−→ 0

as n→∞.

Proof. Let Un = {θ : hn(θ, θ0) > Lεn} be the set of interest. Fix γ > 0 and
a nonempty, compact interval J ⊂ R. According to the proof of Theorem 3.3
of Van der Meulen et al. (2006) there exist constants c1, c2 > 0 (depending
on γ and J) and events An such that Pθ0(Acn) ≤ γ for n large enough and
on An,

c1‖(θ − ψ)1J‖22,µ0
≤ h2

n(θ, ψ) ≤ c2‖θ − ψ‖22,µ0

for all θ, ψ ∈ Θ (this follows from local time considerations, cf. Van Zanten
(2003)). For all C > C0,

Πn(Un |XTn) ≤ Πn(Un ∩ΘC,n |XTn)1An + Πn(Θc
C,n |XTn)1An + 1Acn .

To prove the statement of the theorem it thus suffices to show that C > C0

can be chosen such that

Eθ0Πn(Un ∩ΘC,n |XTn)1An → 0,

Eθ0Πn(Θc
C,n |XTn)1An → 0.

The proof of Theorem 2.1 of Van der Meulen et al. (2006) shows that for
any C > C0, the first of these convergence statements holds. It remains to
prove that the second one holds from some choice of C > C0. Set c = c1∨c2.
By the proof of Lemma 2.2 of Van der Meulen et al. (2006),

Eθ0Πn(Θc
C,n |XTn)1An ≤

Πn(Θc
C,n)e(1+ 1

2
c2)Tnε2n

Πn(θ : ‖θ − θ0‖2,µ0 < εn)
+ e−

1
2c2

Tnε2n .

By (3.2) and (3.3) this is further bounded by

e(2+ 1
2
c2−C)Tnε2n + e−

1
2c2

Tnε2n .

Choosing C large enough ensures that this expression convergence to 0 as
n→∞.
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3.2 Rates of contraction for Gaussian priors in ergodic dif-
fusion models

In this section we present a general theorem giving conditions under which a
sequence of Gaussian process priors yields a certain rate of posterior contrac-
tion for the ergodic diffusion model described in Section 2.1. The theorem
complements the results of Van der Vaart and Van Zanten (2008a), who
consider rates of contraction for Gaussian process priors in several other
statistical settings.

Let positive numbers Mn be given and let Sn = (Snx )x∈In be a sequence
of centered, continuous Gaussian processes indexed by In = [−Mn,Mn].
Assume that almost surely∫

In

(Snx )2 µ0(dx) <∞

for all n, so that we may view Sn as a centered Gaussian random element
in the Hilbert space L2(µ0). We implicitly view Sn as indexed by the whole
real line by setting it equal to 0 outside In. The reproducing kernel Hilbert
space (RKHS) of the process Sn is denoted by Hn, i.e. Hn is the closure of
the linear span of the collection of functions {x 7→ ESnxSny : y ∈ In} relative
to the inner product〈

x 7→ ESnxSny1 , x 7→ ESnxSny2
〉

Hn = ESny1S
n
y2 .

As prior distribution on the drift function we employ the law that the
process Πn of the process Wn generates on L2(µ0). We say that the posterior
contracts around θ0 at the rate εn if

Πn

(
θ : hn(θ, θ0) > Lεn |XTn

) Pθ0−→ 0

for L large enough, as n → ∞. The following theorem gives sufficient
conditions for posterior contraction at the rate εn.

Theorem 3.2. Suppose the positive numbers εn ↓ 0 satisfy Tnε2n →∞,

inf
h∈Hn:‖(h−θ0)1In‖2,µ0<εn

‖h‖2Hn ≤ Tnε2n, (3.4)

− log P
(∥∥∥Sn1In

∥∥∥
2,µ0

< εn

)
≤ Tnε2n (3.5)

and ∫
Icn

θ2
0 dµ0 ≤ ε2n. (3.6)

Then the posterior contracts around θ0 at the rate εn.
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Proof. Consider the concentration function ϕnθ0 associated to the process
Sn (viewed as a random element in L2(µ0)) and θ0, which is defined by

ϕnθ0(ε) = inf
h∈Hn:‖h−θ0‖2,µ0<ε

‖h‖2Hn − log P(‖Sn‖2,µ0 < ε)

(cf. Van der Vaart and Van Zanten (2008a)). Let n be fixed for the moment.
By (3.4) there exists an h ∈ Hn such that ‖(h − θ0)1In‖2,µ0 < εn and
‖h‖2Hn ≤ 2Tnε2n. By (3.6), we have

‖h− θ0‖22,µ0
= ‖(h− θ0)1In‖22,µ0

+ ‖θ01Icn‖
2
2,µ0

< 2ε2n.

Combined with (3.5) this shows that

ϕnθ0(
√

2εn) ≤ 3Tnε2n.

By Theorem 2.1 of Van der Vaart and Van Zanten (2008a) (applied with 2εn
in the place of εn) this implies that for every large enough positive constant
C there exist measurable subsets ΘC,n of L2(µ0) such that

logN(6εn,ΘC,n, ‖ · ‖2,µ0) ≤ 12CTnε2n, (3.7)

Πn(θ : ‖θ − θ0‖2,µ0 < 4εn) ≥ e−4Tnε2n , (3.8)

Πn(Θc
C,n) ≤ e−4CTnε2n . (3.9)

The result now follows from Theorem 3.1.

4 Proof of the main result

4.1 Auxiliary result for the Riemann-Liouville prior

Consider the modified RL-process (Sα,Mx )x∈[0,M ] defined in Section 2.2 and
let Hα,M be the RKHS associated to the process. For the proof of Theorem
2.1 we need upper bounds for the quantities

− log P
(
‖Sα,M‖∞,M < ε

)
and, for w ∈ Cα[0,M ],

inf
h∈Hα,M :‖h−w‖∞,M<ε

‖h‖2Hα,M ,

where ‖f‖∞,M = supx∈[0,M ] |f(x)|. For M = 1, Theorem 4.3 of Van der
Vaart and Van Zanten (2008a) implies that both quantities are bounded by
a constant times ε−1/α. The following lemma shows how de upper bounds
depend on M .
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Lemma 4.1. For w ∈ Cα[0,M ]

inf
h∈Hα,M :‖h−w‖∞,M<ε

‖h‖2Hα,M − log P
(
‖Sα,M‖∞,M < ε

)
≤ KMε−1/α,

where K is a constant that only depends on the Cα-norm of w.

Proof. By Lemma 5.3 of Van der Vaart and Van Zanten (2008b), the quan-
tity on the left-hand side in the statement of the lemma is bounded by

− log P(‖Sα,M − w‖∞,M < ε).

Clearly, this equals

− log P
(

sup
x∈[0,1]

|M−αSα,MMx −M
−αw(Mx)| < M−αε

)
.

By the self-similarity of the RL-process, the rescaled process
(M−αSα,MMx )x∈[0,1] has the same distribution as (Sα,1x )x∈[0,1]. More-
over, the function x 7→ M−αw(Mx) belongs to Cα[0, 1] and its Cα-norm is
equal to that of w. Hence, by Lemma 5.3 of Van der Vaart and Van Zanten
(2008b) again, it suffices to prove the result for M = 1. As mentioned
above, this is given by Theorem 4.3 of Van der Vaart and Van Zanten
(2008a).

4.2 Proof of Theorem 2.1

We apply Theorem 3.2 to the sequence of priors Πn constructed in Section
2.2. By Lemma 4.1, conditions (3.4) and (3.5) of Theorem 3.2 are fulfilled if

Mnε
−1/α
n . Tnε

2
n. (4.1)

By assumption, the drift function θ0 grows at most linearly. Moreover, the
invariant measure µ0 has subexponential tails, cf. Section 2.1. It follows that∫

x:|x|>Mn

θ2
0(x)µ0(dx) .

∫ ∞
Mn

x2e−Cx dx

for some constant C > 0. The right-hand side is bounded by a constant
times exp(−C ′Mn) for another constant C ′ > 0. Hence, condition (3.6) of
Theorem 3.2 is fulfilled if

e−cMn . ε2n (4.2)

for all c > 0. The proof is completed by observing that the sequences Mn

and εn defined in the statement of the theorem satisfy (4.1) and (4.2). �
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