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1.(2) Let ϕ be the formula

(a⇒ ¬b) ∨ (¬c ∧ d) ∨ ((d ∧ e)⇔ False) .

Show that ϕ is contingent (i.e., neither a tautology, nor a contradiction).

2. Let H be the set of all humans, let W be the set of all weekly tests and let F be the
set of all final examinations. Furthermore, let Adam denote a particular human, i.e.,
Adam ∈ H, and let S ⊆ H and P ⊆ H× (W ∪ F) be the predicates with the following
interpretation

S(x) means ‘x is a student ’ ,

P (x, y) means ‘x has passed y’ .

Give formulas of predicate logic that express the following statements:

(a)(1) Adam has passed all weekly tests but no final examination.

(b)(1) If a student has passed all weekly tests, then this student has also passed a final
examination.

3.(3) Prove with a derivation (i.e., using the methods described in Part II of the book) that
the formula

∃x∀y[P (x, y)⇒Q(y)]⇒∀z[¬Q(z) : ∃u[¬P (u, z)]]

is a tautology.

4.(2) Does the equivalence

∀x[x ∈ N : ∃y[y ∈ N : P (x, y)]]
val
== ∃y[y ∈ N : ∀x[x ∈ N : P (x, y)]]

hold for all binary predicates P on natural numbers? (Give a proof or a counterexample.)

5.(2) Check whether the formula

A×A ⊆ B × C ⇒ (A\B) ∩ C = ∅

holds for all sets A, B and C. If so, then give a proof; if not, then give a counterexample.
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6. Consider the mapping (function) f : R→ (R+ ∪ {0}) defined for all x ∈ R by

f(x) = x2 − 6x+ 9 .

(a)(1) Show that f is not an injection.

(b)(1) Let X ⊆ R. Give the formula for ‘f : X → (R+ ∪ {0}) is a bi-jection’.

(c)(1) Give an X ⊆ R such that f : X → (R+ ∪ {0}) is a bi-jection.

7.(3) Prove that 7n − 1 is divisible by 6 for all n ≥ 1.

8.(3) We define a binary relation R on N+, the set of all positive natural numbers, for all
x, y ∈ N+ by

x R y if, and only if, there exist m,n ∈ N+ such that xm = yn.

Prove that R is an equivalence relation.
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