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Overview

• Rates for rescaled Gaussian process priors

• Adaptation using random scaling

• Gaussian kernel mixtures

2 / 37



Rescaling Gaussian process priors
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Rescaled Gaussian process priors

Idea: instead of a different Gaussian process prior for every
smoothness level, use a single Gaussian process and rescale it
appropriately.

Instead of
t 7→Wt

use
t 7→Wt/cn

for scaling constants cn: roughening or smoothing.
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Rescaled Gaussian process priors

Base process: e.g. the centered Gaussian process W with
covariance

EWsWt = e−(t−s)2

(squared exponential process).

Intuition: too smooth as prior on α-smooth functions, should use
rescaling constants cn → 0.
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Illustration: rescaled squared exponential process
W a squared exponential process. Consider rescaled process
(Wat)t∈[0,1] for different values of a:
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Figure: a = 1 versus a = 5
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Properties of rescaled stationary processes

Let W be a centered stationary GP with spectral measure µ, i.e.

EWsWt =

∫
e iλ(s−t) µ(dλ).

Set W c
t = Wt/c . Suppose for some δ > 0,

∫
eδ|λ| µ(dλ) <∞,

and µ has Lebesgue density that is � 0 near 0.

Rescaled process W c has spectral measure µc(B) = µ(cB).

RKHS: functions hψ(t) =
∫

e iλtψ(λ)µc(dλ), ‖hψ‖H = ‖ψ‖L2(µc )
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Properties of rescaled stationary processes

Lemma.
If w ∈ Cβ[0, 1], then

inf
h∈Hc :‖h−w‖∞<Cw cβ

‖h‖2Hc ≤ Dw
1

c

Proof.
Use convolutions. �
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Properties of rescaled stationary processes

RKHS ball Hc
1 contained in space of functions analytic and

bounded on a strip in C. Metric entropy: Kolmogorov and
Tihomirov (1961).

Lemma.

log N(ε,Hc
1, ‖ · ‖∞) .

1

c

(
log

1

ε

)2

Using entropy of H1 - small ball connection:

Lemma.

− log P(‖W c‖∞ < 2ε) .
1

c

(
log

1

cε2

)2
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Rates for rescaled Gaussian process priors
X1,X2, . . . ,Xn: sample from a positive, continuous density p on
[0, 1].

Prior distribution on p: law of

t 7→ eWt/cn

∫ 1
0 eWt/cn dt

,

with W the squared exponential process and, for α > 0,

cn =
( log2 n

n

) 1
1+2α

.

Theorem. [Van der Vaart and vZ. (2007)]

Suppose log p0 ∈ Cα[0, 1]. Then the posterior contracts around p0

at the rate

εn ∼
( n

log2 n

)− α
1+2α

.
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Rates for rescaled Gaussian process priors

• Using a single GP, can get optimal rate for any smoothness
level (up to a log-factor), by appropriate scaling.

• Have similar results for multiply integrated BM priors.

• Have similar results for different statistical settings.

• Still need to know the regularity of the truth to get the
optimal rate. . .
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Adaptation using random scaling
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Scaling when the true regularity is unknown

How to choose the right scaling constant a? “Correct” choice will
depend on the unknown function of interest.

Standard Bayesian solution: let the data choose the parameter a.

View scaling constant a as a hyperparameter and endow it with a
prior distribution as well. Use the hierarchical prior model
(WAt)t∈[0,1]d , where A is some random variable independent of W .

Popular choice for prior on the scaling constant: gamma
distribution.

Natural question: is this a good idea?
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Rates for the randomly rescaled GP prior

Data Y1, . . . ,Yn, with Yi = f0(ti ) + εi , for εi i.i.d. N(0, σ2),
ti ∈ [0, 1], f0 : [0, 1]→ R.

Prior on f : law of (WAt)t∈[0,1] for W the squared exponential
process, A Gamma-distributed, A and W independent.

Theorem. [Van der Vaart and vZ. (2009)]

Suppose f0 ∈ Cα[0, 1] for α > 0. Then the posterior contracts
around f0 at the rate

εn =
( log2 n

n

) α
1+2α

.
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Rates for the randomly rescaled GP prior

Some remarks regarding this result:

• Up to a log-factor, the rate of contraction is the optimal
minimax rate for estimating α-regular functions.

• The prior does not depend on the unknown smoothness level
α: the procedure is fully rate-adaptive.

• Similar result is true in the multivariate case (d > 1).

• Similar results are true for different statistical settings: density
estimation, classification, . . .

• Class of Gaussian processes W and scaling distributions A for
which the result is valid is slightly larger.

So in many ways: yes, it is a good idea to use such priors!
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Gaussian kernel mixtures
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Motivation: rotation measure data

Short, Higdon and Kronberg (2007), Bayesian Analysis:

• Goal: estimate/visualize strength and structure of magnetic
fields generated by our galaxy and its neighborhood.

• Data: Faraday RM data for radio sources outside our galaxy.
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RM data: measurements

Short, M.B., Higdon, D.M., and Kronberg, P.P. 669

−175

−125

−75

−25

+25

+75

+125

+175

−3000 −1000 1000 3000

Figure 1: 1566 RM observations; units are rad/m2. Large RM’s (intense red and blue
circles) tend to cluster along the plane of the Milky Way; higher latitudes exhibit smaller
RM’s. The histogram shows the extremely long tails, corresponding to “contaminated”
observations. (Please see the online version of the paper at ba.stat.cmu.edu if the colors
are not apparent in your copy.)

of these, the line of sight passes through strongly Faraday rotating zones close to the
plane of the Milky Way. It is thus believed that the primary reason these RM’s are so
large is because of local effects due to the Milky Way.

3 Gaussian process models on a sphere

A fairly general Gaussian process (GP) model for a compact manifold S (e.g. a sphere,
a torus, a potato) with distance metric d(·, ·) can be created by taking a collection of
uniform, regularly spaced knot locations w1, . . . ,wJ , and assigning to each of these
locations a knot value x1, . . . , xJ which are assumed to have iid N(0, [Jλx]−1) distribu-
tions. Convolving these knot values with a simple smoothing kernel k(·) then results in
the GP model

z(s) =
J∑

j=1

xjk(d(s,wj)), s ∈ S. (2)

Figure 3 shows an example where S is the unit circle.

The covariance between any two locations is given by the formula

Cov(z(s1), z(s2)) = [Jλx]−1
J∑

j=1

k(d(s1,wj))k(d(s2,wj)). (3)

Since S is bounded, increasing J increases the density of knots. Provided the knots are
added uniformly over S as J →∞, the covariance function (3) converges to a function

1566 observations
(source: Short et al. (2007))
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RM data: statistical model

Model:

• Smooth function f : S2 → R describes magnetic field

• We observe f at 1566 locations, corrupted with noise.

• Essentially a bivariate, nonparametric, fixed design regression
problem.
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RM data: prior distribution

Proposed prior for f :

• Choose a (fine) grid x1, . . . , xm on S2.

• Choose a centered, smooth kernel p (e.g. Gaussian density
with mean 0).

• Prior for f : law of the random kernel mixture

x 7→
m∑

i=1

wip(x − xi ),

where w1, . . . ,wm are independent, normally distributed.
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RM data: posterior
Short, M.B., Higdon, D.M., and Kronberg, P.P. 675
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Figure 5: Posterior plot for the final model. Contour lines appear at levels corresponding
to RM values of -50, -25, 0, 25 and 50 rad/m2. The most extreme data are depicted by
circles that are larger than those used for the remainder of the data.

6 Sensitivity analysis and model assessment

Here we assess the sensitivity of our analysis to modeling choices regarding the normal
mixture model for the errors εi and the spatial process model z(s) made in the previous
section. As for the error model, the posterior influence shown in the right hand frame
of Figure 9 shows how the data are being treated to estimate the RM field. The linear
piece in the plot shows that the middle 77% of the deviations are basically treated as
iid normals, with a common standard deviation. The most extreme residuals are being
downweighted so that they have the effect of a residual that is slightly more than a
standard deviation away from the fitted value. One may prefer that the outlier model
give these residuals zero weight. This could be accommodated by specifying a prior
for ωi that has point masses at 0 and 1. The changing dimensionality of such a model
makes it a bit more difficult to fit. We assessed the influence of these extreme weights
by refitting the model after removing all of the RM data for which the posterior median
for ωi was not one. This was about 15% of the observations. As expected, the RM
field estimated from our original analysis which includes all of the data shows a slight
influence from the extreme observations. The average absolute deviation between the
two posterior mean fields at the 5140 prediction locations was about 9 radians/m2. This
is small given the posterior mean field varies between ±300, and the posterior mean for
(λεωi)−

1
2 for the uncontaminated observations is about 28.

The sensitivity to the prior probability of 80% that any given observation is con-
taminated was also investigated. This was done by refitting the model using the values
60%, 70% and 90%. In each case, the differences in the posterior mean field for z(s)
are very slight. Most differences appear near data points that are slightly extreme, but
not obviously contaminated. The effect of the uncontaminated observations remains the
same since the error precision λε can compensate for changes in ωi that are common to

posterior mean
(source: Short et al. (2007))
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RM data: some questions that arise

• How to choose (the number of) grid points xj?

• How to choose the shape of the kernel p?

• How to choose the bandwidth of the kernels?

• How to choose the scale of the weights wj?

• Can we make the choices in such a way that we get consistent
estimates for all possible smooth f ’s?

• Can we make the choices in such a way that the procedure
becomes optimal in any way?

• . . . .
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Construction of the priors I
Suppose 0 < a < b < 1 and d ∈ N. Want to construct a prior on
functions on X = [a, b]d .

Basic construction:

• Choose a kernel function p : Rd → R.

• Draw a random number m from a distribution (pm) on N
(gridsize) and form the gridpoints xi = i/m, i ∈ {1, . . . ,m}d .

• Draw a random number σ from a density g on (0,∞)
(bandwidth).

• Draw independent standard Gaussians wi , i ∈ {1, . . . ,m}d
(weights).

Define

W (x) =
∑

i∈{1,...,m}d
wi

1

md/2

1

σd
p
(x − xi

σ

)
.
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Construction of the priors II

Realization of W (m = 10, σ = .1).
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Construction of the priors III

Can now construct priors for various statistical settings:

• Regression: use law of random function W as prior.

• Density estimation: use law of

x 7→ eW (x)

∫
[a,b]d eW (y) dy

.

• Binary regression: use law of x 7→ Ψ(W (x)), for
Ψ : R→ [0, 1] a link function.

•
...

25 / 37



Concrete questions

In many statistical settings, the optimal rate for estimating a
function of d variables of regularity α is n−α/(d+2α).

Basic questions:

• Can we attain these rates with our kernel mixture priors?

• Can we do so without knowledge of the regularity of the
function? (adaptation)

Concretely:

• How to choose the gridsize m?

• How to choose the bandwidth σ?

• How to choose the shape of the kernel p?
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Preparations: class of kernels

Class of kernels Pγ :

For γ ∈ (0,∞], p ∈ L1(Rd) belongs to Pγ if
∫

Rd p(x) dx = 1, it is
uniformly Lipschitz, it has finite moments of every order, and it
satisfies one of the following conditions:

• For γ <∞: p belongs to Cγ(Rd).

• For γ =∞: p is the restriction to Rd of a function that is
defined on the set S = {(z1, . . . , zd) ∈ Cd : |=zj | ≤ 1 ∀j}, and
that is bounded and analytic on S .
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Preparations: assumptions

(Am) For the prior on the gridsize:

pm ≥ Cm−s

for some C > 0, s > 1.

(Aσ) For the prior on the bandwidth:

D1σ
−qe−D2(

1
σ

)dγ (log 1
σ

)r ≤ g(σ) ≤ D3σ
−qe−D4(

1
σ

)dγ (log 1
σ

)r

for some D1,D2,D3,D4 > 0 and q, r ≥ 0, for all σ in a
neighborhood of 0. Here

dγ =
2d(d + γ)

2γ − d
, δγ =

d

2γ − d
.
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Main abstract result

Theorem. [De Jonge & vZ (2010)]

Assume p ∈ Pγ for γ ∈ (d/2,∞] and (Am) and (Aσ). If
w0 ∈ Cα(X ) for α > 0, there exist for every C > 1 measurable
Bn ⊂ C ([0, 1]d) and D > 0 such that, for n large enough,

log N(εn,Bn, ‖ · ‖∞) ≤ Dnε2n,

P(W 6∈ Bn) ≤ e−Cnε2n ,

P
(

sup
x∈X
|W (x)− w0(x)| ≤ εn

)
≥ e−nε2n .

Here if γ <∞:

εn = n
− α

dγ+2α(1+δγ ) , εn = n
− α(1−(dδγ )/(2γ))

(dγ+2α(1+δγ ))(1+d/(2γ)) .
If γ =∞:

εn = n−
α

d+2α log
r∨(1+d)
2+d/α n, εn = n

− α
d+2α log

r∨(1+d)
2+d/α

+( 1+d−r
2

)+ n.
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First remarks

• This result will lead to contraction rates of the order εn ∨ εn
for various statistical models.

• For γ <∞, only get a rate for γ > (1 +
√

5)d/4 ≈ (0.81)d .

• For γ <∞ the rate is worse than minimax, but it approaches
the minimax rate as γ →∞.

• For γ =∞ we get the minimax rate, up to a logarithmic
factor.

• The prior does not depend on the unknown regularity α.

• We don’t need higher order kernels to get good rates for
smooth truths.
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Special case I: regression

Observe
Yj = f0(tj) + εj , j = 1, . . . , n,

with fixed tj ∈ X = [a, b]d and εj indep. N(0, τ2). Use law Π of
W as prior on f .

Theorem. [De Jonge & vZ (2010)]

Suppose p ∈ P∞ and (Am) and (Aσ). If f0 ∈ Cα(X ) for α > 0,
then for L > 0 sufficiently large,

Π
(
f :

1

n

n∑

j=1

(f (tj)− f0(tj))2 > L2ε2n |Y1, . . . ,Yn

) Pf0−→ 0,

for

εn = n
− α

d+2α log
r∨(1+d)
2+d/α

+( 1+d−r
2

)+ n.
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Special case I: regression

Corollary. [De Jonge & vZ (2010)]

Suppose p is the standard Gaussian kernel, (Am) holds and σd is
inverse gamma. Then if f0 ∈ Cα(X ) for α > 0, then for L > 0
sufficiently large,

Π
(
f :

1

n

n∑

j=1

(f (tj)− f0(tj))2 > L2ε2n |Y1, . . . ,Yn

) Pf0−→ 0,

for

εn = n
− α

d+2α log
4α+4αd+d+d2

4α+2d n.
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Special case II: density estimation
Observe sample X1, . . . ,Xn from a positive density f0 on
X = [a, b]d . Use law Π of

x 7→ eW (x)

∫
X eW (y) dy

as prior on f .

Theorem. [De Jonge & vZ (2010)]

Suppose p ∈ P∞ and (Am) and (Aσ). If log f0 ∈ Cα(X ) for
α > 0, then for L > 0 sufficiently large,

Π
(
f : h(f , f0) > Lεn |X1, . . . ,Xn

) Pf0−→ 0,

for

εn = n
− α

d+2α log
r∨(1+d)
2+d/α

+( 1+d−r
2

)+ n.
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Other special cases

• Nonparametric classification

• Signal in white noise

• Drift estimation for an ergodic diffusion

•
...
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Concluding remarks I

• Kernel mixture priors can yield optimal contraction rates for
estimating smooth functions of several variables.

• They can do so in a wide variety of statistical settings, not
just in density estimation.

• They can do so adaptively, i.e. without using knowledge of
the true regularity.

• It is not necessary to use higher order kernels in order to
estimate very smooth functions.

• Careful construction of the prior is necessary to avoid
sub-optimal rates.
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Concluding remarks

36 / 37



Concluding remarks

• In combination with conditioning, GP tools allow us to
analyze conditionally GP priors.

• When carefully constructed, conditionally GP priors can lead
to rate-adaptive procedures.

• Results provide theoretical underpinning and guidelines for
procedures used in practice.
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