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Abstract. In [25] a straightforward extension of the process algebra�CRL was proposed to explic-
itly deal with time. The process algebra�CRL has been especially designed to deal with data in a
process algebraic context. Using the features for data, only a minor extension of the language was
needed to obtain a very expressive variant of time. But [25] contains syntax, operational semantics
and axioms characterising timed�CRL. It did not contain an in depth analysis of theory of timed
�CRL. This paper fills this gap, by providing soundness and completeness results. The main tool
to establish these is a mapping of timed to untimed�CRL and employing the completeness results
obtained for untimed�CRL.
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1. Introduction

Process algebras are very nice tools to study fundamental concepts such as actions and interactions,
nondeterminism and parallelism, behavioural equivalences and internal or hidden actions. In their plain
form (e.g. CCS [59], CSP [46] or ACP [12, 11]), these languages are not very expressive in the sense
that only very simple protocols and distributed systems canproperly be described. This is the reason
why these plain process algebras have been extended with data ([41, 32]). The most expressive [56, 57]
and by far the most developed is�CRL (micro Common Representation Language) [32, 33], a process
�
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algebra in the style of ACP extended with equational abstract datatypes. The main design objectives for
�CRL were that

� �CRL had to be sufficiently expressive to describe ‘real-lifesystems’, generally consisting of a set
of interacting programs.

� �CRL had to be simple and sufficiently clear to form a suitable basis for mathematical analysis.

� The definition of�CRL had to be precise, in order to allow the independent construction of com-
puter tools for assisting in the actual development of systems.

The process algebra�CRL is the basis of several proof methodologies [15, 31, 35, 36, 34, 28, 33, 39]
and numerous verifications (see [14, 26, 52, 30, 13, 24, 29, 49, 66]), some of which have been computer
checked. It has also been the basis for several fundamental studies about for instance expressiveness and
decidability [62, 56, 57], and visualisation of huge state spaces [40]. Finally, a tool set around�CRL (see
[19, 51]) has been constructed which is not based on finite state spaces, but on linear process operators
[15, 16], allowing automatic treatment of processes with huge or infinite state spaces.

The language�CRL primarily describes the potential ordering of actions that processes can perform,
which is called the behaviour of a process. It is easy to express that an action� must happen before an
action

�
, and that action� happens in parallel with these. There is, however, no possibility to explicitly

refer to time. E.g.�CRL cannot express that an action� must be executed at a certain time, an action
�

must happen within five seconds after another action�, or that if nothing happens for 10 seconds, an
alarm action must be issued.

However, time is explicitly used in almost any computerisedsystem. Computers rely on notions such
as time-outs, scheduling and interrupts. Hardware and software clocks are common, and so are repeating
time-based tasks. Real-time systems, which are required toperform certain tasks within predetermined
time intervals, even add another dimension. For such systems time is not only important for the internal
behaviour, but also when it comes to the interaction with theenvironment. Therefore, we have extended
�CRL to handle time. The major design considerations for the extension with time are the following:

� A specification in timed�CRL that makes no reference to time should look exactly the same as
an untimed�CRL specification. Moreover, the intuitive meaning of such aspecification should be
equal in both languages. Formally, the two semantics of thisspecification differ, as the semantics
of timed�CRL explicitly refers to time, whereas the semantics of classical�CRL does not mention
time at all. In other words, timed�CRL must be a conservative extension of untimed�CRL. One
advantage thereof is that given a tool for manipulating�CRL� specifications, this tool can also be
used for untimed�CRL.

� The extension with time should be natural and concise, fitting in the style of description of�CRL.

� The definition of timed�CRL should be such that it is suitable to adapt many of the existing proof
techniques from the untimed setting to the timed setting.

In the past years, many timed process algebras have been developed [3, 42, 60, 61, 63] for different
purposes. In extending a process algebra with time choices have to be made with respect to the nature
of the time domain, the way time is described syntactically,and the way time is incorporated semanti-
cally [9].
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Nature of the time domain Process algebras that are proposed in the literature can, with respect to
the nature of the time domain, be classified as discrete-timeprocess algebras (e.g. [60, 63, 61, 42, 5]),
dense-time process algebras (e.g. [64, 3]), and process algebras with an unspecified time domain (e.g.
[69, 18, 55]). As in untimed�CRL the user of the language is allowed to specify algebraic data types, no
need was felt for restricting the language to a specific time domain. In timed�CRL, the time domain is
specified by the user, regardless of whether it is a discrete or a dense time domain. The only restrictions
on the time domain (denoted�) are that a total ordering (denoted�) and a least element with respect to
this ordering (denoted�) must be provided.

Time-stamping and delay mechanisms Although many different constructions can be found in the
literature for denoting timing aspects, coarsely the following dichotomy is found: either time is denoted
through a time-stamping mechanism ([3, 63, 6]), or through adelay mechanism ([60, 61, 42, 5, 7]). Usu-
ally a time-stamping mechanism is used in process algebras with delayable atomic actions for the purpose
of restricting the uncontrolled timing of such atomic actions, and delay mechanisms are employed in pro-
cess algebras with nondelayable atomic actions for describing the passage of time (explicitly). Following
the first design consideration, the meaning of the untimed process� in the timed setting should be the ex-
ecution of the atomic actions of� at arbitrary times while maintaining their ordering, the only alternative
being the execution of all behaviour of an untimed process atone specific time. Hence, timed�CRL has
a time-stamping mechanism for describing timing aspects. In contrast to most process algebras with a
time-stamping mechanism the time-stamping is not performed directly on the atomic actions, but rather
on complete processes. The process� ��, with � a process and� an element of the time domain, denotes
the process� with the restriction that the first action of� must be executed at time�. In combination
with the other operators of timed�CRL, timing aspects such as time-outs, deadlines and intervals can be
expressed.

Absolute time and relative time Sometimes, when specifying real-time systems, it is convenient to
describe the passage of time with respect to a global clock. At other times, it is convenient to describe
passage of timing relative to the previous action. The first mechanism is called absolute timing ([20, 63]),
the second relative timing (e.g. [60, 69, 48]). For timed�CRL, the choice was made for an absolute time
approach for the following reasons. Firstly, references toabsolute time are found in the systems that
we want to describe. Secondly, the axioms for the parallel composition operator are easier in a setting
with absolute-time than in a setting with relative-time. Thirdly, although relative time is convenient
for the description of time with respect to sequential composition, with respect to timing constraints
between actions in a parallel context, a relative timing mechanism is much more difficult to use. Finally,
descriptions with relative and absolute notions of time canbe converted to each other, as has been shown
in [5, 6, 7]. In these papers process algebras have been studied that combine absolute timing and relative
timing in one theory. These process algebras are called parametric time process algebras.

Urgent actions and multi-actions Timed �CRL should be as suitable for analysis and verification
purposes as�CRL turned out to be. We did a number of exercises with timed verifications, which has
resulted in allowing simultaneous, subsequent actions. For instance, it is allowed to write� �� � � ��, which
means that� takes place at time�, followed by

�
at time �. Here we clearly sacrificed naturality of the

language in favour of ease of use. Similar decisions can be found in e.g. [50, 2, 4, 5, 45] and in most
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discrete-time process algebras. The most important reasonto allow simultaneity is the elimination of the
parallel operator in terms of the form� ���� ��. Using linear process operators [15], it is generally possible
to eliminate the parallel operator without exponential blowup in this way. One of the alternatives that
have been investigated, is the use of multi-actions, e.g.�� � ���� [3], but this gives rise to an exponential
number of multi-actions when expanding� parallel processes.

In a setting with a minimal element� of sort � , this design decision has consequences for theleft
mergeoperator � . A process� � � �� (� �� denotes deadlock at time zero) is not simply equal to� ��, but
it can perform that part of� that is enabled at�. This phenomenon is called� -leaking (see [37] for
more details).

Expressiveness The first serious exercises in timed�CRL appeared in a recent paper [37]. In that
paper various basic results were derived, such as theorems for basic terms, the expansion of terms with
operators for parallelism, elimination of parallelism, and commutativity of the merge and communication
merge (the operators� and �). After that, a paper with three case studies of simple hybrid systems in
�CRL� [38] and a paper containing the analysis of a conveyor belt system [70] appeared.

Numerous case studies in which time is not involved have indicated that untimed�CRL has the
appropriate expressiveness for the specification and verification of untimed systems. In the context of
ACP-like process algebras, embeddings and transformations of timed process algebras in which different
choices have been made have been studied extensively. Thesecomparisons have not indicated differences
in expressiveness of the different process algebras with respect to those choices.

Recently, a timed variant of thecones and fociverification technique of [35] has been published [74].

Structure of this article The definition of timed�CRL has been guided by simplicity, elegance and
its suitability to adapt many of the existing proof technologies to the timed setting. In [25] the language
was explained, syntax and operational semantics were givenand an equational characterisation of the
language was provided. There were no completeness results in the paper and a claim of soundness turned
out to be not completely justified. This paper fills these gapsby providing soundness and completeness
theorems, relative to some completeness assumptions on thedatatypes. For simplicity and generality, the
datatypes are assumed to be given as algebras satisfying a number of elementary properties, contrary to
the definition in [25], where equational, inductive datatypes were employed.

The proof of completeness follows the approach of [73], where a timed�CRL is translated to un-
timed�CRL, in such a way that the completeness results of [27, 57] can directly be applied to achieve
completeness. Besides providing a completeness result in arelatively easy way, there is an additional
advantage of this approach, which may turn out to be very helpful in the analysis of timed systems. As
mentioned above, there are many analysis techniques and a very capable tool for untimed�CRL. Trans-
fering these to the timed setting may be a costly and hard operation. However, if we translate timed
�CRL expressions to untimed�CRL, everything achieved for untimed�CRL carries over automatically.
We have especially high hopes for the tool set, as the translation can be done automatically in this case.

Future work We also hope that this approach may help to solve one of the longer standing open prob-
lems in timed process algebra, namely a complete axiomatisation of branching or weak bisimulation in
a setting as expressive as timed�CRL. There are numerous completeness results for weak bisimulations
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in timed settings with restricted expressivity (e.g. [23]). The only attempt that we know where the ex-
pressiveness of the language comes close to that of�CRL can be found in [50]. Here, an axiom for
branching bisimulation is given, which is claimed to be sound and complete. Although we do not doubt
soundness, the completeness claim has not been appropriately justified, and turns out not to be easily
reconstructable.

Related work Timed process algebras have received a lot of attention in the literature, and many
different formalisms have been proposed. Many of these havebeen mentioned in this introduction (see
for a more structured overview [68, 8]). Besides the timed process algebras also other formalisms can be
found in the literature that allow for the description of timing aspects. We mention timed automata [2]
and hybrid automata [1, 58, 43].

The typical difference with timed�CRL is that timed automata are a semantical concept, much less
algebraical, and as such there is no set of characteristic axioms or even a precisely defined set of operators
to construct these. Timed automata are in a sense just finite state machines extended with clocks. These
formalism sparked off a lot of research for instance in timedmodel checking and equivalence checking
(using simulation relations). Using a technique known as convex regions, it is possible to capture the
infinite flow of time into a finite automaton. This result has been the basis for various tool sets, such as
HyTech [44], Uppaal [54] and Kronos [72], of which Uppaal allows simple datatypes as natural numbers
and lists. A lot of effort has been put in the study of the relations between such automata and process
algebras. Notably are the translation of timed automata to the process algebra ACP with prefix integration
from [22], the use of timed automata as a model for a process algebra from [21], and the translations of
timed and hybrid automata to a variant of�CRL� from [71].

At a different end of the spectrum there are the timed specification languages of which extended
LOTOS [17] and LOTOS NT [67] are among the most ambitious, although older languages such as
SDL [47] also combine time within an expressive context. Thegoal of these languages is to allow to
express distributed timed systems as elegantly as possible. As such, the languages are rich in syntax and
much of the effort around these languages is in building tools around it. The difference with timed�CRL
is that these languages are not apt, and not intended for morefundamental research.

2. The axiom system�CRL �

The axiom system�CRL� for pico CRL with time is presented. It serves as the basic framework for
our studies. We work in a setting without the silent step� , and without abstraction or general operators
for renaming. The addition of operators for parallelism in Section 5 leads to full�CRL�. We define a
notion ofbasic termsand prove that all terms over the signature� ��CRL� � without process variables are
derivably equal to basic terms.

2.1. Abstract data types

The processes described in the language�CRL generally exchange data. For the specification of data
we use (equational) abstract data types with an explicit distinction between constructor functions and
‘normal’ functions. Moreover, all properties of a data typemust be explicitly declared, which makes it
clear which assumptions can be used for proving properties of data or processes.
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In this paper, we do not treat the syntactical details of the data language in depth. We simply assume
the existence of a data signature. A data signature consistsof a set� of sort symbols and a set� of
function declarations. We assume disjoint infinite sets of variables�� for the sort symbols� � � . Let
� � ���	 ��. The set of terms of sort� is denoted by
 �. Furthermore, we assume the existence of a
sort symbol� for the booleans with function declarations� and 
 , and the usual connectives�, �, and�

. For each sort symbol�, we assume a data algebra with universe� �. The set� � has two elements:
the interpretation of� and the interpretation of
 .

Finally, we assume the existence of a sort symbol� of time elements and we require that it is totally
ordered and that it contains a least element. The total orderis denoted� and the least element is denoted
�. Throughout this paper we abbreviate terms� �� � �� to � � �. A term of the form� ����� denotes the
term � with variable� replaced by term�.

Besides the above requirements one is free to specify the kind of time domain one requires. This is
done to accomodate those preferring discrete time, and others who prefer a notion of dense time. One
can for instance define that� � has only a finite number of elements, or one can define an ordinal-like
structure on it.

2.2. The syntax of�CRL �

The signature of the theory�CRL� consists of a data signature and a process signature. The process
signature consists of the sort symbol� and the following function declarations:

1. action declarations� � ��  � � �  �! " � for sort symbols�# ($ � % & ' ' ' & �) from the data
signature.

2. deadlock� �" � . Timed�CRL contains a constant�, which can be used to express that from
now on, no action can be performed any more. It models inaction, for instance in the case where a
number of computers are waiting for each other, and the wholesystem is blocked.

3. alternative composition ( � �  � " � . The process represented by� ( ) behaves like� or
) , depending on which of the two performs the first action.

4. sequential composition � � �  � " � . The process represented by� � ) first performs the
actions of� , until � terminates, and then continues with the actions in).

5. conditional operator * + � �  �  � " � . The “ * + ”-operator is the conditional operator
of �CRL, and it operates precisely as a�,�� $- �.��-construct. The process term� * �+ ) behaves
like � if

�
is equal to�, and if

�
is equal to
 it behaves like).

6. alternative quantification/0 � � " � for each data variable1 � � . The sum operator/0 �
behaves like� �� ��1 � ( � ��2 �1 � ( ' ' ', i.e., as the possibly infinite choice between� ��# �1 � for any
data term�# of the sort of1 .

7. at-operator � � �  � " � . A key feature of timed�CRL is that it can be expressed at which
time certain actions must take place. This is done using the “at”- operator. The process� ��, behaves
like the process� , with the restriction that the first action of� must take place at time�.
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8. initialisation operator � � �  � " � . The process�� � behaves as the process� as if it was
started at time�. Thus the initialisation operator can be used to restrict the behaviour of a process
to the part that can idle until the specified moment of time.

In the sequel, we will call these function declarations operators. For action declarations we usually
write � � � �  � � �  �! or, if no confusion can arise,� instead of� � ��  � � �  �! " � . The
set of all action declarations is denoted���. Action termsare terms of the form� �� � & � � � & �! �, where
� � ��  � � �  �! � ��� and�# a data term of sort�# (for $ � % & � � � & �); the set of all action terms is
denoted�� . We write�� � for �� � �� �. Furthermore, we assume the existence of an infinite set of
process variables�� which is disjoint from the set of data variables� .

Process terms are built from action terms, data terms, variables and process operators. The set of
all process terms is denoted
� . For all operators in the language, characterising axioms are provided
following the process algebraic tradition, in order to define which equivalences hold between processes.
In fact, axiomatic reasoning with processes forms the essence of�CRL. Examples of equational manip-
ulations with processes are given throughout this paper. Whereas the axioms provide a more syntactical
perspective, operational semantics are used to interpret process terms in terms of potential behaviours of
a system (see Section 3.2).

We list the various operators of�CRL� in decreasing binding strength:

�
�
�
* +
/0
( '

In timed�CRL infinite behaviour can be described by using recursive equations of the form	 � 
� � �
� , where	 is a recursion variable that is parameterised by the values from 
� and� is a process term in
which recursion variables can occur. In this article, however, recursion is not treated with respect to the
completeness result.

2.3. The theory�CRL �

The axioms of�CRL� are the axioms given by the user for the data types such as the booleans� and the
time domain� , and the axioms given in Table 2. As proof theory we use generalised equational logic
with a congruence rule for binders. For a precise expositoryon this proof theory we refer to [27, 57]. In
Table 1, we present the proof theory for�CRL�. Here,� represents the set of axioms of�CRL� and� is
the signature of the theory�CRL�.

Process-closed termsare terms without process variables, but possibly with bound and free data
variables.

The two elementary operators to construct processes are thesequential composition operator, written
as � and the alternative composition operator, written as( . The axioms A1–A5 in Table 2 describe the
elementary properties of the sequential and alternative composition operators. For instance, the axioms
A1, A2 and A3 express that( is commutative, associative and idempotent. These laws motivate why
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� � � � for every� � � � � �

� � � �
� ���1 � � � � ���1 � for every1 � �� and� � 
 �

� � � � �� � � � �! � � �!
� �� � & � � � & �! � � � �� �� & � � � & � �! � for every� � � �  � � �  �! " � � � �

� � � �
/0 � � /0 � �

� � � � � � �
� � � �

� � � �2 �2 � ��
� � � ��

Table 1. Generalised equational logic for�CRL�.

in some cases parentheses may be omitted. For instance, it isallowed to write� ( � ( �, because, due
to A2, it does not matter how brackets are put. The process algebra that consists of atomic actions,
alternative and sequential composition only and for which A1–A5 are the only axioms is usually called
Basic Process Algebra[11].

In the calculations in this paper we work modulo associativity and commutativity of +, and we do
not mention the use of simple properties of the functions on data such as�,

�
, �, �, and��.

In Table 2,�CRL� axioms for the sum operator are listed. The sum operator is a difficult operator,
because it acts as a binder. This introduces a range of problems with substitutions. When we substitute
a process� for a variable� in the scope of a sum operator, no variable in� may become bound. If this
appears to happen, we must first rename all bound occurrencesof that variable in� into a variable that
does not occur in� . This renaming is called�-conversion. We consider processes modulo�-conversion,
so the terms/0 � and/ � � �	 �1 � are equal if	 does not occur freely in1 . Consequently, we may only
substitute the action� �1 � for � in the left hand side of axiom SUM1, after renaming the bound variable
1 into 	 . So, SUM1 is a concise way of saying that if1 does not appear in� , then we may omit the sum
operator in/0 � . As another example, consider axiom SUM4. It says that we maydistribute the sum
operator over an alternative composition operator.

The process� * �+ ) behaves like the process� in case the boolean term
�

equals� and it behaves like
the process) if the boolean term

�
equals
 . The conditional operator can be used to describe alternatives

in behaviour based on the values of data variables. Its properties are given as the axioms C1-C7, SCA,
SUM12�, ATA5, and ATB5

The process� �� behaves like the process� , with the restriction that the first action of� must take
place at time�. So, if we assume that the natural numbers denote moments in time, the process described
by � �� � � �
 � � �� specifies that the actions�,

�
and� must take place at times�, 
 and�, respectively.
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A1 � ( � � � ( �
A2 � ( �� ( � � � �� ( � � ( �
A3 � ( � � �
A4 �� ( � � � � � � � � ( � � �
A5 �� � � � � � � � � �� � � �

SUM1 /0 � � �
SUM3 /0 � � /0 � ( �
SUM4 /0 �� ( ) � � /0 � ( /0 )
SUM5 �/0 � � � � � /0 �� � � �
SUM12� �/0 � � * � + � �� � /0 � * � + � ��

A6� � ( � � �

A6� � ( � �� � �
A7 � � � � �

PE � * �) �1 &	 � + � �� � � �1 �	 � * �) �1 &	 � + � ��

C1 � * � + � � �
C2 � * 
 + � � �
C3 � * � + � � � * � + � �� ( � * � � + � ��
C4 �� * � � + � � * �2 + � � � * �� � � �2 � + �
C5 � * � � + � �� ( � * �2 + � �� � � * �� � � �2 � + � ��
C6 �� * � + � � � � � � � � * � + � � �
C7 �� ( � � * � + � � � * � + � ( � * � + �
SCA �� * � + � �� � � �� * � + � �� � � � � � * � + � ��

AT1 � � / � � ��
AT2 � �� � � � � �� � ��� � �

ATA1 � �� �� � �� �� * � � � + � ��� * � � � + � ��
ATA2 �� ( � ��� � � �� ( � ��
ATA3 �� � � ��� � � �� � �
ATA4 �/0 � ��� � /0 � ��
ATA5 �� * � + � ��� � � �� * � + � ��

ATB1 �� � �� � � �� * � � � + � ��
ATB2 �� �� ( � � � �� � ( �� �
ATB3 �� �� � � � � ��� � � � �
ATB4 �� /0 � � /0 �� �
ATB5 �� �� * � + � � � ��� � � * � + ��� � �

Table 2. Axioms of�CRL�: � � � � � � �	 , process-closed� � 
 � �	 , � � 
�� , � � � � � � , � � �� � �� � �� and
� � � � � .
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The process� � � behaves like the process� with the restriction that only the alternatives of�
that can execute their first action at or after time� are considered. The main reason of introducing this
operator is that it turns out to be convenient in providing anoperational semantics for process terms
later in this article. However, it is also convenient in describing that a process, while executing actions,
cannot reverse time. This is described by axiom AT2. The initialisation operator is not likely to occur in
specifications. The axioms ATB1-ATB5 describe how it can be eliminated from a process-closed term.

The constant� is the ‘classical’ deadlock of process algebra, which can not execute actions and never
terminates. An important property of� is � � � � �. It says that the process� after the deadlock� cannot
be executed. It is formulated in Table 2 as axiom A7.

If an action happens at time�, then a subsequent action can take place at time� or afterwards. This
means that in� �
 �� �� and� �
 �� �
 the action

�
can happen, and in� �
 �� �� the action

�
is blocked. Actually,

the last example above is equivalent to� �
 � � �
, which says that after action� we have a deadlock at
time 2. In order to let

�
take place as prescribed, we have to reverse time. As this is clearly in conflict

with reality, we choose to stop time at time 2. A process� �� is called atime deadlock. Whenever a
specification prescribes timing behaviour that cannot be realised, it will exhibit a time deadlock, i.e.,
time is stopped at a certain point. Specifications with time deadlocks can clearly not be implemented.

The difference between a time deadlock� �� and deadlock� is that the former exists at any time before
� and at�, but not after�, whereas the latter exists at any time. As a consequence we can not in general
have� ( � � � – an identity that is, in untimed�CRL, valid for every process term� . Consider for
example the process� �
 ( �. This process can perform the action� at time
 and then terminates, but it
can also let time pass until after time
, in which case the option to execute� vanishes. So, contrary to
untimed�CRL, � is not a neutral element for alternative composition in�CRL�. This role is taken over by
the process� ��. This can easily be seen, as every�CRL� process exists at time�. In the axiomatisation,
we see that the�CRL axiom A6 (� ( � � �) is absent, and has been replaced by axiom A6� (�( � �� � �).
The difference between the process terms� �� and� can be illustrated by the following:� �
 ( � �� � � �

and� �
 ( � �� � �
.

We see that if a time deadlock� �� occurs in a process term with� as an alternative, it vanishes:

� ( � �� �� �� �
�

� �� ( � �� ��� �� �
�

� �� �� �� � '

For processes� that do not refer to time explicitly, we still like to have theidentity � ( � � � . Using
axiom A6� (� ( � � �) this identity can be derived for untimed process-closed terms� .

2.4. Example specifications

We continue by giving some examples to illustrate the expressive power of the language timed�CRL.
For example, a counter that counts the number of� actions that occur, issuing a

�
action after each 10

occurrences of an� action, can be described by the process��	
 ��� �% �, where��	
 ��� �� � � 
� � is
given by the following recursive equation:

��	
 ��� �� � � 
� � � � � ��	
 ��� �� ( �� * � � �% + � � ��	
 ��� �% � '
In the following example we describe a single place buffer, repeatedly reading a value� using action

name�, and then delivering that value via action name�:
� 	� �� � �� � �� � � � �� � � � 	� �� '
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In the specification of real-time systems frequently deadlines have to be specified. In the following
example we illustrate how to express that an action

�
has to occur within� time after the occurrence of

an action�:

�
� �� � �� �

�
�
�� �� � �� � * � � � � ( � + � ��� '

In the last example we specify a clock process that produces actions ���� every time unit. However,
it does not do so accurately. Each���� action can occur after the previous���� action after at least� � �
and at most� ( � time has elapsed:

	 �� � � � � �� �� ���� � �� ( � ( 	� � 	 �� ( � ( 	� * �� � 	 � � + � �� '

2.5. Simple identities

Calculating in (timed)�CRL generally requires numerous basic identities. In this section, we present
some identities as lemmas for easy future reference. In derivations in this section and the following
sections, we frequently apply the axioms for booleans and for the time domain. We will do so without
explicitly mentioning them.

Axiom SUM3 is typically used to extract a specific alternative from an alternative quantification
where the bound variable, say1 , is replaced by a data term, say�, of the appropriate sort. The following
lemma ensures the correctness of such an extraction.

Lemma 2.1. Let � be an arbitrary sort. For process-closed� � 
� , 1 � ��, and� � 
 �, it holds that

�0 � � �0 � ( � ���1 � '

Proof:
Consider the following derivation:

�0 � �
�
�0 �� ���1 � ��� ��

�
�0 � ( �� ���1 � �

�
�0 �� ���1 � ( � ���1 � � �0 � ( � ���1 � ' 
�

Lemma 2.2. (Laws for Conditional Expressions)
For � & � � �� and

� & � � �� , it holds that� * � + � � �.

Proof:
� * � + � ��� � * � + � �� ( � * � � + � �� �
� � * � + � �� � �� �.


�
Lemma 2.3. For � � � � , it holds that� �� �� � � ��.

Proof:
� �� �� ��� �� �� �� * � � � + � �� � * � � � + � ��

2 �2
� � �� * � � � + � �� � �� � ��.


�
In the following lemma we present some facts about the initialisation operator.
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Lemma 2.4. For � & � � � � and� � �� � , it holds that

1. �� ��� � �� � � �� � ��;

2. �� � �� � � ��.

Proof:

1. �� ��� � �� � ��� �� �� �� �� * � � � + � ��� ���
� ��� � �� � * � � � + ��� � ��� ��� �� �� �� * � �
� + � ��� * � � � + � �� ��� � �� * � � � + � �� ��� �� �� � ��.

2. �� � �� ��� �� � �� * � � � + � �� � � �� * �� �� & � � + � ��
��
� � �� * �� �� & � � + � ��

2 �2
� � ��.


�
Lemma 2.5. For 1 � � � and� � � � , it holds that/0 � �1 * 1 � � + � �� � � ��.

Proof:

/0 � �1 * 1 � � + � ��2 ��� /0 � �1 * 1 � � + � �� ( �� �1 * 1 � � + � �� � ���1 �
� /0 � �1 * 1 � � + � �� ( � �� * � � � + � ��� �� /0 � �1 * 1 � � + � �� ( � ��
�� �� /0 � �� �1 ( / 0 � �1 * 1 � � + � ��

��� � �2 �2� /0 � �� * � � 1 + � �1 ( /0 � �1 * 1 � � + � ����� /0 �� �� * � � 1 + � �� ( � �1 * � � 1 + � �� � ( /0 � �1 * 1 � � + � ���
� /0 �� �� * � � 1 + � �� ( � �1 * � � 1 + � �� �
( /0 �� �1 * �� �� & 1 � + � �� ( � �1 * � � 1 + � �� ��
 ���� /0 �� �� * � � 1 + � �� ( � �� * �� �� & 1 � + � �� ( � �1 * � � 1 + � �� �
( /0 �� �� * �� �� & 1 � + � �� ( � �1 * � � 1 + � �� �

��� � �� �� /0 �� �� * � � 1 + � �� ( � �� * �� �� & 1 � + � �� ( � �1 * � � 1 + � �� ��
� /0 �� �� * � � 1 + � �� ( � �1 * � � 1 + � �� ���� /0 � �� * � � 1 + � �1
��� � �2 �2� /0 � �� �1
�� �� � �� '


�
2.6. Basic terms

We provide a basic syntactic format for�CRL�-terms. In this format we use the notation/ �0 to represent
a finite sequence of alternative quantifications/0 � /0� � � �/0	 (� 
 %).
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Definition 2.1. (Basic terms)
The set of basic terms is inductively defined as follows:

1. / �0 � �� * � + � ��, with � � �� � , � a time term and
�

a boolean term, is a basic term;

2. if � is a basic term, then/ �0 � �� � � * � + � ��, with � � �� , � a time term and
�

a boolean term, is
a basic term;

3. if � and) are basic terms, then� ( ) is a basic term.

If a basic term is of the first form, then we say it is oftype 1. Similarly for forms 2 and 3.

Theorem 2.1. (Basic Term Theorem)
If ) is a process-closed term over� ��CRL� �, then there is a basic term� such that�CRL� � ) � � .

Proof:
We apply induction on the number of symbols in process-closed term ) . The following cases can be
distinguished based on the structure of process-closed term ).

1. ) � � for some� � �� � . Obviously� �� �� / � � �� � �� / � � �� * � + � ��. This is a type 1 basic
term.

2. ) � ) � ( )2 for some process-closed terms) � and)2. By induction we have the existence of basic
terms� � and� 2 such that) � � � � and)2 � � 2. Hence,) � ) � ( )2 � � � ( � 2, which is a type 3
basic term.

3. ) � ) � � )2 for some process-closed terms) � and)2. By induction we have the existence of basic
terms� � and� 2 such that) � � � � and)2 � � 2 . By induction on the structure of basic term� � we
prove that there exists a basic term� such that� � � � 2 � � .

(a) � � � / �0 � �� * � + � ��. Then� � �� 2 � �/ �0 � �� * � + � �� � �� 2 ��� 
� / �0 �� �� * � + � �� � �� 2 ���
/ �0 � �� � � 2 * � + � �� � � 2 ��� � �� �� / �0 � �� � � 2 * � + � ��, which is a type 2 basic term.

(b) � � � / �0 � �� � � �� * � + � ��. By induction we have the existence of a basic term� � such that

� �� � � 2 � � �. Then,� � � � 2 � �/ �0 � �� � � �� * � + � �� � � � 2 ��� 
� / �0 �� �� � � �� * � + � �� � � � 2 ���
/ �0 �� �� �� ��� �� 2 * � + � �� �� 2 � 
 ���� � �� �� / �0 � �� �� � * � + � ��, which is a type 2 basic term.

(c) � � � � �� ( � ��� for some basic terms� �� and� ��� . By induction we have the existence of basic

terms� � and� �� such that� �� � � 2 � � � and� ��� � � 2 � � ��. Then� � � � 2 � �� �� ( � ��� � � � 2 � ��
� �� � � 2 ( � ��� � � 2 � � � ( � ��, which is a type 3 basic term.

4. ) � /0 ) � for some process-closed term) �. By induction we have the existence of basic term� �
such that) � � � �. We proceed by induction on the structure of basic term� �. If � � is of type 1 or
type 2, then obviously/0 � � is a basic term. If� � is of type 3, e.g.� � � � ��(� �2 for some basic terms
� �� and� �2 , then we have by induction the existence of basic terms� ��� and� ��2 such that/0 � �� � � ���
and/0 � �2 � � ��2 . Then) � /0 ) � � /0 � � � /0 �� �� ( � �2 � ��� �

� /0 � �� ( /0 � �2 � � ��� ( � ��2 ,
which is a basic term.
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5. ) � ) � * � + )2 for some process-closed terms) � and)2 . By induction we have the existence of

basic terms� � and� 2 such that) � � � � and)2 � � 2. Then) � )� * � + )2 � � � * � + � 2 ���
� � * � + � �� ( � 2 * �� + � ��. We prove that for every basic term� there exists a basic term� such
that� * � + � �� � � by induction on the structure of basic term� .

(a) � � / �0 � �� * � + � ��. Then, � * � + � �� � �/ �0 � �� * � + � �� � * � + � �� ��� �2 ��
/ �0 �� �� * � + � �� � * � + � �� ��� / �0 � �� * � � � + � ��, which is a basic term.

(b) � � / �0 � �� � � � * � + � ��. Then,� * � + � �� � �/ �0 � �� � � � * � + � �� � * � + � �� ��� �2 ��
/ �0 �� �� � � � * � + � �� � * � + � �� ��� / �0 � �� � � � * � � � + � ��, which is a basic term.

(c) � � � � ( �2. By induction we have the existence of basic terms� � and �2 such that both

� � * � + � �� � �� and�2 * � + � �� � �2 . Then� * � + � �� � �� � ( �2 � * � + � �� ���
� � * � + � �� ( �2 * � + � �� � �� ( �2, which is a basic term.

6. ) � � � ) � for some process-closed term) �. By induction we have the existence of basic term� �
such that) � � � �. By induction on the structure of basic term� � we prove the existence of a basic
term� �� such that�� � � � � ��.

(a) � � � / �0 � �� * � + � ��. Then,

�� � � � �� �/ �0 � �� * � + � �� �
����� / �0 �� �� �� * � + � �� �
���
� / �0 ��� � �� � * � + ��� � �� ��� ���� � �2 �� �2� / �0 ��� � �� � * � + � �� ( / �0 � �� * �� + � �� '

The second summand is a basic term. We continue with the first summand:

/ �0 ��� � �� � * � + � ��
��� �� / �0 �� �� * � � � + � ��� * � + � ����� / �0 �� �� * � � � + � �� ( � �� * � � � + � �� � * � + � ��� � ���� �
� / �0 �� �� * � � � + � �� � * � + � �� ( / �0 �� �� * � � � + � �� � * � + � ����� / �0 � �� * � � � � � + � �� ( / �0 � �� * � � � � � + � �� &

which is a basic term.

(b) � � � / �0 � �� � � �� * � + � ��. Similar to the previous case only axiom ATB3 has to be applied
just before applying ATB1.

(c) � � � � �� ( � �2. By induction we have the existence of basic terms� ��� and � ��2 such that

�� � �� � � ��� and�� � �2 � � ��2 . Then,�� � � � �� �� �� ( � �2 � ���2� �� � �� ( �� � �2 � � ��� ( � ��2 ,
which is a basic term.

7. ) � ) � �� for some process-closed term) �. By induction we have the existence of basic term� � such
that ) � � � �. We prove that for every basic term� � there exists a basic term� �� such that� � �� � � ��
by induction on the structure of basic term� �.
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(a) � � � / �0 � �� * � + � ��. Then,

� � �� � �/ �0 � �� * � + � �� ���
����� / �0 �� �� * � + � �� ���
��� 
� / �0 � �� �� * � + � �� ��

��� � �2 ��� / �0 ��� �� * � � � + � �� � * � � � + � ��� * � + � ����� / �0 ��� �� * � � � + � �� ( � �� * � � � + � �� � * � � � + � ��
( � �� * � � � + � �� � * � + � ���� ���� �

� / �0 ��� �� * � � � + � �� ( � �� * � � � + � �� � * � � � + � �� � * � + � ��
( / �0 �� �� * � � � + � �� � * � + � ���� ���� �

� / �0 ��� �� * � � � + � �� � * � � � + � �� � * � + � ��
( / �0 ��� �� * � � � + � �� � * � � � + � �� � * � + � ��
( / �0 �� �� * � � � + � �� � * � + � ����� / �0 � �� * � � � � � � � � � + � �� ( / �0 � �� * � � � � � � � � � + � ��
( / �0 � �� * � � � � � + � ��

� / �0 � �� * �) �� & � � � � + � �� ( / �0 � �� * � � � � � + � ��
( / �0 � �� * � � � � � + � �� &

which is a basic term.

(b) � � � / �0 � �� � � �� * � + � ��. Similar to the previous case: only axiom ATA3 has to be applied
just before applying ATA1.

(c) � � � � �� (� �2. By induction we have the existence of basic terms� ��� and� ��2 such that� �� �� � � ���
and� �2 �� � � ��2 . Then,� � �� � �� �� ( � �2 ��� ��� 2� � �� �� ( � �2 �� � � ��� ( � ��2 , which is a basic term.


�
The main virtue of the basic term theorem is that in proving anidentity for process-closed terms, we can
restrict the proof to basic terms. Instead of using induction on the structure of process-closed terms we
can use induction on the structure of basic terms. This limits the cases to be considered considerably.
Another example of such a proof is the proof of the following lemma. In Section 3, we frequently use
induction on basic terms.

Lemma 2.6. For process-closed terms� we have�� ��� � � � �� � .

Proof:
Without loss of generality we may assume that� is a basic term. We prove the lemma by induction on
the structure of basic term� .

1. � � / �0 � �� * � + � ��. This case is similar to the next case albeit that axiom ATB3 does not have
to be applied.
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2. � � / �0 � �� � � � * � + � ��. Then,

�� ��� � � � �� ��� / �0 � �� � � � * � + � �� �
����� / �0 �� ��� �� �� � � � * � + � �� ��
���
� / �0 �� ��� � �� � � � � * � + �� ��� � �� �
����� / �0 ��� ��� � �� �� � � � * � + �� ��� � �� �2 �� ��� / �0 ��� � �� � � � � * � + �� � ��
����� / �0 �� � �� � � � * � + �� � ��
���
� / �0 �� �� �� � � � * � + � �� �
����� �� / �0 � �� � � � * � + � ��
� �� � '

3. � � � � ( � ��. This part follows easily from the induction hypothesis andaxiom ATB2.


�
3. Semantics of timedpCRL

In this section, we present a model in which processes parameterised with data can be interpreted. With
respect to the abstract data types we assume the existence ofa data algebra with universe� � for each
sort symbol�. For instance, for the booleans we have that the universe contains the interpretation of�
and the interpretation of
 .

A valuation� is a function from the set of variables� to the set of values���	 � � such that� �1 � �
� � if and only if 1 � ��. This means that a variable can only be mapped to a value of theright data
algebra. For valuations� and� � and variable1 � � , we write � �1 �� �, if for all � � � , � �� 1 implies
� �� � � � � �� �. Thus � �1 �� � means that the valuations� and � � are the same for all variables except
possibly for the variable1 . Given a valuation� , we write ������ for the interpretation of a term�.

The process terms are mapped to processes and on these we define a suitable notion ofstrong timed
bisimulation. Soundness of the axioms is proved w.r.t. the model. Completeness of the axioms is proved
under the assumption that the axiomatisation of the data is� -complete (i.e. complete for open terms) and
adheres to certain other properties. This notion of completeness will be calledrelativecompleteness.

3.1. Interpretation of process terms

Definition 3.1. Given some�CRL� specification with a set of action declarations���, the set ofactions
is defined by �

� �� �� � & � � � & �! � � � � � �  � � �  �! � ��� & �# � � �� � '
The set

�
� �� � is denoted by

�
� . The set� � ��#�� � # of processesis obtained by the following

recursion:

� � �
�
� &

� !	 � � � ! � �� � ) & / � � &� �� & �� � � � & ) � � ! & � � �� 
 & � � � � ! & � � � � � '
This summation operator, which takes a set of processes as its argument, is taken from [27, 57].
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Definition 3.2. The interpretation of process-closed terms under a valuation � is inductively defined by:
for � � � �  � � �  �! � ��� and�# � 
 �� , process-closed terms� & ) � 
� ,

� � 
� , and� � 
 �

��� �� � & � � � & �! ���� � � ���� ���� & � � � & ���! ��� � &
��� ��� � � &
��� ( )��� � / � ��� ��� & ��) ��� � &
��� � ) ��� � ��� ��� � ��) ��� &
��� ����� � ��� ��� � ������ &

���� � ��� � ������ � ��� ��� &
��� * � + )��� �

�
��� ��� if ������ � ������ &
��) ��� if ������ � ��
 ��� &

��/ 0 � ��� � / � ��� ��� � � � �1 �� � � '

3.2. Operational semantics and strong bisimulation

In this section, we define an operational semantics of processes in terms of the timed execution of actions.
For this purpose we introduceaction relations �" � and �" . By � ��" � � we express that the
process� can perform an action� at time�, and then terminate successfully at�. By � ��" � � � we express
that the process� evolves into process� � by performing action� at time�.

Definition 3.3. The action relations �" � � �  
�
 � � and �" � �  

�
 � �  � are

defined by the transition rules in Table 3.

� ��" � � � ��" � �
/ ��� � � � � ��" � �

� ��" � � �
/ ��� � � � � ��" � � �

� ��" � �
� �� ��" � �

� ��" � � �
� �� ��" � � �

� ��" � �
� � ) ��" � �� )

� ��" � � �
� � ) ��" � � � � )

� ��" � � � � � �
� �� � ��" � �

� ��" � � � � � � �
� �� � ��" � � �

Table 3. Transition rules for the�CRL� operators, where� � � , � �� � � 
 � � , � � � � � � � and� � � .

The execution of an action does not take time: it is possible that the process� � can subsequently
perform other actions at�, e.g.

� �� � � �� ��" � �� � �� 	�" � � '
Given the action relations we have a good understanding of the steps which can be performed by a

process. An obvious question is when two processes are equivalent. Such a notion is required to justify
the axioms. Strong bisimulation is a commonly used process equivalence. Therefore, we provide a
timed variant of strong bisimulation, called strong timed bisimulation. However, bisimulation cannot be
defined in terms of actions only, e.g. the processes� �� and � �� are considered equivalent only if� � �.
We introduce thedelay relation
� �� �, which expresses that� can at least idle until time�. It has the
same purpose as the ultimate delay in [3, 5, 50].
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 � �� � 
� �� �
� �� � ) �

� �� �
� �/ � � �� ��


 � �� � � � � �

� �� �� � �


 � �� �
� �� � � � �
� � � �


� �� � � � �

Table 4. Transition rules for the delay relation, where� � � � , � � 
 � � , � � � � � � � and� � � .

Definition 3.4. The delay relation
 � � � � �  � is defined by the transition rules in Table 4.

Definition 3.5. A symmetric relation� � �  � is astrong timed bisimulationif for all �� & ) � � � it
holds that

1. if � ��" � �, then) ��" � �,

2. if � ��" � � �, then there is a) � such that) ��" � ) � and �� � & ) � � � � , and

3. if 
 � �� �, then
� �) �,
for all � �

�
, � � � � and� � � � .

Processes� and) arestrongly timed bisimilar, notation� � � ), if and only if there is a strong timed
bisimulation� such that�� & ) � � � . Observe that the union of any set of strong timed bisimulations is
again a strong timed bisimulation.

Lemma 3.1. (Congruence)
Strong timed bisimilarity is a congruence with respect to the operators defined on� .

Proof:
It is not hard to prove that strong timed bisimilarity is an equivalence. We omit the proof. Next, we give
bisimulations that witness the congruence of strong timed bisimilarity with respect to the operators�, �,
/ , and�. For � we give a more detailed proof.

1. �. Let � � � � � ). Let � � � � . Obviously, the relation� �� � � & � � ) � & �� � ) & � � � �� � � is a
strong timed bisimulation.

2. �. Let� � � � � � � ) � and� 2 � � 2 � � )2. Define� � � �� �� � � 2 & ) �� � )2 � & �) �� � )2 &� �� � � 2 � � �� �� & ) ��� �
� �� � � �� � � 2 & � � )2 � & �� � )2 & � � � 2 � � � � � � � � � 2 . We do not have to consider pairs in
� that are also in� 2 as for these we have already assumed that they are strongly timed bisimilar.
We also do not have to consider the pairs in� of the form �� � � 2 & � � )2 � and vice versa with
�� 2 & )2 � � � 2 as the strong timed bisimulation from the proof of congruence of� is contained in
� . Thus, we only have to consider pairs of the form�� �� � � 2 & ) �� � )2 � with �� �� & ) �� � � � �. For pairs
of this form it is easy to prove that these satisfy the conditions of the definition of strong timed
bisimulations. Hence the relation� is a strong timed bisimulation.

3. / . Let � be a strong timed bisimulation such that for all� � � there exists) � � such that
�� & ) � � � and vice versa for all) � � there exists� � � such that�) &� � � � . The relation
� � � � �/ � &/ � � & �/ � & / � �� � � is obviously a strong timed bisimulation.
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4. �. Let � � � � � ). Let � � � � . Obviously the relation� �� �� & ) ��� & �) �� &� ���� � � is a strong timed
bisimulation.


�
The axioms are sound with respect to the model of closed termsmodulo strong timed bisimilarity.

This means that any two derivably equal process-closed terms are strongly timed bisimilar.

Theorem 3.1. (Soundness)
With respect to strong timed bisimulation�CRL� is a sound axiom system.

Although the details of the soundness proof are omitted, in general, the following strategy is taken
towards such a soundness proof. It must be shown that for any two derivably equal process-closed
terms, the processes that are obtained by interpreting themare strongly timed bisimilar. However, as any
derivable equality is based on applications of the axioms and proof rules, it suffices to prove that each of
the axioms is sound. Note that the soundness of the proof rules follows from the fact that strong timed
bisimilarity is a congruence with respect to all operators of timed�CRL. Soundness of a single axiom is
obtained by giving a relation� between processes such that this relation relates all interpretations of (all
instantiations of) that axiom and a proof that this relationis a strong timed bisimulation. Examples of
soundness proofs that are given using this strategy (thoughfor different process algebras) can be found
in [10, 65, 68].

4. Relative completeness

In this section, we prove completeness of the axiomatisation with respect to the operational semantics
modulo strong timed bisimilarity. For�CRL a completeness result is given in [27, 57], where it is
shown that the axiomatization of�CRL, as presented in Appendix A, is complete under the following
assumptions: (1) the axiomatisation of the data algebra is� -complete, (2) the data algebra has built-in
equality for all data sorts, and (3) the data algebra has built-in Skolem functions for all data sorts. It is
beyond the scope of this paper to give the complete proof of this result, but we will give some of the
reasoning behind it. First, we define the notionsbuilt-in equalityandbuilt-in Skolem functions.

Definition 4.1. A data algebra� hasbuilt-in equality if, for every sort�, it has a function declaration
�� � �  � " � , such that for all terms� � and �2 of sort �, it holds that� �� � � � �2 if and only
if � �� �� �� � & �2 � � �. A data algebra� hasbuilt-in Skolem functionsif for every first-order formula�

with free variables�� & � � & � � � & �! � there exists a term�� �� � & � � � & �! � such that� �� ��� �� implies
� �� � ��� �� � & � � � & �! � & � � & � � � & �! �.

In [27, 57], injections are given between an equation in�CRL and a formula in the first-order theory
with the same data algebra in such a way that for every equation � � ) there exists a formula

�
such that

for all valuations� of the data variables:� �� � � ) iff � & � �� �
and vice versa. This formula

�
is then

used in the completeness proof through a Boolean expression
�

such that� & � �� � � � iff � & � �� �
.

From the assumptions that the data algebra has built-in equality and built-in Skolem functions it follows
that such a Boolean expression exists. For a more detailed treatment of these notions we refer to [27, 57].

As �CRL� is an extension of�CRL we also need these assumptions about the data sorts for the
completeness of�CRL�. In fact, as�CRL� is a syntactic extension of�CRL, the proof of completeness
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for �CRL� contains the proof of completeness of�CRL. We do not repeat the proof presented in [27, 57],
but formulate our proof of completeness in such a way that theproof of completeness of�CRL is reused.

4.1. Well-timedness and deadlock-saturation

The main difference between�CRL and�CRL� is the addition of the at-operator. This can easily be
seen by considering the basic terms. We can even conclude that the only difference is the application
of the at-operator on atomic actions (including deadlock).To reuse the proof of completeness of�CRL,
we translate timed process terms as untimed process terms insuch a way that strongly timed bisimilar
process terms are strongly bisimilar after translating them, and vice versa. Furthermore, two untimed
process terms that are derivably equal in�CRL are also derivably equal after applying the inverse of the
translation.

The only way to translate the timed process terms as untimed process terms is to consider the time
assignment to atomic actions as an additional data parameter of the atomic action. For example, the
timed atomic action� �� ��� might be translated to the untimed atomic action� �� & ��. There are, however,
two problems with such a translation.

First, there is the problem of ill-timedness. In�CRL� we have the following identity:

� �� ��� � �� ����
 ( � �- ��� � � � �� ��� � � �- ��� '
Translating the timing assignment as an additional parameter yields the identity

� �� & �� � �� �� & 
� ( � �- & � �� � � �� & �� � � �- & � � '
This identity does not hold in�CRL. The reason for this is that timing assignments in�CRL� influence
the behaviour in such a way that data parameters attached to atomic action cannot simulate in�CRL.
Our solution to this problem is the introduction of the notion of well-timedness. We will prove that for
every basic term there exists a derivably equal well-timed basic term.

Second, there is the more technical problem that deadlock cannot have a parameter in�CRL. Hence
it is not clear how to translate� ��. We cannot simply translate� �� as � since in that case� �� and � ��
are translated both as�. Our solution to this problem comes from the following observation. In a timed
process term, there are many time deadlocks implicitly included. For example, the process term� ��
implicitly has time deadlock summands� �� for each� � �. If we can succeed in making all implicit
deadlocks explicitly visible then we can translate a time deadlock as a special atomic action with one
data parameter representing the time assignment of that deadlock. That is, we will translate� �� as� ���,
where� is this new atomic action. Making all implicit time deadlocks explicitly available is called
deadlock-saturation. We show that for each basic term a deadlock-saturated basic terms exists that is
derivably equal, and hence, that the restriction to deadlock-saturated basic terms is allowed.

By restricting our attention to deadlock-saturated well-timed basic terms we can prove that the trans-
lation sketched above satisfies the criteria mentioned.

Definition 4.2. (Well-timedness)
The set of well-timed basic terms is inductively defined as follows:

1. / �0 � �� * � + � �� is well-timed;

2. if � is a well-timed basic term and�� � � � , then/ �0 � �� � � * � + � �� is well-timed;
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3. if � and� � are well-timed basic terms, then� ( � � is well-timed.

The following theorem states that every basic term is derivably equal to a well-timed basic term. Com-
bined with the Basic Term Theorem (Theorem 2.1) we thus have that every process-closed term is
derivably equal to a well-timed basic term. Thus, in cases where we want to prove an equality over
process-closed terms, we can restrict ourselves to a proof that the equality holds for well-timed basic
terms.

Theorem 4.1. (Well-timedness)
For every basic term� there exists a well-timed basic term� such that� � �.

Proof:
We prove this theorem by induction on the structure of basic term� .

1. � � / �0 � �� * � + � ��. Then� is well-timed by definition.

2. � � / �0 � �� � � � * � + � ��. By induction we have the existence of a well-timed basic term � �
such that� � � � �. First we prove by induction on the structure of well-timed basic term� , that for
every well-timed basic term� and term� of sort � , there exists a well-timed basic term� such that
�� � � �.

(a) � � / �0 � �� * � + � ��. Then,

�� � � �� �/ �0 � �� * � + � �� �
����� / �0 �� �� �� * � + � �� �
���
� / �0 ��� � �� � * � + ��� � �� �

��� � �2 �� �2� / �0 �� �� * � � � + � ��� * � + � ����� / �0 � �� * � � � � � + � ���� ���� �
� / �0 � �� * � � � � � + � �� ( / �0 � �� * � �� � � � �� + � �� &

which is a well-timed basic term.

(b) � � / �0 � �� � � � * � + � ��. As � is well-timed we have�� � � � � �. Then,

�� � � �� �/ �0 � �� � � � * � + � �� �
����� / �0 �� �� �� � � � * � + � �� �

���
 ������ / �0 ��� � �� � � � � * � + ��� � �� �
��� � �2 �� �2� / �0 �� �� * � � � + � ��� � � � * � + � ���� ���� � �� �� / �0 �� �� � � � * � � � + � ��� * � + � ����� / �0 � �� � � � * � � � � � + � ���� ���� �

� / �0 � �� � � � * � � � � � + � �� ( / �0 � �� * � �� � � � �� + � �� '
Obviously, this is a well-timed basic term.



22 M.A. Reniers et all. / Completeness of Timed�CRL

(c) � � � � ( � ��. By induction we have the existence of well-timed basic terms � � and� �� such

that �� � � � � � and�� � �� � � ��. Then,�� � � �� �� � ( � �� � ���2� �� � � ( �� � �� � � � ( � ��
which is a well-timed basic term.

Now, we have the existence of a well-timed basic term� �� such that�� � � � � ��. Then,

� � / �0 � �� � � � * � + � ��
� / �0 � �� � � � * � + � ��
�� 2� / �0 � �� � �� � � * � + � ��
� / �0 � �� � � �� * � + � �� '

By Lemma 2.6 we have that� � � �� � � � �� � � � � � � � � � � � ��, and hence the above term is
well-timed.

3. � � � � ( � ��. By induction we have the existence of well-timed basic terms � � and � �� such that
� � � � � and� �� � � ��. Thus,� � � � ( � �� � � � ( � �� which is a well-timed basic term.


�
The fact that we can restrict ourselves to well-timed basic terms instead of arbitrary basic terms brings
us closer to our goal, the completeness result. As explainedbefore we wish to embed timed processes
into untimed processes. One of the major difficulties in thisembedding is that time restricts behaviour.
For well-timed basic terms, however, time is reduced to justan annotation with an action term. In the
embedding we will simply add it to the parameter list of a corresponding action term.

In this section, we will present an even more specific notion of basic terms. To each basic term as
many deadlocks will be added as possible while keeping the result equal to the original. The reason for
this deadlock-saturation is that later we will embed the timed process terms into untimed process terms
by replacing timed deadlocks by a special atomic action witha parameter representing the time stamp.

Definition 4.3. (Deadlock-saturation)
The set of deadlock-saturated basic terms is inductively defined as follows:

1. / �0 � �� * � + � �� ( / �0 �� � �� * � � � � � + � �� is a deadlock-saturated basic term;

2. if � is a deadlock-saturated basic term, then/ �0 � �� � � * � + � �� ( / �0 �� � �� * � � � � � + � �� is
a deadlock-saturated basic term;

3. if � and� � are deadlock-saturated basic terms, then� ( � � is a deadlock-saturated basic term.

The following result states that every basic term can be transformed into a deadlock-saturated basic term.
Hence, it is allowed to restrict ourselves to deadlock-saturated basic terms in cases where we are only
interested in closed terms.

Theorem 4.2. For every basic term� there exists a deadlock-saturated basic term) such that�CRL� �
� � ) .
Proof:
We prove this theorem by induction on the structure of basic term� .
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1. � � / �0 � �� * � + � ��. Let ) � / �0 � �� * � + � �� ( / �0 �� � �� * � � � � � + � �� where� is a fresh
variable. Then,

) � / �0 � �� * � + � �� ( / �0 �� � �� * � � � � � + � ��
��� �
� / �0 �� �� * � + � �� ( / � � �� * � � � � � + � �� ���� / �0 �� �� * � + � �� ( / � �� �� * � � � + � �� � * � + � �� �

��� �2 �� / �0 �� �� * � + � �� ( �/ � �� �� * � � � + � �� �� * � + � �� �2 �
� / �0 �� �� * � + � �� ( � �� * � + � �� ���� / �0 �� �� ( � ��� * � + � ��
��� 2� / �0 �� ( � ��� * � + � ��
� ��� / �0 � �� * � + � ��
� � '

2. � � / �0 � �� � � � * � + � ��. By induction we have the existence of a deadlock-saturatedbasic term
) � such that�CRL� � � � � ) �. Let ) � / �0 � �� � ) � * � + � �� ( / �0 �� � �� * � � � � � + � �� where� is a fresh variable. Then,

) � / �0 � �� � ) � * � + � �� ( / �0 �� � �� * � � � � � + � ��
��� �
� / �0 �� �� � ) � * � + � �� ( / � � �� * � � � � � + � �� ���� / �0 �� �� � ) � * � + � �� ( / � �� �� * � � � + � �� � * � + � �� �

��� �2 �� / �0 �� �� � ) � * � + � �� ( �/ � �� �� * � � � + � �� �� * � + � �� �2 �
� / �0 �� �� � ) � * � + � �� ( � �� * � + � �� ���� / �0 �� �� � ) � ( � ��� * � + � ��
��� � ���� 2 �� � �� �� / �0 ��� ( � � � ) � ��� * � + � ��

� �� ���� �� / �0 � �� � ) � * � + � ��
� / �0 � �� � � � * � + � ��
� � '

3. � � � � ( � ��. By induction we have the existence of deadlock-saturated basic terms) � and) �� such
that�CRL� � � � � ) � and�CRL� � � �� � ) ��. Then,�CRL� � � � � � ( � �� � ) � ( ) ��. Obviously,
) � ( ) �� is a deadlock-saturated basic term.


�
As a consequence of the Theorems 4.1 and 4.2, for each basic term there exists a derivably equal
deadlock-saturated well-timed basic term.

Corollary 4.1. For every basic term� there exists a deadlock-saturated, well-timed basic term) such
that�CRL� � � � ).
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Proof:
By Theorem 4.1 there exists a well-timed basic term� � such that�CRL� � � � � �. Obviously� �
itself is a basic term. Hence, by Theorem 4.2, there exists a deadlock-saturated basic term) such that
�CRL� � � � � ). By construction deadlock-saturation preserves well-timedness. Hence,) is both well-
timed and deadlock-saturated.


�
4.2. Time-free abstraction

Next, we present an embedding of well-timed basic terms intobasic terms in the theory�CRL. Thereto,
we assume that for every action declaration� � � �  � � �  �! in �CRL�, we have an action declaration
� � ��  � � �  �!  � in �CRL. We prove that this embedding preserves strong bisimilarity in the sense
that the embeddings of two strongly timed bisimilar processterms are strongly bisimilar.

Definition 4.4. (Time-free abstraction)
The mapping� tf on basic terms is inductively defined as follows:

�
tf �/ �0 � �
���� *

� + � �� � � / �0 � �
� & �� *
� + � &

�
tf �/ �0 � �� * � + � �� � � / �0 � ��� * � + � &

�
tf �/ �0 � �
���� � � * � + � �� � � / �0 � �
� & �� � � tf �� � * � + � &

�
tf �� ( � � � � �

tf �� � ( �
tf �� � � '

Theorem 4.3. For deadlock-saturated well-timed basic terms� and) and arbitrary valuations� and� :
if ��� ��� � � ��) ��� , then ��� tf �� ����� ��� tf �) ���� .

Proof:
We prove this theorem by induction on the number of symbols of� and ). Suppose that��� ��� � � ��) ���
for some valuations� and� . Let � be defined as follows: if��� ��� � � ��) ��� for some deadlock-saturated
well-timed basic terms� and) and arbitrary valuations� and� , then ���� tf �� ���� & ��� tf �) ���� � � � .

By induction on the structure of basic term� we can easily prove that the transitions of the process
associated with basic term� under valuation� are of one of the following forms:

1. ��� ��� ��" � �;

2. ��� ��� ��" � �� ��� � ��� � for some deadlock-saturated well-timed basic term� � and valuation� �.
Now, we first prove the following lemmata: for arbitrary deadlock-saturated well-timed basic terms�
and� �, � � ���, � � � � , and valuations� and� �

1. if � �� � and ��� tf �� ���� � � �� �������" �, then ��� ��� � � �� ����" � �;

2. if ��� ��� � � �� ����" � �, then ��� tf �� ���� � � �� �������" �;

3. if ��� tf �� ���� � ������" �, then
� ���� ��� �;

4. if 
 � ���� ��� �, then ��� tf �� ���� � ������" �;
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5. if ��� tf �� ���� � � �� �������" ��� tf �� � ���� � , then ��� ��� � � �� ����" � �� ��� ���� � and�� ��� � ��� � � � ��� � ��� � ;
6. if ��� ��� � � �� ����" � �� ��� � ��� � , then ��� tf �� ���� � � �� �������" ��� tf �� � ���� � .
Next, we prove that� is a strong timed bisimulation. First, suppose that��� tf �� ���� � � �� �������" �. If

� � � , then
� ���� ��� �. Therefore,
 � ���) ��� �. Thus, ��� tf �) ���� � ������" �. If � �� � , then ��� ��� � � �� ����" � �.

Therefore,��) ��� � � �� ����" � �. Thus,��� tf �) ���� � � �� �������" �.

Second, suppose that��� tf �� ���� � � �� �������" ��� tf �� � ���� � for some deadlock-saturated well-timed basic term

� � and valuation� �. Then ��� ��� � � �� ����" � � � ��� � ��� � . Therefore,��) ��� � � �� ����" � � � ��) � ��� � for some) � and� �
such that�� ��� � ��� � � � �� ��) � ��� � . Thus, ��� tf �) ���� � � �� �������" ��� tf �) � ���� � . As � and) are well-timed we also
have�� ��� � ��� � � � ��� � ��� � and�� ��) � ��� � � � ��) � ��� � . Thus,���� tf �� ���� � & ��� tf �) ���� � � � � .


�
Next, we present a mapping� t from �CRL-terms to�CRL�-terms and we show that this mapping is

the inverse of the mapping� tf for basic terms.

Definition 4.5. The mapping� t is defined as follows:

�
t �� � � � & �

t �� � � � �� &
�

t �� � � � �� & �
t �� ���� � � �� &

�
t �� � � � �� & �

t �� � 
� & ��� � � �� &
�

t �� � 
� & ��� � � � 
� ��� & �
t �� * � + ) � � �

t �� � * � + �
t �) � &

�
t �� ( ) � � �

t �� � ( �
t �) � & �

t �/0 � � � /0 � t �� � '
�

t �� � ) � � �
t �� � � � t �) � &

The mapping� t replaces every atomic action that occurs in the process termto which it is applied by
a similarly named atomic action with the last data parameterremoved and added as a timing assignment.
Thus,� t �� ���	 � & �� � � ���� � � ���	� ��� � � ��. Observe that atomic actions without data parameters and
� -occurrences with more than one data parameter are replacedby � ��. This is only done to make the
mapping�

t a total mapping. The mapping� t is to be applied only to untimed process terms that result
from applying�

tf to timed process terms. In such terms none of the mentioned atomic actions can occur.
Also observe that as the deadlock constant can be added as an alternative to each untimed process term, it
is necessary that the mapping�

t replaces it by the timed process term� �� since that is the neutral element
for alternative composition in timed�CRL.

Lemma 4.1. For basic terms� we have�CRL� � �
t �� tf �� �� � � .

Proof:
We prove this lemma by induction on the structure of basic term � .



26 M.A. Reniers et all. / Completeness of Timed�CRL

1. � � / �0 � � 
� ��� * � + � ��. Then,

�CRL� � �
t �� tf �� �� � �

t �� tf �/ �0 � � 
� ��� * � + � �� ��
� �

t �/ �0 � � 
� & �� * � + � �
� / �0 � t �� � 
� & �� * � + � �
� / �0 � t �� � 
� & ��� * � + �

t �� �
� / �0 � � 
� ��� * � + � ��
� � '

2. � � / �0 � � 
� ��� � � � * � + � ��. By induction we have�CRL� � �
t �� tf �� � �� � � �. Then,

�CRL� � �
t �� tf �� �� � �

t �� tf �/ �0 � � 
� ��� � � � * � + � �� ��
� �

t �/ �0 � � 
� & �� � � tf �� � � * � + � �
� / �0 � t �� � 
� & �� � � tf �� � � * � + � �
� / �0 � t �� � 
� & �� � � tf �� � �� * � + �

t �� �
� / �0 � � 
� ��� � � t �� tf �� � �� * � + � ��
� / �0 � � 
� ��� � � � * � + � ��
� � '

3. � � � � ( � ��. By induction we have�CRL� � �
t �� tf �� � �� � � � and�CRL� � �

t �� tf �� �� �� � � ��.
Then,

�CRL� � �
t �� tf �� �� � �

t �� tf �� � ( � �� ��
� �

t �� tf �� � � ( �
tf �� �� ��

� �
t �� tf �� � �� ( �

t �� tf �� �� ��
� � � ( � ��
� � '


�
The following result indicates that the mapping�

t preserves derivability.

Lemma 4.2. For�CRL-terms� and) we have�CRL � � � ) �� �CRL� � �
t �� � � �

t �) �.
Proof:
As the proof systems underlying�CRL and�CRL� are identical, all we have to prove is that the�

t-image
of every axiom of�CRL is derivable from the axioms of�CRL�. The axioms of�CRL are given in
Table 10 in Appendix A. This is easily established. Considerfor example axiom A7. We must prove that
�CRL� � �

t �� � � � � �
t �� �. This is not difficult:

�CRL� � �
t �� � � � � �

t �� � � � t �� �
� � �� � � ��� �� �� � � ��� � �� � ��
� �

t �� � '
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As another example consider axiom Cond6:

�CRL� � �
t ��� * � + � � � � � � �

t �� * � + � � � � t �� �
� �� t �� � * � + �

t �� �� � � t �� �
� �� * � + � �� � � � ��� � � � * � �� � �

��� �� � � � * �� � � ���
� �� � � � * � + � ��
� �

t �� � � � t �� � * � + �
t �� �

� �
t �� � � � * � + �

t �� �
� �

t �� � � * � + � � '

�

Theorem 4.4. (Relative completeness)
With respect to strong timed bisimulation�CRL� is a complete axiom system for process-closed process
terms under the assumptions that the data algebra is� -completely axiomatised and that the data algebra
has built-in equality and Skolem functions.

Proof:
Without loss of generality we may assume by Corollary 4.1 that � and ) are deadlock-saturated well-
timed basic terms. We use the completeness result of [27, 57]for untimed�CRL. Suppose that
��� ��� � � ��) ��� for all valuations� . Then, by Theorem 4.3, we have��� tf �� ����� ��� tf �) ���� for all valu-
ations� . Here we use the completeness of�CRL to obtain�CRL � �

tf �� � � �
tf �) �. By Lemma 4.2 we

thus have�CRL� � �
t �� tf �� �� � �

t �� tf �) ��. Using Lemma 4.1 we have�CRL� � � � ).


�
5. The axiom system�CRL �

One of the major strengths of timed�CRL is that it is possible to specify time-dependent, parallel pro-
cesses with data. In this section, we incorporate operatorsfor parallelism in the language and introduce
the axiom system�CRL�.

5.1. Axioms for parallelism

Concurrency is described by the binary operator�. A process� �) , the parallel execution of� and) , can
first perform an action of� , first perform an action of), or start with a communication, or synchronisa-
tion, between� and). Hence, the first axiom for this operator is� �� � � � � ( � � � ( � � � (see axiom
CM1 in Table 5), where the auxiliaryleft mergeoperators� and thecommunication merge� are defined
below. The process� �) exists at time� only if both� and) exist at time�.

The process� � ) is as� �), but the first action that is performed comes from� . As was the case for
parallel composition, the action can only be performed if the other party still exists at that time. For the
axiomatisation of the left merge� the auxiliarybefore-operator is defined;� � ) should be interpreted
as the part of process� that starts before) gets definitely disabled. Otherwise� � ) becomes a time
deadlock at time��. Although the operator differs slightly from the similarlynamed operator in [3],
we have decided to give it the same symbol. A small example mayfacilitate the understanding of the
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“�”-operator. For example, the process represented by�� �
 ( � �� �� � �� cannot choose to execute action
�

at time 4 since its first action must be executed not later thantime 3. Using the axioms we can derive
that �� �
 ( � �� �� � �� � � �
.

The process� � ) also behaves as the process� �), except that the first action must be a communication
between its left and right operand. Furthermore, these actions must occur at the same time. The action
resulting from such a communication is defined by the binary,commutative and associative function� ,
which is only defined onaction declarations. In order for a communication to occur between action
terms� �� � & � � ��� � �� , � �� & � � � should be defined, and the data parameters� and� of the action terms
should match according to axiom CF in Table 5.

CM1 � �� � � � � ( � � � ( � � �
CM2 � �� � � � �� ��� � � � �
CM3 � �� � � � � � �� ��� � � � ��� � �� �
CM4 �� ( � � � � � � � � ( � � �
SUM6 �/0 � � � � � /0 �� � � �
H18 �� * � + � � � � � �� � � � * � + �� � � �

CF � � 
� � � � � �
�� �
���
��

� �� & � � � � 
� � * �� � 
� & 
� � + ��� � �� & � � � ��	
��
� ��
��� ���CD1 � � � � �

CD2 � � � � �
CM5 � � � � � � � �� � � � � � �
CM6 � � � � � � � �� � � � � � �
CM7 � � � � � � � � � �� � � � � � �� �� �
CM8 �� ( � � � � � � � � ( � � �
CM9 � � �� ( � � � � � � ( � � �
ATA7 �� � � ��� � � �� � �
ATA8 �� � � ��� � � � � ��
SUM7 �/0 � � �� � /0 �� �� �
SUM7� � � �/0 � � � /0 �� �� �
H8 � � �� * � + � � � �� � � � * � + �� � � �
H8� �� * � + � � � � � �� � � � * � + �� � � �

Table 5. Axioms for parallelism of�CRL�, where� � � � � � �	 , process-closed� � �	 , � � � � � 
�� , � � � � �

 ��, � � �� , � � � � , � � � and� � 
 ��.

The axioms for these operators are given in Table 5 and Table 6. These axioms are designed to
eliminate the parallel operators in favour of the alternative and the sequential operator.
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Sometimes we want to express that certain actions cannot happen, and must be blocked. Generally, this
is only done when we want to force actions into a communication. The encapsulation operator�� (� �
���) is specially designed for this task. In�� �� � it prevents all actions of which the action declaration
is mentioned in� from happening by renaming the corresponding action terms into �. Consider, for
example, the process� �� � � � � ( � � � ( �. Often, this is not quite what is desired, as the intention
generally is that� and

�
do not happen separately. Therefore, the encapsulation operator can be used.

The process represented by��� �� � �� �� � is equal to�.

DD �� �� � � �
D1 �� �� � 
� �� � � � 
� � if � �� �
D2 �� �� � 
� �� � � if � � �
D3 �� �� ( � � � �� �� � ( �� �� �
D4 �� �� � � � � �� �� � � �� �� �
D5 �� �� * � + � � � �� �� � * � + �� �� �
D6 �� �/0 � � � /0 �� �� �
D7 �� �� ��� � �� �� ���

ATC1 �� � �� � / � � �� * � � � + � ��
ATC2 �� �� ( � � � �� � ( �� �
ATC3 �� � � � � �� �
ATC4 �� /0 � � /0 �� �
ATC5 �� �� * � + � � � ��� � � * � + ��� � �

Table 6. Time related axioms of�CRL�, where� � � � � � �	 , process-closed� � �	 , � � 
 ��, � � 
�� ,
� � �� , � � � � � � , � � � and� � 
 ��.

The axioms of�CRL� are the axioms of�CRL�, combined with the axioms in the Tables 5 and 6. The
signature� ��CRL� � is as� ��CRL� �, extended with the operators for parallelism and the “�”-operator.
The various operators of� ��CRL� � are listed in order of decreasing binding strength:

�
��
�

� �
* + � � �

/0
( '

Parentheses are omitted from terms according to this convention.
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Processes that are put in parallel can have time constraintson their actions that are used for com-
munication. It may happen that these constraints are incompatible. For instance, a process can be able
to perform a read action� at time 2, whereas the corresponding send action occurs at time 3. This is
expressed by��� �� � �� �
 �� ���. This process is equivalent to� �
, expressing that up till time 2, the process
can go on without violating any timing constraint, but to reach any moment in time larger than 2, a timing
constraint of an individual process must be ignored. Hence,this process does not exist at time 3.

5.2. Fischer’s mutual exclusion protocol

As an example we describe Fischer’s mutual exclusion protocol [53, 68]. This protocol guarantees that
only one single party can be in a critical section at any giventime. The idea is that an application process
can ask the protocol, using a������� action, to organise exclusive access for some critical region.
The protocol then executes a simple program, and will after some time respond with an����� action,
indicating that the application process has now exclusive access. When the application process is ready,
it issues a����� instruction, indicating to the protocol that it does not require exclusive access anymore.

We describe this protocol for only two parties, although it can be used for any arbitrary number.
The main idea behind the protocol is that each party after being asked to access a critical region, checks
whether the common variable� equals 0, indicating that no process has claimed access. It then quickly
sets the variable to its own sequence number to claim the critical section, and checks whether the variable
has still the same value after a sufficiently long delay, guaranteeing that no other process will get access
to the critical section. When leaving the critical section,the protocol sets the variable� back to 0.

We omit the description of the standard datatypes, we assumethat the sorts and functions are self
evident. The processes asking for access to to their critical sections use a common variable�, which is
modelled as a process	 . As can be seen, the variable� can be set to a new value, and can be tested for
the value it contains:

	 �� � � / � ��� ��� �� � � 	 �� � ( ���	 ���� �� � � 	 �� � '
Next, we describe a process trying to gain access to a critical section. We assume that each such

process has a unique natural number (�) as its identification. Such a process first checks whether the
variable� is equal to 0, and records the time at which this action successfully takes place in the variable
�. Then, within� time, it sets� to value�, and subsequently after at least� time reads the value of�
again. If this value is equal to�, the protocol terminates and grants the process access to the critical
section. Otherwise, it starts the protocol again for a new attempt to gain access.


� �� � � ������� �� � � � ��� �� � � ����� �� � � ����� �� � � ���	 ��� �% � � 
� �� � &
� ��� �� � � / � ��� ���� �% ��� �/ �� ����	 ��� �� ��� � * � � � � ( � + � �� � �

/ ��� /� ��� ���� �
 ��� �� � ������ �� � * �� �
 & � � + � ��� �� �� * � �� � � � ( � + � �� '

Communication between the processes is defined by

� ����	 ��� & ��� ��� � � ��� &
� ����	 ���� & ��� ���� � � ���� '
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The encapsulation operator is now used to block all send and receive actions that occur in isolation
(i.e. have not synchronised). Let� � ����	 ��� & ��� ��� & ���	 ���� & ��� �����. The process term

�� �
� ��� � 
� �
� � 	 �% ��
now describes Fischer’s protocol for two competing processes.

5.3. Elimination of parallel operators

In this section, we consider processes with parallel operators, and show that all process-closed terms are
derivably equal to� ��CRL� �-terms. In [37], the elimination of the parallel operators has been provided
for the version of timed�CRL�, as presented in [25]. Although this version of�CRL� differs from the
version presented here the results are similar.

Lemma 5.1. Let � and) be basic terms. Then,�� �� � and� � ) are derivably equal to basic terms.

Proof:
First, we prove the existence of a basic term that is derivably equal to�� �� � by induction on the structure
of basic term� .

1. � � / �0 � �� * � + � ��. Then,

�� �� � � �� �/ �0 � �� * � + � �� �
� �
� / �0 �� �� �� * � + � �� �
� 
� / �0 �� �� ��� * � + �� �� �� �
� �
� / �0 �� �� ��� * � + �� �� ���
��

� / �0 �� �� ��� * � + � �� '

Since�� �� � is an action term or� we have obtained a process-closed�CRL�-term. Hence a basic
term exists for�� �� �.

2. � � / �0 � �� �� �* �+ � ��. By induction we have the existence of basic term� � such that�� �� � � � � �.
Then,

�� �� � � �� �/ �0 � �� � � � * � + � �� �
� �
� / �0 �� �� �� � � � * � + � �� �
� 
� / �0 �� �� �� � � � � * � + �� �� �� �
��
� / �0 �� �� ��� � �� �� � � * � + �� �� �� �
� �
� / �0 �� �� ��� � �� �� � � * � + �� �� ���
��

� / �0 �� �� ��� � � � * � + � �� '
Since�� �� � is an action term or�, we have obtained a process-closed�CRL�-term. Hence, a basic
term exists.
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3. � � � � ( � 2. By induction we have the existence of basic terms� �� and� �2 such that�� �� � � � � ��
and�� �� 2 � � � �2. Then,�� �� � � �� �� � ( � 2 �

� �� �� �� � � ( �� �� 2 � � � �� ( � �2 , which is a basic
term.

Second, we prove the existence of basic term that is derivably equal to� � ) by induction on the structure
of basic term) .

1. ) � / �0 � �� * � + � ��. Then,

� � ) � � � / �0 � �� * � + � ��
����� / �0 � � �� �� * � + � �� �
���
� / �0 �� � � ��� * � + �� � � �� �
��� �� / �0 �/ � � �� * � � � + � ��� * � + �/ � � �� * � � � + � �� � '

This is a process-closed�CRL�-term, and hence it is derivably equal to a basic term.

2. ) � / �0 � �� � ) � * � + � ��. Then,

� � ) � � � / �0 � �� � ) � * � + � ��
����� / �0 � � �� �� � ) � * � + � �� �
���
� / �0 �� � � �� � ) � � * � + �� � � �� �
����� / �0 �� � � ��� * � + �� � � �� �
��� �� / �0 �/ � � �� * � � � + � ��� * � + �/ � � �� * � � � + � �� � '

This is a process-closed�CRL�-term, and hence it is derivably equal to a basic term.

3. ) � ) � ( )2. By induction we have the existence of basic terms� � and� 2 such that� � ) � � � �
and� � )2 � � 2. Then,� � ) � � � �) � ( )2 � ���2� � � ) � ( � � )2 � � � ( � 2, which is a basic
term.


�
Lemma 5.2. Let � and) be well-timed basic terms. Then,� � ), � � ), and� �) are derivably equal to a
basic term.

Proof:
The three statements are proven simultaneously by induction on the total number of symbols of well-
timed basic terms� and ). First, we consider the term� � ). We distinguish three cases based on the
structure of basic term� :

1. � � / �0 � �� * � + � ��. Then,

� � ) � �/ �0 � �� * � + � �� � � )
��� �
� / �0 �� �� * � + � �� � � )
� ��� / �0 �� �� � ) � * � + �� �� � ) ��� 2� / �0 �� ��� ) � � ) * � + �� ��� ) � � ) '
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This is a�CRL�-term in which none of the operators� , � , or � occurs, and hence it is derivably
equal to a basic term using the previous lemma and Theorem 2.1.

2. � � / �0 � �� �� � * � + � ��. By induction we have the existence of basic term� � such that� � �) � � �.
As � is well-timed we have�� � � � � �. Then,

� � ) � �/ �0 � �� � � � * � + � �� � � )
��� �
� / �0 �� �� � � � * � + � �� � � )
� ��� / �0 �� �� � � � � ) � * � + �� �� � ) ��� � ��� 2� / �0 �� ��� ) � � ��� � � �) � * � + �� ��� ) � � )
� / �0 �� ��� ) � � �� � �) � * � + �� ��� ) � � )
� / �0 �� ��� ) � � � � * � + �� ��� ) � � ) '

This is a�CRL�-term in which none of the operators� , � , or � occurs, and hence it is derivably
equal to a basic term using the previous lemma and Theorem 2.1.

3. � � � � ( � ��. By induction we have the existence of basic terms� � and� �� such that� � � ) � � � and

� �� � ) � � ��. Then,� � ) � �� � ( � �� � � ) �� �
� � � � ) ( � �� � ) � � � ( � ��, which is a basic term.

Second, we consider the term� � ). We distinguish cases based on the structure of the well-timed basic
terms� and):

1. � � / �0 � �� * � + � �� and) � / �� � � �� � * �
� + � ��. Then,

� � ) � �/ �0 � �� * � + � �� � � �/ �� � � �� � * �
� + � �� �

��� � ���� ��� / �0 � �� �� �� * � + � �� � � �� � �� � * �
� + � �� �

��� / �0 � �� ��� �� * � + � �� � � � � �� � � * �
� + ��� �� * � + � �� � � � �� �

�� �� / �0 � �� ��� �� � � � �� � � * � + �� �� � � � �� � �� * �
� + ��� �� � � �� � * � + �� �� � � �� ��

��� � ���� �� / �0 � �� ��� � � � ��� �� � * � + �� � � � ��� �� � � * �
� + ��� � � ��� �� * � + �� � � ��� �� ��� � ��� 2� / �0 � �� ��� � � � ��� �� � * � + � �� �� � � * �

� + �� �� �� * � + � �� �� � '

By axiom CF the process�� � � � � is equal to an atomic action or�. Hence, all parallel operators can
be eliminated from the term� � ). By Theorem 2.1 there exists a basic term� such that� � ) � � .
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2. � � / �0 � �� * � + � �� and) � / �� � � �� � � ) � * �
� + � ��. Then,

� � ) � �/ �0 � �� * � + � �� � � �/ �� � � �� � � ) � * �
� + � �� �

��� � ���� ��� / �0 � �� �� �� * � + � �� � � �� � �� � � ) � * �
� + � �� �

��� / �0 � �� ��� �� * � + � �� � � � � �� � � ) � � * �
� + ��� �� * � + � �� � � � �� �

�� �� / �0 � �� ��� �� � � � �� � � ) � � * � + �� �� � � � �� � � ) � �� * �
�+

��� �� � � �� � * � + �� �� � � �� ��
��� � ���� � ���� �� / �0 � �� ��� � � � � ) � ��� �� � * � + �� � � � � ) � ��� �� � � * �

�+
��� � � ��� �� * � + �� � � ��� �� ��� � ��� � ��� 2 �� �� / �0 � �� ��� � � � � ) � ��� �� � * � + � �� �� � � * �

� + �� �� �� * � + � �� �� ��� �
� / �0 � �� ���� � � � � � ) � ��� �� � * � + � �� �� � � * �

� + �� �� �� * � + � �� �� � '

By axiom CF the process�� � � � � is equal to an atomic action or�. Hence, all parallel operators can
be eliminated from the term� � ). By Theorem 2.1 there exists a basic term� such that� � ) � � .

3. � � / �0 � �� � � � * � + � �� and) � / �� � � �� � * �
� + � ��. This case is similar to the previous case.

4. � � / �0 � �� � � � * � + � �� and) � / �� � � �� � � ) � * �
� + � ��. By induction we have the existence of

a basic term� � such that� � �) � � � �. Then,

� � ) � �/ �0 � �� � � � * � + � �� � � �/ �� � � �� � � ) � * �
� + � �� �

��� � ���� ��� / �0 � �� �� �� � � � * � + � �� � � �� � �� � � ) � * �
� + � �� �

��� / �0 � �� ��� �� � � � * � + � �� � � � � �� � � ) � � * �
� + ��� �� � � � * � + � �� � � � �� �

�� �� / �0 � �� ��� �� � � � � � � �� � � ) � � * � + �� �� � � � �� � � ) � �� * �
�+

��� �� � � � � � �� � * � + �� �� � � �� ��
��� � ���� � ���� �� / �0 � �� ��� � � � � � � � ) � ��� �� � * � + �� � � � � ) � ��� �� � � * �

�+
��� � � � � � ��� �� * � + �� � � ��� �� ��� 
 ��� � ��� �

� / �0 � �� ���� � � � � � �� � �) � ���� �� � * � + ��� � � � � � ) � ��� �� � � * �
�+

���� � � � � � � ��� �� * � + �� � � ��� �� ��� � ��� 2 �� �� / �0 � �� ���� � � � � � �� � �) � ���� �� � * � + � �� �� � � * �
� + �� �� �� * � + � �� �� �

� / �0 � �� ���� � � � � � � � ��� �� � * � + � �� �� � � * �
� + �� �� �� * � + � �� �� � '

By axiom CF the process�� � � � � is equal to an atomic action or�. Hence, all parallel operators can
be eliminated from the term� � ). By Theorem 2.1 there exists a basic term� such that� � ) � � .

5. � � � � ( � ��. By induction we have the existence of basic terms� � and� �� such that� � � ) � � � and

� �� � ) � � ��. Then,� � ) � �� � ( � �� � � ) �� �� � � � ) ( � �� � ) � � � ( � ��, which is a basic term.

6. ) � ) � ( ) ��. Similar to case 5.
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Finally, we base the elimination of� on the elimination of� and � as follows: By the previous parts
of the proof we have the existence of basic terms� �, �2 , and�� such that� � ) � � �, ) � � � �2, and
� � ) � ��. Hence,� �) � � � ) ( ) � � ( � � ) � � � ( �2 ( �� , which is a basic term.


�
Theorem 5.1. (Elimination theorem)
If ) is a process-closed term over� ��CRL� �, then there is a basic term� such that�CRL� � ) � � .

Proof:
By Lemma 5.1 and Lemma 5.2 any process-closed term) over � ��CRL� � with at most one operator
from ��& �� & �& � & � � is derivably equal to some basic term. Obviously, any term with � ( � operators
from this set contains subterms with only one such operator,such that after elimination of one of these,
a term with� parallel operators results. By induction on� we conclude that all these operators can be
eliminated, so that) is derivably equal to some basic term� .


�
5.4. Semantics of timed�CRL

Definition 5.1. The set� � ��#�� � # of processesis obtained by the following recursion:

� � �
�
�

� !	 � � � !
� �� � ) & / � � &� �� & �� � &� �) &� � ) &� � ) &� � ) & �� �� �

� � & ) � � ! & � � �� 
 & � � � � ! & � � � � &� � ���
� '

Definition 5.2. The interpretation of process-closed terms under a valuation, from Definition 3.2, is
extended with the following clauses: for process-closed� & ) � 
� , � � ���, and valuation�

��� � )��� � ��� ��� � ��) ��� &
��� �) ��� � ��� ��� ���) ��� &
��� � ) ��� � ��� ��� � ��) ��� &

��� � ) ��� � ��� ��� � ��) ��� &
���� �� ���� � �� ���� ��� � '

The operational semantics of these processes is described in terms of the action relations��" �� and��" � and the delay relation
 �. For the new operators the definitions of these relations areextended with
the transition rules in the Tables 7, 8, and 9.

Although the set of processes that we consider in this section is larger than the set of processes we
considered for�CRL� we have no reason to change our definition of strong timed bisimilarity as it is
defined in terms of the action relations and the delay predicate only.

Theorem 5.2. (Congruence)
Strong timed bisimilarity is a congruence with respect to the operators defined on� .

Proof:
We give bisimulations that witness the congruence of strongtimed bisimilarity with respect to the oper-
ators�, �� , �, � , and � . In each of these cases it is straightforward to prove that the constructed set�
is a strong timed bisimulation.
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� ��" � � 
� �) �
� �) ��" � �� )

) ��" � � 
 � �� �
� �) ��" � �� �

� ��" � � 
� �) �
� � ) ��" � �� )

� ��" � � 
 � �) �
� � ) ��" � �

� ��" � � � 
 � �) �
� �) ��" � � � ��� )

) ��" � ) � 
 � �� �
� �) ��" � �� � �) �

� ��" � � � 
 � �) �
� � ) ��" � � � ��� )

� ��" � � � 
 � �) �
� � ) ��" � � �

� � � �� ����" � � )
� � �� ����" � � � �� & � � � �

� �) � � �� ����" � �
� � � �� ����" � � )

� � �� ����" � ) � � �� & � � � �

� �) � � �� ����" � ) �

� � � �� ����" � � � )
� � �� ����" � � � �� & � � � �

� �) � � �� ����" � � �

� � � �� ����" � � � )
� � �� ����" � ) � � �� & � � � �

� �) � � �� ����" � � � �) �

� � � �� ����" � � )
� � �� ����" � � � �� & � � � �

� � ) � � �� ����" � �
� � � �� ����" � � )

� � �� ����" � ) � � �� & � � � �

� � ) � � �� ����" � ) �

� � � �� ����" � � � )
� � �� ����" � � � �� & � � � �

� � ) � � �� ����" � � �

� � � �� ����" � � � )
� � �� ����" � ) � � �� & � � � �

� � ) � � �� ����" � � � �) �

Table 7. Transition rules for the parallel operators, where� � � , � � � � � � 
 ��, �� � � �, � � 
 �� � � 
 � � � , and
� � � � .

� � � �� ����" � � � �� �

�� �� � � � �� ����" � �
� � � �� ����" � ) � �� �

�� �� � � � �� ����" � �� �) �

Table 8. Transition rules for encapsulation, where� � 
 � � , � � � � , � � 
 ��, � � 
 ��, and
�� � � �.
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� �� � 
 � �) �
� �� � ) �

� �� � 
� �) �
� �� �) �


 � �� � 
 � �) �
 � �� � ) �

� �� � 
� �) �
� �� � ) �


� �� �
 � ��� �� ��

Table 9. Transition rules for the delay relation, where� � 
 � � , � � � � , and� � 
 ��.

1. �. Let� � � � �� � ) � and� 2 � � 2� � )2 . Define� � � �� �� � 2 & ) �� )2 � & �) �� )2 &� �� � 2 ���� 2.

2. �� . Let � � � � � � ). Define� � � ��� �� � � & �� �) � �� � �� � & ) � � � � � &� � ��� �.

3. �. Let � � � � � � � ) � and� 2 � � 2 � � )2. Define� �� to be the smallest symmetrical relation
that satisfies� � � � �� and if �� � & ) � � � � ��, then �� � � � & � � ) � � � � ��. Similarly, define
� �2 to be the smallest symmetrical relation that satisfies� 2 � � �2 and if �� � & ) � � � � �2, then
�� � � � & � � ) � � � � �2 . Define� to be the smallest symmetrical relation that satisfies� �� � � ,
� �2 � � , and if �� � & ) � � � � �� and �� �� & ) �� � � � �2, then �� � �� �� & ) � �) �� � � � . Then� is the
bisimulation witnessing the bisimilarity of� � �� 2 and) � �)2.

4. � . Let � � � � � � � ) � and� 2 � � 2 � � )2. Then, using the relation� from the previous item,
� � � � � � �� � � � 2 & ) � � )2 � & �) � � )2 &� � � � 2 �� is the bisimulation witnessing the bisimilarity of
� � � � 2 and) � � )2 .

5. � . Let � � � � � � � ) � and � 2 � � 2 � � )2. Then, using the relation� from the third item,
� � � � � � �� � �� 2 & ) � � )2 � & �) � � )2 &� � �� 2 �� is the bisimulation witnessing the bisimilarity of
� � �� 2 and) � � )2.


�
5.5. Soundness and completeness

Theorem 5.3. (Soundness)
With respect to strong timed bisimilarity,�CRL� is a sound axiom system.

Theorem 5.4. (Relative completeness)
With respect to strong timed bisimilarity,�CRL� is a complete axiom system for process-closed terms
under the assumptions that the data algebra is� -completely axiomatised and that the data algebra has
built-in equality and Skolem functions.

Proof:
Consider arbitrary process-closed�CRL�-terms� and). Suppose that��� ��� � � ��) ��� for all valuations� .
By the elimination theorem we have the existence of basic terms� � and) � such that�CRL� � � � � � and
�CRL� � ) � ) �. By the soundness of the axioms we then also have��� � ��� � � ��) � ��� for all valuations� .
By the completeness of�CRL� we then have�CRL� � � � � ) �. Using the fact that all axioms of�CRL�
are also axioms of�CRL� we find�CRL� � � � � ) �. Thus we have�CRL� � � � � � � ) � � ).


�
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[67] Sighireanu, M.:Contributionà la définition età l’implementation de la norme “Extended LOTOS”, Ph.D.
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A. Overview of �CRL

In this appendix we give a short overview of the syntax and semantics of the process algebra�CRL. The
reason for this is that our completeness result for�CRL� is based on the completeness of�CRL. The
signature of�CRL consists of: a set of action declarations, a nullary function �, binary functions( and
�, a ternary function * + , and the quantifier/0 .

A1 � ( � � � ( �
A2 � ( �� ( � � � �� ( � � ( �
A3 � ( � � �
A4 �� ( � � � � � � � � ( � � �
A5 �� � � � � � � � � �� � � �
A6 � ( � � �
A7 � � � � �

PE� � � 
� � * �) � 
� & 
� � + � � � � 
� � * �) � 
� & 
� � + �

Cond1 � * � + � � �
Cond2 � * 
 + � � �
Cond3 � * � + � � � * � + � ( � * � � + �
Cond4 �� * � � + � � * �2 + � � � * � � � �2 + �
Cond5 � * � � + � ( � * �2 + � � � * � � � �2 + �
Cond6 �� * � + � � � � � � � � * � + �
Cond7 �� ( � � * � + � � � * � + � ( � * � + �
SCA �� * � + � � � �� * � + � � � � � � * � + �

Sum1 /0 � � �
Sum3 /0 � � /0 � ( �
Sum4 /0 �� ( ) � � /0 � ( /0 )
Sum5 �/0 � � � � � /0 � � �
Sum12 �/0 � � * � + � � /0 � * � + �

Table 10. Axioms of�CRL.


