Finite Equational Bases for Fragments of CCS
with Restriction and Relabelling*
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Abstract We investigate the equational theory of several fragmen@s modulo
(strong) bisimilarity with special attention to restrmti and relabelling. The largest
fragment we consider includes action prefixing, choicealparcomposition with-
out communication, restriction and relabelling. We preésefinite equational base
(i.e., afinite ground-complete and omega-complete axiat#in) for it, including
the left merge from ACP as auxiliary operation to facilitthe axiomatisation of
parallel composition.

1 Introduction

The Calculus of Communicating Systems (CCS) was develop&bbin Milner in
the late 1970s [8]. This calculus introduced a formal lamgufor describing pro-
cesses, using a transition system to give an operationalinget the expressionsin
the language. In this paper we pay special attention to #igcton and relabelling
operators of CCS.

The restriction operator takes a process and a set of a@®agguments. It de-
limits the scope of actions by preventing the execution leyptocess of the actions
in the set. Restriction is often used to specify the commatitio topology of a sys-
tem by blocking the execution of interleaving actions ofgtlet processes so that
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only the result of (synchronous) communication remainstiRgion is also present
in ACP [3], where it is called encapsulation.

The relabelling operator takes a process and a function &ctions to actions.
It renames the actions in the process according to the fumcsind can be used
to instantiate a generic specification for specific need€@$, relabelling is, e.g.,
used in defining the so-called linking operation, which ighet core of many of
the specifications offered in [9]. Relabelling is not prasenACP, but it can be
added and then it increases the expressiveness of the @aduyamely, Baeten and
Bergstra prove in [2] that the process Queue cannot be spébiimeans of a finite
guarded recursive specification over ACP, whereas it capéeified by means of a
finite guarded recursive specification over ACP with rengnin

In [6] (see also [9]), Hennessy and Milner propose an axiwaabn for CCS
modulo bisimilarity that they prove ground-complete (i&l valid equations in-
volving terms without variables are equationally derieafsbm it). Their axioma-
tisation is infinite, which is unavoidable as proved by Mp[l&l]. For a finite ax-
iomatisation it is necessary to add auxiliary operatorg, ¢he left merge and com-
munication merge of ACP [3].

We want to give an equational base (i.e., an axiomatisdtatis not just ground-
complete but complete also for equations involving ternmih wariables) for CCS
modulo bisimilarity. Perhaps surprisingly, no completéoaxatisations of bisimi-
larity over languages including restriction and relalgjlhave been given to date.
In [7], Milner studied an algebra of flowgraphs with operasaf (parallel) com-
position, restriction and relabelling, and provided a ctatgpaxiomatisation for it.
In that reference, however, the notion of equivalence betvexpressions is purely
“structural”, since two expressions are equated when tlemot: the same flow-
graph up to isomorphism.

In this paper we present finite equational bases for fragsneh€CCS modulo
bisimilarity that include restriction and relabelling optors. The largest fragment
we consider here includes all the operators from recurBeaCCS, but the parallel
composition operator is limited to pure interleaving andsloot allow for synchro-
nisation between parallel components. Our completenesdgbuild on results and
techniques developed in [1], where a finite axiomatisatarttie fragment of CCS
without restriction and relabelling operators is provethptete.

For our completeness proofs we adopt the classic normal$tnategy. This en-
tails showing that all process terms can be proved equalte smrmal form using
the axioms, followed by the construction of a distinguighualuation that ensures
that two normal forms are equal under this valuation onlyhéyt can be proved
equal. Both the above-mentioned steps involve non-traéénsions of the tech-
niques from [1] for the languages we consider because,aifdikground-complete
axiomatisations, restriction and relabelling cannot benielated from terms. This
means that normal forms may contain occurrences of thesatigres, and their
form will be more complicated than that considered thusridahe literature. More-
over, in order to implement the latter step in the above-inaet proof technique,
distinguishing valuations will need to be defined in such g that they allow us to
detect the restrictions and relabellings that occur in threnal forms.
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For the shape of the normal forms in the present paper it igarthat restric-
tion and relabelling distribute over parallel compositidhis is the reason that we
now only consider an operator for parallel composition ikdimited to pure in-
terleaving; neither restriction nor relabelling distri@wver parallel composition in
the presence of synchronisation. So an obvious avenuetfoefwork is the techni-
cally challenging problem of giving a complete axiomaiisaiof full CCS modulo
bisimilarity, with restriction, relabelling and parallebmposition that allows for
synchronisation.

The paper is organised as follows. In Sect. 2 we introducé#uments of CCS
that will be discussed in this paper. In Sects. 3-5 we propgsational bases for
three fragments of CCS: first only with the restriction operathen only with the
relabelling operator, and finally with both operators.

2 Preliminaries

In this section we introduce a process calculus that is nbthfrom Milner’s pure
CCS [9] by omitting recursion, replacing parallel compiasitby an operation for
pure interleaving (i.e., which does not include synchratiig between compo-
nents), and adding the left merge of Bergstra and Klop [3f G&lculus gives rise
to a process algebRfor which we will present a (finite) axiomatisation. The main
result of this paper states that this axiomatisation is detap

We fix a set ofaction labelsZ, a set ofco-action labelsZ disjoint from.# and
a bijection- : . — Z. We define the set aictions.e/ as.Z U.Z. The inverse of
we shall also denote byand thusi = afor eacha c 7. In [9], Milner assumes that
£ and.Z are infinite. However, to obtain a finite axiomatisation, veed to require
that the sets? and_Z are finite. We also fix a countably infinite setwafriables? .
The meta-variables, b, andc generally range ove#; X, y, andzrange overy'.

A relabelling functionis a functionf : &7 — & such thatf (a) = f(a) for each
a e /. With every relabelling functiorf : &7 — &/ we associate a functiofr ® :
P () — P() such thatf (') = {a| f(a) € &'} for eache’’ C o/. The
identity relabelling functiorld is defined byld(a) = a for eacha € /. For each
relabelling functionf andL C ., we write f | L for the relabelling function defined
by

f(a)ifacLorael,

(f L)@ = {a otherwise.

The meta-variable$ andg generally refer to relabelling functions, akdandL
refer to subsets of/.
The set ofprocess termsZ,  is generated by the following grammar:

Tu=0|x|aT |T+T|T|T|T|T|T\L | T[f]

whereac &/, xe ¥,L C %, andf : & — &/ is a relabelling function. The meta-
variablesp, g andr generally range ove#, ;. We use the following convention for
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the binding power of the operators in decreasing orderbedliag _[f] and restric-
tion _\ L (tightest binding), prefixing._, parallel composition || - and left merge
- || -, alternative composition+ _. In the remainder of the paper we also need no-
tation for the following subsets of? ;: we use.” to denote the set of all process
terms without occurrences of relabelling operators, &hdo denote the set of all
process terms without occurrences of restriction opesator

Process terms that do not contain any variables are cealteskd The set of
closed process terms is denotedﬁ%. We give an operational semantics to closed

terms using the binary relationd— (ae )on 9\% defined by means of the spec-
ification in Table 2.1.

1 5, P 53 a—d
ap--p p+q-5p p+q-Sq
p-5p £ a—d . P—0
pla-—>p g pla->pld pla-=plq
p->p aagl g PP
P\L— p\L plf] *2 pf]

Table 2.1:Operational semantics

If p -2, p’ for somea € «7, then we callp’ aresidualof p. If for a termp and
an actiona there does not exist a terph such thatp — p/, then we writep —2-.

It is technically convenient to extend the usage of the rideRable 2.1 by let-
ting them define binary relations™ (a € <7) on the full set of terms7, ;. (Since
there are no operational rules for variables, this effetfimeans that variables are
assigned the “same behaviour'@3

Thedepthd(p) can then be defined for all process tens .7 | as the maximum
number of consecutive transitions that can be performetirggdrom p, i.e.,

The operational semantics assigns behaviour to closedsteéFhe notion of
bisimilarity [12] relates closed process terms that exl@gual behaviour.

Definition 1. A bisimulationis a symmetric binary relatiogZ on ?\% such that
p Z qimplies

if p— p/, then there exists song € 7S such thag — ¢ andp’ Z ¢

Closed process terngsq € 9\% are said to béisimilar (notation:p < q) if a bisim-
ulation relationZ exists such thap # q.

It is well-known that= is an equivalence relation. We denote[pytheequiva-
lence clas®f a closed process terme 9\% modulo bisimilarity, and by?\fﬁ/ﬁ
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the set of all such equivalence classes. The rules in Tablar2.all in de Simone’s
format [13], and from this it follows that bisimilarity is capatible with the syntac-
tic constructs of our process calculus.&@ /< is the universe of a process algebra
with a distinguished elemeft unary operatora.. (for all a € <), _[f] (for all rela-
belling functionsf : & — &), and_\ L (for all L C .¥), and binary operators+ _,

-]l -and_|| - defined as follows:

Henceforth we shall denote this process algebr&bivembers ofP are called
processesnd will be ranged over by, g andr like process terms. This convention
will not lead to confusion because it will be clear from thetaxt which is meant.

To be able to reason syntactically ab&twe define how process terms can be
used to denote elementsBfand present an inference system for the derivation of
equations between process terms that are valRl in

Definition 2. A valuationis a mappingv : ¥ — P. Such a mapping may be ap-
plied to process terms iff; ; using theevaluation mapping-Jv : % ; — P defined
inductively by:

[O]v=0, [a+rlv=T[alv+rlv , [a\L]v=[alv\L
Xy =v(3) , [l rlv=[alvll [r]v , [alfllv=[alvlf] ,
[aqlv=alfdlv , [al rlv="[alv[l [r]v -

Note that the evaluation mapping maps process terms to merobéhe alge-
braP, given an assignment of processes to variables. When anatical mapping
is applied to a closed process term, the assignment isvareiend the evaluation
mapping amounts to interpreting the syntactic construstha corresponding op-
erations of the algebra. Thus, without fixing a specific exaun mapping, we can
use a closed term to denote an elemerR;dhis element oP is then, of course, the
equivalence class that contains the particular closed. tBamexample, the closed
terma.0+ b.0 denotes the elemefia.0+ b.0]), of P.

A process equatiois a pair of process termg,(q) written asp ~ ¢. The equation
p~qisvalidin Pif [[p]v= [q]y for all valuationsy : " — P. Henceforth, we write
peqif pxqisvalidinP.

Table 2.2 presents a set of process equatiribat are all well-known to be
valid in P (see, e.g., [6, 9, 5, 3]). We shall use the process equatingsas the
axioms of an inference system with as rules the familiarsrafeequational logic [4].
Henceforth, whenever we write~ g we mean that the process equatjprr q is
derivable within this inference system. (In the cases ircliiie intend to highlight
that only a proper subset of the axiomsd&his needed to derivg ~ g, we shall
explicitly mention the needed axioms.)

Since the axioms are valid and the rules of equational logic preserve validity,
we have the following soundness result.
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(A1) x+y ~Yy+X (LM1) x|I 0 ~ X

(A2) (x+y)+z=x+(y+2) (LM2) 0] x ~0

(A3) x+x ~ X (LM3) ax[ly =a(x]y)

(A4) x+0  ~x (LM4) (x+y) [[z= x| z+Y] 2
(LM3) (x[Ly) Lz=x[(y[I2)
M) x|y x[Ly+yllx

(RS1a)x\0 ~ X (RL1) x[Id] ~ X

(RS1b)x\.¢ ~0 (RL2) O[f] ~0

(RS2) 0\L ~0 (RL3) (ax)[f] =~ f(a).(x[f])

~JO ifaael (RL4) (x+y)[f] =~ x[f] +y[f]

(RS3) axiL =~ {a(x\L) faagl  (RLS) (x|Ly)[f] ~xf] Ly[f]

(RS4) (x+y)\L~x\L+y\L (RL6) (X f])[d] ~x[gof]

(RS5) (x[[y)\L~x\L[y\L

(RS6) (x\L)\K ~x\ (LUK)

(RRLXI\L =~ (x\ fY(L))[f]

(RR2) (x\L)[f] = (x\L)[g] ff(L-L=gl(£-L)

Table 2.2: The set of axiomg&’

Proposition 1 (Soundness)For all process terms g € % ), if p~ g, then p= q.

The main goal of this paper is to prove that the inference=sy$s also complete,
i.e., that, for all process termsq € & |, if p< qthenp~ q; if this is the case, then
it follows that & is anequational basdor the algebra?. Our completeness proof
proceeds according to the following strategy:

1. Identify an appropriate notion of normal form and provattévery term in%,
is rewritable according to the axioms éto a normal form. To establish com-
pleteness, it is then enough to prove that t impliesst for all normal forms
sandt.

2. Associate with every two normal fornsandt a distinguishing valuation, i.e., a
valuationx : ¥ — P such that ifs £ t, then[[s]. # [t].. From this it follows that
s<timpliessat for all normal formss andt.

The first step is fairly straightforward, even though themakforms we need to
consider involve all the operations in the calculus; thexastiour completeness
proof is to find a suitable distinguishing valuation and prtive property described
in the second step. Our distinguishing valuation combiegsral ideas that are best
explained separately. To this end, we shall, as steppingesttowards our main
result, first apply the aforementioned strategy to obtammleteness results for the
fragmentsZ and.7; of our calculus. In Sect. 3 we consider the fragment without
relabelling. In Sect. 4 we study the fragment without refish. Finally, in Sect. 5
we consider the full calculus.

We use the summatiopi, pi (modulo Al, A2 and A4) to denote an alternative
composition of the fornp; + p2 + ... for a finite setl and processep; (i € 1).
We also defind = Yo pi for the empty index set. Furthermore, we shall use an
abbreviation for iterated prefixing, definim§.0 = 0 anda'+1.0 = a.(a.0).
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We conclude this section with a few properties pertaininthtalgebreP that
we shall need in the rest of the paper.
The binary relations> (ae &) defined earlier foﬂ\% induce binary relations

-2 (a€ &) onP as follows: for allp, p’ € 7§ we define thafp] — [p'] iff for
all g € [p] there exists @' € [p/] such tha) - /.

Proposition 2. For all p,q,r € P

. p=0iffp -2 forallac «;

cap-2riffa=band p=r:

p+q-Sriffprorqg-r;

p|l q - r iff there exists some’E P such that p-= p' andr=p' || q;

plag-riffplg-rorq| p->r;

. p\L 2 riff a,a¢ L and there exists somegP such that p-> gandr= g\L;

. plf] -2 riff there exist some & < and ge P such that fa) = b, p—2> q and
r=q[f].

Bisimulation equivalence preserves the notion of dep#h, (ihe closed process
terms in an equivalence class have the same depth). Thensfocan define the
depth dp) of a procesp € P as the depth of any of its members. As a technical tool
we shall also need the notion bfanching degreé(p) of a procesp € P defined
by

N o uAWN P

b(p) = [{(a,p) [ p—= P'}|.
Lemma 1. For all p,q € P, it holds that

An elementp € Pis parallel primeif p#£0, andp=q|| r impliesq=0orr =0.
A parallel decompositioof pis a finite multisefps, .. ., pn] of parallel primes such
thatp=p1 | --- || pn. The following theorem and corollary are proved in [10].

Theorem 1.Every element d? has a unique parallel decomposition.

Corollary 1. Letpg,r € P.Ifp||lg=p]| r, theng=r.

3 Restriction

In this section we establish a completeness result for ggnfent of our process
calculus that includes the restriction operators, butiedes relabelling operators.
The set of normal forms¥ is generated by the following grammar:
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N:=0|aN]| x\L)|N|N+N

wherea € o, x € ¥/, andL C .Z. We refer toa.sand(x\ L) | sas simple normal
forms.

Lemma 2. Every process term @ % has a normal form & .4 such that px s is
provable using RS1a—RS6, LM1-LM5, and M.

Because of Lemma 2, each term can be written using the failpggeneral form:

Zai.s + ZJ(XJ- \Lj)[Lsj (moduloAl, A2 and A4)
i€ JE

for finite index setd,J and witha; € <7, §,s; € A, X; € ¥, andLj C Z.

For our completeness proof, we define a valuation that allssw® distinguish
non-bisimilar normal forms. The definitions of the distiighing valuations we use
in this paper are geared towards achieving the propertigssin Lemmas 5 and 6 to
follow (or similar lemmas in the subsequent sections). Inipalar, distinguishing
valuations will allow us to tell apart the different types simple normal forms
(Lemmab).

Definition 3. Letw > 1 and let[-] : ¥ — (N —{0,1}) be an injective function. We
define the valuation,, for each variable € 7 by:

i .
ow(X) = a.&rg . With & = a'.o.
an./ b anj jzl

Note that ifs is a simple normal form, thefs].,, has a unique residual. In the
following lemmas we establish some special propertiesapenyg to the valuation
ow When applied to normal forms. These properties will be useshbw that, is
indeed a distinguishing valuation.

First we state two properties of the procéss., \ L, which is a parallel compo-
nent of the unique residual ¢tx\ L) || S,

Lemma3.Foralli > 1and LC .Z, the proces<; \ L is parallel prime, and its
branching degre®(&i\ L) isi-|.Z —L|.

The valuationoy, is such that if the parameter is greater than an estimated
highest branching degree occurring alreads; then it is possible to determine from
the procesgs].,, whethershas action prefixing or a left merge as head operator. This
will be explained in Lemma 5 below; first we formalise an agprate estimation
of the highest branching degree occurring in a normal farm

Definition 4. For all s € .4, the estimated highest branching degred ®sbccur-
ring in sis defined inductively as follows:

esk0) =0, esl{s+t) = esl(s) + esht),
eslia.t) = max(1,esht)), eskl{(x\L) [ t) = max|-¥ — L|,eskt)),

withae &/, xe ¥, L C £ andt € . K.



Finite Equational Bases for Fragments of CCS with Restricéind Relabelling 9

Note 1.The lower bound.# — L| in the definition of esf(x\ L) | t) follows from
the definition ofoy, (see Definition 3), sincgx\ L], —— &xw\Lforallac.# L.

The following lemma shows that the estimated branchingekegfsis an upper
bound on the branching degree[sf.,,.

Lemma 4. For every normal form & .4, b([[g].,,) < esk(s).

Lemmab.Letss € .4 with s simple, and letx ¥, L C . and w> esH{s).

1. If s=a.s, then the branching degree of the unique residud]sj§,, is smaller
than w.

2. 1f s=(x\L) || S, then the branching degree of the unique residud]sjf,, is
larger than w.

Proof. Assume that p is the residual of]s},,, —— p for some a .#. We have the
following two cases:

1. Ifs=a.s, then p=[s].,. Becauseshs) < w, by Definition 4esk{s’) < esks) <
w. Hence, by Lemma 4, the branching degregsdf,,, is smaller than w.

2. 1fs= (x\L) || 8, then p= (§pqw \L) || [STen We have by Lemma 3 that
b(&pqw\ L) = [X] -w-[.Z —L| > w (given that LC .# and [x] > 1). Because
[ST+, does not decrease the branching degree of the residual p ébyma 1),
we may conclude that the residual p has a branching degrdeettteeeds w. O

When it has been determined from the unique residudifpf, thats has a left
merge as head operator, then the following key lemma all@ts determine which
variable occurs in its left argument, and by which propersstiof.# this variable
is restricted.

Lemma6.Fori,j>landKLcC.Z,if§\K=¢;\L, thenK=Landi=j.

Proof. We first show that k- L. Assume that & .¥ — K. By Definition 3 and Propo-
sition 2(6) there exists somesrP such thai§; \ K — r. Therefore; \ L - r also
holds. However, by Proposition 2(6) this also means that#& — L. The case that
ae Z —Lis symmetrical. Hence, sincea.? — K iff a € . — L, it follows that
K=L.

Because K= L and & \ K = &\ L, we know thai(& \ K) = b(; \ K) and
therefore i |.Z — K| = j-|.¢ — K| by Lemma 3. Since K .Z, it follows that i= |.

0

The following result states that the valuatigpis indeed distinguishing.

Theorem 2. For every two normal forms,s€ .4 with w > eslys), esl{t), it holds
that if [S]|e,, = [t]oy then s=t modulo A1-A4.

Proof. Assume thdfs].,, = [t]., holds; we prove that s t is derivable using A1—
A4 by induction on the sum of the depths of s and t. We do thisdwisg that for

every summand sf s there exists a summanaft such thatis~ t; modulo A1-A4.
Consider the following case analysis based on the syntar affitrary summand
5 of s:
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1.If§ = as, then[s]o, — [$].,. Becausgs]., = [t]«, there must also be a

summandjtof t such thaft;]e,, — [[S],. By Lemma 5 we know that must
have the form Itj, because the branching degree of the unique residuft b,
does not exceed w.
Given that { has this form, it can only perform one transitioft; ., o, [t Tow-
Since alsdtj]o,, — [[S] o it follows that a= b and[[§],, = [[t;Jow- By induction
hypothesis we have thats tj modulo A1-A4. Hence, we may conclude that
S :a.g'asb.tj =tj.

2.1f 5 = (x\K) || §, then, since K& .2, [[s]), — p for some a .# — K. We
know that also a summangaf t exists such thdlt;].,, -2, p. Definition 3 gives
us that p= (&r.w \ K) || [§]e, Similarly to the previous case, by Lemma 5 we
also know thatjtmust have the forrfy \ L) || tj for some yc 7 and LC .. The
residual of § after performing an action & £ — L is (&[y1.w \ L) || [tj[l-,, (also by
Definition 3). This residual is equal to p, so we know ttf;. \ K) || [§]e, =
(&ry1w \ L) Il [tiJow
By Lemma 3 we have that the procesg ., \ K is parallel prime and has a
branching degree that exceeds w. This process cannot osdheiunique par-
allel decomposition oft;]|.,, because, by Lemmas 1 and 4, and the assumption
of the theorem that w eskt), the branching degrees of all processes in the de-
composition offt{].,, do not exceed w. Conversely, this also holds in a symmetric
way for the procesgjy., \ L with respect to the unique parallel decomposition
of [[q]]ow- Hencef(x] -W\ K= E[y} -W\ L.
From&p, .w \K = &[y).w \ L it follows by Lemma 6 that k= L and [x] -w = [y] -w.
Therefore, x=y by injectivity off-].
We have established that &K L and x=Y, s0(&rq.w \ K) || [§]low = (Eryqw \
L) | [t = (&px.w\ K) || [ty and hence, by Corollary e, = [t] o BY
induction hypothesis it follows that s t; modulo A1-A4, so we may conclude
thats = (X\K) [L 5 ~ (y\L) [ tj =t; modulo A1-A4.

It follows by a symmetric argument that every summand of Isis provably equal
to a summand of s using the above mentioned equations. Heasa; t &~ t modulo
Al-A4. O

Corollary 2. For all p,q € & it holds that p= q is provable using A1-A4, RSla-
RS6, LM1-LM5, and M if, and only if, 4 q.

Proof. The implication from left to right follows from Progition 1.

For the proof of the implication from the right to the left, wesume that p= g.
By Lemma 2, there are two normal forms s and t such that thetemsap~ s and
g~ t are provable using RS1a—RS6, LM1-LM5, and M. 4& g, then by Proposi-
tion 1 and transitivity of= we also know that s> t and thus[s].,, = [t]].,- Hence,
by Theorem 2 we know thatst is provable using A1-A4 and we can conclude that
prs~t~qg. O
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4 Relabelling

In this section we establish a completeness result for tgnfent of our process
calculus that includes relabelling operators, but exdudstriction operators.
The set of normal forms4; is generated by the following grammar:

N:=0]aN | x[f]IN | N+N,

whereae o7, x € ¥, andf : ¥ — £ is a relabelling function. We refer taN and
x[f] || N as simple normal forms.

Lemma 7. Every process term @ .7 has a normal form & .4 such that px s is
provable using RL1-RL6, LM1-LM5, and M.

Because of Lemma 7, each term can be written using the foilpgeneral form:

Zai.S + Z(Xj (i) 's; (moduloAl, A2 and A4)
e IE

for finite index setd,J and withg; € <7, §,sj € .44, Xj € ¥/, and relabelling func-
tionsfj: ¥ — 2.

Our goal now is to find a distinguishing valuation for eachr phinon-bisimilar
normal forms. In the following definitions and lemmRglenotes the set of prime
numbers.

Definition 5. Let |-| : .2 — P be an injective functionw a prime number larger
than any prime number in the range|of, and let[-]: ¥ — {me P | m> w} be
another injective function. We define the valuatigpfor each variablec € 7 by:

W )
OW(X) = aZ(x] W with Zi,W = a0+ Z bl“)JJ .O,
beZ j=1

wherea s an arbitrary action in7.

Our aim in defining the valuatiosy is again to be able to distinguish the different
types of simple normal forms that may occur as summands ofmaldorm. As
in Sect. 3, we will be able to distinguish summands of the farmfrom those
of the formx[f] || s since the unique residual of terms with the latter form will
have a larger branching degree than the unique residuatiohgarefixed terms—
see Lemma 10 to follow. However, in the definition«f we also want to ensure
that terms of the fornd;,w[f] are prime, and that the sequences of actions those
terms afford “encode” the relabelling functidn We obtain the primality of; v f]
by means of the summarad0 of v, whereas we encode relabelling functions by
taking sequences of actions whose lengths are powers afaigtime numbers.
This is enough to ensure thatdfw[f] and {; w[g] are bisimilar, thenf = g—see
Lemma 11 to follow.
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Lemma 8. For all i > 1 and relabelling functions f.¥¢ — ¢, the procesg w[f]
is parallel prime, and its branching degreeb$(i w[f]) = 1+ |- - w.

Again, the distinguishing ability of the valuatief, depends on the value of the
parametemw being greater than an estimated highest branching degerog
already ins. This is explained in Lemma 10 below; first we formalise anrappate
estimation of the highest branching degree occurring inrenabforms.

Definition 6. For all s € .4{, the estimated highest branching degreggsis de-
fined inductively as follows:

esk{0) =0, esl{s+t) = esly(s) + esht),
eskia.t) = max(1,esht)), eskx[f] || t) = max(1,eskt)),

with a € &7, x € ¥, relabelling functionf : ¥ — £ andt € ..

The following lemma shows that the estimated branchingekegfsis an upper
bound on the branching degree[sf.,,.

Lemma 9. For every normal form & .4{, b([[s].,) < esl(s).

Lemma 10.Letss € .4 be simple normal forms,& 7, f : ¥ — £ arelabelling
function and let w> esHs).

1. If s=a.g, then the unique residual §§].,,, has a branching degree smaller than
W.

2. If s= (x[f]) || S, then the unique residual §§].,, has a branching degree larger
than w.

When it has been determined from the unique residudpf, thats has a left
merge as head operator, then the following key lemma all@ts determine which
variable and which relabelling function occur in its lefgament.

Lemma 11.Fori, j > 1and relabelling functions g: .2 — .Z, if {w[f] = {jw[d],
theni=jand f=g.

Proof. From i w[f] = ¢jw[g] it follows thatd({i w[f]) = d({jw[g]) and therefore
i-|b|%=j-|bJ"forthatbe . for which|b| is largest. Sincéb| is positive, i= |.

It remains to prove that £ g. Let be .Z. Thengju[f] -2 (b(-1)=1)[f]. By the

assumption thafj w[f] = {jw[g] and since i= j, it follows that there also exists
some c= . such that tb) = g(c), &g ~ (ciLe)=1)[f] and (b(-1) 1) [f] =
(ciLe)=1)[g]. Hence i [b]" =i |c]" and since|b] and |c| are prime, it follows
that b= c and w=v. Therefore, fb) =g(b). O

Using the previous lemmas, and reasoning as in the proof @df&m 2, we can
now prove that the valuation defined in Definition 5 is indeitiguishing.

Theorem 3.For every two normal forms,s€ .4 with w > eslys), esl{t), it holds
that if [S|o,, = [t]ow then s=t modulo A1-A4.
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Proof. Assume thdfs].,, = [[t]., holds; we prove that s t is derivable using A1—
A4 by induction on the sum of the depths of s and t. We do thisdwisg that for

each summand sf s there exists a summanaff t such thats~t; modulo A1-A4.
By symmetry this suffices to prove the claim.

1.If§ = as, then[s]e, — [$]e., Becausgs]., = [t]«,, there must also be a
summanditof t such thaft;].,, — [SjJlow- By Lemma 10 we know thatrnust
have the form g, because the branchlng degree of the unique residugtf b,
does not exceed w.

Given that { has this form, it can only perform one transitioft; ., o, [t Tow-

Since alsdft;]Je,, —— [[§]oy, it follows that a= b and[§]]Jc,, = [t{]J.,, By induction
hypothesis we have tha{ts t’ modulo A1-A4. Hence, we may conclude that
s=as~ bt’ =tj.

2. Ifs =x[f] [ §, then[s 0W—> gl f1 11 [S]ow= P- Since[[ ow = [t]on there

must be a summang £ y[g] || tj of t such that; ]]QW—> iyl 1] [T

and p=g. By Lemma 9, the nght hand side paraIIeI components ofdocpimave
branching degrees not exceeding w whereas, by Lemma 8ftteated side par-
allel components are parallel prime and have branching dedr+ |.£| - w.

Using Theorem 1 it follows thad[,) w[f] = {fywlg] and [Si]e, = [t]e. By
Lemma 11 we have thak] = [y] and f=g. Hence, x=y by injectivity of[-].

By induction, we have thaf s tj modulo A1-A4. Thereforé || s; is provably
equal to a summand of t.

It follows by a symmetric argument that every summand of Isis provably equal
to a summand of s using the above mentioned equations. Hease; t ~t modulo
Al-A4. a

Corollary 3. For all process terms g € .7 it holds that p~ q is provable using
Al-A4, RL1-RL6, LM1-LM5, and M if, and only ifepg.

5 Restriction and Relabelling

In this section, we consider the language that includes bedtriction and rela-
belling operators.
The set of normal formsy ; is generated by the following grammar:

N:=0|aN/| x\L)[f][N|N+N

whereac o7, xe ¥, L C %, andf : £ — .Z is a relabelling function satisfying
f=f](Z-L)(.e.,fistheidentity on ala e L). We refer to the normal forms
a.N and(x\ L)[f] || N as simple normal forms.

Lemma 12.Every process term @ . ; has a normal form & . ; such that px s
is provable using RS1a—RS6, RL1-RL6, RR1, RR2, LM1-LM3and
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Now, using the previous lemma, each term can be written usiagollowing
general form:

Za.s + Ek(xj \Lp)[fjllLsj (moduloAl, A2, A4, and RR2)
1€ je

for finite index setd,J and witha; € &7, 5,5 € A, X; € ¥, Lj C £, and rela-
belling functionsf; : .« — £ with fj = fj | (£ —L;).

A valuation that distinguishes an action prefix from a vagalmder restriction
and relabelling can be constructed by combining the idedsnlying the valuations
presented in Definitions 3 and 5. The result shown below use®ys of distinct
prime numbers to “encode” the relabelling function and empla summation over
all actions to allow for the detection of the restricting. set

Definition 7. Let |-| : .2 — P be an injective functionw a prime number larger
than any prime number in the range|of, and let[-]: ¥ — {me P | m> w} be
another injective function. We define the valuatignfor each variable € 7 by:

W
ow(X) = a.X1xw With Xiw = <a.0+ aa’ .0) )
an./ Xl an/ le

First, we establish two properties of the procggs) w \ L)[f], which is a parallel
component of the unique residual i\ L)[f] || Soy.

Lemma 13.Foralli > 1, L C .%, and relabelling functions f.¥ — ., the process
(Xiw\L)[f] is parallel prime, and its branching degree|i§.¥ —L)|+ |.£ — L|-w.

To enable the valuation,, to distinguish between an action prefix and a term
with the left merge as head operator, as explained in Lemnizelhv, we need an
appropriate estimation of the highest branching degreerdog in a normal form
S.

Definition 8. For alls € .4{;, the lower bound estimate of the branching degree of
s, denoted with eq(s), is defined inductively as follows:

esk0) =0, esk{s+t) = esl(s) + esht),
esi{at) =max(1,eshkt)),  esk(x\L)[f] || t) =max]|.Z|,eskt)).
withac o/, xe ¥, L C &, relabelling functionf : ¥ — . andt € K.
The following lemma shows that the estimated branchingekegfsis an upper
bound on the branching degree]si.,,.
Lemma 14.For every normal form & .4 ;, b([s].,,) < esk(s).

Lemma 15.Letss € ./ be simple normal forms,& ¥, LC %, f: ¥ — L a
relabelling function and let w- esl{s).

1. If s=a.g, then the unique residual §§].,,, has a branching degree smaller than
w.
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2. If s= (x\ L)[f] | S, then the unique residual df§].,, has a branching degree
larger than w.

The following lemma allows us to determine the variable,rériction set and
relabelling function in a simple normal form of the shag& L)[f] || s.

Lemmal6.ForweP,i,j € {me P | m>w}, K,L C ., and relabelling functions
f,9: 2 —2,if (Xiw\K)[f] = (Xjw\L)[d] thenK=L, f [ (£ —K) =g [ (£ —K)
andi=j.

By following the strategy we adopted in the proofs of Theséhand 3, we can
show that the valuation defined above is indeed distingugshi

Theorem 4.For every two normal forms se .4 ; with w> esl{s), esl{t), it holds
that if [S]|o,, = [[t]o then st modulo A1-A4 and RR2.

Proof. We now prove thats t assuming thaf]s].,, = [t].,, by induction on the
sum of the depths of s and t. We do so by proving that for evenynsund sof s

a summand;tof t exists such that; s tj modulo A1-A4 and RR2. Consider the
following case analysis based on the syntax of an arbitrammmand sof s.

1.If§ = as, then[s]e, — [$].,. Becausds]., = [t]«, there also must be a

summanditof t such thaf]t;[Jo,, —— [S], By Lemma 15 we know thatmust
have the form I, because the branching degree of the residiigl., does not
exceed w.
Given that { has this form, it can only perform one transitioft;].,, o, [t Tow-
Since alsdtj]o,, — [[S]o if follows that a= b and[[§],, = [[t;Jow- By induction
hypothesis we have thgt=s t; modulo A1-A4 and RR2. Hence, we may conclude
thats =ag ~btj =t;.

f(a)

2. Ifs = (x\K)[f] |5, then, since KC .2, [S]lo, — (X \ K)[F] ]| [S]low =P
(by Definition 7) for some & . — K. We know that also a summanaf t exists

such thaf[t;]l.,, ) p. Similarly as in previous case, by Lemma 15, we also know
thattj must have the forrfy\ L)[g] || tj for some e ¥, L C ¢, g: £ — . such
that g(b) = f(a) for some be £ —L, and {. The residual ofjtafter performing
an action gb) with be £ — L is (Xjy;w \ L) || [tj]w (also by Definition 7). This
esidualis equal o p, 50 we know th@ti \ K] 1] [§]ow = (X1 \ LA |
Towr
B;/ Lemma 13 we have that the procggs; w \ K)[f] is parallel prime and has a
branching degree that exceeds w. This process cannot acthe iunique paral-
lel decomposition dft;].,, because, by Lemma 1 and the fact that wsht) >
eslhit;), the branching degrees of all processes in the parallel demasition of
[t;]l, do not exceed w. Conversely, this also holds in a symmetrycfarathe
process X[y w \ L)[g] with respect to the unique parallel decompositiofigf.,,.
Hence by Theorem 1xj w\ K)[f] = (Xjy1 w \ L)[g] and o, = [t/
From (Xpqw \ K)[f] = (Xiyw \ L)[g] it follows by Lemma 16 thafx] = [y],
K=Land f| (Z—-K)=g[ (£ —K). By the injectivity off-] we know also
that x=y.
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Since[s]lo,, = [[tj]lews by induction hypothesis it follows thgt=s tj modulo Al-
A4 and RR2.
Summing up, we have established thatK, f [ (£ —K) =g (¥ —K),x=Y,
and § ~ tj modulo A1-A4 and RR2, We may therefore conclude that(g\
KT LS~ (y\D)g] [Lt] =t;.
The above analysis shows that for each summand sthere exists a summand t
of t such that s~ t; modulo A1-A4 and RR2. It follows by a symmetric argument

that every summand of t is also provably equal to a summandisihg the above
mentioned equations. Hencexs+t ~t modulo A1-A4 and RR2. a

Corollary 4. For all process terms @ € .7 it holds that p~ q if, and only if,
p=aq.
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