
TU Eindhoven Algorithms (2IL15) — Homework Exercises

Algorithms (2IL15): Homework Set C.2

Exercises for Lecture 11

C.2-1 (1 + 1
2 + 1

2 points) Consider a 3-CNF formula F in which all literals are positive. In other
words, there are no negated variables. Obviously, such a formula is satisfiable by setting all
variables to True. Now consider the minimization problem where we want to satisfy F by
setting the minimum number of variables to True.

Give a polynomial-time 3-approximation algorithm for this problem. More precisely, you
should (i) describe the algorithm, (ii) prove that it is a 3-approximation, and (iii) analyze
its running time. To prove that your algorithm is a 3-approximation, you should explicitly
state a lower bound on the value of an optimal solution.
Hint: Use an algorithm similar to the algorithm for Vertex Cover explained in the lecture.

C.2-2 ( 1
2 + 1

2 points) Let G = (V,E) be a complete, weighted graph and let w(u, v) denote the
weight of edge (u, v) ∈ E. Assume that the weight function w(·, ·) does not satisfy the
triangle inequality. We want to solve the TSP problem on G.

(i) Explain how to modify the edge weights w(u, v) into new edges weights w(u, v) such
that the new weight function satisfies the triangle inequality and a tour is shortest for
the original weights if and only if it is shortest for the new weights.

(ii) Suppose we have a ρ-approximation algorithm Alg for TSP that works for graphs with
weight functions satisfying the triangle inequality. Can we combine the result from
(i) with Alg to get a ρ-approximation algorithm for graphs that do not satisfy the
triangle inequality? If yes, explain how. If not, give a counter-example explaining that
the obvious way of doing this does not work.

C.2-3 ( 1
2 + 1 point) Let P = {p1, . . . , pn} be a set of n points in the plane. We want to solve the

Euclidean TSP problem on P , that is, we want to compute a tour on the points in P that
minimizes the Euclidean length. Consider the following algorithm for this.

Algorithm Euclidean-TSP(P )
1. Let T be the unique “tour” on the set {p1} and let R← {p2, . . . , pn}.
2. B Invariant: T is a tour on the set P \R.
3. while R 6= ∅
4. do Find a pair of points (pi, pj) ∈ T ×R that minimizes |pipj |.
5. Remove pj from R, and insert pj into T immediately after pi. In other words, if

T was equal to · · · , pi, · · · then it becomes · · · , pi, pj · · ·
6. return T

(i) Give an example of a set P on which Euclidean-TSP does not compute an optimal
solution. (You may use that an optimal Euclidean TSP tour never crosses itself.)

(ii) Prove that Euclidean-TSP is a 2-approximation algorithm. Hint: You might want
to refresh your knowledge about algorithms for computing the minimum spanning tree
(Kruskal/Prim) before solving this exercise (if you haven’t studied these algorithms
before, ask an instructor about them).

C.2-4 ( 1
2 point) Consider the FPTAS for the subset-sum problem, as described in Section 35.5

of the book and on slides 20–28 of Lecture 11. The idea of the trimming procedure is as
follows: when the list L contains two numbers that are almost the same and we discard one
of them, we can still get a solution that is almost optimal. Thus the trimming procedure
discards the larger of the two numbers. On slide 25 this is done in lines 3+4:

3. if zj/last ≤ 1 + δ
4. then remove zj from L.

Now suppose that we would discard the smaller instead of the larger of the two numbers.
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Thus, line 4 would be changed to:

4. then remove last from L and set last← zj

Would this also lead to a correct FPTAS? Explain your answer.

Exercises for Lecture 12

C.2-5 ( 1
2 point) Write the following linear program in standard form.

Minimize x1 − 3x2 − x3
Subject to x1 + x2 = 7

2x1 + x2 − 3x3 ≥ 5
x1 ≤ 0
x3 ≥ 0

C.2-6 (1 1
2 point) Banco Algoritmico wants to optimize its portfolio. The bank has €1,000,000,000

that they can invest in several ways: in mortgages, personal loans, commercial loans, or
government securities. Each of these has a different expected profit (as a percentage of the
investment) and a risk factor associated to it, according to the following table:

investment expected profit risk factor
mortgages 4% 3
personal loans 9% 5
commercial loans 3% 2
government securities 2% N/A

Banco Algorithmico wants to invest its money in order to maximize its expected profit.
However, they want the average risk factor of their investments in mortgages, personal
loans, and commercial loans to be at most 3.1. (For example, investing €200,000,000 in
mortgages, €500,000,000 in personal loans, and €300,000,000 in government securities is
not allowed, because the average risk factor of their investments in mortgages, personal
loans, and commercial loans would be of the investments in mortgages, personal loans, and
commercial loans would be (200, 000, 000 · 3 + 500, 000, 000 · 5)/700, 000, 000 = 31/7 > 3.1.)
Banco Algoritmico wants to invest at least €150,000,000 in commercial loans, to keep good
relations with some important commercial customers.

Describe the portfolio-optimization problem of Banco Algoritmico as an LP. (The invest-
ments do not have to be integral.) Describe clearly what the variables in your LP represent,
and what the meaning of the various constraints is.

C.2-7 (1 1
2 points) Albert Heijn wants to expand their business by buying several supermarkets

on Antarctica. There are n possible supermarkets, s1, . . . , sn, that they can potentially buy.
For each supermarket si the following information is available:

• the cost fi of buying supermarket si,
• the annual profit pi of supermarket si.

Moreover, for each pair of supermarkets si, sj the distance di,j between the supermarkets
is known. This is important, because Albert Heijn does not want to buy two supermarkets
that are within 1 km from each other. Albert Heijn has a total budget of B available for
opening supermarkets on Antarctica, and they want to maximize the annual profit of the su-
permarkets that they buy. Describe how to model this problem as a 0/1-LP. Describe clearly
what the variables in your LP represent, and what the meaning of the various constraints is.

C.2-8 (1 1
2 points) Let G = (V,E) be a complete, weighted, directed graph. The problem Min

Weight Cycles is to find a collection of cycles such that that

• each cycle has at least two nodes,
• the cycles are simple and disjoint, and every node occurs in exactly one cycle, and
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• the total weight of all the cycles is minimized.

Note that 2-cycles—cycles consisting of just two edges: (u, v) and (v, u)—are allowed. Also
note that the number of cycles is not given. Describe how to model this problem as a 0/1-
LP. Describe clearly what the variables in your LP represent, and what the meaning of the
various constraints is.
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