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Abstract

In this paper we consider the use of Brownian motion as a prior in
a nonparametric, univariate regression setting. Using change of measure
theory for continuous semimartingales we derive an explicit stochastic dif-
ferential equation characterization for the posterior. In combination with
stochastic calculus tools this dynamical characterization of the posterior
allows us to derive new asymptotic properties of the posterior.

1 Introduction

Consider a fixed design regression problem where we have data X1, . . . , Xn sat-
isfying

Xi = θ(ti) + εi,

with t1, . . . , tn ∈ [0, 1] known design points, θ : [0, 1]→ R an unknown regression
function belonging to some function space Θ and noise variables ε1, . . . , εn that
are independent and N(0, σ2) for σ2 > 0. The Bayesian approach to making
inference about θ begins with choosing a prior distribution Π on the space Θ.
The prior and the data then give rise to the posterior distribution, which is in
this case the random law on Θ defined by

Π(B |X1, . . . , Xn) =

∫
B

exp
(

1
σ2

∑n
i=1Xiθ(ti)− 1

2σ2

∑n
i=1 θ

2(ti)
)

Π(dθ)∫
exp

(
1
σ2

∑n
i=1Xiθ(ti)− 1

2σ2

∑n
i=1 θ

2(ti)
)

Π(dθ)
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for a measurable B ⊆ Θ. (We assume of course the necessary measurability
to make this well defined.) Further inference is based on the posterior. The
posterior mean θ̂, defined by

θ̂(t) =
∫
θ(t) dΠ(dθ |X1, . . . , Xn),

can for instance serve as an estimator for the regression function.
Gaussian process priors are a popular choice in this setting. An impor-

tant advantage is that they are conjugate, in the sense that the posterior is
Gaussian as well. This make it relatively easy to implement the procedure.
In addition, the class of Gaussian processes is very flexible in the sense that
the sample paths of a Gaussian processes can have any regularity that is de-
sired. See for instance the book Rasmussen and Williams (2006) or the website
www.gaussianprocess.org for references to what is called Gaussian process
regression in the machine learning community.

If the true regression function is thought to be highly irregular, Brownian
motion can be a sensible choice for a prior model for θ. Recent asymptotic theory
shows that if the true regression function θ0 is Hölder continuous of order 1/2,
then taking Brownian motion (with standard normal initial distribution) as a
prior yields a posterior that contracts around θ0 at the rate n1/4, in the sense
that for M > 0 large enough,

Π(θ ∈ C[0, 1] : ‖θ − θ0‖n > Mn−1/4 |X1, . . . , Xn)
Pθ0→ 0 (1.1)

as n → ∞ (see Van der Vaart and Van Zanten (2008)). Here ‖f‖2n =
∑
f2(ti)

and the convergence is in probability under the true model with regression
function θ0. The rate n−1/4 is in fact the optimal rate if θ0 ∈ C1/2[0, 1] and
nothing else about θ0 is known. Besides this consistency property, the Brownian
motion prior is attractive because the Markov property of the Brownian motion
makes the computation of the posterior even easier to implement. Computing
the posterior mean for instance boils down to a filtering/smoothing problem that
can be dealt with using Kalman smoothing techniques (see also the recursions
given in Section 3).

In this paper we derive a number of new asymptotic properties of the pos-
terior corresponding to a Brownian motion prior (in fact we consider a slightly
larger class of priors, including for instance also the Ornstein-Uhlenbeck pro-
cess). In particular, we study the asymptotic concentration of the posterior
around the posterior mean. As a first step we consider the posterior covariance
function

rn(s, t) =
∫

(θ(s)− θ̂(s))(θ(t)− θ̂(t)) dΠ(dθ |X1, . . . , Xn).

We prove, among other things, that for s, t ∈ (0, 1), it holds that
√
nrn(s, t)→ 0

if s 6= t. In particular, evaluations of the regression function at different points
are asymptotically independent under the posterior. Qualitatively, this means
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that even if n gets very large, the posterior does not “smooth out”, and will
continue to look rather “rough”.

A consequence of the fact that
√
nrn(s, t)→ 0 if s 6= t is that n1/4‖θ−θ̂‖∞ →

∞ under the posterior. Hence, the width of uniform asymptotic credible bands
(i.e. bands that contain a certain fraction of the posterior mass, asymptotically)
must be of larger order than n−1/4, if they exist. We prove in this paper that
for Lp-norms with p < ∞, we do have credible regions with a radius of the
order n−1/4. For p = 2 we get the most precise result. For 0 < a < b < 1, the
posterior asymptotically gives mass 1− α to the set

{
θ :
∣∣∣‖θ − θ̂‖L2[a,b] − n−1/4

√
(b− a)σ

2

∣∣∣ ≤ n−1/2ξα/2
σ

2

}
,

where ξα is the upper α-quantile of the standard normal distribution. Note that
this global credible region can be viewed as an annulus in L2[a, b] around the
posterior mean θ̂ with a diameter of the order n−1/4 and a width of the order
n−1/2. This result is related to a result of Cox (1993), who describes a similar
phenomon in a more abstract setting where (multiply) integrated Brownian
motion is used as prior. His approach is rather different than ours and leads
to credible regions involving constants defined in terms of certain eigenvalues
related to the prior. The priors we consider are not included in the setup of Cox
(1993).

Technically our results rely on a dynamical, stochastic process characteriza-
tion of the posterior. In the next section we use Girsanov’s theorem to prove
that the posterior is the law of a process solving a linear stochastic differential
equation (SDE), and we give recurrent expressions for the coefficients of the
SDE. To prove the asymptotic statistical results we study the asymptotic be-
haviour of the solutions of the recurrence relations and we employ martingale
limit theorems.

The remainder of the paper is organized as follows. In the next section we
give a precise definition of the class of SDE priors that we consider. We give a
number of concrete examples and discuss the Markov property that we will need
at a later stage. In section 3 we recall the nonparametric regression setting and
we derive the SDE characterization of the posterior distribution corresponding
to the SDE prior. In the final Section 4 we use the SDE representation to
study the asymptotic behaviour of the posterior, yielding explicit asymptotic
pointwise and Lp-credible regions.

2 Prior stochastic differential equations

2.1 Definition of the priors

The linear SDE characterization of the posterior can in fact be derived for a
wider class of priors than the one we consider in the next section containing
the asymptotic results. Since it does not require extra effort, we consider the
broader class in the present section.
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For the rigorous specification of the priors that we will employ, consider
an auxiliary filtered probability space (Ω,F , (Ft)t∈[0,1],P). On this stochastic
basis, let W = (W (t))t∈[0,1] be a standard Brownian motion and let ξ be a
(possibly degenerate) Gaussian random variable with mean µ and variance ρ2,
which is F0-measurable, and hence independent of W . For measurable, locally
bounded functions a, b and τ on [0, 1), with τ is strictly positive, consider the
SDE

dY (t) = (a(t)Y (t) + b(t)) dt+ τ(t) dW (t), Y (0) = ξ. (2.1)

Setting A(t) =
∫ t

0
a(s) ds for t ∈ [0, 1) and using the integration by parts formula

to compute the differential d(e−A(t)Y (t)) we see that (2.1) has a unique strong
solution on [0, 1), given by

Y (t) = eA(t)ξ +
∫ t

0

eA(t)−A(s)b(s) ds+
∫ t

0

eA(t)−A(s)τ(s) dW (s) (2.2)

(see for instance also Karatzas and Shreve (1991), Section 5.6). Since the coeffi-
cients of the SDE (2.1) are deterministic functions and ξ and W are independent,
the process Y is Gaussian. Moreover, it is easily verified that Y (t) has an almost
surely finite limit for t ↑ 1, if and only if the limits

lim
t↑1

eA(t), lim
t↑1

∫ t

0

eA(t)−A(s)b(s) ds, lim
t↑1

∫ t

0

e2(A(t)−A(s))τ2(s) ds (2.3)

exist and are finite. (This can for instance be seen by writing the stochastic
integral in (2.2) as a time-changed Brownian motion.) We will assume that these
limits exist, so that we can define Y (1) as the almost sure limit limt↑1 Y (t). The
resulting process Y = (Y (s))s∈[0,1] indexed by the whole unit interval [0, 1] then
has a continuous modification and hence we can view its law as a distribution
on the space C[0, 1] of continuous functions on [0, 1], endowed with its Borel σ-
field. This law is denoted by Π(µ, ρ, a, b, τ) and will serve as prior distribution
in the nonparametric regression model that we consider in this paper.

2.2 Examples of prior SDE’s

The limits in (2.3) clearly exist and are finite if a, b and τ are well defined and
bounded on the whole unit interval. Several interesting priors are in fact already
obtained if they are taken constant.

Example 2.1 (Brownian motion with drift). If a = 0 and b and τ are constant,
the process Y is simply a Brownian motion with linear drift. Indeed, we have

Y (t) = ξ + bt+ τW (t)

in that case. This process is considered as a prior for nonparametric regression
for instance in the recent paper Van der Vaart and Van Zanten (2008), as part
of the much larger family of so-called Riemann-Liouville processes. In Bayesian
regression the use of integrated Brownian motion priors is well established, and
is in fact connected to using smoothing splines, see e.g. Wahba (1978).
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Example 2.2 (Ornstein-Uhlenbeck process). For a, b and τ constant and a < 0
the in SDE (2.1) reduces to the SDE of the stationary Ornstein-Uhlenbeck
process. The SDE can in this case be written as

dY (t) = a
(
Y (t)−

(
− b

a

))
dt+ τ dW (t).

This shows that −b/a is the so-called mean-reversion level and −a is the mean-
reversion force. Indeed, it is clear from the SDE that at every time t there is
a drift towards the level −b/a which is proportional to −a times the distance
between Yt and −b/a. If the distribution of the initial variable ξ is Gaussian
with mean m = −b/a and variance s2 = −τ2/(2a), the process Y is stationary
(cf. Karatzas and Shreve (1991), Theorem, 5.6.7).

The stationary Ornstein-Uhlenbeck process is often mentioned as prior for
regression in the machine learning literature, as particular example in the larger
class of so-called Matérn processes. See for instance Rasmussen and Williams
(2006) and the references therein.

More generally than in the Ornstein-Uhlenbeck example, it might be attrac-
tive to construct priors by employing SDE’s of the form

dY (t) = −f(t)(Y (t)− l(t)) dt+ τ(t) dW (t), (2.4)

with f a function that takes nonnegative values. In that case the function
l describes the “mean level” of the process, which might represent an overall
prior idea about the regression function. The function f , which quantifies how
strong the process Y is pulled toward the function l, can be used in conjunction
with the diffusion function τ to specify the degree of uncertainty about the level
l, which might vary from one location to another in the unit interval. This is
reflected in the spread of the prior, which will then be dependent on the location
as well.

In our setup, the pulling force f(t) in (2.4) is allowed to become infinitely
large for t = 1. This can be used to force the process Y to move to a fixed
point at time 1. As a consequence, bridge-type processes are included in our
framework.

Example 2.3 (Brownian bridge). For real numbers l and r, consider the (2.1)
with ξ = l, a(t) = −1/(1− t), b(t) = r/(1− t) and τ(t) = 1, i.e.

dY (t) = − 1
1− t

(Y (t)− r) dt+ dW (t), , Y0 = l.

In this example the functions a and b explode at t = 1. However we have
exp(A(t)) = 1 − t, so that the limits in (2.3) exist and are finite (they are 0,
r and 0, respectively). The resulting process Y is the Brownian bridge which
starts at l at time 0 and ends up in r at time 1 (see Karatzas and Shreve (1991),
Section 5.6.B).

The Brownian bridge may serve as a prior on periodic functions for instance.
A discrete-time version of the process is used as prior in the paper Drignei (2006).
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2.3 Markov property of the priors

For later reference we recall the fact that the process Y solving (2.1) is a Markov
process with Gaussian transition densities. Indeed, it follows from (2.2) that for
0 ≤ s ≤ t ≤ 1,

Y (t) = eA(t)−A(s)Y (s) +
∫ t

s

eA(t)−A(u)b(u) du

+
∫ t

s

eA(t)−A(u)τ(u) dW (u),
(2.5)

with the proper interpretation for t = 1. Since the last term on the right is
independent of (Y (u))u≤s, and has a Gaussian distribution with mean zero and
variance ∫ t

s

e2(A(t)−A(u))τ2(u) du,

it follows that the conditional distribution of Y (t) given (Y (u))u≤s is Gaussian
again, with mean

eA(t)−A(s)Y (s) +
∫ t

s

eA(t)−A(u)b(u) du

and variance ∫ t

s

e2(A(t)−A(u))τ2(u) du.

In other words, the process Y is Markov and its transition kernel Ps,t, defined
by Ps,tf(x) = E(f(Y (t)) |Y (s) = x) for a bounded measurable function f and
x ∈ R, is given by Ps,tf(x) = Ef(p(s, t)x + q(s, t) +

√
v(s, t)N), where N is

standard normal and

p(s, t) = eA(t)−A(s), q(s, t) =
∫ t

s

eA(t)−A(u)b(u) du,

v(s, t) =
∫ t

s

e2(A(t)−A(u))τ2(u) du.
(2.6)

If a, b and τ are constant, the process Y is a time-homogenous Markov process.
The quantities in the preceding display then only depend on s and t through
the difference t − s. Specifically, if a = 0 we have p(s, t) = 1, q(s, t) = b(t − s)
and v(s, t) = τ2(t− s), and if a 6= 0 it holds that

p(s, t) = ea(t−s), q(s, t) =
b

a

(
ea(t−s) − 1

)
, v(s, t) =

τ2

2a

(
e2a(t−s) − 1

)
.

3 Posterior stochastic differential equations

3.1 Statistical setting

We are now going to apply the priors introduced in the preceding section in our
nonparametric regression problem. Recall that we have observations X1, . . . , Xn
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satisfying
Xi = θ(ti) + εi, (3.1)

with t1, . . . , tn ∈ [0, 1] known design points, θ : [0, 1]→ R an unknown function,
and noise variables ε1, . . . , εn that are independent and N(0, σ2) for some σ2 >
0. We will assume that the labels of the design points correspond to their
order, so that 0 ≤ t1 < · · · < tn ≤ 1. As prior on the function θ we use
the law Π = Π(µ, ρ, a, b, τ) of the solution Y of the SDE (2.1) described in
the preceding section, for some fixed choice of µ, ρ, a, b and τ satisfying the
conditions of Section 2.1. The main result of this section is a characterization
of the corresponding posterior as the law of a stochastic process satisfying an
explicit SDE, depending on the data X1, . . . , Xn.

3.2 Characterization of the posterior

To describe the posterior SDE we introduce some notation. Recall the func-
tions p, q and v associated to the prior that are defined in (2.6). Using these
functions we recursively define two sequences αk and βk, depending on the data
X1, . . . , Xn. We first set αn = Xn/σ

2, βn = 1/σ2, and t0 = 0. Then for
k = 0, . . . , n− 1, we define

αk =
Xk

σ2
1k≥1 +

p(tk, tk+1)(αk+1 − βk+1q(tk, tk+1))
1 + βk+1v(tk, tk+1)

, (3.2)

βk =
1
σ2

1k≥1 +
βk+1p

2(tk, tk+1)
1 + βk+1v(tk, tk+1)

. (3.3)

The numbers α0 and β0 are actually only needed if the first design point t1 is
strictly positive.

We can now formulate and prove the main SDE characterization of the
posterior.

Theorem 3.1. The posterior corresponding to the prior Π(µ, ρ, a, b, τ) is given
by Π(µ̄, ρ̄, ā, b̄, τ), where

µ̄ =
µ+ α0ρ

2

1 + β0ρ2
, ρ̄2 =

ρ2

1 + β0ρ2

if t1 > 0 and

µ̄ =
µ+ α1ρ

2

1 + β1ρ2
, ρ̄2 =

ρ2

1 + β1ρ2

if t1 = 0. Moreover, we have

ā(t) = a(t)−
n∑
j=1

βjp
2(t, tj)τ2(t)

1 + βjv(t, tj)
1(tj−1,tj ](t),

b̄(t) = b(t) +
n∑
j=1

p(t, tj)(αj − βjq(t, tj))τ2(t)
1 + βjv(t, tj)

1(tj−1,tj ](t),

and the diffusion function τ remains unaltered.
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Proof. By construction, the law of θ under the prior Π = Π(µ, ρ, a, b, τ) is the
same as the law of the process Y defined in Section 2.1 under the auxiliary prob-
ability measure P. Note that the posterior is the law of Y under the probability
measure Q defined by

dQ =
exp

(
1
σ2

∑n
i=1XiY (ti)− 1

2σ2

∑n
i=1 Y

2(ti)
)

E exp
(

1
σ2

∑n
i=1XiY (ti)− 1

2σ2

∑n
i=1 Y

2(ti)
) dP,

where the data X1, . . . , Xn are considered as fixed. Let Z = (Z(t))t∈[0,1] be the
density process of Q relative to P, which is defined by

Z(t) = E
(dQ
dP
|Ft

)
=

E
(

exp
(

1
σ2

∑n
i=1XiY (ti)− 1

2σ2

∑n
i=1 Y

2(ti)
)
|Ft

)
E exp

(
1
σ2

∑n
i=1XiY (ti)− 1

2σ2

∑n
i=1 Y

2(ti)
) .

Let M(t) =
∫ t

0
τ(s) dW (s) be the continuous martingale part of Y . By Gir-

sanov’s theorem, see e.g. Jacod and Shiryaev (1987), Theorem III.3.11, it holds
that the process N defined by

N(t) = M(t)−
∫ t

0

1
Z(s)

d 〈M,Z〉(s) (3.4)

is a Q-local martingale, and 〈N〉 = 〈M〉. It follows that we have the Q-
semimartingale decomposition

Y (t) = Y (0) +
∫ t

0

(a(s)Y (s) + b(s)) ds

+
∫ t

0

1
Z(s)

d 〈M,Z〉(s) +
∫ t

0

τ(s) dU(s),
(3.5)

where U is a standard Brownian motion under Q.
To compute the middle integral on the right-hand side of the last display we

first derive an expression for the conditional expectation

E
(

exp
( 1
σ2

n∑
i=1

XiY (ti)−
1

2σ2

n∑
i=1

Y 2(ti)
)
|Ft

)
and for the density process Z. To simplify the notation somewhat we set ai =
Xi/σ

2 and b = 1/σ2. If tn ≤ t there is nothing to compute. Now set t0 = 0, fix
t ∈ (0, 1] and let j ∈ {1, . . . , n} be such that tj−1 < t ≤ tj . Then the conditional
expectation equals

exp
( j−1∑
i=1

aiY (ti)−
1
2
b

j−1∑
i=1

Y 2(ti)
)
E(exp

( n∑
i=j

aiY (ti)−
1
2
b

n∑
i=j

Y 2(ti)
)
|Ft).
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By the Markov property of Y (see Section 2.3) we have

E(exp
( n∑
i=j

aiY (ti)−
1
2
b

n∑
i=j

Y 2(ti)
)
|Ft)

= Pt,tjhaj ,bPtj ,tj+1haj+1,b · · ·Ptn−1,tnhan,b(Y (t)),

where ha,b(x) = exp(ax− bx2/2). So with

c =
(
Ee

P
aiY (ti)−

1
2 b

P
Y 2(ti)

)−1

,

gj(t, x) = Pt,tjhaj ,bPtj ,tj+1haj+1,b · · ·Ptn−1,tnhan,b(x),

we have

Z(t) = cgj(t, Y (t))
j−1∏
i=1

hai,b(Y (ti)), tj−1 < t ≤ tj . (3.6)

By Lemma 3.2 ahead and the identity (3.10) for the function h we have, for
a constant C not depending on x,

haj ,bPtj ,tj+1haj+1,b · · ·Ptn−1,tnhan,b = Chαj ,βj .

Applying Pt,tj on the left and on the right and using the lemma once more we
find that for a smooth function C = C(t) not depending on x, we have

gj(t, x) = C(t)h p(t,tj)(αj−βjq(t,tj))
1+βjv(t,tj)

,
βjp

2(t,tj)
1+βjv(t,tj)

(x). (3.7)

for tj−1 < t ≤ tj . By (3.6), Itô’s formula and the fact that Z is a martingale, it
holds on the interval (tj−1, tj ] that

dZ(t) = c
( j−1∏
i=1

hαi,β(Y (ti))
) ∂
∂x
gj(t, Y (t)) dM(t) = Z(t)

∂
∂xgj(t, Y (t))
gj(t, Y (t))

dM(t).

Hence, for tj−1 < t ≤ tj , we have

d 〈Z,M〉(t) = Z(t)
∂
∂xgj(t, Y (t))
gj(t, Y (t))

d 〈M〉(t)

= Z(t)
∂
∂xgj(t, Y (t))
gj(t, Y (t))

τ2(t) dt.

(3.8)

Using the fact that (∂/∂xhα,β(x))/hα,β(x) = α− βx we see that

∂
∂xgj(t, x)
gj(t, x)

=
p(t, tj)(αj − βjq(t, tj))

1 + βjv(t, tj)
− βjp

2(t, tj)
1 + βjv(t, tj)

x.
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Combining this with (3.8) and (3.5) shows that for tj−1 < t ≤ tj ,

dY (t) =
((
a(t)− βjp

2(t, tj)τ2(t)
1 + βjv(t, tj)

)
Y (t)

+
(
b(t) +

p(t, tj)(αj − βjq(t, tj))τ2(t)
1 + βjv(t, tj)

))
dt

+ τ(t) dUt.

It remains to prove the assertion about the law of Y (0) under Q. The case
ρ2 = 0 is clear, so assume ρ2 > 0. We have from (3.6) and (3.7) that if t1 > 0,
then

Z(0) = C exp
(p(0, t1)(α1 − β1q(0, t1))

1 + β1v(0, t1)
Y (0)− 1

2
β1p

2(0, t1)
1 + β1v(0, t1)

Y 2(0)
)
,

where C > 0 is a constant that ensures that EZ(0) = 1. In this case it follows
that under Q, the random variable Y (0) has a density proportional to

x 7→ exp
(

(
µ

ρ2
+
p(0, t1)(α1 − β1q(0, t1))

1 + β1v(0, t1)
)x− 1

2
(

1
ρ2

+
β1p

2(0, t1)
1 + β1v(0, t1)

)x2
)
.

The proof for the case t1 > 0 is now easily completed. The case t1 = 0 follows
by an analogous argument.

Lemma 3.2. For ha,b(x) = exp(ax − bx2/2), with a ∈ R, b > 0, and 0 ≤ s ≤
t ≤ 1 we have

Ps,tha,b(x) =
h0,− 1

1+bv
(a
√
v)h a

1+bv ,
b

1+bv
(q)

√
1 + bv

h p(a−bq)
1+bv , bp

2
1+bv

(x),

where p = p(s, t), q = q(s, t), v = v(s, t) (see (2.6)).

Proof. In this proof we use the easily verifiable identities

ha,b(cx+ d) = ha,b(d)hc(a−db),c2b(x) (3.9)

and
ha1,b1(x)ha2,b2(x) = ha1+a2,b1+b2(x). (3.10)

As observed in Section 2 we have, with m = px+ q and N a standard Gaussian
random variable,

Ps,tha,b(x) = Eha,b(m+
√
vN) = ha,b(m)Eh(a−mb)

√
v,bv(N),

where the second equality follows from (3.9). For α ∈ R and β > 0 we have

Ehα,β(N) = EeαN−
1
2βN

2
=

e
1
2
α2
1+β

√
1 + β

=
1√

1 + β
h0,−(1+β)−1(α).
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Taking α = (a− bm)
√
v, β = bv and using the indentities (3.9)–(3.10) we get

Ps,tha,b(x) =
1√

1 + bv
ha,b(m)h0,−(1+bv)−1((a− bm)

√
v)

=
h0,−(1+bv)−1(a

√
v)

√
1 + bv

ha,b(m)h−abv/(1+bv),−b2v/(1+bv)(m)

=
h0,−(1+bv)−1(a

√
v)

√
1 + bv

ha/(1+bv),b/(1+bv)(m).

Now use the fact that m = px+ q and identity (3.9) to complete the proof.

Note that the posterior SDE described by Theorem 3.1 is a linear SDE of
the form (2.1) again, but with the functions a and b describing the prior drift
replaced by their posterior versions ā and b̄. In the interval (tj−1, tj) between
the two design points tj−1 and tj , the drift of the posterior depends, through
the numbers αj , . . . , αn, on the data Xj , Xj+1, . . . , Xn.

3.3 Exact sampling from the posterior

Given a concrete prior Π(µ, ρ, a, b, τ) and data X1, . . . , Xn it is straightforward
to compute the sequences αk and βk and hence to evaluate the coefficients ā
and b̄ of the posterior SDE and compute the initial law of the posterior process.
Since an SDE of the form (2.1) admits the explicit solution (2.2), the restriction
of the posterior process to a finite grid in [0, 1] has a first order moving average
representation. This can be used for exact sampling from the posterior on a finite
grid. To formulate this result we use the posterior versions of the functions p, q
and v defined in (2.6). We define

p̄(s, t) = eĀ(t)−Ā(s), q̄(s, t) =
∫ t

s

eĀ(t)−Ā(u)b̄(u) du,

v̄(s, t) =
∫ t

s

e2(Ā(t)−Ā(u))τ2(u) du,
(3.11)

where Ā is the posterior version of A, i.e.

Ā(t) =
∫ t

0

ā(s) ds.

The result then takes the following form.

Corollary 3.3. Consider the setting of Theorem 3.1. For numbers 0 = s0 <
s1 < · · · < sk ≤ 1, the posterior distribution of the vector (θ(s0), . . . , θ(sk))
is the law of the random vector (V0, . . . , Vk) defined by V0 ∼ N(µ̄, ρ̄2) and for
j = 1, . . . , k,

Vj = p̄(sj−1, sj)Vj−1 + q̄(sj−1, sj) +
√
v̄(sj−1, sj)Zj , (3.12)

Z1, . . . , Zk are independent, standard normal variables, independent of V0.
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Proof. This follows immediately from Theorem 3.1 and the fact that a process
Y solving an SDE of the form (2.1) satisfies (2.5) for s ≤ t.

4 Asymptotic results

4.1 asymptotic behaviour of the posterior covariance

We work in the setting and notation of Section 3 again. In this section we
study the asymptotic behaviour of the posterior as the number of design points
tends to infinity. Specifically, we are interested in the asymptotic spread of the
posterior around the posterior mean if the number of design points gets large.
For simplicity we consider the regular design case, so the design points tj are
equally spaced in [0, 1], i.e. tj = j/n. Moreover, we assume that the functions a,
b and τ defining the prior are constant. As observed in Section 2, the Brownian
motion with drift and the Ornstein-Uhlenbeck process are included in this setup.

By Theorem 3.1 and the representation (2.2) of the solution of an SDE of
the form (2.1), the posterior corresponding to the SDE prior Π = Π(µ, ρ, a, b, τ)
is Gaussian. The mean function of the posterior is the posterior mean θ̂, defined
by

θ̂(t) =
∫
θ(t) dΠ(dθ |X1, . . . , Xn),

and the posterior covariance function r, defined by

r(s, t) =
∫

(θ(s)− θ̂(s))(θ(t)− θ̂(t)) dΠ(dθ |X1, . . . , Xn)

for s, t ∈ [0, 1], is given by

r(s, t) = eĀ(s)+Ā(t)ρ̄2 + τ2

∫ s∧t

0

eĀ(s)+Ā(t)−2Ā(u) du. (4.1)

Note that, as is well known, the posterior covariance does not depend on the
data.

The following theorem describes the asymptotic behaviour of the posterior
covariance function r.

Theorem 4.1. If a < τ2/σ2, then for s, t ∈ (0, 1) it holds that

√
nr(s, t)→


στ

2
if s = t,

0 if s 6= t,

as n→∞.

Proof. We have β0/
√
n→ 1/(στ) by Lemma 4.2. Hence, by Theorem 3.1,

√
nρ̄2 → 1ρ>0στ

12



as n→∞. For t ∈ (0, 1), Lemma 4.3 shows that

Ā(t)√
n

=
∫ t

0

ā(u)√
n
du→ −t τ

σ

and it follows that Ā(t)→ −∞. Combining these facts we see that as n→∞,

√
neĀ(s)+Ā(t)ρ̄2 → 0

as n→∞. Next, observe that for s ≤ t < 1 we have

√
n

∫ s

0

eĀ(s)+Ā(t)−2Ā(u) du

=
σ

2τ

∫ s

0

(−2ā(u))eĀ(s)+Ā(t)−2Ā(u) du

− 1
2

∫ s

0

( √n
ā(u)

+
σ

τ

)
(−2ā(u))eĀ(s)+Ā(t)−2Ā(u) du.

The first term on the right equals

σ

2τ

(
eĀ(t)−Ā(s) − eĀ(t)+Ā(s)

)
,

which converges to 1 if s = t and to 0 otherwise. Lemma 4.3 implies that the
second term vanishes asymptotically.

The following lemma, used in the proof of the preceding theorem, describes
the asymptotic behaviour of the sequence βk defined by (3.3) in the case that
a, b and τ are constant. Then p(s, t) = exp(a(t−s)) and v(s, t) = τ2(exp(2a(t−
s)) − 1)/(2a) (which is understood as v(s, t) = τ2(t − s) if a = 0), so that
in the present case tj = j/n, the sequence is given by βn = 1/σ2 and for
k = 0, . . . , n− 1,

βk =
1
σ2

1k≥1 +
pnβk+1

1 + βk+1τ2wn/n
,

with pn = exp(2a/n) and wn = n(exp(2a/n)− 1)/(2a).

Lemma 4.2. Suppose that n→∞ and jn is such that jn/n ≤ C < 1 for some
constant C. Then if a < τ2/σ2,

max
0≤j≤jn

∣∣∣ βj√
n
− 1
στ

∣∣∣ = O
( 1√

n

)
.

Proof. Fix c > 0 and for n ∈ N, define the functions fn by setting

fn(x) = c+
xpn

1 + xwn/n
.

Consider the sequence xnk defined recursively by xn0 = c, and for k ≥ 1, xnk =
fn(xnk−1). Observe that with c = τ2/σ2, we have that τ2βk = xnn−k for k =

13



1, . . . , n, and τ2β0 = xnn − c. For the function fn we have fn(0) = c, fn(x) →
npn/wn as x→∞, and

f ′n(x) =
pn

(1 + xwn/n)2
, f ′′n (x) = − 2pnwn

n(1 + xwn/n)3
.

Hence, in particular, fn is a nonnegative, increasing, convex function on the
positive half-line. The properties of fn imply it has a unique positive fixed
point x∗n. Solving the quadratic equation x = fn(x) shows that

x∗n =
cwn/n+ pn − 1 +

√
(1− pn − cwn/n)2 + 4cwn/n
2wn/n

.

Since pn − 1 ∼ 2a/n and wn − 1 ∼ a/n, it follows that

x∗n√
n

=
√
c+O

( 1√
n

)
(4.2)

as n→∞. Next we show that if k/n is bounded away from 0, then for n large
enough, xnk/

√
n is bounded away from 0 and infinity. To see this, note that in

view of the computations above we have

|x∗n − xnk | = |fn(x∗n)− fn(xnk−1)| =
∫ x∗n

xnk−1

pn
(1 + xwn/n)2

dx ≤
pn|x∗n − xnk−1|
(1 + cwn/n)2

.

Iterating this inequality we get |x∗n−xnk | ≤ pkn(1+cwn/n)−2k|x∗n−c|, and hence∣∣∣ xnk√
n
− x∗n√

n

∣∣∣ ≤ ( pn
(1 + cwn/n)2

)k∣∣∣ x∗n√
n
− c√

n

∣∣∣. (4.3)

We have
log
( pn

(1 + cwn/n)2

)k
=
k

n

(
2a− 2n log

(
1 +

cwn
n

))
.

The second factor on the right converges to 2(a − c) as n → ∞ and hence, by
the assumptions of the lemma, is negative and bounded away from 0 for n large
enough. It follows that if k/n is bounded away from 0, then the right hand side
of (4.3) is bounded by K

√
c for some K ∈ (0, 1). Using the triangle inequality

it follows that for k/n bounded away from 0 and n large enough,∣∣∣ xnk√
n
−
√
c
∣∣∣ ≤ K ′√c

for a constant K ′ ∈ (0, 1), and hence xnk/
√
n ≥ (1 −K ′)

√
c. The fact that the

sequence is bounded also follows easily from (4.3).
Now suppose that kn, n → ∞ such that kn ≤ n and kn/n is bounded away

from 0. Arguing as above we have, for k ≥ kn,

|x∗n − xnk | = |fn(x∗n)− fn(xnk−1)| =
∫ x∗n

xnk−1

pn
(1 + xwn/n)2

dx ≤
pn|x∗n − xnk−1|

(1 + xnk−1wn/n)2
.
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By the preceding paragraph we have, for n large enough, xnk−1 ≥ K
√
n for some

constant K > 0. It follows that

|x∗n − xnk | ≤
e2a/n(

1 +Kwn/
√
n
)2 |x

∗
n − xnk−1|

for k ≥ kn and hence, by iteration,

max
kn≤k≤n

|x∗n − xnk | ≤
e2a(

1 +Kwn/
√
n
)2kn

|x∗n − c|.

If kn/n is bounded away from 0, then for n large enough

log
(

1 +Kwn/
√
n
)2kn

∼ 2Kwn
kn√
n
≥ K ′

√
n

for some constant K ′ > 0. We see that if kn, n→∞ such that kn/n is bounded
away from 0, then for n large enough,

max
kn≤k≤n

∣∣∣ xnk√
n
− x∗n√

n

∣∣∣ ≤ K1e
−K2

√
n

for some K1,K2 > 0. Combined with (4.2) this shows that

max
kn≤k≤n

∣∣∣ xnk√
n
−
√
c
∣∣∣ = O

( 1√
n

)
,

by the triangle inequality. Now recall that c = τ2/σ2 and that τ2βk = xnn−k for
k = 1, . . . , n and τ2β0 = xnn − c, to complete the proof.

The following auxiliary result concerns the function ā appearing in the drift
of the posterior SDE and is also used in the proof of Theorem 4.1. Again, it
deals with the case that a, b and τ are constant and tj = j/n.

Lemma 4.3. If a < τ2/σ2 then

sup
s∈[0,t]

∣∣∣ ā(s)√
n

+
τ

σ

∣∣∣ = O
( 1√

n

)
,

and

sup
s∈[0,t]

∣∣∣ √n
ā(s)

+
σ

τ

∣∣∣ = O
( 1√

n

)
for all t ∈ (0, 1).

Proof. Fix t ∈ (0, 1). For tj−1 < s ≤ tj it holds that

ā(s)√
n

=
a√
n
− τ2p2(s, tj)βj/

√
n

1 + βjv(s, tj)
,
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hence with jn such that tjn−1 < t ≤ tjn , we have

sup
s∈[0,t]

∣∣∣ ā(s)√
n

+
τ

σ

∣∣∣ ≤ |a|√
n

+ τ2 max
j≤jn

sup
tj−1<s≤tj

∣∣∣ 1
στ
− βjp

2(s, tj)/
√
n

1 + βjv(s, tj)

∣∣∣
≤ |a|√

n
+ τ2 max

j≤jn

βjv(tj−1, tj)
στ

+ τ2 max
j≤jn

sup
tj−1<s≤tj

∣∣∣βjp2(s, tj)√
n

− 1
στ

∣∣∣.
The first term on the right is clearly O(n−1/2). For the second one this is true
as well, in view of Lemma 4.2 and the fact that for n large enough, v(tj−1, tj)
is bounded by a multiple of 1/n. For the last term, observe that

sup
tj−1<s≤tj

∣∣∣βjp2(s, tj)√
n

− 1
στ

∣∣∣ = sup
tj−1<s≤tj

p2(s, tj)
∣∣∣ βj√
n
− 1
στp2(s, tj)

∣∣∣
≤ e2a/n

∣∣∣ βj√
n
− 1
στ

∣∣∣+O
( 1
n

)
.

Hence, since jn ∼ tn, we can apply Lemma 4.2 to complete the proof of the first
statement of the lemma.

The first statement implies that for n large enough, for n large enough, ā/
√
n

is bounded away from 0 on [0, t]. Therefore, the second statement follows from
the first one.

Theorem 4.1 only deals with the posterior covariance function on the inte-
rior (0, 1)× (0, 1) of the unit square. Due to boundary effects, the behaviour on
the boundary of the square is different and not completely tractable. Another
remark is that perhaps somewhat surprsingly, it is not necessary for the asymp-
totic results that a ≤ 0. The parameter a may be positive, but is restricted
by the requirement that a < τ2/σ2. It seems however that priors that are of
practical interest always satisfy a ≤ 0. For a > 0 one gets a non-stationary
Ornstein-Uhlenbeck-type process which moves away from 0 very quickly.

The following corollary follows immediately from Theorem 4.1 and the fact
that the posterior is Gaussian. We denote weak convergence by the symbol
“⇒”.

Corollary 4.4. If a < τ2/σ2, then for t ∈ (0, 1) we have that under the poste-
rior,

n1/4(θ(t)− θ̂(t))⇒ N
(

0,
στ

2

)
as n→∞.

The corollary implies that the width of pointwise Bayesian confidence in-
tervals, or credible intervals, for θ is asymptotically of the order n−1/4. More
precisely, we see that for t ∈ (0, 1) the marginal posterior distribution for θ(t)
asymptotically gives mass 1− α to the interval[

θ̂(t)− n−1/4
√
στ/2ξα/2, θ̂(t) + n−1/4

√
στ/2ξα/2

]
,
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where ξα is the upper α-quantile of the standard normal distribution.
Observe that Theorem 4.1 implies that for s 6= t, the variables θ(s) and

θ(t) are asymptotically independent under the posterior. This implies that the
pointwise weak convergence in (4.4) does extend to functional weak convergence
in the space C[s, t] of continuous functions on an interval [s, t] ⊂ (0, 1) for
instance. In fact, we will see below that under the posterior, we do not even
have weak convergence of the uniform norm ‖θ − θ̂‖C[s,t] at the the rate n1/4.
For Lp-norms with p <∞ we have however positive convergence results.

4.2 Asymptotic Lp-confidence regions

We have the following asymptotic results for the Lp-distance between θ and θ̂
under the posterior.

Theorem 4.5. If a < τ2/σ2, then for 0 < s ≤ t < 1 and p = 2, 4, . . . we have

np/4E
(∫ t

s

|θ(u)− θ̂(u)|p du
)
→ cp(t− s)

(στ
2

)p/2
under the posterior, and

n1/4‖θ − θ̂‖Lp[s,t]
P→ c1/pp (t− s)1/p

√
στ

2
,

where cp = 1 · 3 · · · (p− 3)(p− 1).

Proof. Let Rn denote the process θ−θ̂ under the posterior, i.e. Rn is the centered
Gaussian process with covariance function (4.1). In this notation, the first
statement of the theorem reads

np/4E
∫ t

s

Rpn(u) du→ cp(t− s)
(στ

2

)p/2
(4.4)

for p = 2, 4, . . .. We are going to prove this by induction on p.
Recall that an SDE of the form (2.1) has a unique solution given by (2.2).

Hence, the process Rn satisfies the SDE

dRn(t) = ā(t)Rn(t) dt+ τdW (t),

where W is a Brownian motion. By Itô’s formula, the process Rpn then satisfies

Rpn(t)−Rpn(s) =
∫ t

s

(
pā(u)Rpn(u) +

1
2
τ2p(p− 1)Rp−2

n (u)
)
du

+ τp

∫ t

s

Rp−1
n (u) dW (u).

(4.5)

Since Rn is a continuous Gaussian process it is also a measurable random ele-
ment of Lq[s, t] for all q ≥ 1, and hence it holds that

E
∫ t

s

R2(p−1)
n (u) du <∞
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(cf. e.g. Ledoux and Talagrand (1991)). It follows that the expectation of the
stochastic integral term is 0 and we get

n(p−2)/4E(Rpn(t)−Rpn(s)) = pn(p−2)/4E
∫ t

s

ā(u)Rpn(u) du

+
1
2
τ2p(p− 1)n(p−2)/4E

∫ t

s

Rp−2
n (u) du.

By equivalence of Gaussian norms and Theorem 3.1 the left-hand side is
O(n−1/2), so

−n(p−2)/4E
∫ t

s

ā(u)Rpn(u) du

=
1
2
τ2(p− 1)n(p−2)/4E

∫ t

s

Rp−2
n (u) du+O(n−1/2).

(4.6)

By Lemma 4.3, we have

√
n

∫ t

s

Rpn(u) du = −σ
τ

∫ t

s

ā(u)Rpn(u) du

+
∫ t

s

ā(u)
( √n
ā(u)

+
σ

τ

)
Rpn(u) du

=
(
− σ

τ
+ o(1)

)∫ t

s

ā(u)Rpn(u) du.

(4.7)

Combined with (4.6), we get

np/4E
∫ t

s

Rpn(u) du =
(σ
τ

+o(1)
) (p− 1)τ2

2
n(p−2)/4E

∫ t

s

Rp−2
n (u) du+O(n−1/2).

By induction it now easily follows that (4.4) holds for p = 2, 4, . . ..
The second statement of the theorem asserts that

np/4
∫ t

s

Rpn(u) du P→ cp(t− s)
(στ

2

)p/2
for p = 2, 4, . . ., where the arrow denotes convergence in probability. In view of
(4.7) it suffices to show that

−n(p−2)/4

∫ t

s

ā(u)Rpn(u) du P→ cp(t− s)
τ

σ

(στ
2

)p/2
, (4.8)

for p = 2, 4, . . .. We are going to prove this by induction on p again. By the
relation (4.5) obtained from Itô’s formula,

−n(p−2)/4

∫ t

s

ā(u)Rpn(u) du = −n
(p−2)/4

p
(Rpn(t)−Rpn(s))

+
1
2
τ2(p− 1)n(p−2)/4

∫ t

s

Rp−2
n (u) du

+ τn(p−2)/4

∫ t

s

Rp−1
n (u) dW (u).

(4.9)
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Theorem 4.1 and equivalence of Gaussian norms imply that the first term on
the right converges to 0 in probability. The last term can be written as Mn(t),
where Mn is a contintuous local martingale with Mn(s) = 0 and bracket

〈Mn〉(t) = τ2n(p−2)/2

∫ t

s

R2p−2
n (u) du.

By the first part of the theorem, 〈Mn〉(t)→ 0 in probability. Hence, by standard
results in martingale limit theory, see for instance the exponential inequality on
p. 153 of Revuz and Yor (1991), Mn(t) → 0 is probability as well. Statement
(4.8) now easily follows by induction.

For p = 2, 4, . . . and 0 < s < t < 1, the theorem shows that for all ε > 0, the
posterior mass is asymptotically concentrated on the Lp-ring

{
θ :

c
1/p
p (t− s)1/p

√
στ/2− ε

n1/4
≤ ‖θ − θ̂‖Lp[s,t] ≤

c
1/p
p (t− s)1/p

√
στ/2 + ε

n1/4

}
around the posterior mean θ̂. In particular, we have for every even p a Bayesian
asymptotic confidence region around the posterior mean in the Lp-norm, with
radius of the order n1/4. Since every Lp-norm ‖θ − θ̂‖Lp[s,t] is bounded by the
uniform norm

‖θ − θ̂‖C[s,t] = sup
s≤u≤t

|θ(u)− θ̂(u)|,

the theorem also implies that for all ε > 0 and p = 2, 4, . . .,

Π
(
n1/4‖θ − θ̂‖C[s,t] ≥ c1/pp (t− s)1/p

√
στ/2− ε |X1, . . . , Xn

)
→ 1.

Since by Stirlings approximation, c1/pp ≥ ((p − 1)!)1/(2p) → ∞ as p → ∞, we
have the following corollary of Theorem 4.5.

Corollary 4.6. If a < τ2/σ2, then for 0 < s ≤ t < 1 we have

n1/4‖θ − θ̂‖C[s,t]
P→∞

under the posterior.

This shows again that under the posterior, n1/4(θ − θ̂) does not converge
weakly in the space of continuous functions and that the width of uniform
Bayesian confidence bands around the posterior mean, if they exist, must be of
strictly larger order than n−1/4.

It is natural to ask the “higher order question” of how fast we can let the ε
appearing in the Bayesian Lp-confidence ring above tend to zero, while still cap-
turing almost all posterior mass. The following theorem answers this question
for p = 2, showing that we can take ε of the order n−1/4.
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Theorem 4.7. If a < τ2/σ2, then for 0 < s ≤ t < 1 we have the weak
convergence

n1/4
(
n1/2‖θ − θ̂‖2L2[s,t] − (t− s)στ

2

)
⇒ N

(
0, (t− s)σ

3τ

2

)
under the posterior.

Proof. Using the notation of the proof of Theorem 4.5 again, we have to show
that we have the weak convergence

n1/4
(
n1/2

∫ t

s

R2
n(u) du− (t− s)στ

2

)
⇒ N

(
0, (t− s)σ

3τ

2

)
.

By Lemma 4.3 we have

n1/4
∣∣∣n1/2

∫ t

s

R2
n(u) du+

σ

τ

∫ t

s

ā(u)R2
n(u) du

∣∣∣
= n1/4

∣∣∣ ∫ t

s

ā(u)
( √n
ā(u)

+
σ

τ

)
R2
n(u) du

∣∣∣
= O(n−1/4)

∣∣∣ ∫ t

s

ā(u)R2
n(u) du

∣∣∣.
In the proof of Theorem 4.5 it was shown that the last integral converges in
probability (cf. (4.8)), hence

n1/4
∣∣∣n1/2

∫ t

s

R2
n(u) du+

σ

τ

∫ t

s

ā(u)R2
n(u) du

∣∣∣ P→ 0.

For the proof of the theorem it therefore suffices to show that the random
variable Zn defined by

Zn = n1/4
(
− σ

τ

∫ t

s

ā(u)R2
n(u) du− (t− s)στ

2

)
converges weakly to a N(0, (t− s)σ3τ/2)-distribution.

Relation (4.9) in the proof of Theorem 4.5 shows that

Zn = − σ

2τ
n1/4(R2

n(t)−R2
n(s)) + σn1/4

∫ t

s

Rn(u) dW (u).

The stochastic integral on the right can be written as Mn(t), where Mn is is
continuous local martingale with Mn(s) = 0 and

〈Mn〉(t) = σ2n1/2

∫ t

s

R2
n(u) du.

By Theorem 4.5,

〈Mn〉(t)
P→ (t− s)σ

3τ

2
.
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Hence, by the central limit theorem for continuous martingales (cf. e.g. Jacod
and Shiryaev (1987)), we have the weak convergence Mn ⇒ N(0, (t− s)σ3τ/2).
This completes the proof since by Theorem 4.1, n1/4Rn(s)→ 0 and n1/4Rn(t)→
0 in probability.

For the norm of θ− θ̂ itself, rather than its square, we obtain the following.

Corollary 4.8. If a < τ2/σ2, then for 0 < s < t < 1 we have the weak
convergence

n1/4
(
n1/4‖θ − θ̂‖L2[s,t] −

√
(t− s)στ

2

)
⇒ N

(
0,
σ2

4

)
under the posterior.

Proof. This follows from Theorem 4.7 by the delta method, see for instance
Van der Vaart (1998), Chapter 3.

The result shows that asymptotically, the posterior is concentrated on an
“L2-annulus” around the posterior mean, with diameter of the order n−1/4 and
width of the order n−1/2. For α ∈ (0, 1), the annulus

{
θ :
∣∣∣‖θ − θ̂‖L2[a,b] − n−1/4

√
(b− a)στ

2

∣∣∣ ≤ n−1/2ξα/2
σ

2

}
,

is a (1−α)-credible region for θ, i.e. it contains a fraction 1−α of the posterior
mass.

21



References

Cox, D. D. (1993). An analysis of Bayesian inference for nonparametric regres-
sion. Ann. Statist. 21(2), 903–923.

Drignei, D. (2006). Empirical Bayesian analysis for high-dimensional computer
output. Technometrics 48(2), 230–240.

Jacod, J. and Shiryaev, A. N. (1987). Limit theorems for stochastic processes.
Springer-Verlag, Berlin.

Karatzas, I. and Shreve, S. E. (1991). Brownian motion and stochastic calculus.
Springer-Verlag, New York.

Ledoux, M. and Talagrand, M. (1991). Probability in Banach spaces. Springer-
Verlag, Berlin.

Rasmussen, C. E. and Williams, C. K. (2006). Gaussian Processes for Machine
Learning . MIT Press, Cambridge, Massachusetts.

Revuz, D. and Yor, M. (1991). Continuous martingales and Brownian motion.
Springer-Verlag, Berlin.

Van der Vaart, A. W. (1998). Asymptotic statistics. Cambridge University
Press, Cambridge.

Van der Vaart, A. W. and Van Zanten, J. H. (2008). Rates of contraction of
posterior distributions based on Gaussian process priors. Annals of Statistics
36, 1435–1463.

Wahba, G. (1978). Improper priors, spline smoothing and the problem of guard-
ing against model errors in regression. J. Roy. Statist. Soc. Ser. B 40(3),
364–372.

22


