Topological Aspects of Hybrid Processes
(a treatment using non-standard analysis)

P.J.L. Cuijpers M.A. Reniers
Technische Universiteit Eindhoven (TU/e)
P.J.L.Cuijpers@tue.nl M.A.Reniers@tue.nl

1 Introduction

Hybrid systems are systems in which both physical and coatipnial behavior play an im-
portant role. In the study of such systems, using technifoes computer science, we often
encounter problems of a topological nature. In this paperpwefly discuss three of these
problems, namely: theontinuity of physical behavior, the occurrence £&8no-phenomena
and other limit-behavior due to the combination of compatet and physical behavior, and
the influence ofmprecise measurements

Before we are able to discuss the problems mentioned above@ee@ a way to state
them formally. For this purpose, we usmological transition systemse. labeled transition
systems(X,Z,—) in which the state spacé and signal spac& are both equipped with a
topology (see e.g. [8]). Most of the work on hybrid systenet theals with Zeno-behavior,
for example, implicitly assumes such a topology. But the eqnences of that topology for
equivalences, and the like, are hardly ever made precisd%s&5, 7] for some exceptions).

To analyse these topological transition systems, we wdlthe methods afon-standard
analysis also known as the mathematics of infinitesimals. From astandard point of
view, the presence of a topology means that the spAcasd % are lifted to spaceX C
X andZ C *Z, on which a notion of approximate equivalence (denct@ds defined. The
mapping* is also defined for all relevant mathematical structureXoror example, given
the functionx € R — R, we use*™x € (R — R) to denote the lifted version. The elements
of X are calledstandard elementsvhile the elements iriX \ X arenon-standard elements
The non-standard elements in, for example, the set of reabrtsR, are infinitesimals (i.e.
numbers approximately equal to 0), near-standard eler(iemtsumbers that differ only by an
infinitesimal from a standard element), and infinitely langenbers (i.e. numbers that are not
approximately equal to any standard number). For earlieursions by computer scientists
into the non-standard domain, see for example [1, 11, 12].

In the coming sections, we are going to show some example®déis in which we use
approximate equivalence to model continuous behavior ambfhenomena. Furthermore,
we propose variants of the familiar notion of bisimulatiaquavalence that reflect ways to
preserve continuity, Zeno-phenomena and robustnessshga@asurement errors.



2 Continuity

The first topological problem regarding the modeling of hglsystems, that we will discuss,
is that physical behavior isontinuousn nature. Labeled transition systems often turn out to
be an inadequate model for such behavior. Recently, theylese extended with behavioral
systems, i.e. with sets of functions from time (the real)litee states and observations, to
overcome this (see e.g. [10, 14, 6, 3]). Using non-standaati/ais on topological transition
systems, we find an alternative model for hybrid systems.

Intuitively, continuity of behavior means that a systemsgpess takes place in infinitesi-
mally small steps. Using a non-standard topological tteorssystem, this intuition is easily
formalized by stating that:

Definition 1 (Continuity) A transition relation—C *X x *% x *X is continuous iffx) = (X'
implies x~ X.

In physics, continuous behavior is often described usifigréintial equations. The non-
standard definition of differentiability (see e.g. [9])Iselss that the time derivative of a
functionx € R — R has the property tha{t) ~ w for all standard € R andt ~t’ €
“R. Inspired by this definition, we can build a transition systidat mimics the behavior of
such a differential equation. This is reflected in the follogvconjecture.

Conjecture 1 Let—C *X x *X x *X be defined by X% ¥ = R? and
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Then— is a continuous transition relation with the property that gach solution »of the
differential equatiork(t) = f(x(t)) there exists a paifx;,t) € *(RY x RY) of internal se-
quences such that for alld *N we have(x;,t;) Xadfint (Xi+1,tir1) and *X(*t) = x whenever

ti <'t <tj,1. Conversely, each such pair of non-standard sequencess@piea solution.

From this conjecture, it becomes clear, that in order togrescontinuous behavior, it
IS necessary to compare not only the finite sequences butredafinite ones. This can be
obtained by the additional requirement that a bisimulatedation must be internal.

3 Zeno-phenomena

Zeno-phenomena are behaviors of a system, consisting ofiaite number of discrete events
that occur in a finite amount of time. Typically, they occuraasartefact of discretisation. A
legendary example, once told by the Alean philosopher Zemsdif, is that of Achilles and
the tortoise:”Achilles and a tortoise are involved in a race. And, becaaseordinary race
would be unfair, the tortoise gets a head start. Now, when Agshitaches the point where

Linternal sequences are sequence§ &) rather than ifR™N. The advantage of using internal sequences is
that we may use induction to obtain conclusions for all elet:ief*N, including the non-standard (i.e. infinite)
elements.



the tortoise started, the tortoise will have moved on a litled whenever Achilles is there
where the tortoise moved to, the tortoise will have moved oma&m, it becomes clear that
Achilles never catches up with the tortoise.”

Let us assume that Achilles moves twice as fast as the tertthen we can model the
race between Achilles and the tortoise as the followingsitaon system, wher@ models the
position of Achilles, and” models the position of the tortoise.

racing A —A

(AT) S (ATY &« A=TAT =T+ 5

(A,T) Achilles_c)atches up<A7 T) - A=T
If we start at(0, 1), where the tortoise has a one-meter head start, we can indeeédduction
to show that the "Achilles catches up” transition never asctiowever, looking a little closer
at the race, we see that the distance between Achilles artdrtioése decreases by a factor
2 with each transition and that the turtle will never get ghstdistance of two meters. So,
intuitively, Achilles should catch up with the tortoiseafhe has run 2 meters, but our model
does not show this.

If we want our model to show Achilles eventual victory, we @anumber of options.
Our first option, of course, is to model the race in a compjetifferent manner, in which
the discretisation does not take place. If we had not chasehgerve the particular moments
at which Achilles has caught up with the turtles previousitoms nothing would have gone
wrong, probably. But, such a posteriori reasoning does ey work, since the Zeno-
phenomena may not always be as obvious as in our example.

Our second option, is to alter the model slightly, by grag#chilles the win whenever the
distance between him and the tortoise are approximatelgle@o we add the non-standard
transitions

ANT>A

<A,T> Achilles_c;altches up<A,_|_> o A~T.
In this non-standard model, Achilles will still need an if@namount of racing transitions to
reach his goal, but the internal sequences &Neof the non-standard transition system (like
the ones we used in the previous section) will all containfehilles catches up” step.

The third option, is to leave the model intact, but to alterglquivalence. If we take bisim-
ulation equivalence as an example, we could add the follpwaquirement to the witnessing
relations on a non-standard topological transition system

Definition 2 (Limit preserving) A relation RC *X x *X islimit preservingif for all x,y € *X
and X € X
XRy A x~ "X = Fyex XRY ANyrY.

This requirement models that if limit points are relate@tithe standard points that are close
to these limit points are also related. In a sense, this reke=snthe notion of topological
bisimulation of [5].

4 Imprecise measurements

The third topological problem in the study of hybrid systermshat measurements in physics
are never precise. This means that models need to cope watha@manges in variables. One



consequence of this, is that two models can only be conslagreivalent if small changes in
one model can be mimicked by small changes in the other mddether consequence, is
that we can hardly ever speak of actual equivalence of mo@élen, the best we can do is to
obtain (arbitrarily precise) approximations (see for epénjl5, 4]).

If we want to deal with the fact that an imprecise measuremmaytoccur, then this means
that the notion of equivalence must be robust against sthatiges in the state. We therefore
propose to extend the notion of bisimulation on non-stashdigpological transition systems
with the following requirement.

Definition 3 (Robust against imprecision) A relation RC *X x *X isrobust against impreci-
sionif for all x,y € X and X € *X

XRY A XX = Fpex XRY Ayry.

This is a kind of dual to the notion of limit preservation segtgd in the previous section. As
a matter of fact, we expect that the combination of robustgminst imprecision and limit
preservation is closely related to the notion of continoitga relation as defined in [2].

If we want to deal with the fact that an imprecise measurerfogoés us to compare transi-
tion systems only approximately, we could consider usiegaolowing notion of approximate
(bi-)simulation, which replaces the familiar simulati@guirement.

Definition 4 (Approximate simulation) A relation RC *X x *X is anapproximate simulation
if for all x,y € *X and x € *X ando € *X

YRY A () % (X) = JpexoesXRY A ) S () A oxd.

Note, that if we take the so-called discrete topology¥dheno ~ ¢’ implieso = o', and we
obtain the usual definition of simulation. As a matter of facsimilar observation holds for
the preservation of limits and robustness against impetis

5 Conclusion

In order to use process algebras effectively for the spatific and analysis of hybrid sys-
tems, the topological structure of both the state spacerendliservation space (signal space)
cannot be neglected. In this note, we have proposed to adtbtppal structure to transition
systems, and to analyse these topological transitionsgsby means of non-standard anal-
ysis methods. Of course, many combinations of the equicaleelations suggested in this
note can be constructed, and certainly there are also o#fiaittbns thinkable. The work de-
scribed is only intended to sketch a direction of researahigiargely unexplored, and, in our
opinion, possibly of great value to the development of tiraad hybrid process theory. We
need to study the new equivalences in the usual way, by slyaheir relation with existing
equivalences, by showing congruence for process algebpa&iators, by finding axioms to
reason about them, and so on, and so on. Our hopes are thatrtfetamdard approach we
sketched in this note, will provide us with a flexible way of deting, that allows us to vary
the level of abstraction between completely discrete amapbete continuous behavior, just
as it was outlined in, for example [13].
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