
TU Eindhoven Algorithms (2IL15) — Homework Exercises

Algorithms (2IL15): Homework Set C.1

Exercises for Lecture 9

C.1-1 ( 1
2 + 1

2 + 1
2 points) Consider a decision problem Π whose input is a set of n numbers.

Argue for each of the following three statements whether they are true or false. Keep your
explanations brief (a few lines per statement).

(i) Suppose we have an algorithm Alg for Π that runs in Θ(n4 log n) time. Then we can
conclude that Π ∈ p.

(ii) Suppose we have an algorithm Alg for Π that runs in Θ(2n) time. Then we can conclude
that Π 6∈ p.

(iii) Suppose we have an algorithm Alg for Π that runs in Θ(n8) time. Then Π cannot be
np-complete.

C.1-2 ( 1
2 + 1

2 + 1
2 points) Consider the problem Subset Sum: Given a set S of n integers, and an

integer k, decide if there is a subset S′ ⊆ S whose sum is exactly k.

(i) Subset Sum is known to be np-hard. Prove that Subset Sum is also np-complete.
(ii) There exists a dynamic-programming algorithm that solves Subset Sum in O(nk) time.

Moreover, as you just proved in (i), Subset Sum is np-complete. Explain that this
does not imply that p = np.

(iii) Now suppose that someone would develop an algorithm that runs in time O(n3 log k).
Does this imply that p =np? Explain your answer.

C.1-3 (1 1
2 points) Consider the problem Long Path, which is to decide for a given undirected

graph G = (V,E) and integer k if there is a simple path in G consisting of at least k edges.
(A simple path is a path that visits any node at most once.)

Prove, using a reduction from Hamiltonian Cycle, that Long Path is np-hard. (See
slide 21 of Lecture 9 for a definition of Hamiltonian Cycle.)

C.1-4 ( 1
2 points) Consider the Boolean combinatorial circuit depicted in Fig. 1. Suppose we

transform this circuit into a Boolean formula with the reduction algorithm used in the proof
to show that Circuit-SAT ≤p Satisfiability. What is the resulting Boolean formula?
(NB In your formula you are allowed to use the logical connectives ∨, ∧, →, ↔, and ¬.)
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Figure 1: A Boolean combinatorial circuit.
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Exercises for Lecture 10

C.1-5 ( 1
2 point) Consider the following problem

Collection Sum
Input: A collection S1, S2, . . . , Sm of sets, each consisting of non-negative integers, and a
non-negative integer k.
Question: Is there a set Si in the collection such that

∑
x∈Si

x = k?

Someone claims that Collection Sum is np-hard, and gives the following proof.

Claim 1 Collection Sum is np-hard.

Proof. We will prove that Subset Sum ≤p Collection Sum. Because Subset Sum is
known to be np-hard, this implies that Collection Sum is np-hard.

To prove that Subset Sum ≤p Collection Sum, consider an instance X, k of Subset
Sum, that is, a set X of non-negative integers and an integer k. We produce an instance
of Collection Sum by generating all subsets of X. Let S1, S2, . . . , Sm be the collection of
all these subsets. Then obviously the instance X, k is a “yes”-instance of Subset Sum if
and only if S1, S2, . . . , Sm, k is a “yes”-instance of Collection Sum. Hence, we have given
a valid reduction from Subset Sum to Collection Sum. In other words, we have shown
Subset Sum ≤p Collection Sum. �

Explain why the given proof is incorrect.

C.1-6 ( 1
2 + 1

2 point) Consider the reduction from 3-SAT to Subset Sum explained on slides 27
and 28 of Lecture 10. In the reduction, two (n + m)-digit numbers are generated for each
clause Cj : a number cj,1 where the (n+ j)-th digit (counted from the left) is 1 and all other
digits are 0, and a number cj,2 where the (n + j)-th digit is 2 and all other digits are 0.

(i) Person A claims that the proof would also have worked if we had generated only one
number for Cj , namely the number where the (n + j)-th digit is 3 and all other digits
are 0. Is Person A right? Explain your answer.

(ii) Person B claims that the proof would also have worked if we had generated three
numbers for Cj , each equal to the number cj where the (n + j)-th digit is 1 and all
other digits are 0. (Note that this generates an instance of Subset Sum where the set
X contains certain numbers three times, so X is actually a multi-set. This is, in fact,
allowed in Subset Sum.) Is Person B right? Explain your answer.

C.1-7 ( 1
2 + 1 1

2 point) We call a Boolean formula beautiful if it is in CNF-form and if every clause
either contains only positive literals or only negative literals. For example, the Boolean
formula

(x1 ∨ x2) ∧ (¬x2 ∨ ¬x3 ∨ ¬x4) ∧ (¬x1 ∨ ¬x4) ∧ (x1 ∨ x4 ∨ x5 ∨ x6) ∧ (¬x5)

is a beautiful Boolean formula. Now consider the following problem.

Beautiful-SAT
Input: A beautiful Boolean formula F .
Question: Does F have a satisfying assignment?

(i) Prove that Beautiful-SAT is in np.
(ii) Prove that Beautiful-SAT is np-hard by giving a reduction from one of the problems

on slide 34 of Lecture 10. Make sure you explicitly prove that your reduction maps
“yes”-instances to “yes”-instances and “no”-instances to “no”-instances, and that your
reduction runs in polynomial time.
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b = 16× 8
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r1 = 4× 2
r2 = 6× 4
r3 = 1× 7
r4 = 3× 8
r5 = 7× 4

r6 = 4× 4
r7 = 9× 2
r8 = 5× 8
r9 = 5× 2
r10 = 9× 6

(i) (ii)

Figure 2: (i) An instance of Rectangle Packing. (ii) A packing of a subset (namely
{r1, r2, r4, r5, r6, r7, r9}) showing that the instance shown in (i) is a “yes”-instance.

C.1-8 (1 1
2 point) Consider the following problem, which is also illustrated in Fig. 2.

Rectangle Packing
Input: A set R = {r1, r2, . . . , rn} of rectangles and another rectangle b. Each rectangle is
given by its width and height, which are integral.
Question: Is there a subset R′ ⊂ R such that the rectangles from R′ can be placed inside b
(without overlap) such that the exactly fill up b? (It is not allowed to rotate the rectangles.)

Prove that Rectangle Packing ∈ p or prove that Rectangle Packing is np-hard. (If
you prove that Rectangle Packing is np-hard, you should do so by giving a reduction
from one of the problems on slide 34 of Lecture 10, and you should make sure you explicitly
prove that your reduction maps “yes”-instances to “yes”-instances and “no”-instances to
“no”-instances, and that your reduction runs in polynomial time.)
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