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Abstract. In [25] a straightforward extension of the process algel2&L was proposed to explic-
itly deal with time. The process algebi&RL has been especially designed to deal with data in a
process algebraic context. Using the features for datg, anlinor extension of the language was
needed to obtain a very expressive variant of time. But [®Bfains syntax, operational semantics
and axioms characterising tim@@RL. It did not contain an in depth analysis of theory of timed
#CRL. This paper fills this gap, by providing soundness andpietaness results. The main tool
to establish these is a mapping of timed to untip&RL and employing the completeness results
obtained for untimegCRL.
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1. Introduction

Process algebras are very nice tools to study fundamentalepts such as actions and interactions,
nondeterminism and parallelism, behavioural equivalerag®l internal or hidden actions. In their plain

form (e.g. CCS [59], CSP [46] or ACP [12, 11]), these langsagee not very expressive in the sense
that only very simple protocols and distributed systems maperly be described. This is the reason
why these plain process algebras have been extended watli[dat 32]). The most expressive [56, 57]

and by far the most developedi£RL (micro Common Representation Langupff?, 33], a process
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algebra in the style of ACP extended with equational absttatatypes. The main design objectives for
#CRL were that

e 4 CRL had to be sufficiently expressive to describe ‘realdifjstems’, generally consisting of a set
of interacting programs.

e 1 CRL had to be simple and sufficiently clear to form a suitalalsi® for mathematical analysis.

e The definition ofuCRL had to be precise, in order to allow the independent coctidn of com-
puter tools for assisting in the actual development of syste

The process algebpaCRL is the basis of several proof methodologies [15, 31, 8538, 28, 33, 39]
and numerous verifications (see [14, 26, 52, 30, 13, 24, 2%6]9, some of which have been computer
checked. It has also been the basis for several fundaméndi¢s about for instance expressiveness and
decidability [62, 56, 57], and visualisation of huge stateces [40]. Finally, a tool set aroupLRL (see
[19, 51]) has been constructed which is not based on finite stgaces, but on linear process operators
[15, 16], allowing automatic treatment of processes withehar infinite state spaces.

The languageCRL primarily describes the potential ordering of actidmatiprocesses can perform,
which is called the behaviour of a process. It is easy to egptigat an action must happen before an
actionb, and that actiorr happens in parallel with these. There is, however, no pitiggito explicitly
refer to time. E.guCRL cannot express that an actienmust be executed at a certain time, an action
b must happen within five seconds after another adtioor that if nothing happens for 10 seconds, an
alarm action must be issued.

However, time is explicitly used in almost any computerisgstem. Computers rely on notions such
as time-outs, scheduling and interrupts. Hardware andiaddtclocks are common, and so are repeating
time-based tasks. Real-time systems, which are requirpdrform certain tasks within predetermined
time intervals, even add another dimension. For such systiene is not only important for the internal
behaviour, but also when it comes to the interaction withetimaronment. Therefore, we have extended
#CRL to handle time. The major design considerations for #tersion with time are the following:

e A specification in timeduCRL that makes no reference to time should look exactly theesas
an untimeduCRL specification. Moreover, the intuitive meaning of sudpacification should be
equal in both languages. Formally, the two semantics ofgpéxification differ, as the semantics
of timeduCRL explicitly refers to time, whereas the semantics ofsitzed ,CRL does not mention
time at all. In other words, timedCRL must be a conservative extension of untip&RL. One
advantage thereof is that given a tool for manipulaji@RL; specifications, this tool can also be
used for untimeg:CRL.

e The extension with time should be natural and concise, diftirthe style of description giCRL.

e The definition of timeg:CRL should be such that it is suitable to adapt many of theiagiproof
techniques from the untimed setting to the timed setting.

In the past years, many timed process algebras have bedopkyd3, 42, 60, 61, 63] for different
purposes. In extending a process algebra with time choiaes to be made with respect to the nature
of the time domain, the way time is described syntacticalh the way time is incorporated semanti-
cally [9].
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Nature of the time domain Process algebras that are proposed in the literature c#myregipect to
the nature of the time domain, be classified as discrete{broeess algebras (e.g. [60, 63, 61, 42, 5]),
dense-time process algebras (e.g. [64, 3]), and procesbrakywith an unspecified time domain (e.g.
[69, 18, 55]). As in untimed@.CRL the user of the language is allowed to specify algebraia types, no
need was felt for restricting the language to a specific tiomaain. In timeduCRL, the time domain is
specified by the user, regardless of whether it is a discrededense time domain. The only restrictions
on the time domain (denotetl) are that a total ordering (denoteg and a least element with respect to
this ordering (denote@) must be provided.

Time-stamping and delay mechanisms Although many different constructions can be found in the
literature for denoting timing aspects, coarsely the feiftgy dichotomy is found: either time is denoted
through a time-stamping mechanism ([3, 63, 6]), or throudgelay mechanism ([60, 61, 42, 5, 7]). Usu-
ally a time-stamping mechanism is used in process algebitaglalayable atomic actions for the purpose
of restricting the uncontrolled timing of such atomic anspand delay mechanisms are employed in pro-
cess algebras with nondelayable atomic actions for desgribe passage of time (explicitly). Following
the first design consideration, the meaning of the untimedegs in the timed setting should be the ex-
ecution of the atomic actions pfat arbitrary times while maintaining their ordering, théyoalternative
being the execution of all behaviour of an untimed procesmatspecific time. Hence, timgRL has

a time-stamping mechanism for describing timing aspectsohtrast to most process algebras with a
time-stamping mechanism the time-stamping is not perfdrdieectly on the atomic actions, but rather
on complete processes. The procggswith p a process antlan element of the time domain, denotes
the proces® with the restriction that the first action pfmust be executed at time In combination
with the other operators of timgdCRL, timing aspects such as time-outs, deadlines and aitecan be
expressed.

Absolute time and relative time Sometimes, when specifying real-time systems, it is coverno
describe the passage of time with respect to a global clotlatifer times, it is convenient to describe
passage of timing relative to the previous action. The fietimanism is called absolute timing ([20, 63]),
the second relative timing (e.g. [60, 69, 48]). For tim&ZRL, the choice was made for an absolute time
approach for the following reasons. Firstly, referencealisolute time are found in the systems that
we want to describe. Secondly, the axioms for the paralleipmsition operator are easier in a setting
with absolute-time than in a setting with relative-time. ir@lty, although relative time is convenient
for the description of time with respect to sequential cosifjian, with respect to timing constraints
between actions in a parallel context, a relative timing ma@ism is much more difficult to use. Finally,
descriptions with relative and absolute notions of timelsaonverted to each other, as has been shown
in [5, 6, 7]. In these papers process algebras have beerdtindit combine absolute timing and relative
timing in one theory. These process algebras are calledngdiia time process algebras.

Urgent actions and multi-actions Timed yCRL should be as suitable for analysis and verification
purposes agCRL turned out to be. We did a number of exercises with timedigations, which has
resulted in allowing simultaneous, subsequent actionsinstance, it is allowed to write<1 - <1, which
means that takes place at timé, followed byb at time1. Here we clearly sacrificed naturality of the
language in favour of ease of use. Similar decisions can ledfin e.g. [50, 2, 4, 5, 45] and in most
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discrete-time process algebras. The most important réasaiow simultaneity is the elimination of the
parallel operator in terms of the foranl ||b<1. Using linear process operators [15], itis generally fuesi
to eliminate the parallel operator without exponentiaiWalp in this way. One of the alternatives that
have been investigated, is the use of multi-actions, (a.gb)<1 [3], but this gives rise to an exponential
number of multi-actions when expandingparallel processes.

In a setting with a minimal elemef® of sort T', this design decision has consequences folldfie
mergeoperator| . A proces || <0 (6<0 denotes deadlock at time zero) is not simply equak@ but
it can perform that part op that is enabled a@. This phenomenon is calleff -leaking (see [37] for
more details).

Expressiveness The first serious exercises in timedCRL appeared in a recent paper [37]. In that
paper various basic results were derived, such as theomrbadic termsthe expansion of terms with
operators for parallelism, elimination of parallelismdarommutativity of the merge and communication
merge (the operatoris and|). After that, a paper with three case studies of simple lybyistems in
1CRL; [38] and a paper containing the analysis of a conveyor betesy [70] appeared.

Numerous case studies in which time is not involved havecatdd that untime@CRL has the
appropriate expressiveness for the specification and aatidn of untimed systems. In the context of
ACP-like process algebras, embeddings and transfornsadibiimed process algebras in which different
choices have been made have been studied extensively. ddraparisons have not indicated differences
in expressiveness of the different process algebras wsiter to those choices.

Recently, a timed variant of trenes and focoverification technique of [35] has been published [74].

Structure of this article  The definition of timeduCRL has been guided by simplicity, elegance and
its suitability to adapt many of the existing proof techrgis to the timed setting. In [25] the language

was explained, syntax and operational semantics were gindran equational characterisation of the
language was provided. There were no completeness rasthies paper and a claim of soundness turned
out to be not completely justified. This paper fills these dapproviding soundness and completeness
theorems, relative to some completeness assumptions datdwypes. For simplicity and generality, the

datatypes are assumed to be given as algebras satisfyinglznof elementary properties, contrary to

the definition in [25], where equational, inductive dataypvere employed.

The proof of completeness follows the approach of [73], whetimeduCRL is translated to un-
timed uCRL, in such a way that the completeness results of [27, S7da@ctly be applied to achieve
completeness. Besides providing a completeness resultalatively easy way, there is an additional
advantage of this approach, which may turn out to be veryfliglp the analysis of timed systems. As
mentioned above, there are many analysis techniques angl eagable tool for untimegCRL. Trans-
fering these to the timed setting may be a costly and hardatipar However, if we translate timed
1CRL expressions to untimgdCRL, everything achieved for untim@CRL carries over automatically.
We have especially high hopes for the tool set, as the témslean be done automatically in this case.

Future work  We also hope that this approach may help to solve one of tlgetatanding open prob-
lems in timed process algebra, namely a complete axiontiatisaf branching or weak bisimulation in
a setting as expressive as time@RL. There are numerous completeness results for weakuiaions
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in timed settings with restricted expressivity (e.g. [23The only attempt that we know where the ex-
pressiveness of the language comes close to thaC&L can be found in [50]. Here, an axiom for
branching bisimulation is given, which is claimed to be shand complete. Although we do not doubt
soundness, the completeness claim has not been appriypjiestiified, and turns out not to be easily
reconstructable.

Related work Timed process algebras have received a lot of attentiondrlitdrature, and many
different formalisms have been proposed. Many of these haea mentioned in this introduction (see
for a more structured overview [68, 8]). Besides the timaxntpss algebras also other formalisms can be
found in the literature that allow for the description of i aspects. We mention timed automata [2]
and hybrid automata [1, 58, 43].

The typical difference with time@CRL is that timed automata are a semantical concept, mush les
algebraical, and as such there is no set of characterigimaor even a precisely defined set of operators
to construct these. Timed automata are in a sense just fiateermachines extended with clocks. These
formalism sparked off a lot of research for instance in timeatel checking and equivalence checking
(using simulation relations). Using a technique known asver regions, it is possible to capture the
infinite flow of time into a finite automaton. This result hagbdhe basis for various tool sets, such as
HyTech [44], Uppaal [54] and Kronos [72], of which Uppaabal simple datatypes as natural numbers
and lists. A lot of effort has been put in the study of the iets between such automata and process
algebras. Notably are the translation of timed automatag@tocess algebra ACP with prefix integration
from [22], the use of timed automata as a model for a procegbed from [21], and the translations of
timed and hybrid automata to a variangg®RL; from [71].

At a different end of the spectrum there are the timed spatidic languages of which extended
LOTOS [17] and LOTOS NT [67] are among the most ambitioushalgh older languages such as
SDL [47] also combine time within an expressive context. gbal of these languages is to allow to
express distributed timed systems as elegantly as posgiblsuch, the languages are rich in syntax and
much of the effort around these languages is in buildingstaobund it. The difference with timgdCRL
is that these languages are not apt, and not intended forfonotamental research.

2. The axiom systenpCRL;

The axiom systempCRL; for pico CRL with time is presented. It serves as the basic framewark f
our studies. We work in a setting without the silent steand without abstraction or general operators
for renaming. The addition of operators for parallelism gcton 5 leads to fulbCRL;. We define a
notion ofbasic termsand prove that all terms over the signatti@CRL;) without process variables are
derivably equal to basic terms.

2.1. Abstract data types

The processes described in the langua@®L generally exchange data. For the specification of data
we use (equational) abstract data types with an explicitndidon between constructor functions and
‘normal’ functions. Moreover, all properties of a data typest be explicitly declared, which makes it
clear which assumptions can be used for proving properfidata or processes.
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In this paper, we do not treat the syntactical details of #ita thnguage in depth. We simply assume
the existence of a data signature. A data signature cortfistsetS of sort symbols and a séf of
function declarations. We assume disjoint infinite setsasfablesV; for the sort symbols € S. Let
V' = Useg Vs- The set of terms of sok is denoted byr’;. Furthermore, we assume the existence of a
sort symbolB for the booleans with function declaratiohandf, and the usual connectives A, and
V. For each sort symbal, we assume a data algebra with univelse The setDp has two elements:
the interpretation of and the interpretation dt

Finally, we assume the existence of a sort synibdaf time elements and we require that it is totally
ordered and that it contains a least element. The total esdiemoted< and the least element is denoted
0. Throughout this paper we abbreviate tera{s < t) to¢ < u. A term of the form¢[e/d] denotes the
termt with variabled replaced by terra.

Besides the above requirements one is free to specify tliedfitime domain one requires. This is
done to accomodate those preferring discrete time, andsotiieo prefer a notion of dense time. One
can for instance define th@; has only a finite number of elements, or one can define an didira
structure on it.

2.2. The syntax ofpCRL,

The signature of the theoyCRL; consists of a data signature and a process signature. Thesgro
signature consists of the sort symt®lnd the following function declarations:

1. action declarationsa : s; x .-+ x s, — P for sort symbolss; ( = 0,...,n) from the data
signature.

2. deadlocké :— P. Timed uCRL contains a constamt, which can be used to express that from
now on, no action can be performed any more. It models inactow instance in the case where a
number of computers are waiting for each other, and the wéyaem is blocked.

3. alternative composition+ _: P x P — P. The process represented by q behaves likey or
g, depending on which of the two performs the first action.

4. sequential composition- _: P x P — P. The process represented by ¢ first performs the
actions ofp, until p terminates, and then continues with the actiong. in

5. conditional operator.<i_t>_: Px B x P — P. The “.<_>_"-operator is the conditional operator
of uCRL, and it operates precisely agtan i f _else-construct. The process tepribr>qg behaves
like p if bis equal tot, and ifb is equal tof it behaves likey.

6. alternative quantificatiord , _ : P — P for each data variable € V. The sum operatoy , p
behaves likep[d; /v] + p[d2/v] + ..., i.e., as the possibly infinite choice betwedd, /v] for any
data termd; of the sort ofv.

7. at-operator «_: P x T — P. A key feature of timed,CRL is that it can be expressed at which
time certain actions must take place. This is done usingdtiedperator. The proceset, behaves
like the procesp, with the restriction that the first action pfmust take place at time
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8. initialisation operator_>>_: T x P — P. The process$>>p behaves as the processs if it was
started at time. Thus the initialisation operator can be used to restrietbhaviour of a process
to the part that can idle until the specified moment of time.

In the sequel, we will call these function declarations apas. For action declarations we usually
write a : s; X --- X s, or, if no confusion can arises instead ofa : sy x --- x s, — P. The
set of all action declarations is denotddt. Action termsare terms of the forma(d,--- ,d,), where
a:s x -+ X s, € Act andd; a data term of sorg; (for i = 0,--- ,n); the set of all action terms is
denotedAT. We write AT 5 for AT U {6}. Furthermore, we assume the existence of an infinite set of
process variableBp which is disjoint from the set of data variabl&s

Process terms are built from action terms, data terms, blagaand process operators. The set of
all process terms is denotddh. For all operators in the language, characterising axiomgeovided
following the process algebraic tradition, in order to defivhich equivalences hold between processes.
In fact, axiomatic reasoning with processes forms the essefuCRL. Examples of equational manip-
ulations with processes are given throughout this papeerédds the axioms provide a more syntactical
perspective, operational semantics are used to interpreegs terms in terms of potential behaviours of
a system (see Section 3.2).

We list the various operators pCRL; in decreasing binding strength:

C

>
<>

2
+.
In timed xCRL infinite behaviour can be described by using recursivetans of the formx (d) =
p, whereX is a recursion variable that is parameterised by the vahoes d andp is a process term in
which recursion variables can occur. In this article, hasverecursion is not treated with respect to the
completeness result.

2.3. The theorypCRL;

The axioms opCRL; are the axioms given by the user for the data types such agthednsB and the
time domainT', and the axioms given in Table 2. As proof theory we use géisetaequational logic
with a congruence rule for binders. For a precise expositarthis proof theory we refer to [27, 57]. In
Table 1, we present the proof theory fdERL;. Here,E represents the set of axiomspERL; andX is
the signature of the theopCRL;.

Process-closed termare terms without process variables, but possibly with boand free data
variables.

The two elementary operators to construct processes asedfuential composition operator, written
as- and the alternative composition operator, writtentasThe axioms A1-A5 in Table 2 describe the
elementary properties of the sequential and alternativeposition operators. For instance, the axioms
Al, A2 and A3 express that is commutative, associative and idempotent. These lawat@twhy
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t=t foreveryt =t' € £

t=1t

tle/v] = t'[e/v]

t1=t'1---tn:t;1
F(tl,--- 7tn):F(,11"' ’t;l)

for everyv € V; ande € T

foreveryF : sy x -+ x s, -8 €3

t=1
2wt =201
Lo, t=t hi=ty b=t
=t t=t3

Table 1. Generalised equational logic f@@RL;.

in some cases parentheses may be omitted. For instancelldvied to writea + b + ¢, because, due
to A2, it does not matter how brackets are put. The processbedgthat consists of atomic actions,
alternative and sequential composition only and for whidh-A5 are the only axioms is usually called
Basic Process Algebrg 1].

In the calculations in this paper we work modulo associgtisnd commutativity of +, and we do
not mention the use of simple properties of the functionsata duch as, Vv, A, <, andeg.

In Table 2,pCRL,; axioms for the sum operator are listed. The sum operator iieutt operator,
because it acts as a binder. This introduces a range of pneblgth substitutions. When we substitute
a proces® for a variablez in the scope of a sum operator, no variable imay become bound. If this
appears to happen, we must first rename all bound occurrefitest variable irp into a variable that
does not occur ip. This renaming is called-conversion. We consider processes moduimmonversion,
sotheterm$”, pand)_, p[w/v] are equal itw does not occur freely in. Consequently, we may only
substitute the actioa(v) for z in the left hand side of axiom SUM1, after renaming the bouadable
v intow. So, SUML1 is a concise way of saying thatifloes not appear in, then we may omit the sum
operator iny, p. As another example, consider axiom SUM4. It says that we distyibute the sum
operator over an alternative composition operator.

The procesp <1br> g behaves like the procepsn case the boolean terbrequalst and it behaves like
the procesg if the boolean ternd equalsf. The conditional operator can be used to describe alteazati
in behaviour based on the values of data variables. Its piepare given as the axioms C1-C7, SCA,
SUM12, ATAS5, and ATB5

The proces®:t behaves like the procegs with the restriction that the first action pfmust take
place at time. So, if we assume that the natural numbers denote momeitsanthe process described
by a<1 - b<2 - ¢3 specifies that the actions b andc must take place at timds 2 and3, respectively.
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Al z+y=y+=x SUM1 Y z==z

A2 z+(y+z)=(x+y)+z SUM3 > p=> . p+p

A3 z4+zx=2 SUM4 Zv(p+q)zzvp+zvq

Ad (z+y)-z=xz-z+y-z SUM5 (3 p)-z=> (p-2)

A5 (z-y)-z=z-(y-2) SUM1Z (>°,p)<b>d0=>, p<abr> 40

A6~ a+d=ua PE p <eq(v,w) > 60 = p[v/w] < eq(v,w) > §<0
A6 z+50=1z
A7 bd-z=9

Cl z«tby==z

C2 z«xfpy=y

C3 zabby=xz<2b>d0+y<1—-b> 40

C4d (z<dbiby)<dbhby=z<d(biAb)>y

C5 z4ab>d0+z<by>60=2x<(byVby)r>d0
C6 (z<ab>y)-z=z-2db>y-z

C7 (z+y)<bpz=z<db>z+y<b>z

SCA (z<b>60)-(y<b>d60)=z-y<1b> 60

ATL z=3,z¢
AT2 at-z=at- (t>x)

ATAL atu = (at<u <tr>ot) <t <ub du
ATA2 (2 +y)t = ot + yt

ATA3 (z-y)t=uxzt-y

ATAL (S, p)t = 55, pt

ATAS (z<bbDy)dt =zt byt

ATBl t>au=au<t<ub it

ATB2 t>»(z+y) =t>z+t>y

ATB3 t>(z-y)=(t>z)-y

ATB4 ¢33 p=3,t>p

ATB5 t>(z<bb>y) = (t>z) b (>v)

Table 2.
v,w€eV.

Axioms ofpCRL;: z,y,z € Vp, process-closefl,q € Tp,a € AT, t,u € Vp, b,b1,by € Vg and
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The procesg > p behaves like the procegswith the restriction that only the alternatives of
that can execute their first action at or after titn@re considered. The main reason of introducing this
operator is that it turns out to be convenient in providingoperational semantics for process terms
later in this article. However, it is also convenient in désing that a process, while executing actions,
cannot reverse time. This is described by axiom AT2. Thelisation operator is not likely to occur in
specifications. The axioms ATB1-ATB5 describe how it canlbmieated from a process-closed term.

The constant is the ‘classical’ deadlock of process algebra, which carerecute actions and never
terminates. An important property éfis § - p = 4. It says that the procegsafter the deadlock cannot
be executed. It is formulated in Table 2 as axiom A7.

If an action happens at timeg then a subsequent action can take place at tioreafterwards. This
means that im<2- b3 anda<2-b<2 the actiorb can happen, and ix2- b1 the actiorb is blocked. Actually,
the last example above is equivalentat@ - §<2, which says that after actiom we have a deadlock at
time 2. In order to leb take place as prescribed, we have to reverse time. As thiedd\cin conflict
with reality, we choose to stop time at time 2. A procéssis called atime deadlock Whenever a
specification prescribes timing behaviour that cannot lbdéised, it will exhibit a time deadlock, i.e.,
time is stopped at a certain point. Specifications with tireedocks can clearly not be implemented.

The difference between a time deadldekand deadlock is that the former exists at any time before
t and att, but not aftert, whereas the latter exists at any time. As a consequence mweotan general
havep + § = p — an identity that is, in untimeg@CRL, valid for every process termu Consider for
example the process2 + 4. This process can perform the actiemt time2 and then terminates, but it
can also let time pass until after tifgin which case the option to executievanishes. So, contrary to
untimedpCRL, ¢ is not a neutral element for alternative compositiop@RL;. This role is taken over by
the proces$<0. This can easily be seen, as eveGRL; process exists at tim& In the axiomatisation,
we see that theCRL axiom A6 ¢+ J = z) is absent, and has been replaced by axiorh(A8 60 = ).
The difference between the process tepta@isandd can be illustrated by the followingi<2 4+ §<0 = a<2
anda<2 + § # a<2.

We see that if a time deadloéku occurs in a process term withas an alternative, it vanishes:

6+ 0t "EN Y ot 8¢ SER Y 6t B 6,
t t

For processep that do not refer to time explicitly, we still like to have tigentity p + § = p. Using
axiom A6~ (a + ¢ = a) this identity can be derived for untimed process-closeahse.

2.4. Example specifications

We continue by giving some examples to illustrate the exgivegpower of the language timexCRL.
For example, a counter that counts the numbet attions that occur, issuingteaction after each 10
occurrences of an action, can be described by the procéssinter(0), where Counter(n : Nat) is
given by the following recursive equation:

Counter(n : Nat) = a - Counter(n+ 1) <n < 10> b- Counter(0).

In the following example we describe a single place bufigpeatedly reading a valukusing action
namer, and then delivering that value via action name

Buffer = Zr(d) - 8(d) - Buffer.

d
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In the specification of real-time systems frequently desdlihave to be specified. In the following
example we illustrate how to express that an acbidvas to occur withinl time after the occurrence of

an actiona:
Zwt- (Zb«t’ <t §t+d>5<0) )

t:T t:T
In the last example we specify a clock process that produtt@natick every time unit. However,
it does not do so accurately. Eatihk action can occur after the previotigk action after at least — ¢
and at most + £ time has elapsed:

X(t:T)=) tick(t+1+e)-X(t+1+e€ <a—£<e<Ep 0.
eT
2.5. Simple identities

Calculating in (timed):CRL generally requires numerous basic identities. In thigien, we present
some identities as lemmas for easy future reference. Iwatems in this section and the following
sections, we frequently apply the axioms for booleans anthf@time domain. We will do so without
explicitly mentioning them.

Axiom SUMS is typically used to extract a specific alternativom an alternative quantification
where the bound variable, sayis replaced by a data term, sdyof the appropriate sort. The following
lemma ensures the correctness of such an extraction.

Lemma 2.1. Let s be an arbitrary sort. For process-cloged Tp, v € Vy, andd € Ts, it holds that
> p=> p+pld/v].
v v

Proof:
Consider the following derivation:

Yop= (Z p) [d/v] °=7 (Zp +p) [d/v] = (Z p> [d/o] + pldfv] = 3" p + pld/v].

Lemma 2.2. (Laws for Conditional Expressions)
Forz,y : Vp andb,c: Vg, itholds thatr < b >z = z.

Proof:
a:<11)l>xg’xﬁb1>5<0+x<1—|bl>5<0g5:1:<1tl>(5<0C:1$. O

Lemma 2.3. Fort € V, it holds thatj<0<¢t = §<0.

504 "B (509t < 0> 60) 90 <t 0t Z 500 <t 60 Z 50. 0

In the following lemma we present some facts about the ligéidion operator.
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Lemma 2.4. Fort,u € Vp anda € AT}, it holds that

1. > (t>>au) = t>>a;

2. >0 = o<t
Proof:
1ot tau) "2 > (au <t <ub o) "2 (t>aw) 9t <ub (> 64) “2 (au<t <
wi>0) At <ut 0t = au <t <ub it 2> a.
2.t360 “B 50 9t < 0> ¢ = 50 <1 eq(t,0) > 5t = ¢ <1 eq(t, 0) > ot 22 5et.
O
Lemma 2.5. Forv € Vi andt € Vi, it holds that , d«v <v <t > §0 = <.
Proof:
Yoy 0v<dv <t 60
& Yo 0v<dv <t 60+ (b v <t 50)[t/v]
= YDoptv<dv<t> 0+ttt <t 0
&Y v <qu <t 60+ 5
ALy St + 3, b v <t 50
ATAL22 Y0ttt <wv> v+ dv<qv<t> 50
S S (t<at<v> 50+ 60 <t > v>50)+ Y, 6v<Tv < > 50
& Yo,0t <t <vp 404 0v <t > v d0)
+ Y (0w <eq(t,v) > 00 + dv <t >v>60)
U S (et <at <> 60+ 5t < eq(t,v) > 00 + Sv I £ > v 1> 50)
+ Yoo (0t < eq(t,v) > 60+ dv At > v D> 50)
SUM2,AS Yo, (0t <t <wv> 00+ 0t <eq(t,v) > 60+ dv It > v>60)
& Yo,0t <t <vp 4040wt > v d0)
S s stat<vi 6w
ATAL2.2 S St
)
O

2.6. Basicterms

We provide a basic syntactic format f@€RL;-terms. In this format we use the notatidn; to represent
a finite sequence of alternative quantificationg, »-,, --->_, (n>0).
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Definition 2.1. (Basic terms)
The set of basic terms is inductively defined as follows:

1. Y sat<1br> 60, witha € AT, t a time term and a boolean term, is a basic term;

2. if pis a basic term, thed_ . a<t - p < br> <0, witha € AT, t atime term and a boolean term, is
a basic term;

3. if p andq are basic terms, then+ q is a basic term.
If a basic term is of the first form, then we say it istgpe 1 Similarly for forms 2 and 3.

Theorem 2.1. (Basic Term Theorem)
If ¢ is a process-closed term ovB(pCRL,), then there is a basic termsuch thajuCRL; - g = p.

Proof:
We apply induction on the number of symbols in process-ddsemgq. The following cases can be
distinguished based on the structure of process-closetgter
, AT1 C1 . .
1. ¢ = afor somea € AT;s. Obviouslya =" > ,at = ) ,at <t 60. Thisis a type 1 basic
term.

2. ¢ = q1 + ¢o for some process-closed terpsandgs. By induction we have the existence of basic
termsp; andp, such thaty; = p; andge = po. Henceg = g1 + g2 = p1 + p9, Which is a type 3
basic term.

3. g = q1 - go for some process-closed termpsandg,. By induction we have the existence of basic
termsp; andps such thaiy; = p; andgs = p2. By induction on the structure of basic tegmwe
prove that there exists a basic teprsuch thap, - p» = p.

_ SUM5 C6
(@) p1 =) zat<1b>60. Thenp; -pe = (D _5at<1b>00)-po " =" > z(at<1br>50)-py =

Yogat-pr<<b> 40 - py ATAZAT > ogat-pe < b 40, which is a type 2 basic term.

(b) p1 =) jat-pi < b 60. By induction we have the existence of a basic tefrsuch that

SUM5 C6
pipa=p. Thenp;-py = (D yat-pi Ab>00)-py " =" > (at-pi Abr>0) -py =

Yoglat-pl) -p2 <b>50-po ABATASAT Yogat-p' <br> 40, which is a type 2 basic term.

(c) p1 = p| + p! for some basic termg| andp/. By induction we have the existence of basic

termsp’ andp” such thap!, - p, = p’ andp!! - p» = p". Thenpy - py = (p} +p) - po =

Pl - p2+pf - p2 = p' +p”, which is a type 3 basic term.

4. ¢ =), ¢ for some process-closed tegh By induction we have the existence of basic tgfm
such thaty’ = p’. We proceed by induction on the structure of basic tgtnif p’ is of type 1 or
type 2, then obviously ", p' is a basic term. If' is of type 3, e.gp’ = p! +pf, for some basic terms
P} andp}, then we have by induction the existence of basic teffrendp’; such thad ", p} = pf
andy>, ph = pj. Theng = 32,¢' = 2,9 = X5, (0h +95) =" 94 + 2,0 = pi + 15,
which is a basic term.
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5. ¢ = ¢1 < b > ¢, for some process-closed tergsandgs. By induction we have the existence of

basic term; andpsy such thaly; = p; andgs = po. Theng = g1 <b> gy = p1 <b> po 3

p1 <b> 60+ poy < b > 5<0. We prove that for every basic temrthere exists a basic tersnsuch
thatr < a > 6<0 = s by induction on the structure of basic term

@r =Yy atabr> 0. Thenr <a>d0 = (3 zat <b> d0) < a> 0 SUMLY

S slat 9b>50) <> 50 Z Y iat < bAa> 50, which is a basic term.

(b) r =) zat-r' <br> 0. Thenr Qa> 60 = (D zat-r' <b> 00) < a>d0 SUM¥

Yoglat-r ab>60) <> 00 & Yo gat-r <bA a0, which is a basic term.

(c) » = r1 + ro. By induction we have the existence of basic tewnsand s, such that both
r1 <<ab> 00 = sy andry < a> 60 = sy. Thenr <a> 60 = (r1+r2)<1oz|><5<00:7
r <dabd0+ry dab>d0=s;+ sq, Which is a basic term.

6. ¢ = t> ¢' for some process-closed tegh By induction we have the existence of basic tefm
such thaty’ = p’. By induction on the structure of basic tephwe prove the existence of a basic
termp” such that > p' = p".

(@ p' => ;au<1b>60. Then,

t>p' = t> (> yau<b> 60)
ATB4
= Yost>(au 9 b> 6<0)
ATB5
= Yopt>aw) Qb (£>>0<0)

C3,SUM4,2.4.2
= Yo st>awu) 9br> 60+ Y56t < b 1> §<0.

The second summand is a basic term. We continue with the dinstrsind:;

Yog(t>aw) <b> 60
ATB1
= Ysleu<t<urét) 9br> 60
e Yoslau <t <urd0+6t<at>ur>d0) b0
C7,5UM4 Zﬁ(acu <t <up>d§0) <ab> 50+ Zﬁ(éct <t >u>60) <b> 50
c4

= Ypau<Lt <uAbD> OO0+ 0t<at>uAbD> 60,

which is a basic term.

(b) p' = saw-p| <br> §<0. Similar to the previous case only axiom ATB3 has to be applie
just before applying ATB1.

(c) ' = p| + pb. By induction we have the existence of basic temfisand pj such that

A
t>>p) = p!andt>>p, = pll. Thent>>p' = £ (p, +p) "= t>>pl +t>ph = p! +pl!,

which is a basic term.

7. q = ¢t for some process-closed tegh By induction we have the existence of basic tefrauch
thatg’ = p'. We prove that for every basic terphthere exists a basic terpf such thap'<t = p”
by induction on the structure of basic teph
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@ p' =Y yau <b> 0. Then,

(>ozau <abr>6<0)t
Yoglau b 6<0)<t
dogaut b 60t
=" Yo((eu<t <updu) <u<t>6t) Db 50

p't

@ Yollau <t <ur 60+ du<t>ur>60) qu <t 040
+ ot <Qu >t d00) <b> 60
C7,SUM4
= Yillaeu<t <ur 04 du<t>ur>d0) du <t 00) b0
+ > (0t <u >t 00) <br> 60
oM Ysllau<t <up>60) <u<t>60) <b> 60
+ > ((0u<t>ur60) qu <tp>50) <b> 00
+ > 50t Qu>t>60) Qb 40
C4

= Youdt<uAu<tAbD>IO+ D ;0udt>uAu<tAb> 0
+ Y50t <Qu>tAb> 00

= Yogau<eq(t,u) Ab> 60+ s0u<dt>uAb> 50

+ > 50t <1t <uAbr 60,

which is a basic term.

(b) p' = > zawu-p) <br>46<0. Similar to the previous case: only axiom ATA3 has to be aupli
just before applying ATAL.

(c) p’' = pi +ph. By induction we have the existence of basic tepthandp!) such thap! <t = p/

andpht = pi. Thenp'<t = (p} + ph)<t ATA2 Pt + pht = pf + pl, which is a basic term.
0

The main virtue of the basic term theorem is that in provingdamntity for process-closed terms, we can
restrict the proof to basic terms. Instead of using inductia the structure of process-closed terms we
can use induction on the structure of basic terms. Thisdithie cases to be considered considerably.
Another example of such a proof is the proof of the followiegima. In Section 3, we frequently use
induction on basic terms.

Lemma 2.6. For process-closed termpsve havet > (t>>p) = t>>p.

Proof:
Without loss of generality we may assume thas a basic term. We prove the lemma by induction on
the structure of basic term

1. p=) yawu<b> 0. This case is similar to the next case albeit that axiom AT8&sthot have
to be applied.
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2.p=) yau-p Abr>60. Then,

t>>»p) = t>@E>Y sau-p <b> §<0)

Yoat> (> (acu - p' < b 0<0))

Yost>(t>awu-p) Qb> > (> 60)
YosE>(E>aw)) -p' <b> > (t>>6<0)
Yogt>aw)-p <b>t>>60

Yoat>au-p Qb>t3>60

Yost>(aw - p' <br>60)

> sau-p' <b> 50

t>p.

3. p =p' + p”. This part follows easily from the induction hypothesis axibm ATB2. 0

> >
ER=ml=
w ot >

N
[T
=

>
<
joe}
w

>
=
os}
=

>
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3. Semantics of timedpCRL

In this section, we present a model in which processes paesisex] with data can be interpreted. With
respect to the abstract data types we assume the existeacdatd algebra with universe, for each
sort symbols. For instance, for the booleans we have that the universeiosrthe interpretation df
and the interpretation df

A valuationw is a function from the set of variabl@sto the set of valuegJ, . D, such thav(v) €
D, if and only if v € V. This means that a variable can only be mapped to a value afghedata
algebra. For valuations andy’ and variablev € V, we writev[v]/, if for all w € V', u # v implies
v(u) = V'(u). Thusy[v]r’ means that the valuationsand v’ are the same for all variables except
possibly for the variable. Given a valuationv, we write[[t]” for the interpretation of a term

The process terms are mapped to processes and on these veeadafitable notion atrong timed
bisimulation Soundness of the axioms is proved w.r.t. the model. Commdsts of the axioms is proved
under the assumption that the axiomatisation of the datecismplete (i.e. complete for open terms) and
adheres to certain other properties. This notion of corapkds will be calledelative completeness.

3.1. Interpretation of process terms

Definition 3.1. Given somepCRL,; specification with a set of action declaratiofst, the set ofactions
is defined by
A={ale1, -+ ,en) |a:sy X+ X sy € Act,e; € Dy, }.

The setA U {4} is denoted by4,;. The setP = |J;_, P of processess obtained by the following
recursion:

0 _
P = -A<5,
Pl = P"U{p-q, X Ppt,t>p|p,qeP", P #0,P' CP",t € Dy}

This summation operator, which takes a set of processes agyitment, is taken from [27, 57].
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Definition 3.2. The interpretation of process-closed terms under a valuatis inductively defined by:
fora:s; x ..+ x s, € Act andd; € T, process-closed termsq € Tp, b € Ty, andt € Ty

|[a(d17 et adn)]]y = a([[dl]]u, R} |[dn]]y)’ |[t>>p]]y = |[t]]y>> ﬂ:p]]u7

o] . , B =
I+ ql" = S [, lpabed] { it [ = [
- al’ — s St = Sl | i)
[pt]” e,

3.2. Operational semantics and strong bisimulation

In this section, we define an operational semantics of peesas terms of the timed execution of actions.
For this purpose we introducction relations. —s_/ and_ —_ _. By p —%3; v/ We express that the
proces can perform an actioa at timet, and then terminate successfullytaBy p -2+, p’ we express
that the procesg evolves into procesg’ by performing actioru at timet.

Definition 3.3. The action relations —_/ C Px Ax Drand. —__C P x Ax Dy x P are
defined by the transition rules in Table 3.

P Py p—np PV p—p
t
Y({p}UP) S/ S{ptuUP) S p pt %5/ et %5, p!
Py P p-S v U<t pSyp <t
pg-nt>q  p-gq—np-q t'>p -/ t'>p - p/

Table 3. Transition rules for thegCRL; operators, where € A, p,p’,q € P, t,t' € Dy andP C P.

The execution of an action does not take time: it is possitde the procesg’ can subsequently
perform other actions f e.g.

act - bt 25, £ bet 2oy /.

Given the action relations we have a good understandingeoétips which can be performed by a
process. An obvious question is when two processes areadeiv Such a notion is required to justify
the axioms. Strong bisimulation is a commonly used procegss/alence. Therefore, we provide a
timed variant of strong bisimulation, called strong timésirnulation. However, bisimulation cannot be
defined in terms of actions only, e.g. the processeand -u are considered equivalent onlytit= .
We introduce thealelay relationUy(p), which expresses thatcan at least idle until timé. It has the
same purpose as the ultimate delay in [3, 5, 50].
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Ui(p) Ut(p) Uilp) t<t Ut (p) t<t

YO Ge-9  UGSPUGY Ut U>p) >

Table 4. Transition rules for the delay relation, where A;s, p,q € P, t,t' € Dy andP C P.

Definition 3.4. The delay relatio/_(-) C D¢ x P is defined by the transition rules in Table 4.

Definition 3.5. A symmetric relationR C P x P is astrong timed bisimulatioif for all (p,q) € R it
holds that

1. if p %544/, theng ¢ /,
2. if p—; p', then there is @' such thay —+; ¢’ and(p', ¢') € R, and
3. if U(p), thenUy(q),

foralla € A,t € Dy andp’ € P.

Processep andq arestrongly timed bisimilarnotationp < ¢, if and only if there is a strong timed
bisimulation R such that(p, q¢) € R. Observe that the union of any set of strong timed bisimuoretiis
again a strong timed bisimulation.

Lemma 3.1. (Congruence)
Strong timed bisimilarity is a congruence with respect edperators defined dh.

Proof:

It is not hard to prove that strong timed bisimilarity is anue@lence. We omit the proof. Next, we give
bisimulations that witness the congruence of strong timsidnfilarity with respect to the operatass -,
>, and-. For- we give a more detailed proof.

1.>> LetR: p <y q. Lett € Dp. Obviously, the relatiod (¢ > p,t>q), (t>q,t>p)} URIisa
strong timed bisimulation.

2. .. LetRy : p; ©4q1 andRy : py &4 go. DefineR = {(p} - p2,q1 - 42), (¢1 - ¢2, P71 -p2) | (1, q1) €

Ri}U{(t>p2,t>q2),(t>qe,t>p2) | t € Dr} U Ry. We do not have to consider pairs in
R that are also iR, as for these we have already assumed that they are stromgigl tisimilar.
We also do not have to consider the pairdiirof the form (¢ > po,t > ¢2) and vice versa with
(p2,92) € Ry as the strong timed bisimulation from the proof of congreeaf;s> is contained in
R. Thus, we only have to consider pairs of the fdih - p2, ¢} - g2) with (p,q}) € R;. For pairs
of this form it is easy to prove that these satisfy the coadgiof the definition of strong timed
bisimulations. Hence the relatidi is a strong timed bisimulation.

3. .. Let R be a strong timed bisimulation such that for mlie P there exists; € @ such that
(p,q) € R and vice versa for aly € Q there existy € P such that(q,p) € R. The relation
R ={> P> Q),> Q,> P)}URis obviously a strong timed bisimulation.
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4. <. LetR : p &4 q. Lett € Dr. Obviously the relatiod (p<t, g<t), (¢<t, p<t)} U R is a strong timed
bisimulation.

a

The axioms are sound with respect to the model of closed taratkilo strong timed bisimilarity.
This means that any two derivably equal process-closedstarmstrongly timed bisimilar.

Theorem 3.1. (Soundness)
With respect to strong timed bisimulatig€ RL; is a sound axiom system.

Although the details of the soundness proof are omittedgimegal, the following strategy is taken
towards such a soundness proof. It must be shown that forvamyderivably equal process-closed
terms, the processes that are obtained by interpreting dinerstrongly timed bisimilar. However, as any
derivable equality is based on applications of the axionuspanof rules, it suffices to prove that each of
the axioms is sound. Note that the soundness of the prodf follews from the fact that strong timed
bisimilarity is a congruence with respect to all operatdrimed pCRL. Soundness of a single axiom is
obtained by giving a relatio® between processes such that this relation relates alpnetations of (all
instantiations of) that axiom and a proof that this relafi®a strong timed bisimulation. Examples of
soundness proofs that are given using this strategy (thfmrgtifferent process algebras) can be found
in [10, 65, 68].

4. Relative completeness

In this section, we prove completeness of the axiomatisatiith respect to the operational semantics
modulo strong timed bisimilarity. FgwCRL a completeness result is given in [27, 57], where it is
shown that the axiomatization pfCRL, as presented in Appendix A, is complete under the faligw
assumptions: (1) the axiomatisation of the data algebtademplete, (2) the data algebra has built-in
equality for all data sorts, and (3) the data algebra has-iou$kolem functions for all data sorts. It is
beyond the scope of this paper to give the complete proofisfrésult, but we will give some of the
reasoning behind it. First, we define the notidasdit-in equalityandbuilt-in Skolem functions

Definition 4.1. A data algebraD hashbuilt-in equalityif, for every sorts, it has a function declaration
eg : s X s — B, such that for all term¢; andt, of sorts, it holds thatD |= t; = to if and only
if D |= eq(ti,t2) = t. A data algebraD hasbuilt-in Skolem function# for every first-order formula
¢ with free variables{z,y1,--- ,yn} there exists a termy(y1,- - ,y,) such thatD = (3;)¢ implies
D d(ty(yrs- sUn) Y1 »Yn)-

In [27, 57], injections are given between an equatiop@RL and a formula in the first-order theory
with the same data algebra in such a way that for every equatio g there exists a formula such that
for all valuationsv of the data variables: = p = ¢ iff D,v = ¢ and vice versa. This formulais then
used in the completeness proof through a Boolean expreésiooh thatD,v = b = tiff D,v = ¢.
From the assumptions that the data algebra has built-idiggaad built-in Skolem functions it follows
that such a Boolean expression exists. For a more detadlatirient of these notions we refer to [27, 57].

As pCRL; is an extension opCRL we also need these assumptions about the data sortsefor th
completeness giCRL;. In fact, agpCRL; is a syntactic extension @CRL, the proof of completeness
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for pCRL; contains the proof of completenesgp@RL. We do not repeat the proof presented in [27, 57],
but formulate our proof of completeness in such a way thaptbef of completeness @iCRL is reused.

4.1. Well-timedness and deadlock-saturation

The main difference betweesCRL andpCRL; is the addition of the at-operator. This can easily be
seen by considering the basic terms. We can even conclutdéhéhanly difference is the application
of the at-operator on atomic actions (including deadlodk)reuse the proof of completenessp@RL,
we translate timed process terms as untimed process tersuglina way that strongly timed bisimilar
process terms are strongly bisimilar after translatingnthand vice versa. Furthermore, two untimed
process terms that are derivably equgh@RL are also derivably equal after applying the inverse ef th
translation.

The only way to translate the timed process terms as untimszkps terms is to consider the time
assignment to atomic actions as an additional data paramktee atomic action. For example, the
timed atomic actiora(d)<3 might be translated to the untimed atomic actidd, 3). There are, however,
two problems with such a translation.

First, there is the problem of ill-timedness. #@RL; we have the following identity:

a(d)3- (b(e)2+c(f)4) =a(d)3-c(f)4.
Translating the timing assignment as an additional paranyitlds the identity

a(d,3) - (b(e,2) + c(f,4)) = a(d,3) - c(f,4).

This identity does not hold ipCRL. The reason for this is that timing assignmentp@RL; influence
the behaviour in such a way that data parameters attachddricaaction cannot simulate pCRL.
Our solution to this problem is the introduction of the natif well-timedness. We will prove that for
every basic term there exists a derivably equal well-timasidterm.

Second, there is the more technical problem that deadlaukotdnave a parameter it€CRL. Hence
it is not clear how to translaté3. We cannot simply translai&3 asd since in that casé:3 andé<4
are translated both @s Our solution to this problem comes from the following olsdion. In a timed
process term, there are many time deadlocks implicitlyuiteetl. For example, the process tedrfi
implicitly has time deadlock summands for eacht < 3. If we can succeed in making all implicit
deadlocks explicitly visible then we can translate a timadiieck as a special atomic action with one
data parameter representing the time assignment of thekodéa That is, we will translaté<3 asA(3),
where A is this new atomic action. Making all implicit time deadlackxplicitly available is called
deadlock-saturation. We show that for each basic term alaigadaturated basic terms exists that is
derivably equal, and hence, that the restriction to de&ebaturated basic terms is allowed.

By restricting our attention to deadlock-saturated wietletd basic terms we can prove that the trans-
lation sketched above satisfies the criteria mentioned.

Definition 4.2. (Well-timedness)
The set of well-timed basic terms is inductively defined deves:

1. Y yat < b 60 is well-timed;

2. if ris a well-timed basic term and>r = r, then)_ . a<t - r < b > 60 is well-timed,
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3. if r andr’ are well-timed basic terms, thent+ ' is well-timed.

The following theorem states that every basic term is dblyvaqual to a well-timed basic term. Com-
bined with the Basic Term Theorem (Theorem 2.1) we thus hbhge @very process-closed term is
derivably equal to a well-timed basic term. Thus, in casesr&lwe want to prove an equality over

process-closed terms, we can restrict ourselves to a pnabtthe equality holds for well-timed basic
terms.

Theorem 4.1. (Well-timedness)
For every basic term there exists a well-timed basic tegsuch that = s.

Proof:
We prove this theorem by induction on the structure of basitt.

1. r=) sau<b> 0. Thenris well-timed by definition.

2.r = Y zawu-r" Qb 40. By induction we have the existence of a well-timed basimtef
such that’ = s’. First we prove by induction on the structure of well-timebiz termr, that for
every well-timed basic termand ternt. of sort T', there exists a well-timed basic temnsuch that
t>r =s.

(@ r=) yau<br>60. Then,

t>r = t> (> yau <b> 6<0)
Yoat>(acw < b > 6<0)

Yogt>aw) <b> (> 6<0)
ATBL2A2 S~ (qeu <t <> Ot) < b 1> 0t
G Zq_).a<u<]t§u/\b>(5<t

C3,SUM4
= Yogau <Lt <uAbD> 0+ ) 50t <1t <uAb)> 60,

which is a well-timed basic term.
(b) r=>yawu-r Qb 60. Asris well-timed we have,>>r' = r'. Then,

t>r = t> (> zau-r <br> 60)

ATB4 Yoat>(aww-r' <b> 0<0)
ATBENTES s (¢ aw) -1 Qb (£ 50)
ATBL2.4.2 Yoslauat <urot)-r' ab> ot
C6,ATA3,A7 Yoslau-r" at <wupot) Qb> ot

¢ Yogou-r At <uAbD ot

€3,SUM4
= Yogou-r At <uAb> 0+ 0t <t <uAb) > 0.

Obviously, this is a well-timed basic term.
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(c) r = ' + r". By induction we have the existence of well-timed basic &shands” such

thatt>>r' = s’ andt>r" = ¢". Thent>r =t> (r' +1r") B2 sl > = 8 4 5"
which is a well-timed basic term.

Now, we have the existence of a well-timed basic tefnsuch that:>> s’ = s”. Then,

ro= Y sau-r' qb> 50
= Yyau-s 9b> 460
AT2 ,
= Ypau-u>s Qb 60
= Y sau-s" a4b> 0.

By Lemma 2.6 we have that>> s” = u>> (u>>s') = u> s’ = ", and hence the above term is
well-timed.

3. r = v’ + 7", By induction we have the existence of well-timed basic &smand s” such that
" =g andr” = s". Thus,r = ' + r"" = s’ + s" which is a well-timed basic term.
0

The fact that we can restrict ourselves to well-timed bamims instead of arbitrary basic terms brings
us closer to our goal, the completeness result. As expldieéare we wish to embed timed processes
into untimed processes. One of the major difficulties in grithedding is that time restricts behaviour.
For well-timed basic terms, however, time is reduced to @amsannotation with an action term. In the
embedding we will simply add it to the parameter list of a esponding action term.

In this section, we will present an even more specific notibhasic terms. To each basic term as
many deadlocks will be added as possible while keeping thdtrequal to the original. The reason for
this deadlock-saturation is that later we will embed theetinprocess terms into untimed process terms
by replacing timed deadlocks by a special atomic action wiparameter representing the time stamp.

Definition 4.3. (Deadlock-saturation)
The set of deadlock-saturated basic terms is inductiveineid as follows:

1. >5at<b> 60+, 6u<tu <tAbD 40 is a deadlock-saturated basic term;

2. if ris a deadlock-saturated basic term, thépa<t - r 9b> 60+ 3 ;, dutu <tAb>4§0is
a deadlock-saturated basic term;

3. if r andr’ are deadlock-saturated basic terms, thenr’ is a deadlock-saturated basic term.

The following result states that every basic term can besfeaimed into a deadlock-saturated basic term.
Hence, it is allowed to restrict ourselves to deadlock+saal basic terms in cases where we are only
interested in closed terms.

Theorem 4.2. For every basic term there exists a deadlock-saturated basic tesnch thapCRL; -
pP=gq.

Proof:
We prove this theorem by induction on the structure of basinp.
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1. p=>5at<b>60. Letg=} ;at 1b> 560+ > 5, du<tu <t Ab> 40 whereuis afresh
variable. Then,

g = 25at<qAb>60+ ) ;, dudu<tAbD> IO
SUM4 Yoslat<ab> 00+, du<<u<tAb> §0)
@ S (et <ab> 00+ Y, (6u <u < t 1> 50) < b > 60)
SUM1 Yoslat<ab> 00+ (D, (du<tu <tr>00)) b d<0)
£ Y slat Qb> 00 4 5t < b > 6<0)
L S(at + 5t) <t b > 50
ATh2 Yogla+0)t<ab> 60
As Yogat<1br> 60
-

2. p=) sat-p <b> 4<0. By induction we have the existence of a deadlock-saturadesit term
¢’ such thapCRL; Fp' =¢'. Letg =>"zat- ¢ <b> 60+ Y gu0u<<u <tAbD> 0 where
u is a fresh variable. Then,

q = Zﬁa‘t'q'<15l>5<0+zﬁ,u6<u<luSt/\bl>5<0
e Sslat-q Qb 60+ Y, du<tu <t AbI> 50)
= Yoglat-¢ Qb> 00+, (6u<u <t 50) ab> 4<0)
SUE Ssat-q b 50 + (X, (6u <u < t > §0)) <1 b> 60)
& S (act- g <A b> 60 + 8t <1 b > 50)
e Yoslat-q +6t) <1b> 50

ATA3,ATA2,AT,A4 Ys((@a+6)-¢)t<abr> 50

dogat-¢ b 60
= Zﬁa‘t-p'<b>5<0
= p_

A6 ,ATA3

3. p = p' + p". By induction we have the existence of deadlock-saturassictlierms;’ andq” such
thatpCRL; + p' = ¢ andpCRL; F p”" = ¢". ThenpCRL; - p = p’' + p" = ¢’ + ¢". Obviously,

q + ¢" is a deadlock-saturated basic term.
0

As a consequence of the Theorems 4.1 and 4.2, for each basicthere exists a derivably equal
deadlock-saturated well-timed basic term.

Corollary 4.1. For every basic termp there exists a deadlock-saturated, well-timed basic tesuch
thatpCRL; - p = q.
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Proof:

By Theorem 4.1 there exists a well-timed basic teshsuch thatpCRL; - p = p’. Obviously p’

itself is a basic term. Hence, by Theorem 4.2, there existsaaldck-saturated basic tegrsuch that
pCRL; - p' = ¢g. By construction deadlock-saturation preserves weletdness. Hence,is both well-
timed and deadlock-saturated. O

4.2. Time-free abstraction

Next, we present an embedding of well-timed basic termshagic terms in the theopyCRL. Thereto,
we assume that for every action declarations; x --- x s, in pCRL;, we have an action declaration
a:s; X---x s, X TinpCRL. We prove that this embedding preserves strong bigiityilen the sense
that the embeddings of two strongly timed bisimilar prodessis are strongly bisimilar.

Definition 4.4. (Time-free abstraction)
The mappingry on basic terms is inductively defined as follows:

(Y za(€)t < b 0<0) = Y zalet)<br g,
(D gy 0t <A b > 0<0) = Y A1) <b> 4,
(D gal€)t-r<b>00) = > -a(et) m(r) <b> I,
mi(r + ') = m(r) + ma(r').

Theorem 4.3. For deadlock-saturated well-timed basic temrendg and arbitrary valuations and¢:
if [p]” < [q]*, then[ms (p)]” [ (q)]*-

Proof:
We prove this theorem by induction on the number of symbols afidg. Suppose thap]” < [q]¢
for some valuations and¢. Let R be defined as follows: ifp]” ¢ [¢]¢ for some deadlock-saturated
well-timed basic termg andq and arbitrary valuations and¢, then([(p)]”, [71(q)]¢) € R.

By induction on the structure of basic tegwe can easily prove that the transitions of the process
associated with basic termunder valuations are of one of the following forms:

1. I[p]]u ihg \/,
2. [p]* %4 t>>[p']” for some deadlock-saturated well-timed basic tptrand valuation.’.

Now, we first prove the following lemmata: for arbitrary démtk-saturated well-timed basic terms
andp’, a € Act,t € D, and valuationg andy’

1. if a # A and[my(p)]* 2, Vv, then[p]X —= LUR v
2. if [p]x =% 2@, ¢ v/ then[m (p)]X ), —=
3. if [re(p)]X = v/, thenTy([p]);

4. it U([p]¥), then[my(p)]x =Ys /;
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5. if [mg(p)]X —— 2@, [m ()X, thenp]x =2 2 28 > [p']X andt>> [p']X e [P]X;

6. if [p]X 2L, ¢ [p']¥, then[mg ()X 2“2 [y ()X .

Next, we prove thafR is a strong timed bisimulation. First, suppose that(p)]* —> a(dt

/o If
a = A, thenUy([p]"). Thereforels([q]€). Thus,[me(@)]E = /. If a # A, then[p]” =D, /.
Therefore [q]¢ ﬂn V- Thus [[ﬂ'tf( )]]5 2(4) V-

Second, suppose thiti(p)]” ECUR [m¢(p")]* for some deadlock saturated well-timed basic term
p' and valuation’. Then[p]” i—>t > [p']". Therefore Talé 2%, t> [¢'T¢ for someq’ and¢’

such that > [p']” <t [¢']€ . Thus,[r(@)]¢ =222 [ry(¢')]¢ . As p andg are well-timed we also
havet> [p']” &4 [p']” andt>> [¢']¢ & [¢'°. Thus,([rs(p)], [r4(9)]¢) € R. u

Next, we present a mapping from pCRL-terms topCRL;-terms and we show that this mapping is
the inverse of the mapping; for basic terms.

Definition 4.5. The mappingr; is defined as follows:

mi(x) = mi(A) = 40,

mi(9) = 40, m(A(?)) = 0,

m(a) — 60, m(A(d,t) = &0,

m(a(d,t)) = a(d) mp<Ab>q) = m(p) <br>mq),
mp+aq) = m(p)+m(q) (22, P) = 2y 7i(p)-
m(p-q) = mp)-mq),

The mappingr; replaces every atomic action that occurs in the processttewhich it is applied by
a similarly named atomic action with the last data parameteoved and added as a timing assignment.
Thus,mi(a(blue, 7) - b(9)) = a(blue)<7 - b<9. Observe that atomic actions without data parameters and
A-occurrences with more than one data parameter are reptacé&@. This is only done to make the
mappingm; a total mapping. The mapping is to be applied only to untimed process terms that result
from applyingm to timed process terms. In such terms none of the mentiomadi@actions can occur.
Also observe that as the deadlock constant can be added Wsraatave to each untimed process term, it
is necessary that the mappingreplaces it by the timed process tefr@ since that is the neutral element
for alternative composition in timedCRL.

Lemma 4.1. For basic termg we havepCRL; b (7 (p)) = p.

Proof:
We prove this lemma by induction on the structure of basim jer
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Lp=>,; a(d)<t < br> 6:0. Then,

pCRL; F mi(me(p)) = m

Il
2
Ng
<y

[oV]

2.p=) ya(d 1)<t - p' < b 1> 6:0. By induction we haveCRL, + m(m(p')) = p'. Then,

pCRL; F mi(7(p))

3

(e (D oz a ()<t p' < b>60))

(Xpald,t) - m(p') < b > 6)

m(a(d,t) - ms(p') < b 1> 6)
(d,t) - ma(p)) <1 b> me(6)

Il
3

t

Il
S

[
= MMM

<y

mi(a
sa(d)<t - m(mg(p)) < b> 60

-

(
ga(d)t-p' <br> 60

3. p = p' + p". By induction we haveCRL; + m(m(p')) = p' andpCRL; F i (mg(p”)) = p".
Then,
pCRL; - m(mi(p)) = mi(me(p’ +p"))
= m(mt(p') + mie (p"))
= m(me(p')) + m(me (p))
— pl +pll
= p.

The following result indicates that the mappimgpreserves derivability.
Lemma 4.2. ForpCRL-termsp andg we havepCRLFE p = ¢ = pCRL; - mi(p) = mi(q).

Proof:

As the proof systems underlyingCRL andpCRL; are identical, all we have to prove is that themage
of every axiom ofpCRL is derivable from the axioms gfCRL;. The axioms ofpCRL are given in
Table 10 in Appendix A. This is easily established. Consfdeexample axiom A7. We must prove that
pCRL F 7(d - ) = m(d). This is not difficult:

PCRL Fm(d-z) = m(d)- 7rt()
= 60-z°2 ((5 :c)<0 27 50
= 7'('((5).
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As another example consider axiom Cond6:

pCRL F mi((z <b>0)-y) = 7z <b>9)-m(y)
= (m(z) Qb>m(5)) - m(y)
(:z;<1bl>(5<0)-ygsx-y<]5<0-y
=" z-y<(6-y)0
= z-y<bp>d0
= m(z) m(y) <b> m(d)
= m(z-y) <b> m(d)
= m(z-y<abr>9).

Theorem 4.4. (Relative completeness)

With respect to strong timed bisimulati@€RL; is a complete axiom system for process-closed process
terms under the assumptions that the data algelsecmmpletely axiomatised and that the data algebra
has built-in equality and Skolem functions.

Proof:

Without loss of generality we may assume by Corollary 4.1 thand ¢ are deadlock-saturated well-
timed basic terms. We use the completeness result of [27fds7AJntimed pCRL. Suppose that
[p]” <4 [q]” for all valuationsv. Then, by Theorem 4.3, we haye(p)]” < [ (q)]” for all valu-
ationsv. Here we use the completenesp@RL to obtainpCRL - 7 (p) = m(g). By Lemma 4.2 we
thus haveoCRL; - mi (i (p)) = mie(mi(¢)). Using Lemma 4.1 we hayeCRL; - p = q. a

5. The axiom systemuCRL;

One of the major strengths of timedCRL is that it is possible to specify time-dependent, peatadto-
cesses with data. In this section, we incorporate oper&oyzarallelism in the language and introduce
the axiom systempCRL;.

5.1. Axioms for parallelism

Concurrency is described by the binary operdtoA proces||q, the parallel execution gf andg, can
first perform an action op, first perform an action of, or start with a communication, or synchronisa-
tion, betweerp andq. Hence, the first axiom for this operatorify = z || y + v | =z + z | y (See axiom
CM1in Table 5), where the auxiliafgft mergeoperatorg| and thecommunication mergé are defined
below. The process||q exists at time only if both p andqg exist at timet.

The proces® || ¢ is asp||g, but the first action that is performed comes frpmAs was the case for
parallel composition, the action can only be performedéf dther party still exists at that time. For the
axiomatisation of the left mergg the auxiliarybeforeoperator is defined) <« ¢ should be interpreted
as the part of procegsthat starts beforg gets definitely disabled. Otherwige< ¢ becomes a time
deadlock at timey. Although the operator differs slightly from the similanthamed operator in [3],
we have decided to give it the same symbol. A small example facljtate the understanding of the
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“&-operator. For example, the process represente@y+ b4) < c<3 cannot choose to execute action
b at time 4 since its first action must be executed not later tima@ 3. Using the axioms we can derive
that (a2 + b4) K 3 = a<2.

The process | ¢ also behaves as the proceglg, except that the first action must be a communication
between its left and right operand. Furthermore, thesermtinust occur at the same time. The action
resulting from such a communication is defined by the binemsynmutative and associative functign
which is only defined oraction declarations In order for a communication to occur between action
termsa(d),a’(e) € AT, v(a,a’) should be defined, and the data paramefeasde of the action terms
should match according to axiom CF in Table 5.

CM1 zlly=zlly+yllz+z|y
CM2 at| z = (at<Lz)

CM3 at-z|| y=(aty) - (t>z|y)
CM4 (z+y)|z=z| z+y]| =
SUM6 (3, p) Lz =2, =)

H18 (z<bpy)|| z=(z| z) b (y] 2)

(2, 2')(d) <t eq(d, &) > &
CF a(d)|a'(e) = if y(a,a’) defined
CD1 dla=14¢ 0 otherwise

CD2  ald=4

CM5 a-z|d =(ald) x

CM6 ald -z =(a|d) =z

CM7  a-z|d-y=(a|d)- (z]ly)

CM8 (z+y)|lz=z|z+y|=

CM9 zl(y+z)=z|ly+z|z

ATA7 (z|y)t=xt|y

ATAS8 (z|y)t =x|yt

SUM7 (5, 9) |2 = 5, ()

SUMT  z[(X,7) = Xyl |p)

H8 zl(y<db>z)=(z|y) <b> (z|2)
H8 (z<b>y)|z=(z]z) <b> (y|2)

Table 5. Axioms for parallelism gkCRL;, wherez,y, 2 € Vp, process-closed € Tp, a,a’' € AT, a,a’ €
Act,be Vg,t € Vr,v e VandH C Act.

The axioms for these operators are given in Table 5 and Tabl€h&se axioms are designed to
eliminate the parallel operators in favour of the altereatind the sequential operator.
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Sometimes we want to express that certain actions cannpehapnd must be blocked. Generally, this
is only done when we want to force actions into a communioafidhe encapsulation opera@y (H C
Act) is specially designed for this task. &y (p) it prevents all actions of which the action declaration
is mentioned inH from happening by renaming the corresponding action tenmwséi Consider, for
example, the process|b = a-b + b - a + c. Often, this is not quite what is desired, as the intention
generally is thak andb do not happen separately. Therefore, the encapsulatiaatope&an be used.
The process represented By, 1, (a//b) is equal toc.

DD o (6) =6

D1 on(a(d)) = a(d) ifa¢ H
D2 dx(a(d) =46 ifacH
D3 On(z +y) = 0n(z) + Ou(y)

D4 On(z-y) = 0u(z) - 9u(y)

D5 BH(x<1bl>y) :8}[(33) <1bl>8H(y)

D6 O (32, p) =22, O (p)

D7 BH(:L‘)‘ = aH(.’E‘t)

ATCl z<at=),, vu<du<tD>zt

ATC2 zk(y+z2) =z<ky+zkz

ATC3 zky-z=z<ky

ATC4 =z, p=>,7<Kp

ATCS5 z<k(y<ab>z)=(z<ky) ab> (z<K2)

Table 6. Time related axioms @fCRL;, wherez,y,z € Vp, process-closeg € Tp, a € Act, a € ATs,
be Vp,t,u e Vp,veVandH C Act.

The axioms ofsCRL; are the axioms gfCRL;, combined with the axioms in the Tables 5 and 6. The
signatureX(uCRL,) is asX(pCRLy), extended with the operators for parallelism and tk&Operator.
The various operators af(uCRL;) are listed in order of decreasing binding strength:

C

On
> <
> L
2
+.

Parentheses are omitted from terms according to this ctioven
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Processes that are put in parallel can have time constm@inteeir actions that are used for com-
munication. It may happen that these constraints are inatibie. For instance, a process can be able
to perform a read action at time 2, whereas the corresponding send action occurmat3i This is
expressed by, . (r<2[|s<3). This process is equivalent é2, expressing that up till time 2, the process
can go on without violating any timing constraint, but togle@any moment in time larger than 2, a timing
constraint of an individual process must be ignored. Hethig process does not exist at time 3.

5.2. Fischer’'s mutual exclusion protocol

As an example we describe Fischer’'s mutual exclusion pob{d8, 68]. This protocol guarantees that
only one single party can be in a critical section at any giu@e. The idea is that an application process
can ask the protocol, usingmequest action, to organise exclusive access for some criticaloregi
The protocol then executes a simple program, and will aftemestime respond with aenter action,
indicating that the application process has now exclusieess. When the application process is ready,
itissues deave instruction, indicating to the protocol that it does notuieg exclusive access anymore.

We describe this protocol for only two parties, althoughahde used for any arbitrary number.
The main idea behind the protocol is that each party aftergoasked to access a critical region, checks
whether the common variabdeequals 0, indicating that no process has claimed accesgntquickly
sets the variable to its own sequence number to claim theatriection, and checks whether the variable
has still the same value after a sufficiently long delay, goteing that no other process will get access
to the critical section. When leaving the critical sectithe protocol sets the variabieback to 0.

We omit the description of the standard datatypes, we assatéhe sorts and functions are self
evident. The processes asking for access to to their driggdions use a common varialtewhich is
modelled as a process. As can be seen, the variabtecan be set to a new value, and can be tested for
the value it contains:

X(z) = )., recset(y)  X(y)+ send test(z)  X(z).

Next, we describe a process trying to gain access to a ¢ri#@zion. We assume that each such
process has a unique natural number s its identification. Such a process first checks whether th
variablez is equal to 0, and records the time at which this action ssfakdg takes place in the variable
t. Then, withind time, it setsz to valuen, and subsequently after at leastime reads the value aof
again. If this value is equal ta, the protocol terminates and grants the process accese twitital
section. Otherwise, it starts the protocol again for a neengbt to gain access.

FP(n) = request(n)- Prot(n)-enter(n)-leave(n) - send_set(0) - FP(n),
Prot(n) = ) ,rec_test(0)¢-> , (sendset(n)t <t' <t+dr>d0)-
Yo Yo, rectest(m)” - (enter(n) < eq(m,n) > Prot(n)) <t” > t' + d > 4<0.

Communication between the processes is defined by

v(send_set,rec_set) = set,

v(send_test,rec_test) = test.
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The encapsulation operator is now used to block all send erslve actions that occur in isolation
(i.e. have not synchronised). LBt = {send_set,rec_set, send_test,rec_test}. The process term

Ou(FP(1) || FP(2) || X(0))

now describes Fischer’s protocol for two competing proegss

5.3. Elimination of parallel operators

In this section, we consider processes with parallel opesatind show that all process-closed terms are
derivably equal t@&(pCRL;)-terms. In [37], the elimination of the parallel operatoes fbeen provided
for the version of timegi:CRL;, as presented in [25]. Although this version;dRL,; differs from the
version presented here the results are similar.

Lemma 5.1. Let p andq be basic terms. Thedg (p) andp < g are derivably equal to basic terms.

Proof:
First, we prove the existence of a basic term that is derjvatpial tody (p) by induction on the structure
of basic ternp.

1. p=) ;at<1b>460. Then,

Oulp) = 0u(d yat<1br>60)
= > #0u(at b 60)
= > 70m(at) <br> 0y (6:0)
Y S 0k (a)t < b> 9 (5)<0
= > #0u(a)t <br> d0.

Sincedy (a) is an action term of we have obtained a process-clog€tRL;-term. Hence a basic
term exists foldy (p).

2. p =) zat-p'<br>460. By induction we have the existence of basic tefrsuch thaby (p') = r'.
Then,

Ou (p) ou (X _zat-p' abr> 6<0)

Y 50m(at-p <1br> 60)

Y s0m(at-p') Qbr> O (6<0)

Y #0u(at) - Ou(p') < br> Op(60)
Y 50m(a)t-Ou(p') <br> 0u(8)0
Y5 0m(a)d - < b 6<0.

Sincedy (a) is an action term of, we have obtained a process-clog&@RL;-term. Hence, a basic
term exists.

g 1S 12 1 18 1
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3. p = p1 + p2. By induction we have the existence of basic teghandp, such tha®y (p1) = p}

anddy (ps) = ply. Then,du(p) = O (p1 + p2) = Ou(p1) + O (p2) = P} + pb, which is a basic
term.

Second, we prove the existence of basic term that is deyieahlal top < ¢ by induction on the structure
of basic terny.

1. ¢g=) zat<b>60. Then,

pLg = pLYy zatbr> 00
A S p<(at < b > 50)
S (p<at) 4b> (p< 50)
YO upu<<u<t>pt) <b> (O, pu<<u < 0> p0).

This is a process-closafCRL;-term, and hence it is derivably equal to a basic term.

ATC5

ATC1

2. q=) zat-¢ <br>60. Then,

p<qg = pLYyat-q Ab>60
ATC4 ,
= Yp<L(at-¢ <br>50)
Ysp<at-q') Qb (p<60)
Yip<at) 9b> (p<0)
i upu<u<t>pt)Ib> (O, pu<tu < 0> pO0).

This is a process-closafCRL;-term, and hence it is derivably equal to a basic term.

ATC5
ATC3

ATC1

3. ¢ = ¢q1 + ¢». By induction we have the existence of basic tegm&ndp, such thaip < g1 = p;

andp< g2 = p2. Thenp<Kq = p<K(q1 + q2) AL p<K g1 +p<Kge = p1 + p2, Which is a basic
term.

O

Lemma 5.2. Let p andq be well-timed basic terms. Thep| ¢, p| ¢, andp||q are derivably equal to a
basic term.

Proof:

The three statements are proven simultaneously by inductiothe total number of symbols of well-
timed basic termg andq. First, we consider the term| ¢g. We distinguish three cases based on the
structure of basic term:

1. p=) sat<abr 0. Then,

ple = (Cyat<abr60)[ q
SR S (at 1b> 50) | g
S~ (at] q) <br> (50| q)

a(
v
M2 Yoplatkq) - g<b> (60Kgq) - g.
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This is apCRLs-term in which none of the operatolf, |, or || occurs, and hence it is derivably
equal to a basic term using the previous lemma and Theorem 2.1

2. p= Y yat-p b 60. By induction we have the existence of basic tefrauch thap'[q = 7.
As p is well-timed we have > p’ = p’. Then,

pllg = (Ogat-p' <ab>60)| ¢
SUM6 at-p'<1b>60) | g
His at-p'|| ) <br> (60| q)

CM3,CM2

atkq)- (p'llg) <b> (60Kq)-q

>l
P
Yoplatkg)- (t>p'llq) <b> (00<Kq) - ¢q
>l
Yoslatq) - <b> (60K q) - q.

This is auCRL;-term in which none of the operatotfs, |, or || occurs, and hence it is derivably

equal to a basic term using the previous lemma and Theorem 2.1

3. p =p +p". Byinduction we have the existence of basic terfrsndr” such thap’ || ¢ = ' and
P llg=r"Thenp|g= @ +p") | ¢ = p'| ¢+p"| g=r'+r", which is a basic term.

Second, we consider the temg. We distinguish cases based on the structure of the wedidtibasic
termsp andg:

1.p=Ysat<b>d0andg =) a't' <b' > 0. Then,

plq = (XCgat b §0) [ (3o za'¢ Qb > §0)
SUM7,SUMT S (at 1 b> 50) | (@t < B > 60)
a8 Y sa((at 9b > 60) [a't') Qb > ((at < br> §0) | 6<0)
e sa((at|ad) <b> (50]d'w)) < b > ((at|50) <b1> (50| 50))
ATAT7,ATAS ' / ' ! /
= Yga(lala)tt’ <br> (5]a)04) Qb > ((a|6)40 < b 1> (5]6)0-0)
CPLED? Ygalala)tt’ Qb 60¢) < b > (620 < b > §<0<0).

By axiom CF the proces& | a') is equal to an atomic action ér Hence, all parallel operators can
be eliminated from the term| ¢. By Theorem 2.1 there exists a basic tersuch thap | g = r.
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2.p=) zatAb>d0andg =) zd't' - ¢ <b' > d0. Then,

plq - (Y atab>60) | (Xsdt - ¢ b > 50)
SUMISIMT. 5 slat <b> 50) | (a't' - ¢ 1B 1> 50)
EY Ysa((at <b>80) [a't - ¢) < b > ((at < b > §0) | 50)
- Syal(at] ' - q) b (50| 't - ¢')) < B>

(
((a<t]6<0) < b > (60| 6<0))
Ysa(lald - ¢)tt abr> (5]a' - ¢)04") < b'>>
((a]0)t0 abr> (8]06)0-0)
OMBCDLOD2AT Yosalla]ad - ¢)tt Qb 00¢") Qb > (6¢0 <1 b 1> 6<0<0)
X Yosa(((ala) - ¢ )t <br>60t") <b' > (640 < b > §<00).

By axiom CF the proces® | a') is equal to an atomic action ér Hence, all parallel operators can
be eliminated from the term| q. By Theorem 2.1 there exists a basic tersuch thap | g = r.

ATA3,ATA7,ATA8

U;
R

’

3. p=) sat-p' Ab> 00 andg =) a'<t’ < b’ > 60. This case is similar to the previous case.

4. p=Y-at-p'Ab>d0andg =) -a't - ¢ <b >460. By induction we have the existence of
a basic term” such thap'||¢' = r'. Then,

plq = Oogat-p'Ab>60) | (D za't -¢ Qb > 50)
SUMLEUMT. 5~ slat-p <b>60) | (@'t - ¢’ < b 1> 6:0)
EY Ssal(at-p <b>80)|d<t - ¢') b > ((at - p < b> 60) | §+0)
1 Ssallat -p'lad - ¢) Qb (50| d't' - ¢')) < b'>

(
((at-p'| 6<0) < b 1> (60| 6<0))
Ysalla-p'la -g)tt b (6]d -q')0¢) <b'>
((a-p'|0)t0<abr> (6]6)0:0)

ATA3,ATA7,ATAS

CM5,CM6,CM7
Y Sal((ala) - @)t <b> ((5]a) - ¢)04) a¥>
(((a]d) -p)t0<abr>(§]6)0:0)
OPLDPAT s (@] @) - @lg))t G b 604) B > (540 < b > 5:00)
= Ssw(((ala’) - 1)t Qbr> 6:04') Qb 1> (540 <1 b 1> 6:0<0).

By axiom CF the proces | a') is equal to an atomic action ér Hence, all parallel operators can
be eliminated from the term| g. By Theorem 2.1 there exists a basic tersuch thap | ¢ = r.

5. p =p' + p”. By induction we have the existence of basic terfnandr” such thap’ | ¢ = ' and
p"|lq=r".Thenp|q= (p'+p")|q M8 p'|q+p"|q=r"+r", which is a basic term.

6. g =q +¢". Similar to case 5.
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Finally, we base the elimination ¢fon the elimination of|| and | as follows: By the previous parts
of the proof we have the existence of basic termsry, andrs such thap | ¢ = r1, ¢ || p = r2, and
plg=rs. Hencepllg=p| ¢+ ql| p+p|g=ri+r2+rs, whichis a basic term. O

Theorem 5.1. (Elimination theorem)
If ¢ is a process-closed term ovB(uCRL;), then there is a basic termsuch thaiuCRL; F g = p.

Proof:

By Lemma 5.1 and Lemma 5.2 any process-closed tgwower £ (uCRL;) with at most one operator
from {< 0w, ||, || , | } is derivably equal to some basic term. Obviously, any terth wi+- 1 operators
from this set contains subterms with only one such operatmh that after elimination of one of these,
a term withn parallel operators results. By induction arwe conclude that all these operators can be
eliminated, so thag is derivably equal to some basic tegm O

5.4. Semantics of timedquCRL

Definition 5.1. The setP = (J_, P’ of processess obtained by the following recursion:

PO = As
U {p-¢,> P.,pt,t>p,pllg,p| ¢,p|a,p<q,0m(p)
| p,g € P",P' #0,P' CP",t € Dy, H C Act

}.

Definition 5.2. The interpretation of process-closed terms under a valuatrom Definition 3.2, is
extended with the following clauses: for process-cloggfle Tp, H C Act, and valuation/

[p<q]” = [pl"<[al", [pld” = [pI"|[g]",
plld]” = T[p]”llal", [0u(P)]” = ou([pl").
[plLdl” = [pl”| [l

The operational semantics of these processes is descrivedris of the action relations™;,/ and
-2, and the delay relatiofi;. For the new operators the definitions of these relationgxtended with
the transition rules in the Tables 7, 8, and 9.

Although the set of processes that we consider in this seditarger than the set of processes we
considered fopCRL; we have no reason to change our definition of strong timedniégiity as it is
defined in terms of the action relations and the delay préslicaly.

Theorem 5.2. (Congruence)
Strong timed bisimilarity is a congruence with respect dberators defined dh.

Proof:

We give bisimulations that witness the congruence of sttomgd bisimilarity with respect to the oper-
atorsg, dm, ||, ||, and|. In each of these cases it is straightforward to prove theattmstructed sa®

is a strong timed bisimulation.



36 M.A. Reniers et all./ Completeness of Time&eRL

p—=¢v Uilq) gy Uip) p v Uilq) p—¢v Uiq)

pllg L1 t>q pllg ¢ t>p pllg—t>q pLg "/
p—p Ug) q—q Uyp) p—p U(q) p—0 Uiq)
plla 2P It>q  pllg-Sit>plld pllg-Sp|[t>q pLg -5 p

; ad 3
2D,y q——>\/ vab) =c p2y ¢ ¢ 4(ab) =
o(d
pllg<Ds, v pla = ¢
P Dy 2Dy yab=c  pDp ¢ g @b =c
c(d
plg <Dy, pf pllg <D, plllg
a a(d d
(3 —>tv ¢g—=y/ 7(a,b)=c p(—3>t\/ q&tql v(a,b) =
p|q——>t\/ pla—"%q
P2y g2 @by =c  p2sp QMHQ' v(ab) =c
c(d
p|q(—3>tp' plg—=1p'|l¢

Table 7. Transition rules for the parallel operators, wheke A, a,b,c € Act, d € Ds, p,q,p',q € P, and
teDr.

a(d) a(d)

p—>y ag¢H p—>4q ag€ H
o) D v onlp) 2Dy om(g)

Table 8. Transition rules for encapsulation, where € P, t € Dy, H C Act, a € Act, andd € Ds.
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Ui(p) Ulq) Uilp) Uilq) Ui(p) Ui(q) Ui(p) Uilg) Ut (p)
Ui(p<q) Ui(pllq) Ui(plL9) Ui(p|q) Ui(9u (p))

Table 9. Transition rules for the delay relation, wheye € P, t € Dy, andH C Act.

1. < LetR; : pr&iqr andRy : poege. DefineR = {(p1 < p2, q1 K q2), (1 K g2, p1 Kp2) }URy.
2. Op. LetR; : p &y q. DefineR = {(0u(p'),0u(qd")) | (¢',4') € R, H C Act}.

3. |l. LetRy : p1 & q1 and Ry : py & ¢g2. DefineR| to be the smallest symmetrical relation
that satisfies®, C R} and if (p',¢') € R}, then(t > p',t > ¢') € Rj. Similarly, define
R}, to be the smallest symmetrical relation that satisfigsC R/, and if (p’,¢') € R}, then
(t>p',t>q') € R,. DefineR to be the smallest symmetrical relation that satisiésC R,
R, C R, and if (p',¢') € R} and (p",q") € R,, then(p'|p",¢'||l¢") € R. ThenR is the
bisimulation witnessing the bisimilarity @f ||p2 andgi||q.

4. || . LetRy : p1 &1 1 and Ry : p2 ¢ g2. Then, using the relatio® from the previous item,
R' =RU{(p1 | p2,q1 || 92), (g1 || g2,p1 || p2)} is the bisimulation witnessing the bisimilarity of
p1 | p2 andq || go.

5 |. LetRy : p1 &y ¢ andRy : pe & g2. Then, using the relatio® from the third item,
R' = RU {(p1|p2,91|92),(q1|g2,p1 |p2)} is the bisimulation witnessing the bisimilarity of
p1|p2 andq | go.

O

5.5. Soundness and completeness

Theorem 5.3. (Soundness)
With respect to strong timed bisimilarityCRL; is a sound axiom system.

Theorem 5.4. (Relative completeness)
With respect to strong timed bisimilarity, CRL; is a complete axiom system for process-closed terms
under the assumptions that the data algebta-é®mpletely axiomatised and that the data algebra has
built-in equality and Skolem functions.

Proof:

Consider arbitrary process-closg@RL;-termsp andg. Suppose thdip]” < [¢]” for all valuationsv.
By the elimination theorem we have the existence of basimapf andq’ such thauCRL; - p = p’ and
pCRL; ¢ = ¢'. By the soundness of the axioms we then also fall¢ < [¢']" for all valuationsv.
By the completeness @iCRL; we then haveCRL; - p’ = ¢'. Using the fact that all axioms @iCRL;
are also axioms g CRL; we finduCRL; - p' = ¢’. Thus we haveaCRL; - p =p' = ¢' = ¢. |
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A. Overview of pCRL

In this appendix we give a short overview of the syntax andasgits of the process algely&RL. The
reason for this is that our completeness resultpfoRL; is based on the completenessp@RL. The
signature obCRL consists of: a set of action declarations, a nullary fiencs, binary functions+ and
-, aternary function < _t> _, and the quantifieEv.

Al z+y=y+z

A2 r+(y+z)=(r+y)+=

A3 T+r==x

A4 (z+y)-z=z-2+y-2

A5 (-y)-z2=x-(y-2)

A6 r+d=2x

A7 d-x=94

PE, a(%) <eq(Z,9) > 6 = a(y) <eq(Z,y) >0

Condl =z<dt>y=u=x

Cond2 z<«fpy=y

Cond3 z<bby=z<2b>d+y<-b>4d
Condd (z<dbi>d)<bo>d=2<abiAby>d
Cond5 z<dbhibd+zr<db>d=2<2bVb>d
Cond6 (z<bp>d)-y=z-y<b>d

Cond7 (z+y)<db>dé=zab>d+y<ab>0
SCA (z<b>d)-(y<b>d) =z-yabr>o

Suml dwU=Y

sum3 Y p=>,p+p

Sumd Y (p+q) =3P+,
sums  (T,p)-c=Y,p-a

Suml2 (3, p)<b>d=),p<bD>d

Table 10. Axioms opCRL.



