I! ! { technische universiteit eindhoven

Structural Congruences
may harm Congruence!

Mohammad Mousavi and Michel Reniers
Department of Computer Science,

Eindhoven University of Technology

OAS Colloquium, October 2004,
TU/e, Eindhoven

/ department of mathematics and computer science 1/38



I! ! { technische universiteit eindhoven

Overview
— SOS: A Brief Tour
2. Structural Congruences
3. SCs and SOS: Congruence
4. SCs and SOS: Well-Definedness

5. Conclusion

/ department of mathematics and computer science 2/38



technische universiteit eindhoven

Guess the transition relation

/ department of mathematics and computer science 3/38



technische universiteit eindhoven

Guess the transition relation

{aga,bgb}

/ department of mathematics and computer science 3/38



technische universiteit eindhoven

Guess the transition relation

/ department of mathematics and computer science 4/38



technische universiteit eindhoven

Guess the transition relation

/ department of mathematics and computer science 4/38



technische universiteit eindhoven

Guess the transition relation

/ department of mathematics and computer science 5/38



technische universiteit eindhoven

Guess the transition relation

4

/ department of mathematics and computer science 5/38



technische universiteit eindhoven

Guess the transition relation

/ department of mathematics and computer science 6/38



technische universiteit eindhoven

Guess the transition relation

/ department of mathematics and computer science 6/38



technische universiteit eindhoven

Provable Transitions

A TSS (transition system specification)

" [ :
proves a transition p — ¢, if and only if

there is an upwardly branching tree with finite depth

of which the root is p N q,

and the nodes are provable from their ancestors

using a deduction rule in TSS.
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Stable MOdel [Bol&Grooteg6][vanGlabbeeko 4]

A set of formulae S is a stable model of TSS if and only if

forallp#q €S,
there is an upwardly branching tree with finite depth

of which the root is p 4 ¢, and

1. if the node is labelled with a positive formula, then
it is provable from its ancestors
using a deduction rule in TSS;

2. if the node is labelled

. : 4
with a negative formula p’ - , then

there is no ¢ such that p’ 4 qg € S.
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Structural Congruences: A Motivating Example
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SCs: A Motivating Example
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SCs: The Meaning of =

The set of equations ¢ = ¢’ induces a relation =, on closed terms.

P =, q iff one of the following holds:

0. p=¢q
P =, q is a closed instantiation of an equation t = t’;

qd =sc Ds
D= T and r =sc 4

- D= f(p07 s 7pm’(f)—1)7 q = f(qm SR QCLT(f)—1> and
Pi =sc qi <O S i S n)
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SCs: A Motivating Example

l
To—Y

l
zo || 1 —y || 21

/ department of mathematics and computer science 16/38



technische universiteit eindhoven

SCs: Stable Model (extended)

A set of formulae S is a stable model of TSS if and only if

forallp#q €S,
there is an upwardly branching tree with finite depth

of which the root is p 4 ¢, and

1. if the node is labelled with a positive formula, then
it is provable from their ancestors using a deduction rule in TSS;

2. if the node is labelled with a negative formula p’ L ,

then there is no ¢’ such that p/ 5 qg es.

3. if the node is labelled with a structural congruence p = ¢, then
it holds that p =, q.
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Bisimilarity
Relation R on closed terms is a bisimulation relation iff for all (p, q) € R:

LYp—p = 3a—d A (P.q) €R;
2. Vl,q/q—l>q’ = Elp/p—l>p’ N (p,q¢) €R.

p and q are bisimilar, denoted by p < ¢, iff there exists a bisimulation rela-
tion, relating p and q.
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Congruence

Relation R on terms is a congruence iff for all arbitrary operators f:

i vOSKW(f)vpi,qz' (pia %) € R=
(f(p07 S 7pa7"(f)—1>7 f(q07 <. 7Qar(f)—1)) € R.
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Congruence Formats
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Congruence Formats

I
f(xo, .o, Tar(p)—1) —

Theorem [Groote&Vaandragergz2]:

If a TSS comprises of deduction rules in tyft format,

then bisimilarity with respect to its induced transition relation
is a congruence.
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SCs: Congruence

a—a b—

/ department of mathematics and computer science 23/38



technische universiteit eindhoven

SCs: Congruence

/ department of mathematics and computer science 23/38



technische universiteit eindhoven

SCs: Congruence

/ department of mathematics and computer science 23/38



technische universiteit eindhoven

Congruence Format for SCs (CFSC)

if f is a fresh function symbol.

Theorem [Mousavi&Renierso4]:

If a TSS comprises of deduction rules in tyft format,

and structural congruences are in CFSC (with respect to the TSS)
then bisimilarity with respect to its induced transition relation

1S a congruence.
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SCS: A MOtiV&ting Example (revisited)
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Guess the transition relation gevisiteq)

{a b, a}t? or {b b, b}?
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Stl’atiﬁcation [Grooteg3] (simplified)

A function § is a stratification for a TSS in ntyft format if
for all rules:

{t:iSyliely {t;h|jeJ}
f(@) St

and for all closed substitutions o:

L ViiS(o(f(T)) < S(o(t)
2. VierS(o(f(T)) < Slo(t;)
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Stratification

Theorem [Bol&Grooteg6]:
If a TSS is in ntyft format and it is stratified then

it has a unique stable model

and bisimilarity with respect to this model is a congruence.
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Stl'atiﬁcation (extended and simplified)

A combination of TSS in ntyft format and SCs in CFSC format is stratified
if TSS is stratified by function S and

1. for all equations of the form f(7') = g(y)

S(o(f(T) = S(a(a(¥))

2. for all equations of the form f(z) = ¢ then

S(o(f(7))) < S(a(t))
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Stl'atiﬁcation (extended and simplified)

Theorem [Mousavi&Renierso4]:
If a combination of a TSS and SCs is stratified then

it has a unique stable model

and bisimilarity with respect to this model is a congruence.
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Conclusion

Done:

e Structural congruences may harm well-definedness of the semantics
and congruence of strong bisimilarity, if not used with care;

e Syntactic criteria for making them safe were propose;

e Conservative (operational and equational) extensions of semantics with
structural congruences were studied (not presented).

To be done:
e Studying congruence for other notions of bisimilarity;

e Investigating structural congruences in the categorical model of
[Turi&Plotking?].
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Overview

Thank You!
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