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1.(2) Determine whether the abstract propositions

(a ∧ ¬b)⇒ b and a ∧ (¬b⇒ b)

are comparable (i.e., the abstract proposition on the left is stronger than the abstract propo-
sition on the right, or vice versa). Motivate your answer with a proof or a counterexample.

Solution: We first make a truth table that includes both abstract propositions:

a b ¬b a ∧ ¬b (a ∧ ¬b)⇒ b ¬b⇒ b a ∧ (¬b⇒ b)
0 0 1 0 1 0 0
0 1 0 0 1 1 0
1 0 1 1 0 0 0
1 1 0 0 1 1 1

Note that the only assignment that makes the abstract proposition a ∧ (¬b⇒ b) evaluate
to 1 is when both a and b are assigned the value 1, and under this particular assignment
to a and b also the abstract proposition (a ∧ ¬b)⇒ b evaluates to true 1. It follows that

(a ∧ (¬b⇒ b)) |val== (a ∧ ¬b)⇒ b, and hence the two abstract propositions are comparable.

Correction suggestions: A correct answer (2 points) argues that the right-hand side formula
is stronger than the left-hand side formula. The argument may reason about the shape of
the formulas (indirectly referring to the truth-table semantics of the connectives). Or it may
consist a full truth table (as above) including columns for both abstract propositions with
the explicit conclusion that every 1 in the column for (a ∧ (¬b⇒ b)) is ‘carried over’ to the
column for ((a ∧ ¬b)⇒ b), and therefore the first abstract proposition is stronger than the

second. Or it may consist of a calculation showing that (a ∧ (¬b⇒ b)) |val== ((a ∧ ¬b)⇒ b).

A mix between the two types of arguments (first simplifying the abstraction propositions by
means of a calculation, and drawing conclusions based truth-table semantics is also fine.

Award 0.5 point for the observation that the abstract propositions are comparable.

Award another 0.5 point for the observation that the right-hand side is stronger than the
left-hand side abstract proposition. The latter may be implicit if the proof is presented in
the form of a calculation. If a truth table is given, then it should be clear from the argument
that the candidate knows which is the stronger of the two abstract propositions.

The remaining 1 point is awarded for the argument that (a ∧ (¬b⇒ b)) |val== ((a ∧ ¬b)⇒ b).
If an argument referring to truth-table semantics is given, then it should at least be clear
that (a ∧ (¬b⇒ b)) = 1 only if a = 1 and b = 1, and that then also ((a ∧ ¬b)⇒ b) = 1.
If an argument by means of a calculation is given then it should be clear which standard
equivalences and standard weakenings are applied (but references to their names are not
needed).

For a correct truth table without any conclusion whatsoever: award 1 point.

For a correct truth table with conclusion that the abstract propositions are comparable
(but no clear mentioning that the right-hand side abstract proposition is stronger than the
left-hand side abstract proposition) award 1.5 point.
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2. Let P be the set of all people; we assume that Anna and Bert are people (i.e., particular
elements of the set P). Let M and F be unary predicates on P and let C and Y be binary
predicates on P, with the following interpretations:

M(x) means x is male,

F (x) means x is female,

C(x, y) means x is a child of y,

Y (x, y) means x is younger than y.

Give formulas of predicate logic that express the following statements:

(a)(1) Everybody has a father.

(b)(1) Anna is a younger sister of Bert.

Solution:

(a) The following formula of predicate logic expresses “Everybody has a father”:

∀x[x ∈ P : ∃y[y ∈ P ∧M(y) : C(x, y)]] .

(b) The following formula of predicate logic expresses “Anna is a younger sister of Bert”:

Y (Anna,Bert) ∧ F (Anna)∧
∃x,y[x, y ∈ P∧M(x)∧F (y) : C(Anna, x)∧C(Anna, y)∧C(Bert, x)∧C(Bert, y)] .

Correction suggestions:

(a) A correct answer, to be awarded with 1 point, gives the formula

∀x[x ∈ P : ∃y[y ∈ P ∧M(y) : C(x, y)]] ,

or any formula that can be obtained from this one by applying True/False-elimination,
Domain Weakening, and Commutativity of conjunction.

For a syntactically correct predicate logic formula that uses only the specified predicates
and that is reasonably close to (but not exactly) one of the formulas specified as a correct
answer above, you may consider awarding 0.5 point.

A formula that is not syntactically correct should not get any points.

(b) A correct answer, to be awarded with 1 point, specifies that Anna is younger than Bert,
that Anna is female, and then Anna and Bert have at least one parent in common. So,
also the formula

Y (Anna,Bert) ∧ F (Anna) ∧ ∃x[x ∈ P : C(Anna, x) ∧ C(Bert, x)]

is worth a point.

For syntactically correct formulas with minor flaws you may award 0.5 point. (If the
candidate only forgets to add the requirement that Anna is female, you may decide to
award full points.)

A formula that is not syntactically correct should not get any points.
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3.(3) Prove with a derivation (i.e., using the methods described in Part II of the book) that the
formula

∃x∀y[P (y) ∨Q(y, x)]⇒∀z[¬P (z) : ∃u[Q(z, u)]]

is a tautology.

Solution: We have the following derivation:

{ Assume: }

(1) ∃x∀y[P (y) ∨Q(y, x)]

{ Assume: }

(2) var z;¬P (z)

{ ∃∗-elim on (1): }

(3) Pick an x with ∀y[P (y) ∨Q(y, x)]

{ ∀-elim on (3) and (2): }

(4) P (z) ∨Q(z, x)

{ ∨-elim on (4) and (2): }

(5) Q(z, x)

{ ∃∗-intro on (5): }

(6) ∃u[Q(z, u)]

{ ∀-intro on (2) and (6): }

(7) ∀z[¬P (z) : ∃u[Q(z, u)]]

{ ⇒-intro on (1) and (7): }

(8) ∃x∀y[P (y) ∨Q(y, x)]⇒∀z[¬P (z) : ∃u[Q(z, u)]

Correction suggestions: A correct answer (3 points) gives a derivation showing that the
formula is a tautology.

Award points for partly correct solutions:

• for correct ⇒-intro: 0.5 point;

• for correct ∀-intro: 0.5 point;

• for correct ∃∗-elim: 0.5 point;

• for correct ∀-elim: 0.5 point;

• for correct ∨-elim: 0.5 point;

• for correct ∃∗-intro: 0.5 point.

Let’s not be too strict about omission of hints: if some or all hints are missing, subtract (at
most) 0.5 points.

We should be stricter about wrong applications of rules. I think it is worse to apply a
rule incorrectly, than to not apply it at all. Subtract 0.5 point from the total number of

3



points obtained according to the scheme above for every incorrect application of a rule. For
instance, if the ∀-elim on the universal quantification in line (3) concludes P (y) ∨ Q(y, x)
for some undeclared variable y, then this incorrect application of ∀-elim does not yield 0.5
according to the scheme above, and, moreover, you also subtract 0.5 point from the total
number of points awarded according to the scheme. Similarly, if the candidate concludes
Q(z, u) instead of Q(z, x) in line (5) then this should be considered as an incorrect application
of ∨-elim (no point for ∨-elim, and subtraction of 0.5 point for the incorrect application of
the rule).

4.(2) Prove that (x < 0 ∨ x > 2)⇒ x2 − 2x > 0 for all x ∈ R.

Solution: Let x ∈ R, and assume that x < 0 ∨ x > 2. To prove that x2 − 2x > 0, we
distinguish cases according to whether x < 0 or x > 2.

If x < 0, then also x− 2 < 0. Since the product of two negative real numbers is positive, it
follows that x(x− 2) > 0 and hence x2 − 2x > 0.

If x > 2, then x > 0 and also x− 2 > 0, and since the product of two positive real numbers
is positive, it follows that x(x− 2) > 0 and hence x2 − 2x > 0.

Correction suggestions: A correct answer (2 points) presents a proof of the universally quan-
tified implication.

Award 0.5 point for correctly dealing with the universal quantification (i.e., declaring x ∈ R).

Award 0.5 point for correctly dealing with the implication (i.e., stating the assumption that
x < 0 ∨ x > 2, then proceeding with an argument to show that x2 − 2x > 0).

Award 0.5 point for using the disjunction in a logically correct way.

Award 0.5 point for mathematical core of the argument.
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5.(3) Let the sequence a0, a1, a2, . . . be inductively defined by

a0 := 3

a1 := 5

ai+2 := 4ai+1 − 3ai (i ∈ N).

Prove that an = 3n + 2 for all n ∈ N.

Solution: We prove that an = 3n + 2 for all n ∈ N by strong induction on n. Let n ∈ N,
and suppose that for all i ∈ N such that i < n it holds that ai = 3i + 2 (the induction
hypothesis); we need to establish that an = 3n + 2. To this end, we distinguish three cases:

• If n = 0, then an = 3 according to the definition of an, and since also 3n+2 = 1+3 = 3,
it follows that an = 3n + 2.

• If n = 1, then an = 5 according to the definition of an, and since 3n + 2 = 3 + 2 = 5, it
follows that an = 3n + 2.

• If n ≥ 2, then an = 4an−1−3an−2 according to the definition of an. Since n−1, n−2 ∈ N
and n−1, n−2 < n, by the induction hypothesis an−1 = 3n−1 +2 and an−2 = 3n−2 +2,
so

an = 4(3n−1 + 2)− 3(3n−2 + 2) = 4 · 3n−1 + 8− 3 · 3n−2 − 6

= 4 · 3n−1 − 3n−1 + 2 = 3 · 3n−1 + 2 = 3n + 2 .

Correction suggestions: A correct answer (3 points) provides a proof that, given the inductive
definition of the sequence a0, a1, a2, . . . , it holds that an = 3n + 2 for all n ∈ N. The proof
may be presented in natural language (as above), or in the form of a derivation.

Naturally, the proof is by strong induction, and candidates who are able to set up a proof
by strong induction (that is, manage to reproduce the formula for strong induction and then
are able to deal with the ensued logical reasoning, with a ∀-intro and an ⇒-intro), earn 1
points by doing so. The remaining 2 points are then earned as follows:

• correctly dealing with the definition of the ai, and, in particular, realising that there
should be a case distinction, is worth 0.5 point;

• correct mathematical reasonings in the two basis cases is worth 0.5 point;

• correctly and explicitly using the induction hypothesis in the step case is worth 0.5
point;

• correctly doing the rest of the mathematical computation in the step case is worth 0.5
point.

For correctly setting up a proof by (normal) induction, also award 1 point, and award part
of the remaining 2 points as described above. (There will probably not be a case distinction,
and the induction hypothesis will probably be used wrongly, so I guess that an attempt at
a proof by normal induction will at most give 2 points. Unless, of course, the induction
hypothesis is considerably strengthened.)

For ‘proofs’ that only deal with the first few cases explicitly, and then suggest that the
property probably also holds in general, you may award (at most) 0.5 point (for correctly
dealing with the base cases).
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6. (a)(2) Show with a counterexample that the formula

∀X,Y [X,Y ⊆ A : F (X) ⊆ F (Y )⇒X\Y = ∅]

does not hold for all mappings F : A→ B.

(b)(2) Prove that if F : A→ B is an injection, then

∀X,Y [X,Y ⊆ A : F (X) ⊆ F (Y )⇒X\Y = ∅] .

Solution:

(a) Let A = Z, B = N, and let F : A → B be the mapping defined by F (x) = x2.
Furthermore, let X = {1} and Y = {−1}. Then X,Y ⊆ A, and F (X) = F ({1}) = {1}
and F (Y ) = F ({−1}) = {1}, so F (X) ⊆ F (Y ), but X\Y = {1} 6= ∅.

(b) Let F : A→ B be an injection, and let X,Y ⊆ A such that F (X) ⊆ F (Y ); we need to
establish that X\Y = ∅.
To this end, by the property of ∅, it suffices to derive a contradiction from the assump-
tion that x ∈ X\Y for some x ∈ A.

Note that from the assumption x ∈ X\Y it follows, by the property of \, that x ∈ X
and x 6∈ Y . From x ∈ X it follows by the property of image that F (x) ∈ F (X), so, by
the property of ⊆, we have that F (x) ∈ F (Y ).

According to the property of image it follows from F (x) ∈ F (Y ) that there exists y ∈ Y
such that F (x) = F (y). Then, since F is an injection, it follows that x = y, and hence
x ∈ Y .

We now have derived both x ∈ Y and x 6∈ Y , and thus we have arrived at a contradic-
tion.

Correction suggestions:

(a) A correct answer (2 points) defines an appropriate mapping F : A → B, and sets
X,Y ⊆ A and argues that F (X) ⊆ F (Y ), but not X\Y = ∅.
For a concrete definition of mapping F : A → B (i.e., declarations of concrete sets A
and B and defining, for every x ∈ A, what is F (x), award 1 point, provided that it is
not injective. If there is a concrete definition of F : A → B, but, unfortunately, it is
injective, then award 0.5 point for the concrete definition of F : A→ B.

Award 0.5 for concrete declarations of X and Y refuting the formula for the concretely
defined F : A→ B.

Award 0.5 for a decent argument that the declared F : A → B, X and Y refute the
implication F (X) ⊆ F (Y )⇒X\Y = ∅.
A reasonable informal explanation as to why the formula does not hold, without explicit
declarations of A, B, F : A→ B, X and Y may yield at most 1 point.

(b) A correct answer (2 points) gives a proof of the property in terms of the given definitions
and properties of sets and mappings. Explicitly naming the definitions and properties
is not necessary, but it should, nevertheless, be clear which definition or property is
used where. The proof may, of course, be presented in the form of a derivation.

Award 0.5 point if the candidate shows that he or she knows what is an injection (by
giving the formula for ’F : A → B is an injection’ or for correctly using that F is an
injection in the proof).

Award 0.5 point if the candidate shows that he or she knows the properties of image.

Award 0.5 point if the candidate shows that he or she knows the property of \.
Award 0.5 point if the candidate shows that he or she knows how prove that a set is
empty.
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7. We define a binary relation R on N+, the set of all positive natural numbers, by

k R ` if, and only if, there exists c ∈ N with c ≥ 2 such that ` = c · k.

(a)(2) Prove that R is transitive.

Let V = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}.

(b)(1) Make a Hasse diagram of 〈V,R〉.
(c)(1) What are the minimal elements of V in 〈V,R〉?

What are the maximal elements of V in 〈V,R〉?

Solution:

(a) To prove that R is transitive, let k, `,m ∈ N+, and suppose that k R ` and ` R m; we
need to establish that k R m.

From k R ` and ` R m, it follows, according to the definition of R, there exist c, d ∈ N
with c, d ≥ 2 such that m = c · ` and ` = d · k. So m = c · ` = c · (d · k) = (c · d) · k.
Moreover, since c, d ∈ N and c, d ≥ 2 we also have that c · d ∈ N and c · d ≥ 2.

Hence, we may conclude, according to the definition of R, that k R m.

(b)

1

2 3

4

5

6

7

8

910

(c) The minimal element of 〈V,R〉 is 1, and the maximal elements of 〈V,⊆〉 are 6, 7, 8, 9, 10.

Correction suggestions:

(a) A correct answer (2 points) proves that R is transitive.

Award 1 point if the candidate shows that he or she knows when a relation is transitive
and correctly sets up the proof, with the declaration of three arbitrary positive natural
numbers, assuming that the first is related to the second, and the second is related to
the third, and stating that the goal is to establish that the first is related to the third.
If the candidate only reproduces the formula for ‘R is transitive’ (and nothing else),
then award 0.5 point.

Award 0.5 point for correctly dealing with the definition of R (in particular, declaring
two (!) natural numbers greater or equal 2).

Award 0.5 point for the mathematical part of the argument.

(b) A correct answer (1 point) gives the Hasse diagram. The Hasse diagram should, of
course, not have fewer or more connections between the elements. The relative po-
sitioning of connected elements (as above) should correctly indicate the ‘direction’ of
the relation. Alternatively, the direction may be indicated by an arrow instead of a
connection without arrowheads, and then the relative positioning is not important.

You may still award 0.5 point if the Hasse diagram is not correct, but reasonably close
to the correct one.

(c) A correct answer (1 point) mentions the minimal and maximal elements. Evaluate the
answer against the Hasse diagram if it is present.

Award 0.5 point for a correct specification of the minimal element.

Award 0.5 point for a correct specification of the maximal elements.
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