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Some simulations
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Signal in white noise model

Unknown function f € L2[0,1].

Model:

1

Observations:
(Xe s t €[0,1]).

Goal: recover f.
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Figure: unknown function,

its primitive and the noisy observations



Prior on f

Write f = 3 fe, for ex an orthonormal basis of L2[0,1]. For
instance

ex(t) = V2sin(krt).
Put prior on Fourier coefficients f,. We take
fi ~ N(0,72k~172%), independent.

Here:
a > 0 is fixed (“baseline” regularity of the prior)
scaling parameter 7 is a hyperparameter.

Denote the resulting prior on f by I..

6

34



Empirical Bayes for the scaling parameter - 1

Let .
X = / ex(t) dX;
0
be the observed noisy versions of the Fourier coefficients of f.
If
1

frMy,  X|f~dXe=f(t)dt
\ e = f(t) 7

tha

then
T 1
X~ N(0. o + )

and the X\ 's are independent.
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Empirical Bayes for the scaling parameter - 2

Corresponding log-likelihood for 7:

L& 2, 2n? 2
ln(T) =5 > (log (1 * k1+2a) kL2 +72nXk>.
k=1

Empirical Bayes procedure:

1. Compute the posterior (- | X) corresponding to the prior .

2. Substitute 7 by the maximizer

7 = argmax (7).
>0
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Estimate for f, empirical Bayes scaling
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Figure: truth/posterior mean, likelihood for scaling parameter
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Estimates for f, different scalings - 1
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Figure: truth/posterior means
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Estimates for f, different scalings - 2

Repeat 1000 times. Every time compute squared error || — f||2 for
each of the three estimators.
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Figure: boxplot of the squared errors

11 /34



Effect of different baseline regularities - 1
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Figure: a =p,6+1/2,4+1
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Effect of different baseline regularities - 2
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!!servatlons

1. Empirical Bayes seems to be able to do a good job at
choosing the appropriate scaling.

2. Taking the initial prior too smooth does not seem to hurt too
much.
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Observations

. Empirical Bayes seems to be able to do a good job at
choosing the appropriate scaling.

. Taking the initial prior too smooth does not seem to hurt too
much.

. Taking it too rough seems to deteriorate performance.

Can we make sense of this?

Can we prove theorems about this?
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Theoretical framework
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Model and prior

Observations:

1
Ze, k=1,2,...

X =0 —
k o,k+ﬁ

Here 6y € ¢? and Zy, Z, ... independent standard Gaussians.

Assume 6y in a hyperrectangle:
0(2)1( < C2k7172ﬁ
for (unknown) 3, C > 0.

Prior:
N- =) N, 72k,
k

16
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Empirical Bayes posterior

Posterior:
2
-
® N(n + k1+2°‘/T2Xk’ nt? + k1+20‘)
k
Log-likelihood for T:
0 2 2.2

1 Tn Tn 5
gn(T) = 2 (lOg (1 k1+2a) o kit2a 4 7—2nXk>'
=1

EB posterior: Replace 7 bij maximizer 7, of £,:

M:,(B] X) = N-(B] X)

T="Tn
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Oracle vs EB - 1

Recall:
e (3. “regularity” of true sequence, «a: “regularity” of prior.
e Minimax rate: n—72/(1+26),
e For fixed scaling 7: optimal rate n=3/(1+20) attained iff

a=pf.
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Oracle vs EB - 1

Recall:

e

e (3. “regularity” of true sequence, «a: “regularity” of prior.

e Minimax rate: n—72/(1+26),
e For fixed scaling 7: optimal rate n=?/(1+20) attained iff
a=pf.
When allowing scaling 7 = 7, such that 7, — 0 or 7, — oc:
e Can attain optimal rate iff § < 1 4 2a.

e Scaling 7, = n(@=9)/(1420) yield optimal rate n—?/(1+26),

18 /34



Oracle vs EB - 2

So in the range 5 < 1 + 2a, a (-regular signal can be estimated

optimally using the a-regular prior I, with 7, the oracle rescaling
rate 7, = n(@=8)/(1+26)

Main question: how does EB perform compared to the oracle?
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Oracle vs EB - 2

So in the range 5 < 1 + 2a, a (-regular signal can be estimated

optimally using the a-regular prior I, with 7, the oracle rescaling
rate 7, = n(@=P)/(1+25)

Main question: how does EB perform compared to the oracle?

Measure of performance: contraction rate. We say that the EB
posterior contracts around 6y at the rate ¢, if

M (0: 10 — Ooll2 < Maen | X) 31,

for every sequence M,, — co.
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Results
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Asymptotics for the EB rescaling rate - 1

Asymptotic behaviour of 7, depends on 6y (like it should).
Define, for 69 # 0,

2a
00 (T2H)71+20< k1+2a93 P

h"(T):Z (kI+20 1 72p)2

k=1

and for0 < I < L,

Tn=sup7 >0: hy(7) > //n},

{
Tn:sup{r>0:hn(T)ZL/”}'
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Asymptotics for the EB rescaling rate - 2

Asymptotically, 7, € [1,,, Ta]:

Theorem.
If 6y # 0, then for small enough / and large enough L,

Po(r, < Tn < Tn) — 1.

(If 6o =0, then 7, = Op(1/n).)
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Asymptotics for the EB rescaling rate - 3

Proof.

Careful analysis of the marginal likelihood ¢, for .

Figure: Shape of /,
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Asymptotics for the EB rescaling rate - 4

, p Wil 92 o —1-2
Consider a “regular” signal: 05 , < k s
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Asymptotics for the EB rescaling rate - 4

, p Wil 92 o —1-2
Consider a “regular” signal: 05 , < k s

a—F
niees if B<a+1/2,
Ty = To = 4 0 (log n)*/(H4), i § = a +1/2,
pre=rl if 8> a+1/2.

So EB only selects the oracle rescaling rate if 5 < o+ 1/2!

In the other case, we expect sub-optimal performance.
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Asymptotics for the EB posterior - 1

Theorem.
If 63, < C2k=1725 for all k, then

P
I'I;H(G : ||9 - 90”2 < Mn€n|X) =3 1,
for every sequence M,, — oo, where

nP/(1+25) if3<1/2+a,
en =< n P+ (logn)P, if f=1/2+a,
nf(1/2+oz)/(2+2a), if 5> 1/2 +a.

If also 987,( > c2k=1-28 for ¢ > 0, then, for all sufficiently small m,
P
Mz (0: 0 — 6oll2 < men|X) — 1.
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Asymptotics for the EB posterior - 2

Proof.

e We know that 7, € [1p, 5] W.p. to 1.
e We prove that

E, sup /He Bol2N(d0] X) <

TE[Tn,Tn]
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Asymptotics for the EB posterior - 3

Obervations:

o If 3 < a+1/2, the EB procedure matches the oracle.
o Ifa+1/2 <3 <2a+ 1, EB performs worse than the oracle.
e If 2a+ 1 < 3, even the oracle performs sub-optimally.

e Results are sharp.

There is a cut-off at @ + 1/2 (= “RKHS regularity” of the prior...)
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Additional questions & concluding remarks
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Main messages so far

e Empirical Bayes methods can yield adaptive, rate-optimal
procedures.

e For good performance, the unscaled prior should be
sufficiently regular relative to the truth.

e Too much undersmoothing yields sub-optimal rates.
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Additional questions

Can we get good results for every 8 > 0 by rescaling an
infinitely smooth prior?

Is it possible to estimate linear functionals optimally using EB?

Under what conditions are EB credible sets also frequentist
confidence sets?

How about different statistical models and priors?

Do we see the same phenomena for full, hierarchical Bayes
methods?
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Some first answers - 1
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Attempt 1: use prior
M- = N0, %)
k

and select 7 by EB.
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Some first answers - 1

Can we get good results for every 3 > 0 by rescaling an “infinitely
smooth” prior?

Attempt 1: use prior
- @72
k

and select 7 by EB.
There exists oracle scaling that yields optimal rates for all 3 > 0.

EB always oversmooths: suboptimal rates!
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Some first answers - 2

Attempt 2: use prior

and select 7 by EB.
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Some first answers - 2

Attempt 2: use prior
N =) NO,e ™)
k

and select 7 by EB.

This works! EB achieves optimal rates for all G > 0.

32/34



Some first answers - 2

Attempt 2: use prior
N =) NO,e ™)
k

and select 7 by EB.
This works! EB achieves optimal rates for all G > 0.

So yes, we can adapt to all smoothness levels 3 > 0 with a single
prior. But care is needed in the construction of the prior.
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Additional questions

Can we get good results for every 8 > 0 by rescaling an
infinitely smooth prior?

Is it possible to estimate linear functionals optimally using EB?

Under what conditions are EB credible sets also frequentist
confidence sets?

How about different statistical models and priors?

Do we see the same phenomena for full, hierarchical Bayes
methods?
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Main messages

Empirical Bayes methods can yield adaptive, rate-optimal
procedures.

For good performance, the unscaled prior should be
sufficiently regular relative to the truth.

Too much undersmoothing yields sub-optimal rates.

e Many aspects still unclear.

TO BE CONTINUED. ..
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