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Abstract

The axiom system ACP of [10] was extended to discretetimein [6]. Here, we proceed to definethe silent
step in this theory in branching bisimulation semantics [7, 15] rather than weak bisimulation semantics
[11, 20]. The version using relative timing is discussed extensively, versions using absolute and para-
metric timing are presented in brief. A term model and a graph model are presented and soundness and
completenessresults are given. Thetime free theories BPA; and BPA] are embedded in the discretetime
theories. Examplesof the use of the relative time theory are given by means of some cal culations on com-
municating buffers.

Note: Partial support received from ESPRIT Basic Research Action 7166, CONCUR?2. This paper supersedes[4].

1 Introduction

Process agebra was introduced by Milner in the form of CCS[19]. The origina design of CCS and of
subsequent versions of process algebra such as ACP[10] and TCSP [14] involvesno explicit notion of time.
Timeispresent intheinterpretation of sequential composition: in p- g (ACP notation) the process p should
be executed before g. Process algebras can be introduced that support standardized features to incorporate
a quantitative view on time. Time may be represented by means of non-negative reals, and actions can be
given time stamps. Thislineisfollowedin [1] for ACR in[21] for CCSand in [23] for CSP.

A second option isto dividetime in slices indexed by natural numbers, to have an implicit or explicit
time stamping mechanism that determines for each action the time dice in which it occurs and to have a
time order within each slice only. Thisline has been followed in ATP [22], a process a gebrathat addstime
dlicing to aversion of ACP based on action prefixing rather than sequential composition. Further, [16] has
extended ACP with time sliceswhereas [21] have added these featuresto CCS. Following[2, 6], we use the
phrase discrete time process algebraif an enumeration of time sicesis used.

The objective of this paper is to extend the discrete time process algebra of ACP as given in [6] with
the silent step 7. Silent steps have been a cornerstone of CCS since its introduction. Milner used weak
bisimulation to model processes with silent step. Van Glabbeek and Weijland [15] introduced branching
bisimulation which aso deals with silent step, but is slightly less abstract. Thiswill allow a notion of ab-
straction. We mention that [18] has extended ACP,, thereal time ACP of [1], with silent steps. We present
three views on discrete time process algebrawith silent step: aversion using relativetiming (whichwe dis-
cuss extensively), aversion using absolutetiming, and aversion using parametric timing, that integratesthe
relative and absolute timing versions.

There are many practical uses conceivable for timed process algebras. |n particular, we mention the
TooLBuUs (see[9]). This TooLBuUS contains a program notation called T whichis syntacticaly sugared
discrete time process algebra. Programsin T are called T -scripts. The runtime system isaso described in
terms of discretetime process algebra. By using randomized symbolic execution the TooLBus implemen-
tation enacts that the axioms of process algebra can be viewed as correctness preserving transformations of
T-scripts. A comparable part of discretetime process algebrathat isused to describe T -scriptshas al so been
used for the description of $SDL, flat SDL, asubset of SDL that |eaves out modul arization and concentrates
on timing aspects (see [12]). Discrete-time process algebra with relative timing has also been used for the
formal specification of the 1°C-bus[13].

At this point we are happy to express our admiration for Milner’s contributions. In process theory, but
not just there, he has guided the work in such directions, that the perspective of relevance and application
isamost salf evident.



2 Discrete TimeProcess Algebrawith Relative Timing

2.1 Basic Process Algebrawith Time Free Actions

The signature of BPA, has congtants cts(a) (for a € A), denoting a in the current time slice, and cts(s)
denoting a deadlock at the end of the current time slice. Also, we have theimmediate deadlock constant §
introducedin [6]. This constant denotes an immediate and catastrophic deadlock. Withinatimedlice, there
is no explicit mention of the passage of time, we can see the passage to the next time slice as a clock tick.
Thus, the cts(a) can be cdled non-delayable actions: the action must occur before the next clock tick.

The operators are aternative and sequential composition, and the relative discrete time unit delay org
(the notation o taken from [17]). The process org (X) Will start X after one clock tick, i.e., inthe next time
dice. Inaddition, we add the auxiliary operator v.g. Thisoperator, caled the current slicetimeout operator,
or current slice operator in short, disallows an initial time step, it givesthe part of aprocess that startswith
an action in the current time diice. It wasintroduced in [2] in a setting without immediate deadl ock, there,
the notation X >4 1 was used for vg(X). (The Greek letter v sounds like " now”; this correspondence is
even stronger in Dutch.)

The axioms of BPA ; are A1-A5,A6ID,A71D,DCS1-DCS4,DCSID,DRT1-DRT5,DRTSID, as givenin
Table 1. The axiom DRT1 is the time factorization axiom of ATP ([22]): it says that the passage of time
by itself cannot determine achoice. The addition of a silent step in strong bisimul ation semantics now just
amounts to the presence of a new constant cts(r) with the same axioms as the cts(a) constants. We write
A, = AU {t}, A = AU {8}, etc. The axioms DRT3 and DRT5 are derivable from the other axioms
(see[24]). Notethat x + cts(8) = x for al closed terms x except those that are derivably equal to § (see
Proposition 2.1.7), which implies that in a theory without immediate deadlock the law x + cts(8) = x will
hold.

The standard process algebra BPA; can be considered as an SRM specification (Subal gebra of Reduced
Model, in the terminology of [3]) of BPA,: consider theinitial algebra of BPA y,, reduce the signature by
omitting 8, oy, vrel, then BPA; isacompl ete axiomatization of the reduced model, under the interpretation
of a, § (from BPA;) by cts(a), cts(s).

However, thisis not the embedding of the time free theory into the discrete time theory that we prefer:
it reducesthe wholeworldto onetimesdlice. Rather, we proposeto view the timefree actions as actionsthat
can occur inany timeslice. Following [6], we extend BPA ; to BPAyy by introducing constants ats(a) (for
a € A;). Theconstant ats(a) executesa inan arbitrary timedice, followed by immediate termination. We
define these constants in axiom ARTS (Any Relative Time Slice, see Table 1) using the operator o}, the
timeiteration operator: o5 (X) can start the execution of x in the current time slice, and can alwaysdelay to
the next time dlice. The defining axiom for this operator takes the form of a recursive equation (see axiom
DRTI1, Discrete Relative Time Iteration, in Table 1). The presentation using the time iteration operator
here differs dlightly from the presentation in [6]. There, we used the unbounded start delay operator | |
of [22] instead; the unbounded start delay operator can be simply expressed in terms of the time iteration
operator as follows: [X]“ = oy (ve(X)). In order to prove identities for the time iteration operator, we
need a restricted form of the Recursive Specification Principle RSP (see, e.g. [7]). We cal this principle
RSP(DRT) (see Table 2).

We give a semantics for the theory BPA ¢ in terms of Plotkin-style operationa rules. We have the fol-
lowing relations on the set of closed process expressions T (BPA4rt):

actionstep € T(BPAgt) x A; x T(BPAgr), notation p 3 p’ (denotes action execution);
actiontermination C T (BPAyt) x A, notation p A 4/ (execution of aterminating action);

timestep € T(BPAg) x T(BPA4y), notation p > p’ (denotes passage to the next time slice);
immediate deadlock C T (BPAgr), notation ID(p) (immediate deadlock, holds only for process ex-
pressions equal to §).

We enforce the time factorization axiom DRT1 by phrasing the rules so that each process expression has
at most one o-step: in a transition system, each node has at most one outgoing o-edge. The operational
semantics in Table 3 uses predicates and negative premises. Still, using terminology and results of [25],
the rules satisfy the panth format, and determine a uniquetransition relation on closed process expressions.
Dueto the presence of theimmediate deadlock constant we have anotion of bisimulation which is dlightly



X4+y=y+x Al x+8=x ABID
X+y)+z=X+(y+2 A2 §-x=34 A7ID
X+ X=X A3
X+y)-z=x-z+y-z Ad  org(X) + ore(Y) = ora(X +Y) DRT1
X-y)-z=x-(y-2 A5 or(X) Y = o (X Y) DRT2
cts(s) - X = cts(§) DRT3
vre(Cts(a)) = cts(a) DCS1 cts(a) + cts(§) = cts(a) DRT4
vre(X +Y) = vrd(X) + ()  DCS2  ore(X) + CtS(8) = orel (X) DRT5
vrd(X - Y) = vrg(X) - Y DCS3  o1g(8) = cts(d) DRTSID
Vrel (0rel (X)) = cts(s) DCHA  o/4(X) = X+ ore (075 (X)) DRTI1
Vre(8) =6 DCSID ats(a) = o,y (cts(a)) ARTS
Table 1: Axiomsof BPAyt (a € Ass).
y=X+owe(y) = Y=o04(X) RSPDRT)
Table 2: RSP(DRT).
IDG) ID(x), ID(y) ID(x) ID(x)
ID(X+y) ID(X-y) ID(vret (X))
as@@) >/ ats@) >/ ats@) > ats@@)  ats(s) — ats(s)
X > x x> x5 x
X y->x -y X-y->y X-y>x -y
X3 x x>
a a a a
X+y—=>X,y+x—> X X+y—> ./, Yy+X—=> ./
X35> x,y>y x5 X, y%
X+y—>X+Y X+y—>X,y+X—>X
—ID(x) X 3 x/ x>/
o1 (X) > X vret (X) > X' Ve (X) =/
X3 X x> X > X/ X =
ol () > X ol () > 05 () > X + 0675 (X) o (X) > 075 (X)

Table 3: Operational rulesfor BPAyt (a € A,).



different from the usua strong bisimulation. Thisnotion is called strong tail bisimulationin this paper. In
the terminology of [25] this notion of strong tail bisimulation would be called a bisimulation anyway.

Definition 2.1.1 (Strong tail bismulation) Two closed terms p and q are cdled strongly tail bisimilar,
notation p«q, if thereexistsasymmetric binary relation R on closed terms, called strong tail bisimulation,
relating p and g such that for dl r, s with R(r, s) we have:

1. ifr 1’ (u e A,), thenthereexistsanodes’ suchthat s — s’ and R(r’, s');
2. ifr > /(ae A) thens > /;
3. if ID(r), then ID(s).

We state that strong tail bisimulationisacongruence with respect to the operators from the algebra BPA 4.
Following [24] we can prove that BPAy is a sound and complete axiomatization of the model of closed
process expressions modul o strong tail bisimulation equival ence.

Now, we want to define a notion of bisimulation that takes into account the specia status of the imme-
diate deadlock and the silent step. We start from the definition of branching bisimulation in the time free
case, and adapt thisto our timed setting. Animmediate deadlock term can only be related to another imme-
diate deadlock term. Asa consequence, we can have no term that isrelated to /. Thisis different from the
usua definition of branching bisimulation of [7, 15]. In order to emphasize this fact, we cal the relations
to be defined branching tail bisimulations. The following definitionis easier to read if we use a couple of

abbreviations: first, wewrite p Y p if éither p—> p' oru =7 and p = p'. Further, wewrite p = q if
itis possibleto reach g from p by executing a number of t-steps (0 or more).

Definition 2.1.2 (Branching tail bisimulation) Two closed terms p and q are called branching tail bisim-
ilar, notation p<pq, if there exists a symmetric binary relation R on closed terms, called branching tail
bisimulation, relating p and g such that for al r, s with R(r, s) we have:

1 ifr S (u e A,), thenthereexist s*, s such that s = s* Y ¢ and R(r,s*) and R(r’, 5);

2. ifr 5 /(ae A), thenthereexists s* suchthat s = s* > ./ and R(r, 5*);

3. if ID(r), then ID(s).

Actualy, we gave the definition of semi-branching bisimulation here, as optimized in [8]. The present defi-
nitionisshorter and easier towork withthan theoriginal definitionin[15], and inducesthe same equival ence
relation (see[8]).

Definition 2.1.3 (Rooted branching tail bisimulation) If R isabranching tail bisimulation, then we say
that therelated pair (p, q) satisfies theroot conditionif:

1. if p— p (ue Ay), thenthere exists g’ such that g — g’ and R(p/, q');
2. ifp> J/(ae A) theng > /.

A termr iscalled o-reachable from aterm piff there existsak € INsuchthat p= pp > p1 — - —
pk=r.

Two terms p and g are called rooted branching tail bisimilar, notation p<q, if thereisabranching
tail bisimulationrelation R relating p and g such that whenever R(r, s) and r is o-reachable from p, then
thepair (r, s) satisfiesthe root condition.

Thus the root condition amounts to the condition that the bisimulation is strong as long as no action isexe-
cuted.

We can prove that rooted branching tail bisimulationis a congruence relation with respect to the opera-
torsfromthea gebraBPA 4, thusobtainingthea gebraT (BPA4rt) / <>t Of closed process expressions mod-
ulo rooted branching tail bisimulation. We can establish that the algebras T (BPAt) /<, T (BPAgrt) /<t
and T (BPAgr)/ <t Setisfy dl laws of BPAy+RSP(DRT).

Theorem 2.1.4 (Soundness) The laws of BPAg+RSP(DRT) are valid in T(BPA4t)/ <, T (BPAgrt)/ < pt,
and T (BPAdrt)/ﬁrbt-



Notethat if we take the reduced model obtained by omitting the immediate deadl ock constant, then we can
defineanotion of branching bisimulationwithout thetail condition, whereaterm can berelated to /. Using
the embedding of discrete time process algebrainto real time process algebragivenin[2, 6] wefind that our
notion of silent step in timeisin linewith the notion of timed branching bisimulation of [18].

Proposition 2.1.5 The followingidentitiesare derivable from BPAy+ RSP(DRT):

Oy (X +Y) = 0/4(X) +o4(y)  DRTI2

Og(X-y) =05 -y DRTI3
07y (01l (X)) = 07l (0,4 (X)) DRTI4
0 (07 (X)) = 075(X) DRTI5
0,4 (8) = ats(s) DRTIID

Vrel (07 (X)) = vrei (X) + CtS(S) DCSTI

Table 4: Derivable equations.

Asit turns out these identities are used in the proof of the completeness theorem. By using those, the
principle RSP(DRT) does not have to be used directly, but only in the proof of these identities. As a mat-
ter of fact we prove completeness for the algebra BPAgit + DRTI2-DRTI5, DRTIID, DCSTI. The most
important place where those identities are used is the Elimination Theorem. This theorem expresses that
every closed term can be rewritteninto abasic term, i.e., a closed term with a more restricted syntax. We
define basic terms over BPA . in such away that they closely resembl e the process graphs (see Section 3),
in the sense that in every sum-context there isat most one summand ready to perform a time step, and that
time iteration does not occur in any sum-context. To achieve this we define auxiliary sets of basic terms
v(BPAG), X (BPAgt), and A(BPAgr).

Definition 2.1.6 (Basicterms) The set B(BPA4rt) of basic terms over BPAy is defined inductively by:

8 € V(BPAG);

ae A = cts(@) € v(BPAgr);

ae A A pe BBPAg) = cts(@) - p € v(BPAG);

P.qe v(IBPAG) A P#SAQ#S= p+de v(BPA);

p € BBPAG) A P # 3 = ora(p) € Z(BPAg);

P € v(BPAG) A P # 3 = o4(P) € ABPAG);

v(BPA4) € B(BPAG);

2 (BPAgt) € B(BPAG);

A(BPAgr) € B(BPAG);

10. pe v(BPAat) A p# S AQ € Z(BPAG) = p+d,q+ p € B(BPAg).

©CoNo~WNE

With thisdefinition of basic termsthe normal form of cts(b) + ats(a) isgiven by theterm (cts(b) +cts(@)) +
orel (07 (CtS(a))).

Proposition 2.1.7 For closed BPAgt-terms x such that BPAgt H X = § we have BPAG - X + Ccts(8) = Xx.

Theorem 2.1.8 (Elimination) For every closed BPAy¢-term p there exists a basic term g such that

A1,A2,A4,A5,A61D A7ID DRT1-DRT3,DRTSID,DCS1-DCS4,DCSD, | _
ARTS,DRTI1-DRTI5,DRTIID,DCSTI P=0.

Note that usually we are less careful with respect to the axioms used for the Elimination Theorem, we just
write BPA4t = p = q. However, with the upcoming proof of completenessin mind (see Section 4), we
explicitly list the axioms used in the Elimination Theorem.



Theorem 2.1.9 (Completeness) BPAy isa complete axiomatization of strong tail bisimulation on closed
BPAyt terms.

Now, the process algebra BPA s can be considered as an SRM specification of BPAgy: reduce the signature
of theinitial agebraof BPAy by omittings, o, v, Cts(@) (fora € As), and oy, then BPA; isacomplete
axiomatization of the reduced model, with the interpretation of a by ats(a).

2.2 Axiomatization for Silent Step

Now we want to formulate algebraic laws for the silent step, that hold in the algebra T (BPA¢1t) / <1t We
cannot just transpose the well-known laws, because of the specid status of o-steps. An example: cts(a) -
(cts(t) - (ora(Cts(b)) + oye (CtS(C))) + ore(cts(b))) is not rooted branching tail bisimulation equivalent to
cts(a) - (org (cts(b)) + org (CtS(C))), asinthefirst term, the choice for b can be made by the execution of the
o-step, and in the second term, the choice must be made after the o -step (however the second termis equal
tocts(a) - org(cts(b) + cts(c))). Inorder to ensurethat we do not split terms that both have an initial o-step,
we use the current slice operator vyg. In Table 5, DRTB1 and DRTB2 are variants of the branching law B2:
X-(t-(Y+2+Y) =X-(y+ 2. InDRTB1, we have the case where the ‘loose’ term (y in B2) does not
have an initia time step, in DRTB2 the other term (z in B2) does not have an initial time step.

We add cts(§) to ensure that the expression following cts(z) does not equal §. A simpleinstance isthe
identity X - cts(t) - cts(r) = X - cts(r). However, we do not have thelaw x - cts(r) = x (the counterpart of
the branching law B1), ascts(a) - cts(t) - § must be distinguished from cts(a) - § (thiscan be appreciated in
a setting with parallel composition: thefirst term allows execution of actionsin the current time slice from
aparallel component after the execution of a, the second term does not).

In[4] theconditiona axiomcts(a)-x = cts(a)-y = cts(a)- (ora (X) +vre (2)) = Cts(@)- (ore (V) +vret (2))
was introduced to omit a t-step following one or more time steps. In this paper we replace this conditional
axiom by DRTB3 (see Table 5). A smpleinstanceiscts(a) - org(Cts(t) - cts(b)) = cts(a) - org (Cts(b)).

We have oneadditional axiomfor theconstant ats(r). Inaxiom DRTB4 it appearsas o}y (cts(r)). Axiom
DRTB4 can aso be given as

X - (AtS(t) - o7y (Vrei (Y) + vred(2) + CtS(8)) + 0y (Vret (Y))) = X - 07 (Vrel (Y) + vrei (2) + CtS(8))
by replacing o (cts(t)) by ats(r) and using DRTI2, DRTI3, or as
X - (ats(r) - ly+z+cts(§)]” + Ly]®) =X - Ly + z+cts(6)]“

by aso replacing o (vrai (Y)) by Ly|®, etc.

- (Cts(t) - (vrei(Y) + 2+ CtS(8)) + vre(Y)) = X - (vra(y) +2+cts(§)) DRTB1
- (cts(t) - (vre(Y) + Z+CtS(8)) + 2) = X - (et (Y) + Z + CtS(5)) DRTB2
- (orel (CtS() - (Y + CtS(8))) + vrel(2)) = X - (0rai (Y + CtS(8)) + vrei(2)) DRTB3
oy (Cts(T) - o7y (Vra (Y) + vret (2) 4 CtS(8)) + vra ()

=X 0}y (Y) + vra(2) + CtS(8)) DRTB4

X X X X

Table5: BPAyt= BPAy+ DRTB1-4.
We find that rooted branching tail bisimulation is a congruence with respect to the operators from the
algebra BPA 47, and that the laws of BPA4t +RSP(DRT) are valid in T (BPAgtt)/ < t. Basic terms for
BPAytt are defined in the same way as basic terms for BPA gt

Theorem 2.2.1 (Soundness) Thelaws of BPAG:t+RSP(DRT) arevalidin T (BPAgT)/ < rpt-



Before we introduce anumber of useful axiomsfor the silent step, we first define an auxiliary operator o}y .
The term o7 (X) represents the operator oyy applied to x mtimes, i.e., for m > O:

oQ(x) = X
o) orel (0. (X))

The generalizations of the axioms for silent step are useful in the completeness proof in Section 4.

Proposition 2.2.2 (Other axiomsfor abstraction) For closed BPAgtz-terms p, X, ¥, z, and m > 0, we
have

1. BPAgt F  X-og(cts() - (ve(y) + 2+ cts(8)) + via(y) = X - o7g (vrai (Y) + Z+ Cts(8));
2. BPAgit F  X-og(cts(t) - (va(y) + 2+ cts(8)) + 2) = X - o7 (Ve (Y) + Z + CtS(8));
3. BPAjer + X- Grr; (orel (CtS(T) - (vret (Y) + Z+ CtS(8)) + vret (Y)) + vrel (P))
= X-o/g (o (va(y) + 2+ cts(8)) + vie(P));
4. BPAgt F  X-opg(0ra(CtS(r) - (vra (Y) + 2+ CtS(8)) + 2) + vra(P))
= X0/ (va(y) +z2+ cts(8)) + v (P));
5. BPAgyt X Grr; (ore (G;; (cts(z) - G;& (et (Y) + vret (2) + CtS(8)) + vra(Y))) + vrat (P))
= X - oy (ord (0,5 (e (Y) + vrel (2) + CtS(8))) + vre (P)).

Let us consider the embedding of the time free theory BPA] in BPAg«7. If we reduce theinitial algebra of
BPAqtt by reducingthesignatureby omittings, ats(a) (fora € As), o, Vre, 07y, andinterpret a by cts(a),
we do not obtain BPA? of [7, 15]. Thefirst branching law x-t = x will not hold, butinstead x - 7-y = X y.
We can nevertheless obtain BPA§ as an SRM specification as follows. First we add constants ctstau(a) (for
a € Ay;) defined by ctstau(a) = cts(a) - cts(r). Then, by omitting 8, cts(a), ats(a), ore, Ve, 0,5 ad
interpreting a as ctstau(a), BPA} becomes an SRM specification of BPAgr. The following proposition
showsthat analogues of DRTB1 and DRTB2 and in addition thefirst t-law are valid for the new constants.

Proposition 2.2.3 The following laws are derivable from BPAg(t:

1. BPAytT F ctdtau(a) - ctstau(r) = ctstau(a);
2. BPAgT F X - (ctstau(t) - (vra (Y) 4+ 2+ ctS(8)) + via (Y)) = X - (vre (Y) + 2+ Cts(6));
3. BPAgT F X - (ctstau(t) - (g (Y) + 2+ CtS(8)) + 2) = X - (Ve (Y) + 2+ CtS(8)).

As aconsequence, we can prove X - ctstau(t) = x for al closed terms. Thus, we have embedded the time
free theory into the relative discrete time theory. Again, thisis not the embedding of the time free theory
into the discrete time theory that we prefer: the whole world isreduced to one time dlice.

We cannot obtain the time free theory BPA} as an SRM specification by interpreting a by ats(a), since
ats(a) - ats(t) isnot branching tail bisimilar to ats(a): the first term can till perform time steps after ex-
ecuting the action. Notethat the second branching law isvalid, astimeiterationis the identity on al time
free processes. In order to achieve an SRM specification, nonetheless, we will define a different inter-
pretation of time free atoms in our timed setting. We define constants atstau(a) as follows (a € Ags):
atstau(a) = ats(a) - ats(r). If we reduce the initia algebra of BPAgz, with the additional constants
atstau(a), by omitting 8, cts(a), ats(a) (for a € Ay;s), ore, Vi, 07y, @d we interpret a by atstau(a), we
do obtain BPA] as an SRM specification. The following proposition shows that the analogue of DRTB4
and in additionthe first t-law are valid for the new constants.

Proposition 2.2.4 Thefollowing laws are derivable from BPAgt for a € A;:

1. atstau(a) - atstau(r) = atstau(a);
2. x - (atstau(t) - o7y (v (Y + 2) + 075 (v (¥))) = X - 075 (Ve (Y + 2)).



3 A graph model for BPAgtt

In Section 4, wewill provethat the present axiomeatization of silent step is complete for the model of closed
terms modul o rooted branching tail bisimulation. We do this by showing completeness for amodel that is
isomorphicto T (BPAgt) /< t, Namely amodel consisting of process graphs.

In thissection we proceed to define thisgraph model for BPA4t. Aneguivaencerelation, called rooted
branching tail bisimulation, is defined on the set of process graphs. Operators resembling the operators of
the algebra both in name and in intention are defined on process graphs. Finaly, we introduce an equiv-
alent characterization of rooted branching tail bisimilarity in Section 3.4. This characterization of rooted
branching tail bisimulationwill be used in the compl eteness proof in Section 4.

3.1 Processgraphs

Wedefineaset of processgraphsasin[7] withlabelsfrom A, satisfyingtheextraconditionthat every node
has at most one outgoing o-labeled edge. End-nodes can be labeled with alabel | (for successful termi-
nation) or alabel ID (for immediate deadlock). A o-labeled edge may not lead to a successful termination
node or an | D-labeled termination node.

Definition 3.1.1 A process graph is a quintuple (N, E,r, |, ID), where N is a non-empty set of nodes,
E C N x A, x Nisasetof labeled edges, r € N istheroot node, | € N and ID € N aredigoint sets of
successful termination nodes and immediate deadl ock nodes respectively. The following criteriamust hold
for every process graph:

e every node can have at most one outgoing o-edge (time factorization): for all n € N, if there exist
nodessandt suchthatn > sandn > t, thens =t;

e asuccessful termination or an immediate deadlock node cannot have an outgoing edge: for al n €|
uID: {n—“>s| ue A, Ase N} =¢;

e asuccessful termination or an immediate deadlock node cannot have an incoming o-edge: for al
n €| UID, there does not exist anodes € N suchthats > n € E.

Actudly, for our purposes we will only need graphs that are interpretations of closed terms. Such graphs
aways have finite node sets, and the only cycles that occur are of theforms = s. The class of al such
process graphs is denoted by G. We obtain the set of process graphs G by requiring in addition that the
root node cannot have a successful termination label, i.e,, r ¢|. For aprocessgraph g = (N, E,r, |, ID)
and anodes € N, the subgraph of g with s asitsroot node, notation (g)s, is defined as follows. (g)s =
(N, E, s, |, ID), whereitisunderstood that only the nodes and edges that are reachable from s are relevant.
Forasst Sand E € N x A, x N, wedefineS® E = {(s,n1) — (S,np) | S€ SAN, — ny € EL.
Foranodes €e Nand E € N x A;, x N, wedefine E[s — t] to betheset E with al occurrences of
s replaced by nodet. This notation is extended to replace nodes from a set S simultaneously as follows:
E[s € S+ t]. Notethat s can occur int.

3.2 Tail Bismulations

Definition 3.2.1 Two graphs g = (Ng, Eg, g, g, IDg) and h = (Np, Ep, rn, |n, IDp) are called strongly
tail bisimilar, notation g« h, if there exists a symmetric binary relation R, called strong tail bisimulation,
on the nodes of g and h such that for al nodesr, s with R(r, s) we have:

1. therootsof g and h arerelated, i.e., R(rg, rn);

Cifr A e EqU En (U € A;,), thenthereexistsanodes' such that s L9e EqUEnand R(r', 8);
CifrelgU n thenselg U |n;

. ifr € IDg U 1Dy, thens € IDg U 1Dy

A WN

Definition 3.2.2 Two graphs g and h are called branching tail bisimilar, notation g<h, if there exists a
symmetric binary relation R, called branching tail bisimulation, on the nodes of g and h such that for al
nodesr, s with R(r, s) we have:



1. therootsof g and h arerelated;

2. ifr S e Eq U En (U € Ay,), then thereexist nodess*, s’ such that s =—> s* « s € EgUE, and
R(r, s*) and R(r’, 8));

3.ifr elgU n thenselqU |n;

4. ifr € IDg U IDp, then's € IDg U IDp.

Definition 3.2.3 If Risabranchingtail bisimulation, thenwe say that therelated pair (r, s) satisfiestheroot
conditioniff wheneverr = r’ € EqUEp (u € A,,), thenthereexistsanodes’ suchthats - s’ € EqUEj
and R(r', 8).

Two graphs g and h are called rooted branching tail bisimilar, notation g<,th, if there isabranching
tail bismulation relation R between the nodes of g and h such that if R(r, s) and r iso-reachable from the
root of g or siso-reachable from theroot of h, then the pair (r, s) satisfies the root condition.

3.3 Isomorphy of theterm model and the graph model

In thissection we will define mappingsgraph and termwhich associate a process graph to aclosed term and
aclosed term to a graph respectively. These mappings are such that they are each other’sinverse modulo
strong tail bissimulation. This resultsin a theorem that states that the term deduction model and the graph
model are isomorphic. As a consequence the soundness result can be transfered from the term model to
the graph model and the compl eteness result to come can be transformed from the graph model to theterm
model.

In thefollowing definitionswe define operators on the graph model which are bothin appearance andin
intention similar to the operators of the algebra. In these definitionswe assume that the sets of nodes of the
graphs to be composed are digoint. Thisassumption isfair since we are only interested in process graphs
modul o graph isomorphism (see Section 3.4 for a definition of graph isomorphism).

Definition 3.3.1 The following constants are defined on the graph model, fora € A;:

8 = ({rh.0.r.0. 0}

cs@) = ({r},9,r,0,0);

as@ = {r,s},{r > shr, s}, 0);
ats(s) = {r}{r >rhr, 9, 0);

ats@ = (r,sh{r >rr3shr, (s}, 0).

Definition 3.3.2 Let g = (N, E, r, |, ID). Assumethat f ¢ N. Then o,¢(g) isdefined as follows:
1. ifr eID, thenoig(Q) = ({r}, 9,1, 0, 0);
2. otherwise, o7¢(9) = (N U {f}, EU{f > r},F, |, D).
Definition 3.3.3 Let g = (N, E, r, |, ID). Then vg(g) isdefined as follows:
va(@) = (N, E\{r > s|seN}Lr, |, ID).

Definition 3.3.4 Let g = (Ng, Eg, rg, Lg, IDg) and h = (Np, Ep, rn, {n, IDp). Then g - h is defined as
follows:

g-h = ( (Ng\lg)U({gxNn)
. Eglf elg— (f,r)]U |4 ®En
9 rg
s |DgU(»Lg x1Dp)

Before we can define 4+ on the graph model, we first have to define aroot unwinding map.



Definition 3.3.5 The mapping p isforal g = (N, E,r, |, ID), defined asfollows (u € A.,):
(@ =(NU{f},EU{f >s|r-—>seE}f |,IDU{f|r eID}.

Definition 3.3.6 Let g = (Ng, Eg, rg, g, IDg) ad h = (Nn, Ep, rn, {n, IDn). Then g + h isdefined as
follows:

1 ifrg elDg, theng+h =h;
2. ifr, € IDp, theng+ h = g;
3. ifryg & 1Dg andry, & IDy, then

(@ ifrg >rg e Egandry = ry € Ep, then

g+h = (Ng\{rgh) U(Na\{rn}) U{rgsn}
» Eglrg = rg+n] U Enlrn = rg4n]
s Fg+h
s g Udn
. IDgUIDy,
);

(b) ifrg > sy € Egandry = & € Ep forsomesy € Ngand s, € Ny suchthat sy % rg Or s % ',
then suppose that (@) = (N, Eg. rg. L4, 1Dy) and p(h) = (N, Ef, 1y, L, ID}). Suppose
that ry = s andr, = s,. Supposethat (9)g, + (h)g, = (N, E.r, |, D). Then,

g+h = ( NyUNSUNU{rg .}
- B S S UBNIG 2 SIUE UG, S 1)
/

) rg+h

. ID,UID,UID

);

(c) otherwise, supposethat p(g) = (Ng. Eg. rg. Ig. 1Dg) and p(h) = (N, Ef, iy, I, D). Then,
g+h = (N\gh UNND U g,y

C Bty >ty U BRI o Ty
) rg+h
. ID,UID;,

Definition 3.3.7 Let g = (N, E, r, |, ID). Then 5/ is defined inductively as follows:

1. ifr 5 r, theno’y(g) = g;
2. ifr > sforsomes # r, thendefinev = (N, E\{r > s},r,,ID)and ¢ = (g)s. Suppose
o +v) = (N, E',r’, )/, ID'). Then,

05@) =(NUN,E\[r > sJUE'U{r > r'},r, U}, IDUID);

3. otherwise,ifr € ID, theno,g(9) = ({r}, {r S, g, 9), gseoy(9) = (N, EU{r S, |, 1D).
Thisis a well-founded inductive definition since the length of the path from r consisting of o-steps only
(not o-loops) decreases.

The mapping graph which associates to aclosed BPAyct term aprocess graph is defined inductively as can
be expected by using the previously given operators on process graphs. Applying the mapping graph to an
arbitrary closed BPA gt term always gives a graph without cycles other than o -loops. Such graphswill be
called root unwound process graphs on several occasions.
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Definition 3.3.8 The mapping term : GT — T (BPAgyt) isfor al process graphsg = (N, E, r, |, ID)
defined inductively by:

o (term((N, E\[r > r},1,,1D))) ifr > € E;

$ ifr >r ¢ EAr €1D;
term(@) =\ cts(s) ifr 5r ¢ EAr €IDAE = g;

Y termg(r = ) otherwise,

r4scE

wheretermy : E — T (BPAgq7) is, fora e A, defined by

a cts(a) ifsel;
termy(r = 3) { cts(a) - term((g)s)  otherwise;
termg(r >S) = ora(term((g)s)).

Theorem 3.3.9 (Isomorphy) T(BPAgtt)/<«< and G/« areisomorphic.

3.4 Alternativecharacterization of the bismulations

We proceed to find formulations for our bisimulation relations in terms of colourings, analogous to [15].
Let C beagiven s, the set of colours. A coloured graph isa process graph with coloursC € C as labels
attached at the nodes.

A concrete coloured trace of acoloured graph g isafinite sequence (Cop, a1, Cy, - - - , Ck_1, a, Cy) for
which thereexists apathro = ry <3 - .. % r, from the root noder of g such that r; has colour ;.

A concrete consistent colouring of aset of process graphsisa colouring of their nodeswith the property
that two nodes (also from the same graph) have the same colour only if they have the same concrete trace
set and the same label. Two process graphs g and h are concrete coloured trace equivalent, notation g =
h, if, for some concrete consistent colouring on {g, h}, they have the same concrete coloured trace set, or
equivaently, the root nodes have the same colour. Asin [15], we have the following theorem.

Theorem 3.4.1 For process graphs g, h € G, we have geh iff g =¢ h.

An abstract coloured trace of a coloured graph isa sequence of theform (Cy, a1, C1, @, - - - , &, Cx) which
isobtai ned fromaconcrete col oured trace of thisgraph by replacing al subsequences of theform (C, z, C, 7,
.--,7,C) by C.

An abstract consistent colouring of aset of graphsis a colouring of their nodes with the property that
two nodes have the same colour only if they have the same abstract coloured trace set and the same label.
For two coloured graphs g and h wewrite g =¢ h, if, for some abstract consistent colouring on {g, h}, they
have the same abstract coloured trace set. Inthe sequel, we leave out the adjectives ‘abstract’.

Theorem 3.4.2 For process graphs g, h € G, we have gepth iff g =¢ h.

A rooted coloured trace of a coloured graph is a sequence of the form (Cy, a3, Cq, @y, - - - , &, Cx) which
is obtained from a concrete coloured trace of this graph by replacing al non-o-reachable subsequences
C,t,Ct,---,7,C) by C.

A rooted consistent colouring of aset of graphsisa colouring of their nodes with the property that two
nodes have the same colour only if they have the same rooted coloured trace set and the same label. For two
root unwound coloured graphs g and h wewriteg = h, if, for some rooted consi stent colouring on {g, h},
they have the same rooted col oured trace set.

Theorem 3.4.3 For process graphs g, h € G, we have g<,th iff g = h.

It is possibleto colour the nodes of aroot unwound process graph g in such away that two nodes have the
same colour iff they can berelated by arooted branchingtail autobisimulationon g. Thiscolouringisrooted
and consistent. The largest rooted branching tail autobisimulationrelation of agraphiscalled itscanonical
colouring.

11



Definition 3.4.4 Let g be aroot unwound process graph and consider its canonical colouring with colour
set C. Let N(g), thenormal formof g, be the graph which can be found by contracting al nodes with the
same colour and removing t-loops. More precisely:

1. N(g) hascoloursC e C asitsnodes,

2. N(g) hasan edge C 3 c (a € A,) iff ghasan edger 3 v suchthat r has colour C andr’ has
colour C';

3. N(g) hasanedgeC - C'iff C # C’ and g hasanedger - r’ andr has colour C and r’ has colour
c,;

4. C hasalabd | iff g hasanoder withlabel | andr hascolour C;

5. C hasalabe ID iff ghasanoder withlabel ID andr has colour C.

For all root unwound process graphs g € G, we have g<,:N(Q).

Definition 3.4.5 (Graph Isomorphism) A graphisomorphismisabijectiverelation R between the nodes
of two process graphs g = (Ng, Eg, Ig, | g, IDg) @d h = (Ny, En, ', |n, IDn) such that:

1. therootsof g and h arerelated by R, i.e., R(rg, rn);
2. if R(r,s) and R(r’, ) thenr Are Eq iffs 3¢ e En;
3. if R(r,s) thenr el4iff selnhandr € IDg iff s € IDy.

Two graphs are isomorphic, notation g >~ h, iff there exists an isomorphism between them. Note that ~
is a congruence relation on process graphs. Note aso that only the nodes which are reachable from the
root nodes of g and h are taken into account. As a consequence we have that a process graph g is graph
isomorphic with the graph consisting of the edges and nodes of g that are reachable from the root node of

g.

Asin [15] we have the following Norma Form Theorem.

Theorem 3.4.6 (Normal form theorem) Let g and h be root unwound process graphs that are in normal
form. Then g ,ch if and onlyif g >~ h.

4 Completenessof the Axiomatization

4.1 Introduction

In this section we will prove, following the approach of [15], that BPA4t isacomplete axiomeatization of
rooted branching tail bisimulationon process graphsfrom G*. The basic ideain the completeness proof is
to establish a graph rewriting system on process graphs, which is confluent and strongly normalizing (up to
graph isomorphism), and for which every rewrite step preserves rooted branching tail bisimilarity. Conflu-
ence and strong normalization together are needed to ensure that for every process graph thereisa unique
normal form up to graph isomorphism. We want the rewrite steps of the graph rewriting system to preserve
rooted branching tail bisimilarity since for every such rewrite step we can prove (rather easily) that the cor-
respondingtermsare derivably equal (see Theorem 4.4.3). Furthermore, wewill show that thenormal forms
with respect tothe graph rewriting system are normal formsinthe sense of Section 3.4. Asaconsequencewe
have that the normal formswith respect to the graph rewriting system of two rooted branching tail bisimilar
process graphs areisomorphic. All that remainsisto show that for every term p, the mapping termo graph
isan identity modulo derivability. Thisisthe sole subject of Section 4.3.

4.2 The Graph Rewriting System

The graph rewriting system will be such that it is capable of performing two transformations on process
graphs. Firstly, it can contract two nodes which are essentialy the same. Such nodes are called double
nodes. Secondly, it can contract a r-edge that is redundant. Such t-edges are called manifestly inert.
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Definition 4.2.1 (Double Nodes) A pair (r, s), withr # s, of nodesinaprocessgraphg = (N, E,r, |, ID)
iscalled apair of double nodesif

for all nodest #r, sandlabelsu € A,ir —t € Eiffs—> t € E;
r5reEiffs>seE;

reliffsel;

r elDiffseID.

The following proposition formalizes the statement that double nodes are essentially the same: their sub-
graphs are isomorphic.

Proposition 4.2.2 Let g bea process graph. If (r, s) isa pair of double nodesin g, then (g)r >~ (Q)s.

A t-edge between two nodesr and siscaled manifestly inertif r and s agree with respect to thelabels
and o-loops and if any other outgoing edge of r isaso an outgoing edge of s.

Definition 4.2.3 (Manifestly inert t-edges) Anedger —> sinaprocess graph g ismanifestlyinertif r is
not o -reachable from the root node of g, r and s have the same labdl (if any), and for al nodest and labels
ac A, suchthat (a,t) # (r,s) and (a, t) # (o, 1): 1 = timpliess > t,andr > r iffs > s.

Basicaly, for an edge to be manifestly inert means that it can be removed with one of the axiomsfor silent
step. The next theorem states that in order to obtain a norma form for a process graph we only have to
repeatedly unify a pair of double nodes or contract a manifestly inert t-edge.

Theorem 4.2.4 A process graph g € G without double nodes and without manifestly inert t-edgesisin
normal form.

Proof. Let g be a finite process graph which is not in normal form. Then it has at least one pair of
different nodes with the same colour with respect to the canonica colouring. The depth of anodesingis
defined to be the number of edges in itslongest path not counting o-loops. Then, we define the combined
depth of two nodes as the sum of their depths. We mention the following property of the depth of a node;
ifr > s(r #s), thend(s) < d(r). Wewill useit in the remainder of the proof.

Choose apair (r, s) of different, but equally coloured nodes in g with minimal combined depth. Now
we have the following trivia claim: if r’ and s’ are nodes in g which have the same colour and moreover
d(r')+d(s) < d(r)+d(s), thenr’ = ' (*). If thiswould not bethe case then clearly (r, s) isnotaminimal
pair.

Assume, without loss of generality, d(s) < d(r). Now, we prove the following two properties:

1 |fr—>tand(u t);é(t s) thens—>t and
2. |fS—>t thenr 5> sorr > t.

Ad 1. Supposethat r X t and that (u,t) # (1,s). Sincer and s have the same colour we find that either
(1) u= 7 and t hasthe same colour asr and s, or (2) s has the coloured trace (C(r), u, C(t)). For thefirst
casewefindt = sfrom (*) and d(t) < d(r). Thisisin contradiction with the assumption (u, t) # (z, S).
For the second case we reason asfollows. Supposethat s — pwith C(p) = C(s). Then fromd(p) < d(s)
we have p = r. Then we also have the following contradiction: d(p) < d(s) < d(r). Soclearly, u # t.
Suppose that s S p for some node p such that C(p) = C(t). Sinced(p) < d(s) and d(t) < d(r), we
have d(p) + d(t) < d(s) + d(r). Weaso have C(p) = C(t) and C(s) = C(r). But then we have by (*)
thatt = p. Soclearly s > t isan edgein g.

Ad 2. Supposethat s St Thenwehaved(t) < d(s). Butthenasod(t) +d(r) < d(s) +d(). If s
and t have the same colour, then by (*) we haver = t. Thisisin contradictionwith d(t) < d(s) < d(r).
So clearly s and t do not have the same colour. Then (C(s), u, C(t)) isacoloured trace of r, since s and
r have the same colour. Now two cases can be distinguished. First, supposethatr — p for some node p
suchthat C(p) = C(r). Thend(p) < d(r) andaso d(p) +d(s) < d(r) + d(s). Hence, from (*) we have
p=s Sowehaer - s. Second, suppose that r 5 p (u # 1) for some node p with C(p) = C(t).
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Sinced(p) < d(r) andd(t) < d(s), wehaved(p) + d(t) < d(r) + d(s). From (*) we obtain p =t. So
r = t. Concluding, eitherr - sorr — t.

From the two properties we just proved it followsthat if r = sisan edgein g, then it is manifestly
inert, andif r - sisnot an edgein g, then (r, s) isapair of double nodes.

The previous theorem can serve as a source of inspiration for defining the graph rewriting system.

Definition 4.2.5 The rewriting relation — isdefined by the following one-step reductions:

1. sharingapair of doublenodes(r, s) : replaceall edgest —> r byt —> s (if not already there, otherwise
justremovet — r) and remover with all its outgoing edges from the graph.

2. contracting amanifestly inert t-edger —> s: replaceal edgest > r by t -> s (if not already there,
otherwisejust remove t -> r) and remover with all its outgoing edges from the graph.

Theorem 4.2.6 The graph rewrite relation — has the following properties:

1. ifge Gtandg — h,thenh € GT;

2. — preserves rooted branching tail bisimilarity, i.e, if g — h, then g<,th;
3. the graph rewrite system s strongly normalizing;

4. the graph rewrite system is confluent (up to graph isomorphism).

Proof.  Wewill omit the proof for the first property. For the second property, we will show that rooted
branching tail bisimilarity is preserved under the application of each of the two rewriterules. (1) Sharing a
pair of double nodes. Supposethat (r, s) isapair of doublenodesin g. Then — identifiesthe nodesr and
s, i.e, it removes the noder. Then therelation R = Id(h) U {(r, s), (S, r)} is clearly a rooted branching
tail bisimulation between g and h. (2) Contracting a manifestly inert r-edge. Supposethatr —> sisa
manifestly inert -edge. Therdation R = Id(h) U {(r, s), (s, r)} isarooted branching tail bisimulation
between g and h.

For the third property we reason as follows. Strong normalization of the graph rewrite system follows
immediately from the following observations. (1) every finite process graph has only finitely many nodes,
and (2) in every application of arewrite rule the number of nodes decreases with one.

For the proof of the fourth property, suppose that g has two normal forms g; and g». Then both g; and
g2 are without double nodes and without manifestly inert 7-edges by Theorem 4.2.4. From the second item
of thistheoremand g —* @1, 9 —* 02, we have g« ,i01 and g« 02 and since rooted branching tail
bisimilarity isan equivalencerelation aso g; < 1:92. From the Normal Form Theorem (Theorem 3.4.6) we
obtain g1 >~ Q.

4.3 Correspondence between G+ and BPA 4T

Asad ready announced we need to show that the mapping termo graph isan identity modul o derivability. For
basic terms thisturns out to be easy. The extension of thisresult to closed termsin generd is based on the
observation that for every axiom used in the Elimination Theorem the graphs corresponding to the | eft-hand
side and the right-hand side are isomorphic, and hence the corresponding terms are derivably egual.

Proposition 4.3.1 Letg = (N, E,r, |, ID) ands € N. Thens € ID iff term((g)s) = 5.
Proposition 4.3.2 I1f g, h € G" and g ~ h, then A1, A2 |- term(g) = term(h).

Proposition 4.3.3 For closed BPAgtt terms p and g, we have

1. if p € B(BPA4tT), then A1LA2,DRT4,DRT5 + term(graph(p)) = p;
2. if A1,A2,A4,A5A6ID,A7ID,DRT1-DRT3,DRTS D, F p = q,thengraph(p) >~ graph(q).
DCSI1-DC##,DCYD,ARTSDRTI1-DRTI5,DRTIID,DCSTI
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Theorem 4.3.4 For closed BPAGtt-terms p we have

A1,A2,A4,A5,A61D,A71D,DRT1-DRT3,DRTSD,DCS1-DCHA,DCSD,  term(graph(p)) = p.
ARTSDRTI1-DRTI5,DRTIID,DCSTI

Proof. By the Elimination Theorem we have the existence of abasic term q such that

A1,A2,A4,A5A61D,A7ID,DRT1-DRT3,DRTSID, Fp=aq.
DCS1-DCHA,DCSID,ARTS,DRTI1-DRTI5,DRTIID,DCSTI

Then we obtain from Proposition 4.3.3.2 that graph(p) >~ graph(qg). Then, by Proposition 4.3.2, we have
Al, A2 + term(graph(p)) = term(graph(q)). By Proposition4.3.3.1 we aso have A1,A2,DRT4,DRT5 I~
term(graph(q)) = g. So,

A1A2A4A5A6ID,A7ID,DRT1-DRT3DRTSID, term(graph(p)) = term(graph(q)) = q = p.
DCS1-DC$4,DCSID,ARTS,DRTI1-DRTI5,DRTIID,DCSTI

4.4 Everyrewrite step correspondsto a proof step

Proposition 4.4.1 Let (r, s) be a pair of double nodes in a process graph g. Then we have Al, A2 +
term((g)r) = term((g)s)-

Proof.  Thisproposition followsimmediately from Proposition 4.2.2 and Proposition 4.3.2.

Proposition 4.4.2 Letr - sbeamanifestlyinert r-edgein a process graph g. Let x be a closed BPA,T-
term. Then

1. BPAG T = X - org(term((g)r)) = X - org (term((9)s));
2. BPAgt F X Grr; (ore (term((Q)r)) + vra(Y)) = X - Grr; (ore (term((9)s)) + vra (Y))-

Proof. We will only give the proof for the second property. The proof for the first property issimilar
(though easier). Sincer —> s, we have —ID(r), and hence —ID(s). Then we have by Proposition4.3.1 that
term((g)s) # & and therefore by Proposition 2.1.7, we have term((g)s) = term((g)s) + cts(8). Two cases
can bedistinguished: (1) r doesnot haveao-loop, or (2) r doeshave ac-loop. We only show the derivation
for thesecond case. Thenterm((9),) = o5 (cts(7) - term((9)s) + q) and term((g)s) = o,5(p+ ) for some
basic terms p and q such that neither p nor q hasao-summand. Then

BFAdrt‘L' =

- 074 (0ra (term((Q)r ) + vrat (Y))

- 07 (orel (0,4 (CS(T) - term((Q)s) + ) + vre(Y))

- 07q (Orel (05 (CtS(T) - 074 (P4 Q) + Q) + vrat(Y))

- 0,4 (0rel (07 (CS(T) - 07 (P + 0 + CtS(8)) + Q) + vrei (Y))
- 0,4 (0ret (07 (P + g + CtS(8))) + vrai(Y))

- 074 (0re (074 (P + Q) + vret (Y))

: Grr; (orei (term((9)s)) + vrel (Y))-

Il
X X X X X X X

Theorem 4.4.3 If g — h, then BPAyt  term(g) = term(h).

Proof.  Supposethat g — h. Thismust be dueto either the sharing of apair of double nodes, or the con-
traction of amanifestly inert r-edge. Each of these two rewritingsin turnisbuilt up from more elementary
rewritings. These are the remova of an unreachable node, the replacement of an edge by another one, or
theremoval of an edge. With respect to the removal of unreachable parts of process graphswe have that the
original graph and the resulting graph are isomorphic since unreachable nodes are not taken into account.
For the sharing of a pair of double nodes (r, s) or the contraction of a manifestly inert r-edger —> s the
following cases can be distinguished: (1) r has noincoming edges, (2) r doeshave an incoming edget S
and s does not have an incoming edget —> s, or (3) r has anincoming edget — r and s has an incoming

edget - s. For double nodes we givethe derivationsfor the second case and for manifestly inert r-edges
we give the derivationsfor the third case:
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e Let (r, s) beapair of double nodesin g such that r has an incoming edge t 5 r and such that s
does not have an incoming edge t 5 s Inthecasethatu € A,, we have that for some basic term
p: if t does not have ao-loop, thenterm((g);) = cts(u) - term((g);) + p and term((h);) = cts(u) -
term((h)s) + p, or, if t does have a o-loop, then term((g);) = o, (cts(u) - term((g),) + p) and
term((h);) = o5 (cts(u) - term((h)s) + p). Furthermore we have by construction that (g)s =~ (h)s,
and therefore by Proposition 4.3.2, Al, A2 + term((g)s) = term((h)s). Since (r, s) isa pair of
double nodes we have from Proposition 4.4.1 that A1, A2 + term((g);) = term((g)s). Combining
these gives us, in the case that t does not have ao-loop:

BPAgtt

T

term((9)t)
cts(u) - term((g)r) + p
cts(u) - term((9)s) + p
cts(u) - term((h)s) + p
term((h)y),

and in the other case:

BPAgtt term((9)t)
0y (Cts(u) - term((g)r) + p)
0,5 (cts(u) - term((Q)s) + P)
oq(cts(u) - term((h)s) + p)
term((h)y).

If, ontheother hand u = o, thenwe havethat for somebasicterm p: term((Q);) = ove (term((g);)) +
p and term((h);) = o (term((h)s)) + p. Please note that t cannot have a o-loop since every node
may have a most one outgoing o-edge. We have, by construction, (g)s >~ (h)s, and therefore by
Proposition 4.3.2 also Al, A2  term((g)s) = term((h)s). Findly, since (r, s) isapair of double
nodes we have by Proposition4.4.1 that A1, A2  term((g);) = term((g)s). Combining these gives
us:

I T T [

T

BPAgnt term((9)r)

orel (term((@)r)) + P
orel (term((@)s)) + p
ora (term((h)s)) + p

term((h)o).

e Letr > sbeamanifestly inert r-edgein g such that r hasan incoming edget —> r and such that s
also has anincoming edge t 4 s. Then, sincet cannot have two outgoing o -edges, wehaveu € A, .
Two cases are distinguished: t does not have ac-loop and t does have ao-loop. First, supposethat t
doesnot have ac-loop. Then, we havethat for somebasicterm p: term((g);) = cts(u) - term((g)r ) +
cts(u)-term((g)s)+ p and term((h);) = cts(u)-term((h)s)+ p. Furthermore, we have by construction
that (g)s >~ (h)s, and therefore by Proposition 4.3.2 that A1, A2 - term((g)s) = term((h)s). Since
r - sisamanifestly inert -edge, we have by Proposition4.4.2 that BPAqt F cts(u)-term((g),) =
cts(u) - term((g)s). Combining these gives us:

BPAgtT

T

term((9)t)

cts(u) - term((g)r ) + cts(u) - term((g)s) + p
cts(u) - term((g)s) + cts(u) - term((Q)s) + p
cts(u) - term((9)s) + p

cts(u) - term((h)s) + p

term((h)y).

Second, supposethat t does have ao-loop. Then, we have that for some basic term p: term((g);) =
oy (cts(u) - term((g)r ) + cts(u) - term((9)s) + p) and term((h);) = o/ (cts(u) - term((h)s) + p). Fur-
thermore, we have by constructionthat (g)s >~ (h)s, and therefore by Proposition4.3.2that Al, A2 +
term((g)s) = term((h)s). Sincer = sisamanifestly inert r-edge, we have by Proposition4.4.2 that
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BPAgtT F cts(u) - term((g)r) = cts(u) - term((g)s). Combining these gives us:

BPAgtr = term((g)t)

o5 (cts(u) - term((g)r) + cts(u) - term((g)s) + p)
o5 (cts(u) - term((Q)s) + cts(u) - term((Q)s) + P)
o (cts(u) - term((g)s) + p)

= oy(cts(u) - term((h)s) + p)

term((h)y).

Theorem 4.4.4 (Completeness) BPAyit isacomplete axiomatizationof rooted branching tail bisimilarity
on process graphs.

Proof. Let p and q be arbitrary closed BPA 4t terms. Suppose that graph(p) < migraph(q). Then we
must provethat BPA4tt = p = g. Let g and h be the unique normal formswith respect to — of graph(p)
and graph(q) respectively. Then, by Theorem 4.2.6, we find g< i graph( p) < migraph(q) < mih. By The-
orem 4.2.4 it follows that g and h must be in normal form in the sense of Section 3.4. Then, by Theo-
rem 3.4.6, we have g ~ h. Thus, by Proposition 4.3.2, we have BPAyt + term(g) = term(h). Also, by
Theorem 4.3.4, we have BPAyt = p = term(graph(p)) and BPA4t + term(graph(q)) = g. By The-
orem 4.4.3, we have BPAyt + term(graph(p)) = term(g) and BPAy¢t F term(h) = term(graph(q)).
Combining these gives us BPAgt - p = term(graph(p)) = term(g) = term(h) = term(graph(q)) = g.

5 Additional Operators

In this section we will consider some extensions of BPAytt. First a simple notion of time free projection
will be introduced. This operator is useful when relating a specification without timing information to a
specification with timing information. Also, an operator for parallel composition with communication is
defined.

5.1 TimeAbstraction

We have embedded the time free theory into the discrete time theory. We call a process time free if it can
be generated from the constants ats(a), ats(s), ats(r) and the operators +, -. In this section, we define an
operator that throwsaway al timinginformation, so that theimage of adiscretetimeclosed termwill aways
be atime free term. This operator is called time abstraction or time free projection, and is denoted by 7y
(see [13]). We present axioms in Table 6, operationa rulesin Table 7. All axiomsin Table 6 are sound
with respect to strong and rooted branching tail bisimulation on the term model. From these axioms one
can easily derive i (ats(a)) = ats(a).

i (8) = ats(s) (X 4 Y) = 7 (X) + 7 (y)
m(cts@) = ats(@)  w(X - y) = 7 (X) - 7w (y)
it (orel (X)) = mr(X) 7 (07 (X)) = m (X)

Table 6: Axiomsfor time abstraction (a € A;s).

5.2 Mergewith Communication

The extension of thetheory BPAy¢t with parallel composition, with or without communi cation, can be done
along the lines of [4]. We present the extension with parallel composition with communication. In fact the
axioms presented in this paper are almost identical to those presented in [4]. The only differences are that
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a _, a
X = X X = 4/ o
i (X) — 7 (X)

a a
i (X) = me(X) i (X) =/
a a
X > X, w5 (X') = X" X5 X, m(X) > /
a a
g (X) — X7 i (X) > /

Table 7: Operationa rulesfor time abstraction (a € A;).

some minor mistakes are corrected (see [24]). The additional syntax has binary operators || (merge), |

(left merge), and | (communication merge) and unary operators dy (encapsulation, for H € A), and

(abstraction, for | € A). We present axioms for ACPy¢t in Table 8 and Table 9. The operational rules are
exactly thosegivenin[4] and are thereforeomitted. We assume given apartial, commutativeand associative
communication functiony : Ax A— A

Xly=xLy+ylLx+x|y cts(a) | cts(b) = cts(y (a, b)) if defined
X[Ld=34 cts(a) | cts(b) = cts(§) otherwise

SILx=9§ cts(a) | cts(b) - x = (cts(a) | cts(b)) - X
X+yYllz=xlz+yl z cts(a) - x | cts(b) = (cts(a) | cts(b)) - x

cts(a) | (X +cts(§)) = cts(@) - (x + cts(s)) cts(@) - x | cts(b) - y = (cts(@) | cts(b)) - (X || y)
cts(@) - X L (y + cts(d)) = cts(a) - (x| (y+cts(8))) (X+y) |z=x[z+y|z

ored(X) |l (orei(¥) + vret(2)) = ore(X L Y) X[ (Y+2)=Xx|y+Xx]|z

X[8=34 ora (X) | (vrat(2) + CtS(8)) = cts(d)

§x=346 (vrei (Y) + Cts(8)) | orel(2) = Cts(8)

ore(X) | o1l (Z) = ore (X | Y)

Table 8: Axiomsfor paralel compositionin ACPyt (a € A,).

M) =4 7)) =4

on (cts(a)) = cts(a) ifagH 1/(cts(@)) = cts(a) ifagl
on (cts(a)) = cts(8) ifaeH 1(cts(a)) = cts(t) ifael
OH(X+Y) =0 (X) + on(y) T(X+Y) =1X + 7y

OH(X-Y) = (X) - I (Y) nX-y) =X -7y

OH (0rel (X)) = 07e (3K (X)) 71 (0rel (X)) = orel (T1 (X))

Table 9: Axioms for renaming operatorsin ACPyt (a € A;).

Proposition 5.2.1 We mention the following identitieswhich are useful in the cal culationsto come:

. ord(X) || ored (Y) = ora (X || Y);

cats@) - x |l Ly]? =ats@) - (X || Ly]?);

. as(@) - X || ore(y) = cts(@) - (X || orel (¥));

. ats(@) - X || ore () = cts(@) - (X || orel (¥));

. ats@) - x || cts(b) - y=cts(a) - (x || cts(b) - y);

apbrhowWwNPE
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ats(a) | ats(b) = ats(c) if y (a, b) = ¢, and ats(a) | ats(b) = ats(§) otherwise;
ats@) - x | ats(b) - y = (ats(a) | ats(b)) - (x || y);

ats(@) - x | cts(b) - y = (cts(a) | cts(b)) - (X || Y);

oy (ats(a)) = ats(a) if a ¢ H, and 9y (ats(a)) = ats(§) ifa € H;

7 (ats(a)) = ats(a) ifa € |, and 7, (ats(a)) = ats(r) ifa e I.

CLOoNO®

1

Proposition 5.2.2 The following identity, useful in verifications, can be proved for all closed terms x,y:

cts(@) - (cts(t) - (X + cts(§)) || (y + cts(8))) = cts(a) - ((X 4 cts(6)) || (y + cts(8))).

5.3 Some Simple Calculations: Communicating Buffers

In this section, we give some simple ca culationsin order to illustratethe use of our discrete timetheory. In
the setting with unbounded start delay instead of time iteration these calculations can be found in [5]. We
keep formulas compact by writing a instead of cts(a) and a instead of ats(a) (thisisin line with notation
used in 2, 13]). a

The communication format follows the so-called standard communication function. Suppose we have
given two finite sets, the set of messages or data D, and the set of ports P. Foreachd € D andi € P,
we have atomic actionsr; (d), s (d), ¢; (d) (denoting receive, send and communicated aongi) and theonly
defined communicationsare y (ri (d), s (d)) = vy (s(d), ri (d)) = ¢ (d). Intimefree process algebra, there
isthe following standard specification of a one-item buffer with input porti and output port j:

Bl = Zri (d) - s;(d) - B

deD

A straightforward calculation (see e.g. [7], page 106) shows that the composition of two such buffersin
sequence gives atwo-item buffer. In the following, we consider three timed versions of this buffer. In each
case, only one input per time sliceis possible.

We can define a channel that allows oneinput in every time slice, and outputswith no delay, with input
porti and output port j by the following recursive equation:

CY=>"ri(d)-si(d) o (C)
deD —

Wesee C'l = o (v (C)) = |CY |”. With H = {ra(d), s;(d) | d € D} we can derive:

M (C].Z I C23)
= oy (C].Z “_ C23) + 04 (C23 “_ ClZ) + Oy (ClZ | C23)
= ZaH (rl(d) - 52(d) - o7 (C®?) 1L LC23J"’)

deD
+3 oy (rz(d) -s5(d) - 07 (CZ) 1L LC“J"’)
deD -
+ 3 o (@) ) - o (C) [12(0) - 3(©) - 07 (CZ))
d,eeD - -
= ) rid)- oy (%d) o1 (C¥) | c23) + Y 80 (s3(d) - ora (CZ) |l clz)
deD - deD
38 (20w (C7) | 5@ -0 (C))
d,eeD - -
= Y on@ - (04 (2@ 0w (C?) L CZ) +0n (C L () - 01w (C))
deD - -
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+ 0 (2200) - 0va (C'2) |C?)) +5

= Y n@- (§+28H (20 5@ - 01 (CP)) L 2d) - o (C)

deD eeD
+ ) ou (id)ﬁrel (C) Ir2(8) - 53(8) - 01 (Czs)))
ecD - T
= Y- (8+8+ @ - i (0 (C7) | 2@ - 0w (C7)))
deD T
= > r@-c(d) - s3(d) - 9 (o1 (C™) Il o (C))
deD -
= D _n@ - e s o (@ (C 1 €7))).
deD -

Next, weput | = {co(d) | d € D} and obtain the following recursive equation:

7] 0 OH (C12 [ C23) = Zrl(d) +53(d) - orer (71 © O (Cl2 [ Czs)).
deb —

We see that the composition behaves again as a no-delay channel, with input port 1 and output port 3.
It isinteresting to see what happensif we change the previous specification slightly. Consider

D = Zri (d) - ora (sj () - D”).

deD

This specification describes a buffer with capacity oneand delay between input and output of onetime unit.
The composition 9 (D*2 || D) (with H asabove) satisfies the following recursive specification:

X = > nd-ow () X
deD —
Xg = Y@ o (sd) 0 - Xe
eeD
+ o1g (sB(d) X+ Y 11(® - 55) 0w (20) xe) (ford € D).
- eeD

Hiding theinternal communications, we obtain

N0 = T nd e @),
eD

1 (Xa) = X r® o (s@) T (Xe)
eeD —

+ oa (Ss(d) -7 (X) + Y- ru(e) - s3(d) - ovel (7 (Xe))) .

eeD

The composition denotes a buffer with capacity two and delay of two time units. Now, we apply the time
abstraction operator, and obtain the foll owing specification:

ot (X) = dZ ri(d) - mg o 7y (Xq) ,
eD
mroT (Xg) =s(d)-mror (X)+ > ri(® -ss(d) - ot (Xe).

eeD

Thisisexactly the result of the time free cal culation on page 106 of [7] (after abstraction). We find that the
following remarkabl e equation holdsfor the buffers D', but not for the other variants of bufferswe discuss:

an (g (D) || ¢ (D®)) = 7 0 9y (D™ || DZ).
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Finally, we drop the restriction in the previous specification that output must occur before the next input.
We obtain the following specification:

Ell = Zri ) - org (s,» @) | E”).

deD

Now, the composition satisfies the following recursive specification:

YO = Y i) o (YD),
deD
Yi o= cad) - Y2+ D i@ - ca(d) - ora (Vo) (ford € D),
— eeD—— ——
Y; = o (Ss(d) Y04 3 ri(e) - s3(d) - oy (Yel)) + Y r(e-ow(Ys)  (forde D),
_— eecD E— ecD

Vi = 2@ Y +cO-(a@ ¥+ T r1<f)~sQ<d)-ard(Y§f))
— — eD —

+ X nd). (2@ I 5@) 0w (¥3)  (ford,ec D).

After abstraction, we obtain the following specification for Z° = 7, (Y°):

2° =Y n - ow(2d),
deD

Zi =ow (Ss(d) 2%+ 3" r1(8) - s3(d) - oy (Zé)) + Y ri(e) o (Z5) (ford € D),

eeD eecD

25, =sd)-Zi+ Y ri(f)-ss(d) - ore (Zﬁf) (ford, e € D).
I feD e

Again, thedelay between input and output istwo time units, but now, it is possible that three data €l ements
are present in the system at the same time.

6 Absoluteand Parametric Timing

6.1 Discrete Time Process Algebrawith Absolute Timing

We present a version of the theory in the previous section using absolute timing, where dl timingis related
to aglobal clock.

We start with constants fts(a), denoting a in the first time dice (a € Ay.;), followed by immediate
termination. Besides, we have operators +, - as before. In addition, we have the absolute discrete time
unit delay oaps, that increments dl timing in its scope. Thus, ogs(fts(a@)) denotes a in the second time
dice. In the axioms we use the absolute value operator | |. This operator turns out to be the identity for
all processes using absolute timing only: it initializesa processin thefirst time dice. Notethat intheterm
oas(fts(a)) - fts(8), after execution of thea indice 2, an immediate deadlock will occur. Thistermisdiffer-
ent from ops(fts(a) - fts(8)), where after the execution of a in dice 2, further activity in thisdice can take
place (of aparallel process). We concludethat in the absol ute time theory, theimmediate deadlock constant
Sis necessary. The axiomatization of BPA 43 addsthe axioms of Table 10 to theaxioms A1-5, A6ID, A7ID
(see Table 1).

The extension with delayable actionsis similar to therelative time case. Here, we see alarge advantage
of thetimeiteration operator over the unbounded start delay operator.

Again, we can find BPA} as an SRM specification by using the interpretation of a as atstau(a). The
extension with parallel composition can be found a ong the same linesas for the rel ativetime case (see [6]).
The principle RSP(DAT) can be used to prove identitiesfor o} .

Yy=X+oms(y) = Y=o03X)  RSPDAT).
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Oabs(X) + Tabs(Y) = oaps(X + Y) Vaps(8) = 8

Oabs(X) - 8 = Oaps(X - 8) vaps(fts(@)) = fts(a)

Oabs(X) * Waps(Y) +2) = 0aps(X) - Z  Vaps(X 4 Y) = Vaps(X) + Vans(Y)
oaps(X) - oaps(Y) = oaps(X - |Y]) Vaps(X + Y) = Vaps(X) - Y

fts(8) - x = fts() Vaps(Taps(X)) = fts(8)

Oas(8) = fts(8) 18] =6

fts(@) + fts(s) = fts(a) Ifts(a)| = fts(a)

Oaps(X) + ftS(8) = oans(X) X+ Yyl = [X] + 1Yl

Oips(X) = X + Tans(03,4(X)) X-yl=IX]-y

ats(a) = oy(fts(@)) |oabs(X) | = oabs(IX[)

Table 10: Axiomsof BPAyx: (a € A,).

The operationa rules are more complicated in this case, as we have to keep track of which time dice we
arein, we have to keep track of the global clock. The pair (X, n) denotes x inthe (n 4+ 1)st timesdlice. The
operational rulesfor the absol ute val ue operator aretrivial. For the operational rulesfor the constants fts(a)
(a e A;) and § and the operators +, -, oaps We refer to [6]. Operational rulesfor vaps, 0, ats(@) (a € Ac)
are presented in Table 11.

(x,0) > (x',0) (x,0) > (,/,0) ID((x, 0))
(Vabs(X), 0) > (X', 0) (Vabs(X), 0) > (/. 0) ID((vaps(X), 0))

ID((vaps(X), N4+1)) (ats(a), n) 2 (W, Ny (ats(a), n) 5 (ats(a), n+1) (ats(8), n) — (ats(8), n+1)

(x,n) > (x', n') x,n) > (/,n)

a a *S ) % *S B 1
0N +R B (T K a0tk S (gl st = a0, N+

Table 11: Operational rulesfor BPA4g (a € A,).

We also haveto adapt the definition of bisimulation. A strong bisimulationrelationisasymmetric binary
relation Ron P x INsuchthat (u € A,,,a € A,):

1. if R({(s, n), (g, n)),thenn =n"and if ID((s, n)), then ID((s’, n});

2. if R((s, n), (t, n)) and (s, n) — (S, '), then thereisaterm t’ such that (t, n) — (t’, n’) and
R((s’, n'), (', n")); A A

3. if R({s, ny, (t, n)) and (s, n) — (,/, n), then (t, n) = (\/, n).

We say process expressions X and y are strongly (tail) bisimilar, denoted x <y, if there exists a strong
bisimulationrelation with R({x, 0), (y, 0)). A branchingtail bisimulationrelationisabinary relation R on
P x INsuchthat (u € A, ae A):

1. if R((s, n), (s, n’)), thenn = n"and if ID((s, n)), then ID({(5', n));

2. if R({s, n), (t, n)) and (s, n) 5 (8, n’), then there are terms t*, t’ such that (t, n) = (t*, n) Y
{t',n’) and R({s, n), (t*, n)), R((s', n'), {t’, n'));

3. if R((s, n), (t, n)) and (s, n) > (,/, ), thenthereisatermt’ such that (t, ) = (t’,n) > (,/, n)
and R({s, n), (t’, n)).
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We say process expressions x and y are branching tail bisimilar, denoted x <Y, if there exists a branch-
ing tail bisimulation relation with R((x, 0), (y, 0)). Process expressions X and y are rooted branching tail
bisimilar, denoted X <1 v, if there exists abranching tail bisimulationrelation with R({x, 0), {y, 0)), that
isstrong for al pairsthat can be reached from (x, 0), (y, O) by just performing time steps.

Axioms for the silent step are comparable to the ones for relative time. The model of closed process
expressions modul o rooted branching tail bisimilarity satisfies the axiomsin Table 12.

- (fts(7) - (Vaps(Y) + 2+ ftS(8)) + vabs(Y)) = X - (Vaps(Y) + 2+ fts(8))

- (fts(z) - (Vaps(Y) + 2+ ftS(8)) +2) = X - (Vas(Y) + Z + fts(8))

+ (oas(ftS(7) - (Y + ftS(8))) + vavs(2)) = X - (Cavs(y + ftS(8)) + vans(2))

+ 0 s (ftS(T) - 03, (Vabs(Y) + Vabs(2) + ftS(8)) + vabs(Y)) = X - 04, (Vabs(Y) + vaps(2) + fts(8))

X X X X

Table 12: Axiomsfor BPAgt.

6.2 Parametric Time

In this section we integrate the absolute time and the relative time approach. All axioms presented in the
previous sections are still valid for al parametric time processes. We obtain a finite axiomatization, that
allows an elimination theorem. As aconsequence, we can expand expressionslikects(a) || fts(b), cts(a) ||
(fts(b) + ats(s)).

Wefollow [6], whereweintroduced the operators ©, the (rel ative) time spectrum combinator, and ., the
spectrum tail operator. The absol ute value operator can also be called the spectrum head operator. P © Q
isaprocess that, when initidized in the first time dlice, behaves as | P|; when initializedin dicen + 1its
behaviour isdetermined by Q asfollows: initializein slice n thereafter apply oans. The process p(X) com-
putesaprocesssuchthat X = | X|®u(X). For aparametric discretetime process we have thetimespectrum
sequence | X|, |u(X)], |u2(X)|, - - - . For each infinitesequence (P,)nein ONEMay imagine aprocess P with
|u"(P)| = P, though not all such P can befinitely expressed.

The theory BPA g unitesthe theoriesBPA 4 and BPA 44 together with the additional axiomsin Table 13.
We extend with delayable actions, to BPAyy, as indicated in [6]. We can define:

cts(a)| = fts(a) n@d) =34

lovet )| = oaps(|L (X)) u(cts(@)) = cts(a)

[vrel (X)| = vaps(1X]) X +y) = uX) + uy)
Oaps(X) = oaps(|X|) wX - y) = u(x) - uly)
Vabs(X) = vabs(|X|) u(ore (X)) = ore ((X))

p(vrel (X)) = vrel (11(X))
p(fts@) =6

X Oyl =IX]| p(oaps(X)) = |X|
uxXoy =y m(Vaps(X)) =4
X = |X| © u(X) oaps(X) - Y = oaps(X - u(y))

Table 13: Additional axioms of BPAyy (a € A;).

o X isan absolute time process iff BPAgy - x = |X|;
o X isan relativetime process iff BPAgy - X = ().

Each BPA gt process expression can be written in the form

X=X O rX)]0... |1"(X)| @ u™(X).
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One can reduce each |1."(X)| to a BPAgg-term and if n issufficiently large, we can write ;"1 (X) without
any oas Or fts(a), so it will be in the relative time signature. We call (| X[, [1(X)], |[#2(X)], ...) thetime
spectrum expansion sequence (TSS) of X. Note that we obtain the following spectrum expansion for the
Vrg Operator:

Vrel (X) = Vans(X) O vrel (1 (X)).

For further details, we refer to [6]. Now the axiomsintroduced for silent stepsin relative and absolutetime
arevalidin parametric timeas well.

7 Concluding Remarks

We presented axiomsfor discrete time process a gebrawith silent step in branching bisimul ation semantics.
A small difference with previously published work isthat we use time iteration instead of unbounded start
delay and that the conditional axiom for silent step isreplaced by an unconditional one. For thefirst version,
rel ative discrete time process a gebra, we have given soundness and compl eteness resultswith respect to the
term model and the graph model (exploitingtheisomorphy of thosetwo structures). Fromthiscompleteness
result we can conclude that the principle RSP(DRT) that is used for deriving equalities concerning time
iteration can be replaced by axioms.

We have given several embeddings of thetimefreetheoriesBPA; and BPA; inthe discrete timetheories
BPAyt and BPAy T respectively.

The extension of the relative discrete time theories with additional operators such as time abstraction,
merge with communi cation, encapsulation and abstraction follows dong the same lines as in the time free
theory. Some cal culations regarding communicating buffers illustrate the use of the relative discrete time
theory.

Finaly, an outlineis given for defining absolute and parametric time versions of discrete time process
algebra.

Aninteresting topicfor future research is obtai ning soundness and compl eteness resultsfor the absol ute
and parametric time process agebras as presented in this paper. The authors expect that, at least for the
absolutetime version, asimilar approach should give these results. With respect to parametric time process
algebraalot of work has to be done. We have reasons to believe that the theory is sound, but a major open
guestion is whether the theory is complete. Also issuesrelating to the applicability of the theory haveto be
investigated.
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