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Abstract We study a variational model for a diblock copolymer—homopolymer blend. The
energy functional is a sharp-interface limit of a generalisation of the Ohta—Kawasaki energy.
In one dimension, on the real line and on the torus, we prove existence of minimisers of this
functional and we describe in complete detail the structure and energy of stationary points.
Furthermore we characterise the conditions under which the minimisers may be non-unique.
In higher dimensions we construct lower and upper bounds on the energy of minimisers, and
explicitly compute the energy of spherically symmetric con gurations.
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1 Introduction
1.1 Micro-phase separation

In this paper we study the functional

co/IV(u+v)|+cu/ [Vul + cu/IVvl +||u—v||i,71(RN) if (u,v) € K1,
Fi(u,v) = v N N

@)

00 otherwise,
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Fig. 1 a n-block structure on the unit toriy, with u + v = 1; b n-block structure ofiR or Ty

where the coef cients; are nonnegative (not all equal to zero) dnd

Kii={(u,v) e (BV(RN))Z:u(x),v(x) € {0,1) a.e., andiv=0 a.e.,and/u:/v

RN RN

Under the additional constraint+ v = 1, this functional is the sharp-interface limit of
a well-studied variational model for melts of diblock copolyme,§[9,12,22,29-35]. This
underlying diffuse interface model is also closely related to the functional studied]in [
Such polymers consist of two parts, labelled the U and V parts, whose volume fractions are
represented by the variablesndv. The U and V parts of the polymers repel each other, and
this repulsion leads taicro-phase separation: phase separation at a length scale comparable
to the length of a single molecule. The case studied here is known ssdhg segregation
limit [5], in which strong repulsion causes strong demixing of the constituents—hence the
restriction ofK to characteristic functions. The modeling assumption here is that stationary
points of F1 under constrained (i.e. xed) magsy u, in particular minimisers, represent the
structures formed by the polymers.

Although the various simpli cations leading 6, have obscured the connection between
this functional and single molecules, the character of the various terms is still recognisable.
The interfacial penalisation terms, i.e. the rst three terms, are what remains of the repulsion
in the strong segregation limit, and these terms favour large-scale demixing. The last term
lu — v| -1, on the other hand, penalises such large-scale separation and arises from the
chemical bond between the U and V parts of the polymer molecules.

These competing tendencies cause the functiéhpab prefer structures with a speci c
length scale, as we now illustrate with a simple example in one space dimension. For sim-
plicity we take as spatial domain the unit tofidg i.e. the sef0, 1] with periodic boundary
conditions; all global minimisers under the conditior- v = 1 then are of the form shown
in Fig. 1a.

For such structures the value of the functional is

Fl = 2n(cu + CU) + 9&127

as can be seen from the results in S8ctf we considerc, andc, to be xed, the energy
F1 is clearly minimised at a nite value of. When we study the one-dimensional case on
R without the restriction: + v = 1 in more detail, in SecB, we shall see that the energy
actually favours a speci &lock width rather than a speci ¢ number of blocks.

1 Where we do not explicitly specify the integration measure, we use the Lebesgue measure.
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1.2 Blends of co- and homopolymers

Foru+v # 1, F1 is a model folends, mixtures of diblock copolymers and homopolymers;
the homopolymer is considered to |l the space not occupied by the diblock copolymer and
has local volume fraction + u — v.

The inclusion of homopolymers into a block copolymer melt opens the possibility of
structures with two distinct length scales. The repulsion between the two blocks creates
micro-phase separation at the length scale of the polymer. At a larger length scale structures
are observed in which regions of pure homopolymer and pure copolymer alternate.

Blend systems show a tremendous wealth of behaviour. For instance, many different
types of macrodomain geometry have been observed: spiigi@6,36,37], cylinders [L9],
dumbbells 4], helices [L5], labyrinths and sponged.§,20,24], ball-of-thread 0], and
many more. In addition, the microdomains have varying orientation with respect to this
macrodomain geometry. In many cases the micro- and macrodomain geometry appear to be
coupled in ways that are not yet understood.

There is extensive literature on such blend systems, which is mostly experimental or
numerical. For the numerical experiments Wés-igeur to apply a self-consistent mean eld
theory and obtain a generalisation of the Ohta—Kawagdakirfodel (see e.gg,23,26]). Of
the resulting model the enerdy is a sharp-interface limit] 8].

At the level of mathematical analysis, however, little is known. What form do global and
local minimisers off; take? (Do they even exist? The issue of existence of global minimisers
of Fp onR is rst addressed in this paper). Does the functional indeed have a preference
for layered structures, as the numerical experiments suggest? What structure and form can
macrodomains have? Canwe observe in this simpli ed functihéhe breadth of behaviour
that is observed in experiments? All these questions are open, and in this paper we provide
some rst answers.

1.3 Results: global minimisers in one dimension under constrained mass

The rst part of the paper focuses on the one-dimensional situation.

1.3.1 Existence The existence of global minimisers under the constraint of xed mass
follows mostly from classical arguments (proof of Theorén The non-compactness of
the setR can be remedied with the cut-and-paste techniques that we introduce to study
non-unigueness.

One non-trivial issue arises when ecg.= ¢, = 0, in which case the functiond pro-
vides no control on the regularity af We obtain weak convergence irf for a minimising
sequence, and therefore a priori we can only conclude that the value set of the limit functions
is [0, 1], the convex hull of0, 1}; as a result the limitx, v) need not be an element &f.
With a detailed study of the stationarity conditionsmme show that stationary points of
F1 only assume the extremal values 0 and 1. The existence of a minimiser then follows from
standard lower semi-continuity arguments.

1.3.2 Characterisation of macrodomains In the one-dimensional situation a macrodomain
is a nite sequence of alternating U- and V-‘blocks’ or ‘layers’ as in Fif. Choksi and

Ren B] studied such macrodomains de ned on the tdfysof lengthL, but their techniques
apply unchanged to the real line also. They showed that if such a macrodomain is stationary,
then allinterior blocks have equal width, while the end blocks are thinner.
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Fig. 2 Energy per unit mass for the one-dimensional dasaccording to the calculations in Se8t5. M

is the total U-mass; for the surface tension parameters (see Ldntha valuesi,,o = 1, d,, = 0.7 and

dyo = 0.3 are chosen. The graphs belong to the following structures, as indicated in the gure as well (the
lighter coloured blocks are V-blocks, thelarker ones U-blocks):a UV and VU, » UVU, ¢ VUV, d UVUV

and VUVU, e UVUVU, f VUVUV. The circle indicates where the optimal structure changes

The exact dimensions of the blocks are fully determined by the number of blocks, the
total mass, and, in the case of the torus, the size of the domain (see Theor@mh is
instructive to minimiseFy within classes de ned by a speci ¢ choice of the sequence of
U- and V-blocks; Fig2 shows this minimal energy for different classes and different values
of the mass.

1.3.3 Characterisation of constrained minimisers We extend the results of Choksi and Ren
into a full characterisation of global minimisers, by showing that there exists a global mini-
miser with only one macrodomain, and by fully characterisingditr global minimisers
in terms of the parameters and the morphology (Theatem

This characterisation shows that non-uniqueness of minimisers can take two different
forms. The rstis the possibility that two different UV-sequences with the same mass have
the same energy, as is illustrated by the encircled intersection iR Fithis is a common
occurrence in variational problems, where a parameter change causes the global minimum
to switch from one local minimiser to another.

The second form of non-uniqueness is related to the fact, which we prove in3S%ct.
that two separate macrodomains can be translated towards each other and joined together
without increasing the energy. In fact, in many cases the energy strictly decreases, and it
is this possibility of strict decrease that allows us to rule out many cases. This leaves us
with a set of conditions for the case of unchanged energy that must be ful lled when a non-
unique global minimiser contains more than one macrodomain (see Thépréhis type of
non-uniqueness is speci ¢ for the problem at hand, and produces not a discrete set of mini-
misers but a continuum, parametrised by the spacing between the macrodomains.

Although the focus of this paper lies on the unbounded donfaiasdR”, we make a
brief excursion to extend the characterisation of global minimisers to the case of the torus
Ty with lengthL (Theoremb).
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2 1 6 8 M
Fig. 3 Energy per unit mass for the one-dimensional case, according to the calculations i&.Séedt.is

the total U-mass; for the parameters the valgs= 1, d,,, = 0.6 andd, g = 0.4 are chosen. All the graphs
belong to a VUVU...Vr-monolayer structure, wherg/2 increases from ﬂ({ft) to 20 (righr) with step size

1. Also drawn are thedgshed) lower bound 20), and the asymptote‘Z 33 d,fv ~ 1.17446

1.3.4 A lower bound Figur@ and more clearly Fig3 illustrate that as the imposed mass
increases the number of blocks of the global minimiser(s) also increases. IBSest
calculate values of the energy for various global minimisers, and show that the thickness of
the internal layers approaches the optimal spacing of

2mg = 61/3(Cu + Cv)l/sa

for M — oo while the width of the end layers converges to half this value (Rediark
As a corollary we obtain an explicit and sharp lower bound for the energyR on
(Theoremb):

1/3
F1(u, v) > 2(co + min(cy, ¢y)) + (E) (cu + Cu)2/3/ @)
R

The fact that the lower bound is sharp is significant. For instance, the af ne dependence
of the right-hand side on the mags: implies that the minimal energy per unit of mass,
Fi(u,v) ([ u)*l, is generically not attained atany nite mass, butonly in the lifnit — oco.

The word ‘generic’ refers here to the assumption @t min(c,, ¢,) > 0, and the
alternative casey = ¢, = 0 (orcg = ¢, = 0) is fundamentally different. In this latter case
macrodomains can be split and joined without changing the energy.

The characterisation of global minimisers also allows us to establish an asymptotically
sharp upper bound (Theoresjt

M— o0 2

0\ 1/3
lim inf [Mlel(u, v) : (u,v) € Kq, /u = M] = (7) (cu +cv)2/3. 3)
In the limit M — oo, the bound ) coincides with ).
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1.4 Results: higher dimensions

1.4.1 Energy bounds A common strategy in the study of pattern-forming systems is not
to make anyAnsdrze about the morphology but to search feeaker characterisations of
behaviour. As an example of this in the eld of block copolymers, Choksi proves that for
pure diblock melts the energy is bounded from below by a lower bound with a certain scaling
in terms of the physical parameters—without making any a priori assumptions on the mor-
phology [B]. This scaling is shared by periodic lamellar structures with a speci ¢ lamellar
separation.

For the case at hand, the one-dimensional analysis provides both a lower and an upper
bound on the energy in one dimension. Weakening the lower bd)rid (

9\ 1/3
Fi(u,v) > (E) (cu +cv)2/3/u, 4

one might conjecture that the lower bourditfolds inR”Y , again without making any a priori
assumption on the morphology. However, we have no proof of this conjecture, and in fact,
results on mono- and bilayer stability (see Séct.2 suggest that such a conjecture may
only hold for certain choices of the parameters. In Séete instead prove a lower bound
which is also linear in mass, but has a smaller constant (Thedyem

The explicit construction used to prove the upper bowB)ds(ggests a natural strategy
for proving a similar upper bound iR”. In Sects4.2 and4.3we extend one-dimensional
minimisers as lamellar structuresid’, and prove the same upper bou i RY. Here
the main step in the proof is the estimation that ‘boundary effects’ as a result of the cutoff to
nite mass are of lower order.

In Sect.4.3we use the same idea to calculate the energy values of some structures with
spherical geometry: either solid spheres of one phase (U or V) surrounded by a spherical layer
of the other phaserficelles), or ring-shaped layered structures. In both cases the asymptotic
energy exceeds that given by the upper bow)d idicating that they can not be global
minimisers inRV .

1.4.2 Monolayer and bilayer stability in periodic strips  In a companion pdwe study

the stability with respect to a certain class of perturbations of monolayers and bilayers, i.e.
straight layered structures with one respectively two lines of U-V interface, in a periodic
strip Tz x R. There we show that for suf ciently large a monolayer (the simplest lamel-

lar structure, of the form UV) is always unstable, while the stability of a bilayer (UVU or
VUV) depends on the parameters. For the case of a UVU bilayer with optimal thickness, for
instance, we prove a stability criterion of the form

stability = — T o ( L )
y co+ 2¢, + ¢y =8 (co+2cy +cp)¥3)’

whereg is a continuous function with values (0, 1). Therefore, the bilayer can be stable or
unstable, depending on the relative values in the interface penalisation parameters. Note that
the relative value o€, + ¢, should not be too small in order to have stability. More about

the special role of, + ¢, follows in Sect.2.2
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1.5 Related work: partial localisation

In previous work, one of the authors (Peletier) and Roger studied a related functional whose
derivation was inspired by lipid bilayer2§]. Lipid bilayers might be considered block
copolymers, and therefore it is not surprising that the functional considergé]iis similar

to F1:

Fe(u,v) :=

8/|Vu|+}d1(u,v) if (u,v) € K,
: € (%)
RZ

(9 otherwise.

Hereu is the volume fraction or density of lipid headsis the volume fraction of lipid tails,
di(-, -) is the Monge—Kantorovich distance and

Ko := { (u,v) € BV(R? {0, 1/e})? : uv = O a.e., and/u :/v =M

R2 R2

Apart from the choicesg = ¢, = 0 andc, = 1, the main difference betweeh)@nd 6) is
the different non-local term.

Note that the scaling (constant mass but increasing amplitgderbplies that the sup-
ports ofu andv shrink to zero measure. The main goal #8][was to investigate the limit
¢ — 0, and connect the limit behaviour to macroscopic mechanical properties of the lipid
bilayers such as stretching, bending, and fracture.

The authors studied sequen¢es v.) for which the rescaled energy := e~2(F.—2M)
remains nite. They revealed a remarkable property of the functignédr 7,): boundedness
of G (u., ve) implies that the support af, andv, becomes close, inthe sense of Hausdorff dis-
tance between sets, to a collection of closed curves of total |ddigithe curve-like behaviour
indicatepartial localisation: localisation in one direction (normal to the limit curve) and non-
localisation in the direction of the tangent. In addition one can recognise resistance to stretch-
ing (because of the xed length) and resistance to fracture (because the curves are closed).
Moreover, the curves’ support is approximately of “thickness”i@dicating an underlying
bilayer structure. The authors also showed that"-converges to th&lastica functional,
which penalises the curvature of curves, showing a tendency of the limit curves to resist
bending.

These results suggest considering similar limits for the functigipain fact the subscript
1in F, andK; already refers to the appropriate rescaling:

1 .
Fouv)=1° co/ IV(u+v)\+cu/IVu|+cu/|Vv| +g||u—v||§,71 if (u,v) € Ke, ©)
RV RN RN

o0 otherwise,
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where

Ko=) e (BV(RN))Z Cu(x), v(x) € {0, 1/¢) ace,

anduv:Oa.e.,and/u:/v .
RN RN

As mentioned earlier, in the companion pagde] e investigate the stability of bilayers, and
show that parameter choices exist for which they are stable: this provides another suggestion
that the functionalF, may display similar behaviour in the limét | 0. This is work for

future research.

2 Preliminary definitions
2.1 Problem setting

In this paper we mostly consider as domain the whole spatehowever, sometimes we
will make an excursion to the torﬂﬁL", i.e. a periodic ceIvazl[O, L;] with the endpoints
of each interval identi ed.

Definition 1 For f € LY(RY) (or L1(T¥)) with [ f = 0 and compact support,

T / FGx f. @

whereG is a Green's function of the operaterA onR" (or on TQ’). We de ne the space
H~Y(R") as the completion of f € L*(RY) : suppf compact [y f = 0} with respect to

the normin ). Similarly #~1(T%) is de ned as the completion ({f e LY(TY): fTﬁ’ f :0}
with respect to this norm.

On Tﬁ’ the zero average condition gf is necessary in order fa& = f to respect the

topology of the torus:
/f:—/A@*ﬁ:Q

N N
T TS

This condition also allows for a convenient reformulation of the norjnir{ terms of the
Poisson potential ¢ of f, given by

¢r=Gx*f,
such that
112, =/f¢>f =/|V¢f|2. €)

In some cases it will be useful to add a constanp fo note that this can be done without
changing the value irgj.
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If the setH} is de ned as the completion afX(R") (or CX(TY) with zero mean) with
respect to the norrﬂ|g||12%1 = [|Vgl|?, then ) is the dual norm off3 with respect to the
0

L2-inner product and satis es

/fg = I ll-llgl g

forall f € H~landg € H}.
We repeat the definition afy and K for convenience.

Definition 2 Let ¢g, ¢,, andc, be real numbers. De ne

co/|V<u+v>|+cu/|w|+cv/|w| = vl i (e v) € K,
F]_(l/t, U): RN N

RN RN
00 otherwise,

where the admissible set is given by

Ki=1(u v)e (BV(RN))Z -u(x), v(x) € {0, 1} ae., andw=0 a.e., and/ u:/ v

RN RN
We will requireco, ¢, andc, to be non-negative and assume that at least one of these coef -
cients is positive. See also Remark

Sometimes we consider the case of the torus inste@ofit is understood that in the
above definition the instances &f¥ are then replaced tﬂyf .

Another, equivalent, form of the functional will be useful, in which the penalisation of the
three types of interface U-0, V-0, and U-V, is given explicitly by surface tension coef cients
di:

Lemma 1 Ler the surface tension coef cientse given by

dyo == ¢y + co,
dyo := ¢y + co,

dyy == cy + ¢y,
Non-negativity of the c; is equivalent to the conditions 2
0<dy <dij+dj foreach k #1I. 9)
Then
duoHV 7 (Su0) + duoHN TH(800) + duy N (i)
Fi(u,v) ={ +lu—vl%, if (u, v) € K,

00 otherwise.
where Sy is the interface between the phases k and 1:
S.0 = 0% suppu \ 8* suppv,

Syo0 = 0" suppv \ 9" suppu,
Suv = 0% suppu N 3% suppv,

and 9% is the essential boundary of a set.

2 The indicesj, k, [ take values ir{u, v, 0} and thed;; are taken symmetric in their indices, i®&y, := d,v
etc.
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Remark 1 The essential boundary of a set consists of all points in the set that have a density
other than 0 or 1 in the set. Details can be found2irGhap. 3.5].

Proof (Proof of Lemmal) The main step in recognising the equivalence of both forms of
Fy is noticing that, ifu is a characteristic function, then

/ |Vu| = HV 18" suppu N 2).

Note the different interpretations of the coef ciertsand the surface tension coef cienig.

The latter have a direct physical interpretation: they determine the mutual repulsion between
the different constituents of the diblock copolymer—homopolymer blend. For example, the
value ofd,, (as compared to the values &fo, d,0 and 1, the coef cient in front of the
H~1-norm) determines the energy penalty associated with close proximity of U- and V-
polymers. In particular, if one of these surface tension coef cients is zero, the corresponding
polymers do not repel each other and many interfaces between their respective phases in
the model can be expected. On the other hand the coef cignishen taken separately, do

not convey complete information about the penalisation of the boundary of a phase. If for
instance:, = 0, butc, # 0, the part of the U-phase interface that borders on the V-phase still
receives a penalty, becaugg = c,. For this reason the use of surface tension coef cients
makes more sense from a physical point of view. For the mathematics it is often easier to use
the formulation in terms of; .

Remark 2 The condition §) can be understood in several ways. If, for instantg, >

dyo + dyo, then the U=V type interface, which is penalised with a weight,pf is unstable,

for the energy can be reduced by slightly separating the U and V regions and creating a thin
zone of 0 inbetween. A different way of seeing the necessit@)as(by remarking that the
equivalent requirement of non-negativity of thes necessary foF; to be lower semicon-
tinuous in e.g. the.! topology. Our assumption that at least epés positive is equivalent

to assuming that at least twiy, are positive.

2.2 The role ofi,,

The behaviour of the model described Byis crucially different in the two caseg,, > 0
(cu + ¢ > 0) andd,,, = 0 (¢, = ¢, = 0). The statements made in the introduction such as
“the functional F; prefers structures with a definite length scale” actually only hold in the
cased,, > 0. For most results in this work we will assume this condition to hold, and to
justify this we now show with an example how the cdgg = 0 is different.

Consider the one-dimensional case, t&kéo be the torudly, and X ¢g = 1 andc, =
¢y, = 0, or equivalentlyd,, = 0 andd,0 = d,0o = 1. Restricting ourselves to functions
(u,v) € K1 with folu = jblv = M, for some xed mass O< M < 1/2, we nd that for
any (u, v) there are at least two U-0 or V-0 type transitions, and therefore

1
Fi(u, v) =/|<u+v>’| = vl > 2
0
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On the other hand, equality is only reached # v = 0, which is not possible for positive
massM . But the value 2 can be reached by a sequence of approximatingpaits,),

. 1 x| <nandZ <x < 2+ for somek € Z
Unp(X) = )
" 0 otherwise

dZ=1 < x < Z | for somek € Z

@) 1 |x|]<mnan
vy(x) = i
0 otherwise

Then(u,, v,) € K; and

l / 1 ! .
fo [(un +v)'| = fo |X[—n,n]| =2;
In Sect.3itis calculated that a single one-dimensional monolayer of widila@d height
1 satis es|lu — v[|2,_; = 2m3/3; extending this result to the function, . v,), which
are concatenations @f such monolayers, each of width2 we nd |u — v||%{,1 =

n?.2n=3/3 =2n"1/3.

ConsequentlyF (u,, v,) converges to 2 fon — oo.

This sequence illustrates the preferred behaviour whgn= 0: since the interfaces
between the U- and V-phases are not penalised, rapid alternation of U- and V-phase effec-
tively eliminates theZ ~1-norm, reducing the energy to the interfacial energy associated with
asingle eldu + v.

3 Global minimisers in one dimension

In this section we fully characterise the set of global minimisergioh one space dimen-
sion, i.e.N = 1. Our main discussion concerns the casg dfut in Sect3.4we will brie y
mention results on the tor{g, .

In one space dimension it is useful to regard admissible functiong as a sequence of
blocks. A U-block, aV-block, and &)-block are connected components of suppuppv, and
R\ suppu + v), respectively. Adjacent blocks are separatedbysitions or interfaces. We
will see below (Corollang) that any stationary point has a nite number of interfaces, even
if eitherd,q or d,o vanishes.

If (u, v) is an admissible pair, each of the connected components of its Suppoit stipp
is in fact a macrodomain in the sense of the introduction. If there is only one such macrodo-
main, we call the con gurationonnected. Thinking about the structures interms of sequences
of blocks, we can specify connected con gurations up to block width and translation by a
sequence of U’s and V’s, e.g. UVUVU.

Characterising the set of global minimisers falls apart into two steps:

A For a given macrodomain we describe the optimal spacing between the transitions;
B We derive necessary conditions for the occurrence of a disconnected global minimiser,
i.e. a global minimiser with more than one macrodomain.

In addition we use the techniques of part B above to prove the existence of a global minimiser.
In Sect3.2we rstdescribe the characterisation given by Choksiand Rpoffhe internal
structure of macrodomains, which essentially coincides with part A above. We then continue
in Sect.3.3 by showing that the support can be reduced to a single connected component;
this also provides necessary and suf cient conditions for non-uniqueness (Thépréhe
reduction to a single macrodomain also allows us to prove an existence result (Thgorem
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Finally, in Sect.3.5, we calculate the values of these minimisers and derive a lower bound
for the energy per unit of mass.

3.1 Stationarity

Because the set of admissible functiatisis not locally convex we need to carefully for-
mulate the notion of stationary point.

Definition 3 We call(u, v) € K1 a stationary point of; if for any sequencéu,,, v,) C K1
such that,, — u in LY andv, — vin L1,

| Fuut, v) — F i, )] = 0 /|u—un|dx+/|v—vn|dx
2 2

As a consequence of this definitiongif> (u(z), v(r)) is a curve inK1, with («(0), v(0)) a
stationary point off1, then

=0.

d
77 Fau®), v@) -

In the proofs of the results in Se@&.2 a special case of this is used: for a connected con g-
uration in one dimension that is stationary under constrained mass the derivafivevith
respect to mass-preserving changes in the position of the interfaces is zero.

3.2 Characterisation of macrodomains

For periodic domains, Choksi and Re8] have given a characterisation of the structure of
macrodomains. For its formulation it is useful to de ne thrgees of interface. Interfaces

0-U and U-0 interfaces are considered to be of the same type, as are 0-V and V-0 interfaces
and U-V and V-U interfaces. Choksi and Ren’s conclusions are

Theorem 1 ([8]) Let (u, v) be a stationary point of Fy on the torus Ty under constrained
mass, with SUPAu + v) connected and with a finite number of interfaces. Then

1. Each pair of adjacent U=V type transitions is separated by the same amount; i.e. each
U- or V-block is of the same width, with the exception of the two end blocks.

2. In the cases UVUV...U and VUVU...V the end blocks are half as wide as the internal
blocks.

3. Inthe case UVUV...V (or the mirrored configuration VUVU...U) there is an additional
relation that determines the width of the end blocks.

The case oR was not explicitly discussed by Choksi and Ren, but both the result and the
proof for this case are simpler than for the periodic cell:

Theorem 2 Let (u,v) be a stationary point of F1 on R under constrained mass, with
supfu—+v) connected and with a finite number of interfaces. Then

1. Each pair of adjacent U=V type transitions is separated by the same amount; i.e. each
U- or V-block is of the same width, with the exception of the two end blocks.
2. The end blocks are half as wide as the internal blocks.

The main tool in the proof of these theorems is the following lemma.

@ Springer



Copolymer—-homopolymer blends: global energy minimisation and global energy bounds

Lemma 2 ([8, Lemma 4.1])For any stationary point under constrained mass, the Poisson
potential ¢ has equal value at any two interfaces of the same type.

The statements about the block sizes are deduced from this lemma, and from the fact that the
potential¢ has prescribed second derivative on each block.

3.3 Reduction to connected support

We rst need a technical result to rule out the possibility of an in nity of transitions.

Lemma 3 Let (u, v) be a stationary point under constrained mass, let §2 be either R or Tp,
and let w C §2 be an open set such that v(w) = {0}. Then w contains at most two U-0 type
transitions. A similar statement holds with u and v exchanged.

Proof Onw, ¢" < 0; each U-0 or 0-U transition occurs at the same valuyg(@emma2),
say atp = ¢ € R. If the set{x € w : ¢(x) = ¢} has more than two elements, then by
convexity,

¢(x) =c forx e [xq1, x2],
¢(x) <c forx e w\ [x1, x2],

for somex; < x2 € w. On(x1, x2), thereforep” = 0 and thus: = 0. Therefore there are
at most two transitions connecting U and Oxat x; and atx = x». O

Corollary 3 Ifd,, > O, then a stationary point under constrained mass has a finite number
of transitions.

Proof By (9), at least two out of the thre&; are strictly positive. If all three are positive,

then the niteness of; implies a bound on the number of interfaces. If one is zerodggy

then the lemma above states that the number of U-0 or 0-U transitions is no larger than the
number of V-interfaces. Since the latter is bounded, the former is also.

Theorem 4 Let N = 1 Let d,, > O, and fix a mass M > 0.

1. There exists a global minimiser under constrained mass M for which SUpgu + v) is
connected.
2. This global minimiser is NONunique (apart from translation and mirroring) if and only
if
(a) the energy of this configuration is equal to the energy of another configuration
(u, v) for which supfu + v) is also connected, or
(b) one of the following two conditions is satisfied.:
i. dyo = 0and there exists a global minimiser with an internal U-block or,
ii. dyo = 0and there exists a global minimiser with an internal V-block.

The non-uniqueness mentioned in conditi®mcan manifest itself in multiple ways.
Figure2 shows how the optimal structure varies with mass: as the mass increases, the global
minimiser progresses through structures with more and more layers. At each intersection
point of two curves in the gure, structures belonging to different curves have the same
value of the energy. Another possibility occurs wh&g = d,0, since therw andv can
be interchanged without changing the energy. The situation where two minimisers are both
connected, have the same sequence of blocks (up to mirroring), but differ in the block widths,
however, is ruled out by Theorefn
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The fact that the global minimiser can be non-unique when, for exanigje= 0 can
easily be recognised by an example. Suppose that there exists a global minimiser of the form
UVUVU. Since the outer blocks of this structure are both U-blocks, Lerdstates that the
value of¢ is the same at the two interfaces of U-0 type, arisitherefore symmetric around
the middle of the structure.

We now split the structure at the middle into two parts, and move the two parts apart. In
doing so we create two new U-0 type transitions, which carry no energy penalty since we
assumedl,o = 0. Since we split at the middle, whe¢é = 0, the new potentiap can be
constructed from the old one by translation of the parts, and the valpe-efv| ;-1 is also
unchanged.

Proof (Proof of Theorem) We defer the proof of existence of a global constrained mini-
miser to the end, and start by showing that existence of a global minimiser implies existence
of a globalconnected minimiser.

Suppos€u, v) € K1 is a global minimiser such tha&t \ supgu + v) has at least three
connected components. By Corolla@ythe support oz + v is bounded, and therefore we
can take those three components ta-beo, 0), (x1, x2), and(xs, co). The points Ox1, x2,
andxs therefore all are interfaces.

Let ¢ be the associated potential; sincandv vanish on(x1, x2) and(xz, 00), ¢ is linear
on (x1, x2) and constant o3, 0o). Denote byp;, the value ofp’(x) for x € [x1, x2].

For any O < a < x — x1, which we x for the moment, we construct a new pair of
functionsiz andv with associated potential as follows. Set

u(x) x <x1

ux):=qu(x+a) x1<x<xz—a (20)
0 X>x3—a
v(x) x <x1

V(x) = jJv(x+a) x1<x<x3—a (12)
0 X>x3—a
¢ (x) X <x1

P(x) = Jp(x+a) —dpx1+a)+d(x1) x1<x<x3—a (12)
¢ (x3) — p(x1+a) + p(x1) XxX>x3—a

Because'(x1) = ¢’ (x1 +a) = ¢}, the functiong is continuously differentiable oR; and
sinceg satis es¢” = it — ¥ onR, it is the Poisson potential associated witandy.
We now show thaty (i, v) < F1(u, v). As for the interfacial term inf1, if 0 < a <
x2 — x1, then the various transitions remain the same, only translated to different positions;
therefore the interfacial term is unchanged. In the ease x> — x1, in comparison with
(u, v) the two interfaces at = x1 andx = x2 have been joined to one interface, or have
even annihilated each other; by the assumpt®ithis does not increase the interfacial term.
For the second term df; we calculate

/(&)2= ]l¢/2+ ]qu/z
R —00

x1+a
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X1 X3

< / ¢+ / ¢ + a9/t (13)
—o0 x1+a

:/QS/Z.
R

We conclude thaf (i, v) < Fi(u, v). Since(u, v) is a global minimiser, it follows that
Fi1(u, v) = F1(u, v) and thus thatu, v) is another global minimiser. Furthermore by Cor-
ollary 3, supgu + v) has a nite number of connected components and thus we can repeat
this procedure until only one component remains. Therefore we have proved that if a global
minimiser exists, then there (also) exists a global minimiser with connected support.
Assume now that two global minimisers exist, one of which has connected support. The
other global minimiser, let us call (i, v), either has connected sugpt v) or disconnected
suppu + v). In the former case we have proved p2atof the theorem, therefore we now
assume the latter case, and show that this implies2part
Since(u, v) has disconnected su@p+ v), we can apply the construction above. For a
given choice of, we nd another con guration(i, v) with energy equal or less than that of
(u, v). Since(u, v) is a global minimiser, the energy @i, v) is equal to that ofu, v) and
thus the two inequalities encountered above are saturated. In particular,

— The joining of the two interfaces surrounding a 0-block does not reduce the energy;
— The inequality {3) is saturated.

The saturation ofi3) implies that$;, = 0, and therefore thai(x1) = ¢ (x2). We now
prove that these interfaces are of the same typegither both U-0 type or both V-0 type
transitions.

Suppose not, and to be concrete, suppose that the interface=at is a V-0 tran-
sition, and atx = x» a 0-U transition. In this paragraph we will explicitly distinguish
between mirrored interfaces of the same type, e.g. U-0 and 0-U. Sipite= u — v and
@' (x1) = ¢/(x2) = ¢, = 0, there exists a» > 0 such that the next transition isgt + y»
and¢ decreases far € (x2, x2 + y2), implying that the next transition can not be a U-0
transition (which would require the same value §oas atx = x») but is a U-V transition,
with a value ofp less tham (x2). The same argument holds for the interfacejathe previ-
ous transition is at; — y1 foray; > 0 and is again a U-V transition, this time with a value
of ¢ larger thanp (x1) = ¢ (x2). Since two U-V transitions have a different valueggfthe
structure is not stationary, a contradiction.

Since the interfaces ay andx, are of the same type, a non-changing interface energy
implies that either,0 = 0 ord,o = 0, which is the rst part of condition(b)i and2(b)ii.

Since the construction provides a global minimiser with an internal U-bloek,di= 0) or
an internal V-block (ifd,0 = 0), the second part of these conditions is also satis ed.

We have now proved that existence of a disconnected global minimiser implies condi-
tion 2b. The opposite statement, that conditRimsuf ces for the existence of a disconnected
global minimiser, follows from splitting any minimiser at a pominside a U-block (sup-
posingd, o = 0) such that’(x) = 0.

It remains to prove the existence of a global minimiser, and we now turn to this issue. Let
(un, v,) be a minimising sequence. We rst note that the translation arguments that we used
above allow us to reduce an arbitrary minimising sequence to a minimising sequence whose
elements each are connected. Therefore we may assume that the support of the sequence
remains inside some large bounded &etc R, and does not approach the boundary of
this set.
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Since bothu,, andv, are bounded inL.*°(£2), there exist subsequences (that we again
denote by, andv,) such that

E3 k .
Up — Uoo aNd v, — vs  IN LP(N).

Note that this convergence implies thatioc = [vs = M, since the constant 1 is an
element ofL1(£2). SinceL?(§2) c L1(£2) we also have

Uy — Uoo and v, — vy N LZ(.Q).

The functionSis, Vso, as the weak-* limits ofi,,, v,,, take values in the interv@®, 1]. Thus
if we replacek in (9), the definition ofFy, by (note the change in value set)

Ki:=1{(u,v) e (BV(Q))2 cu(x),v(x) € [0,1] a.e.,andiv =0 a.e., and/u = / vy,
2 2

then(uwo, voo) € K1 andFy is convex onL2(£2). This implies that the subdifferential @
at (1o, Vo) IS NON-empty, i.e. there exigh, ps € L2(£2) such that

F1(uy, vy) > F(ttoo, Voo) +/p1(un — Uco) +/p2(vn — Voo)-
2 2

Weak convergence ii(£2) now gives us lower semi-continuity with respect to this con-
vergence:

F1(ttoo, Voo) < liminf F1(uy,, vy).
n—00

It remains to prove that,, andvy, are admissible, i.e. that they take values 0 and 1 and that
UooVoo = 0 almost everywhere. In other words, we want to show that not @nly, v..) €
K1, but eveNieo, Vo) € K1.

By the assumption,, > 0 at least one of the coef cients, andc, is strictly positive.
Suppose that, > 0; then the boundedness $fiu;,| implies that the convergence of,
is strong inL! and pointwise almost everywher#l[ Theorem 5.2.4]. Therefore, for any
Ve L>(£2),

/vfuoovoo = lim /wunvn =0,
n—oo

2 Q
implying thatu ., v~ = 0. Also the pointwise convergence gives

us €1{0,1} a.e.

If also ¢, > 0, then the same convergence holdsifgy, and the proof is done. If instead
co > 0, then the same holds fak, + v, and again the proof is done. We continue under
the assumption thap = ¢, = 0.

For the pail(u~, vo) to be admissible, itis necessary that takes values in the boundary
set{0, 1} only. This is a consequence of the lemma that we state below.

Lemmad Let cog = ¢, = 0. If (u, v) minimises F1 among all pairs (i, v) such that

— u € BV(R;{0,1}) and v € BV (R; [0, 1]);
— uv=0ae inR;

- Ri=kv=fpu
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then v(x) € {0, 1} for almost every x € R.
Proof Choose O< n < 1/2 and letw C R be the set of intermediate values
o={xeR:vx)en1-n}
We need to prove thaw| = 0. Assume thalw| > 0 and de ne a perturbation
$(x) = (¢ (x) — €)X (),

where¢ = ¢,_, is the Poisson potential associated with- v, x,, is the characteristic
function of the set, andc is a constant chosen to ensure tiiat = 0. Note that almost
everywhere omw the functiong is twice differentiable withp” > > 0.

Since the paifu, v + ¢¢) is admissible foe in a neighbourhood of zero,

=2/c¢>=2/(¢—c)2,
e=0 & p

so thatg is constant a.e. om. As ¢ is de ned up to addition of constants we may choose
¢ =0o0nw.

Since|w| > 0, we can choosegy € w such thaw has density 1 atg and thatp is twice
differentiable atcg, with ¢” (xo) € (1, 1 — n). Because of the density condition it is possible
to nd sequenceg, € R, n € N, with the properties

]
0= —Fi(u,v+¢€¢)
de

a, — 0asn — oo;
— Foreachm € N, xp + a, € w.

Then
¢"(x0) = lim_an| ™2 [¢(x0 — an) — 26 (x0) + ¢ (x0 + an)] = O,

a contradiction withg” (xg) > n, and therefore with the assumption thathas positive
measure.

3.4 Excursion: global minimisers 6fy,

By very similar arguments one may prove the corresponding statement for functions on the
torusTy, thus extending the characterisation &fffo all global minimisers.

Theorem 5 Let L > 0, d,, > 0, and fix a mass M > O, with M < L/2.

1. There exists a global minimiser (u, v) of F1 on the torus Ty, under constrained mass M
for which SUPu + v) is connected.
2. This global minimiser is NONunique (apart from translation and mirroring) if and only
if
(8) the energy of this configuration is equal to the energy of another configuration
(u, v) for which SUppu + v) is connected, or
(b) one of the following two conditions is satisfied:
i. dyo = 0and there exists a global minimiser with an internal U-block or;
ii. dyo = 0and there exists a global minimiser with an internal V-block.

Proof The proof follows the same lines as in the cas®pfheoremd. We will point out
the differences between the two cases.

Suppos€u, v) € K1 is a global minimiser such tha{, \ supgu + v) has at least two con-
nected components, which, by translatingndv, we can assume to lge;, x2) C [0, L) and
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(x3, L) with x3 > x». Let¢ be the associated potential; sincandv vanish on(x1, x2) and
(x3, L), ¢ is linear on these two intervals. Let(x) = ¢, for x € [x1, xo] and¢’(x) = ¢5,
for x € [x3, L]. By possibly exchanging roles we can assumelial > |¢5, |.

Constructing for some & a < x2 — x1 the same translated functioisy, andg as given
in (10-12), we have the analogous inequality

X1

L 1 X3
/55’2=/¢’2+ / 62+ 82 (L —xs+a)
0 0

xX1+a
X1 X3
2 2 2 2
< /d’/ + / ' +ag'l,+¢'5 (L —x3) (14)
0 x1+a

L
- /¢’2,
0

Although ¢ satis es¢” = i — v on (0, L), the functiong can in general not be extended
periodically, i.e.(0) # ¢(L). To correct this we de ne

$(x) = Bx) — Z@(L) — $(O).
so that the functiog solvesp” = it — v on (0, L), is continuously differentiable of®, L),
and satis esp(0) = ¢(L). From

L L
F (L) -0 = / & = / (w—u) =0,
0 (0]

we concludep’(0) = ¢'(L), so thatp is the Poisson potential oy associated witlk and
v. In addition,

/2

1= 702
- @) - $(0))

¢

/2

. (15)

/
/

=

L L L
_ ~ 2 ~ ~ ~ 1 -~ ~

[#2=[32-F@w -50) [ 7+ ;G - 50
0 0 0

L

0

L

0

From these two inequalities it follows as in the proof of Theorérhat Fy(iz, v) <
F1(u, v), so that existence of any global minimiser again implies the existence of a con-
nected global minimiser.

We now turn to the discussion of the necessary and suf cient conditions for non-
unigueness. Again we use the fact that inequalities are saturated to deduce necessary condi-
tions; in this case, however, there is an additional inequalit§ % (The reasoning proceeds
in two steps.
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Step 1: Take a < x2 — x1. Whena < x2 — x1 no interfaces are created, annihilated
or changed, and we only need to consider the inequalities4nand (L5). Since these are
saturated, the following conditions hold:

L. 1915l =195, |, and
2. (L) =¢(0).

We rst calculate

O(L) — $(0) = ¢ (x3) — p(x1+a) + ¢ (x1) + s (L — x3+a) — ¢(0)
= —p(x1+a) + ¢(x1) + apy,
= a(pz, — $12)-

By condition2 above we have), = ¢, , which is also compatible with conditiah

We now claim thatp;, = ¢5, = 0. Suppose not, say (for concreteneps) = ¢35, > 0,
theng(x1) < ¢(x2) andg(x3z) < ¢(L). Since for a stationary point the potentiglhas
the same value at all U-O0 type transitions and the same value for all V-0 type transitions, the
two transitions ak1 and atx; are of different type, thus one is a U-0 type transition and the
other a V=0 type transition. The same is truefgandL (or 0); and the transitions af and
x3 are the same. Therefoggx1) = ¢ (x3).

For any xeda in the interval(0, xo — x1), however, we have now constructed a sec-
ond global minimisexu, v)—and therefore a second stationary point—for whigh1) #
¢ (x3 — a), sinced(x1) = ¢(x1) = ¢(x1) and

d(x3—a) = Pp(xz —a) = ¢(x3) — p(x1 +a) + ¢ (x1)
= ¢(x1) — ady
< ¢(x1).

Since the interfaces afi, v) at x1 andxz — a are of the same type, this contradicts the
stationarity of this second minimiser, and we conclude thigt = ¢5, = 0. Note that
since the interval$x1, x2) and(x3, L) were chosen as arbitrary connected components of
T, \ supdu + v), this implies that’ vanishes on the whole Gf; \ suppu + v).

Step 2: Tuke a = x2 — x1. Non-uniqueness in this case implies that also the interfacial
energy remains the same in the constructioniofv). As in the case oR, the interfaces
atx; andx; that are joined together in the construction(@f v) are of the same typée.
either both U-0 type or both V-0 type transitions. The fact ¢hiat constant on 0-blocks is
used in this argument. We conclude that eittigy = 0 ordy,0 = 0, and that a connected
global minimiser exists with at least one internal U-blocki{i§ = 0) or at least one internal
V-block (if dyo = 0). This proves the necessity of conditidh

The suf ciency of condition2b follows by splitting one of the internal blocks, as in the
case ofR. Apart from the simplifying fact that the torus is bounded, the proof of existence
of a global minimiser is identical to the caselif

Remark 3 Note that the proof of existence of a global minimiser generalises straightfor-
wardly to the higher dimensional case of the tO’ﬂQ’s because the torus is bounded. On the
unbounded domaiR", N > 2, the above proof does not suf ce.

3.5 Explicit values and a lower bound
We now focus again on functions @ The results of the previous sections allow us to

calculate global minima of the energy (u, v) as a function of the mas® = [u. Two
important special cases are the monolayer and the bilayer.
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A monolayer consists of a single U- and a single V-block, of equal wigthwherem is
the mass ofi or v, i.e. positioning the block around the origin for convenience,

u(x) = X(=m,0) and v(x) = X©,m)

wherey , is the characteristic function of the sét We then nd for the derivative of the
Poisson potential

0 forx < —m
dx)=1|x|-m for—m <x<m
0 forx > m,

The total energy then becomes

monolayer of mass$f = m:  Fy = 2(co + cu + cv) + §m3.
Note the definition of mass: a monolayer of magsneans thaf u« = [v = M, and there-
fore that the ‘total’ mass of the monolayﬁ(u + v) equals 21. In this case the masg of
the monolayer equals the widih of each of the blocks.
A bilayer consists of two monolayers joined back-to-back. It comes in two varieties, as
UVU and as VUV. For a UVU bilayer of mas¥ = 2m, given by

u(x) = X(—Zm,—m)U(m,Zm) and v(x) = X(—m,m)’

the derivative of the Poisson potential is

0 forx < —2m

—2m—x for-2m<x<-m
¢ (x)=1x for—m <x <m

2m — x form < x < 2m

0 forx > 2m.

The energy has the value
. 4
UVU bilayer of massM = 2m :  F1 = 2co + 4cy + 2c + §m3,
For a VUV bilayer the situation is of course analogous:

: 4
VUV bilayer of massM = 2m :  Fy = 2co + 2¢, + 4c, + §m3'

Similarly, n-layered structures consisting ofz monolayers back-to-back, have energy

. 2
VUVU...V n-monolayer with massf = nm : F1 = 2co+nc, + (n+ 2)cy + £m3

(16)
2n
= 2dv0 + nduv + 7’"37 (17)
3
. 2n
VUVU...U n-monolayer with mass$f = nm :  F1 = dyo + dyo + ndyy + Em?’,
(18)
2
UVUV...U n-monolayer with mass/ = nm :  F1 = 2d,0 + ndy, + §m3. (19)
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Note that for a VUVU...Vr-monolayer or UVUV...Ur-monolayer the value of is even,
while fora VUVU...Unr-monolayer itis odd. Furthermoneis the U-mass in one monolayer,
thusm is the width of the outer blocks, from which we see that the width of the inner blocks
is 2m. By collecting these results we nd:

Theorem 6 Let N = 1. For any structure of mass M,

9 1/3 5
F1 > 2(co + min(cy, ¢y)) + (E) dm/) M. (20)
In the limit of large mass,
| Faw,v) N 23
M|1T'Ioolnf T : (M, U) € K]_, /l/t =M; = (E dul/) . (21)

R

Proof If d,, = 0, then the rst statement is easily checked and the second follows from the
example of Sec2.2 We continue under the assumption thgt > 0.

Let («, v) be a global minimiser with connected sppt v), which exists according to
Theorem4. Note that for all three cases of structures (VUVU...V, UVUV...V, and UVU-
V...U) the interfacial terms are bounded from below ky@+ min(c,, ¢,)), so that

. 2
F1 > 2(co + min(cy, ¢v) + ndyy + = M>.
3n2
Minimising this with respect ta gives the desired lower bound. The particular value of
for which the lower bound is achieved,

s 4 M3
no(M)” := 37
uv

will be useful.
To prove the second part of the theorem, we note thatl() imply the upper bound

. Fi(u,v 2
|nf[% : (u,v)eKl,/u=M] <~ max(dyo. dio}

. n 2( M 2
iiQ&[Mduv*s(n)]- (22)

Choosing the largest integer smaller or equald@V) as particular value of,

s /AME
n(M) = 337 = |no(M)],

we haveig(M) —1 < n(M) < no(M). Inthe limitM — oo the quotienk(M)/M therefore
converges t@4/3d,.,)/3; with this convergence the inequalit2) implies 21). O

In Fig. 3 the graphs depicting the energy per mass for VUVU...V con gurations consist-
ing of different numbers of monolayers are shown, for some speci ¢ parameter values. The
lower bound from Theorer@ is indicated as well.

Remark 4 Minimising F1/M from (16-19) with respect ton, we nd as minimising value
for m,
3(kadyo + kadyo + ndyy)

mg(n) = n
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where, depending on the con guratidn = 0,k = 2 (17), k1 = k2 = 1 (18) ork1 =
2, ko = 0 (19). In all three cases we nd that in the limit — oo, or equivalently (form
xed) M — oo, the width of the inner blocks converges to

2 lim mo(n) = 63423,
n—0o0

Note that in P1] and [3]] it is found that one-dimensional minimisers for the functionals
under consideration in those papers are periodic with perigsurface tensiof/® (In these
diffuse interface functionals the surface tension coef cients are given by integrating the
square root of the potential).

4 Higher dimensions

In this section we derive bounds on energy of minimisers in terms of the Ma3&e rst
result, Theoren?, shows that the minimal energy has a lower bound that scales linearly in
mass in the limit — oo. This is an extension of the lower bour@d] in one dimension,
but with a smaller constant.

A simple argument immediately gives an upper bound on the minimal energy at given
mass: xing any structure of unit mass, a candidate structure at Mas<N can be obtained
by distributing M copies of the unit-mass structure oY . The energy of the resulting
structure equald/ times the energy of the unit-mass structure. This construction can be
extended to non-integer maas by spatially stretching a structure of integer mass close to
M. In the limit M — oo the resulting perturbation of the energy is small.

In Sects.4.2 and 4.3 we therefore provide tighter upper bounds, by constructing
N-dimensional structures out of near-optimalimensional ones, with < N.

4.1 Lower bound

For this section we pick a functione C°(R"), non-negative and radially symmetric, such

that
//c =1

RN

Fore > 0 we now de ne
1
Ke(x) 1= —SNK(x/s).

Note thatfRN ke = 1 for all . In the following we will use the constarity, de ned as

Ay =4 e wldHY Y(w),
1

SN=

where $¥—1 is the (N — 1)-dimensional unit sphere andis any element ofs¥—1. This
definition is independent of the choice afbecause the integration is over all$f 1.

The central result is an interpolation inequality betweenBl¥eseminorm andd ~1. In
spirit, and in its application, it is similar to the Lemma 2.1 6f.[The proof is different,
however, and uses an argument 8| in combination with the characterisation &fV
by [10].
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Theorem 7 Let d,, # 0. For all (u, v) € K1,

2
3
2
/M 5 Cl(Kv N)HM_U”;I_l(RN) /lvu| ’ (23)
]RN N
where C1(k, N) > O is given by

3

wINy

4 2
Crlk. Ny == 2843 /|W| /|y|x<y>dy
N

N

The inequality (23) also holds with u and v interchanged. Furthermore,
Fi(u,v) > Cal(k, N)/u, (24)
RN
where
3
Calie. N) = SCae, M)~ (cS/Z + cﬁ/z) :

Proof If fRN u = 0 the statements are trivially true. In what follows we assgﬁxeu > 0.
First note thak, % u € HOl (RM). Fromuv = 0 it follows thatv < 1 — u, so that

/(u—v)xg*u2/(2u—1)/<5*u:2/mcg*u—/u,

RV RV RN RN
Writing
2/14/(5 *U = 2/ / u(x)u(y)ke(x —y)dxdy
RN RN RN
= - [ [t —ute - paxay+2 [ o2
RN RN RN
= —//IM(X) —u(y)llca(x—y)dxdy+2/u,
RN RN RN
we have
/u s/(u—v)xa*u+//|u<x>—u(y>|xa(x—y)dxdy.
RN RN RN RN

The rst term on the right-hand side is estimated by combining the definition of the
H~1-norm,

/(u — o)k ku < flu— vl g2 Vi % ul 2,

RN
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with the estimate (Young'’s inequalityt,| Theorem 4.30])

1 1
2 -1 2
Ve *ull 2 < IIMIILz/IVKaI = ||u”L1/|VK£| =¢ ||u||L1/|VK|'
RN RN RN

For the second term we use a density argument airpfoof of Lemma 3] to nd

//Iu(x) —u(y)lke(x — y)dxdy

RN RN
<8///‘Vu(ty+(l—t) )(|y xT ly = | Ke(x —y)dtdydx
RN RN 0
—8///‘Vu(x+th) m uKg(h)dxdtdh
RN 0 RN

h|lh
Vu(z) - |h|’ |8—|Kg(h) dzdh

1l

T / / / |Vu(z)-w|dHN‘1(w)rN‘1§Kg(r>dzdr

0 RN gN-1
TN
=ecAyHN T (SNfl) [Vu(z)|dz /%Ke(”) dr
]RN 0

=eAN/|y|K<y>dy/|Vu(z)|dz.

The rst equality follows after substituting = x + &, while the substitutionr = z — rh
leads to the second equality.
Collecting the parts we nd the estimate

2
/us.s—lnu—vanl /u /|VK|+sCo<x,N)/|Vu|,
N RN RN

]RN
where
Co(k, N) := AN/ [yl (y)dy.
]RN

Minimising the right hand side with respect4ave nd

/u§2 CQ(K,N)/|VK| /u ||u—v||H_1/|Vu|.

RN RN N RN

Nl
Nl
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Dividing both sides b)(fRN u)"11 and then raising them both to the powgB4ives the rst
statement of the theorem. Since we have used no property that distinguigioes v, we
can apply the same argument wittandv interchanged.

To prove the inequalityd4), we remark that from33) and Young'’s Inequality we obtain,

foranyew, 8 > 0,
Cl_l/u

IA

3 [Vul + @”M =l

28 1
—1 2
C] /u < ?./|Vv|+@llu—v||H,l.
By choosing

o= c,y3 and B := 63/3,

and then adding the two inequalities with weights and 2 respectively, estimate24)
follows.

Note from the proof above that estimagal)is not sharp if [,y u > 0. O

Remark 5 Inequality @4) does not hold in the case whedg, = 0. The same sequence
(uy, v,) that was introduced in Se@.2 demonstrates this fact, sinég(u,, v,) — 2 while
fu,, — 0.

4.2 Upper bound

We next show that the one-dimensional upper bo@dji(or (3)) also holds in higher dimen-
sions, as a consequence of the more general statement below. Tigdoremalises the intui-
tive idea that extending a one-dimensional minimiser in the other directions, and then cutting
off the resulting planar structure at some large distance, should resultNm dimensional
structure whose energy-to-mass ratio is close to that of the original one-dimensional structure.
We formulate the result for-dimensional structures that are embedded¥ idimensions.

Letl1 <k < N — 1, and let us writek1 ; for the admissible sek’; on R, Let (u, D) be

— any element oK1 ;, whenk > 3; or
— any element oK1 ; with ka x(u(x) —v(x))dx =0,whenk € 1, 2.
(We explain this restriction in RemafR. Split vectorsc € RV into two partsx = (£, ) €
R¥ x RV~ and de ne a cutoff functiory, : R¥Y =% — [0, 1] by
Xa(m) == x(Inl —a),

wherey : R — [0, 1] is xed, smooth, and satiseg (x) = 1 forx < 0, x(x) = 0 for
x > 1. We will compare the energy values of thedimensional structuréz, v) with those
of the N- dimensional structure

(u, v)(x) 1= (, V) () xa (). (25)

Note that thigu, v) is an element oK y, the admissible set1 onRV.
A note on notation:w,; will denote the d-dimensional Lebesgue measure of the
d-dimensional unit ball.

Theorem 8 Fix (i, v) as given above. Then, for (u, v) as defined in (25),
F Fi(u,v
1, v) = 1(%}) +0(/a) as a — oo.

Jrw u Jee
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Proof We rst estimate the interfacial terms as follows:

/|Vu|=/ / IVﬁ(E)Ixa(n)dndé+/ / 7|V 1o ()| dndE
]RN

Rk RN—k Rk RN—k

< on_gla+ DV / Vil + (N = Doy + DYyl / 7,

Rk Rk (26)
N—k —
> wy_ja / [Vul,

Rk

and therefore

/|W| =1+ 0(1/a))wN_kaN*’</|Vﬁ| asa — oo.

RN RK
Similarly,
/lel =1+ 0(1/a))wN,kaN*"/|vv| and 27)
RN Rk
/ IV +v)| = 1+ 0(1/a)oy_ra* / V(@@ + )| (28)
RN Rk

The estimate of thé/ ~1-norm is formulated in Theore® The result now follows by com-
bining the estimate26-29) and remarking that the mass @f, v) is given by

[u=[mxm =a+owmuona** [ue.
RN RN R
[m}

Theorem 9 Under the conditions above there exists a constant C = C(k, N) such that for
alla > 0,

Ck— ke — —2
VI2 s,y — vk T = T2 | < Ca¥ 1/[|V¢|2+¢ | @
]Rk

llu —

Here ¢ is a k-dimensional Poisson potential associated with (i, ).

Remark 6 The restriction of vanishing rst moments fdr = 1, 2 follows directly from
the requirement thaf. 52 can be chosen nite ind9). Since the integral af — v vanishes the
potentialg := G * (u — v) decays to zero at least as fast|ag—*, as can be seen from

the multipole expansion af (see [L4]). For dimensiong > 3 it follows that [ 52 is nite;

but fork = 1, 2 a higher decay rate is necessary, which we provide by requiring an additional
vanishing moment. The cage= 1 is special: the vanishing of the zero and rst moments
implies thatp := G * (u — v) is zero in a neighbourhood of in nity.

Proof (Proof of Theoren®) The Poisson potentig associated withiu, v) satis es

— Ap(x) = u(x) —v(x) = @E) —VENxa(n) for x =& n) R
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Similarly, thek-dimensional potentiap associated witliiz, v) satis es
—A:p(&) =u(6) —v(E) for &eR"
We write V¢ for the part of the gradient that operatesothat is(dy, , dx,, - - ., 9y, 0, ..., 0),

and we use a similar notation for the other part of the gradigrand the partial Laplacians
Ag andA,,. Remarking that

/Xa(n)V¢(X)-V$(S)dx = /xa(n)Vsqb(x)-Vsa(é)dx = —/Xa(n)¢(X)As$(§)dx

RN RN RN
_ / Xa (MBI @E) — TE)) dx = / () A (x) dx
RN RN
=/|V¢(x>|2dx,
]RN
we calculate
/|V¢—XaV$|2=/|V¢|2—2/XaV¢V5+/XaZIV$|2
RN ]RN ]RN ]RN
= _/|V¢|2+/X3|v$|2. (30)
RN RN

One inequality relating the two norms can be deduced directly:

e = vlIF 1 gry = / IVoI? < / X2IVOI? < on—ila+ DN Hjw = Bl5 1z
RN RN

For the opposite inequality we set

Y (x) i= () = ¢E) xa (),

and rewrite
12 2 - —2 2
/|V¢—xaV¢| _ /|W| +2/¢vnwnxa+/¢ 1V Xl
RN RN RN RN

- /|vw|2—2/WAnxa+/$2|vXa|2
RN RN ]RN
= 1(¥).
Since
—AY =—-A¢ + XaAéa'i‘aAnXa = Xa@ — V) — xq(u — V) +$AnXa = EA;;Xa,
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the functiony is the global minimiser of, which is convex as functional op. Therefore,
settingyo(x) == ¢(&)|Vxa(m)|?,
— —2 —2 —2
1) = 100) = [ [IVBRIV 0l + 48710700 - Va2 = 2871V a2 + 19 1
RN
N—k—1 =2, 72
< Cooa+ 0¥ [ 1952 +3°].
Rk

where the constant in the last line dependgdsut can be chosen independentof

Combining this estimate witt8Q) provides us with the opposite inequality,

N—kj—= _ =2 2\ 112 2
onasa T = 0y sy = [ VO < = 01y s,

RN
N—k-1 =12 72
+Coa+ vVt [[veR 3. ey
Rk
Summarising §1) and B0) as
lu = vl% vy — @n—ka™ T = BIZ, 1

< oy (@+ DV =" ) 7 =TIy

> —Co0G@+ DY o [IVB12 + 67

we nd the statement of the lemma.

X

4.3 Examples with prescribed morphology

Theorem8 has the following consequence: when comparing energy-per-unit-mass of struc-
tures in dimensiorV, we can include the energy-per-unit-mass of structures in dimension
k < N, up to a correction term that decays to zero in the limit of large mass. We now use

this tool to investigate the energy values of various xed-geometry structures.

— A one-dimensional, lamellar, structure. The optimal energy-per-unit-m@ﬁ;]’/s3 d%S
(Theorem, achieved in the limit of large mass).

— Amicelle in N dimensions, i.e. a spherical particle described by

() = 1 if0 < |x| <Ry,
Um{X) =10 otherwise

(x) == 1 if Ry <|x| <Ry,
UnX) =10 otherwise

The equal-mass criterion implies thig = 2N Ry, and by optimising with respect to the
remaining paramete®; we nd that the optimal energy-per- unit-mass is (TheorEdn

2 1 %
S(duv +dv0\/§)3 (Iog 2— 7) for N =2,
2
and

23 (N +2— N22/N\ Y3
27Y33N (duv+dv021’1/N) (W) for N>3. (32
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These optimal values are attainediaire mass.
2/3

In both casesthe micelle energies are Iarger(lgz)t%{3 dy,”,evenwhem,o = 0, implying
that for largeM lamellar structures have lower energy per unit mass than micelles.

— A k-dimensional micelle embedded i¥-dimensional space, similarly to the case of
lamellar structures iV dimensions. A two-dimensional micelle thus becomes a cylin-
derical structure in three dimensions.

The energy per unit of mass of such a structure will be lower than thatéfdimensional
micelle, since 82) is a strictly increasing function d¥, but larger than that of a lamellar
structure for large mass, by the conclusion of the previous point.

— A monolayer in the shape of a spherical shell as in Thedr@rhlere the optimal energy
per unit mass can be found (in the limit of large radR)$y minimising 33) with respect
to M:

1/3
(5) (dyo + duy + dy0)?® + (N = 1) (dyo — duo) ™1

1/3
+ (Z) (N - 1) (—3N27012<duo T do) + %duv) R+ O(R™.
Note that this value approaches fBr— oo the optimal one-dimensional value when

dyo = dyo = 0 (Although such a choice is ruled out ) (one may calculate the value

of the energy in this case nonetheless). In this case the limit value is approached from
above.

Alternatively, if eitherd,o or d,o is non-zero, then the limit value is larger than that of
the optimal lamellar structures.

Among this list, therefore, the structures with lowest energy per unit mass are the lamellar
structures. It seems natural to conjecture that global minimisers also resemble cut-off lamellar
structures, and have comparable energy per unit mass. On the other hand, the results of the
companion paperlf] show that bilayer structures are unstable in a part of parameter space,
and similarly Ren and Wei showed that for the pure diblock copolymer madely = 1)
“wriggled lamellar” solutions may have lower energy than straight o8&k Determining
the morphology of large-mass global minimisers is therefore very much an open question.

5 Discussion and conclusions

The results discussed in this paper provide an initial view on the properties of the ehlergy (
and consequently on mixtures of block copolymers with homopolymers. The sharp-limit
version of the more classical smooth-interface energy provides a useful simpli cation and
provides us with tools that would otherwise be unavailable.

In one dimension we continued on the work of Choksi and Ren and gave a complete
characterisation of the structure of one-dimensional minimisers, bdkhem on a periodic
cell.

In the multi-dimensional case we have proved upper and lower bounds for the energy of
minimisers. These bounds both scale linearly with mass, but have different constants. The
upper bound is derived from the one-dimensional minimisers, thanks to the cut-off estimate
of TheorensB; the results of the companion paper on the stability of mono- and bilay/grs [
suggest that for some parameter values this upper bound can be exact, while for others it is
not. Similarly, the lower bound proved in Seétl has the right scaling in terms of mass, but
the constant is not sharp.
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The sharpness of the estimates is especially relevant in relation to the issue of optimal
morphology. A precise estimate of the energy level of energy minimisers may exclude large
classes of morphologies and thus limit the possible morphology of energy minimisers.

Since we lack such a sharp estimate the question of the preferred morphology in multiple
dimensions is still completely open. Part of this question is the behaviour of the morphol-
ogy near the copolymer—homopolymer interface. For instance, if the preferred morphology
is lamellar, does the lamellar orientation show a preference to be orthogonal, parallel,
or otherwise aligned with respect to the interface? The experimental observations of for
instance 17,26,37] show both orthogonal and parallel alignments. Other issues are those of
the penalty incurred by certain macrodomain morphologies and defects (such as chevron or
loop morphologies3, Figs. 11 and 14]).

The large-mass limit for the functiondl is equivalent to a singular-limit process at xed
mass for the functionaF, (6). As discussed in Secl..5 the results of 28] suggest that
for certain values of the;—to be precise, for those values for which bilayer structures are
stable—the functionak, may display similarpartially localised behaviour.

The results from this paper have some interesting physical implications. Th8te#sus
that extended one-dimensional minimisers, i.e. layered structures, will have a relatively low
energy (although the question whether or not these are minimisers is still open). THeorem
and Remarkd show that these layers all have the same width. One can think of lamellar
con gurations like this as having all polymer molecules aligned in straight rows next to each
other. Structures like 0UO, which are not to be expected on physical grounds, are a priori
not forbidden in our model, but such con gurations are not stationary points, as is shown in
Sect.3.3.

Depending on the surface tension coef cients very different structures can appear. As
remarked in Sect2.2 the role ofd,, is a special one. If},, = 0, there is no repulsion
between the U- and V-phases, but there is attraction, due  thenorm. Complete mixing
of both phases will occur. If one of the other surface tension coef cients is zero instead,
sayd,o = 0, then UVU bilayers can be joined together without extra cost, and vice versa
UVUVU structures can be split through the middle without increasing the energy. Physically
this happens if the U- and 0-phases do not repel each other. The simplest case one can think
of is if both phases consist of the same material. If kith> 0 andd,o > 0, it will always
be energetically favourable to join different layers together, because doing so decreases the
length of the energetically costly interfaces.

A Spherically symmetric configurations

In this appendix we will compute the enerdy of spherically symmetric monolayers and
bilayers. In R7] the energy for a spherically symmetric bilayer in two and three dimensions
is computed. We will give the energy in any dimensign

A spherically symmetric monolayer with inner U-band in N dimensions consists of a
spherical layer of U between radial distand&sand R1 and a spherical layer of V between
radial distance®1 and R,. An example forN = 2 is drawn in Fig4a. Similarly, aspheri-
cally symmetric UVU bilayer is a spherical layer of V between radial distanégsand Ro,
anked by two spherical layers of U, between radial distanRgsand R1, and R> and R3
respectively. A two-dimensional example is shown in Bly.Monolayers with inner V-band
or VUV bilayers are constructed by interchanging U and V.

We will rst compute the energy for monolayers. In Theordiha we give the expan-
sion in terms of thecurvature « of the energy per mass, for small. The exact
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(a)

Fig. 4 a A spherically symmetric monolayer in two dimensiobsa spherically symmetric bilayer in two
dimensions

expressions foFy can be found in the proof of the theorem, 85 for N = 2 and in 36)
for N > 3.
The expansion in terms of small curvature is obtained by linearising these exact energy
expressions around®' = oo”. To this end we introduce for the monolayer the curvature
total U-massV, and mass per (hyper-)surface anea

K= Rl_l, M = woy(RY — RY),

M MiN-1
m .= = .
NoyRY™t  Noy

We then get
Ro = Y1 - Nmk,
Ry = YY1+ Nm.

Theorem 10 Let (u, v) € K1 be a spherically symmetric monolayer with inner U-band. Fix
the mass per surface area m > 0, then for all N > 2:

F1 -1 2 2
ﬁ(uv v) = m”~(dyo + dyy + dyo) + gm + (N =1 (dyo — duo)

+ (N —DLm (—%(duo + dyo) + 1—15<3N - 2)m3) K>+ 0w, (33)

ifc | 0.

Note that there are two con gurations for a monolayer, depending on whether the U-phase
is on the inside or the outside. The theorem above states the case where the U-phase is on
the inside. The other case is found by interchangipgandd,o.

Proof (Proof of Theoreni0) The proof consists of three steps. First we comguytin terms
of the radiiR;, then we rewrite it as a function @f M andm. Finally the expansion is found
by computing the rst terms of the Taylor series of these expressions farl.

The interfacial terms are computed in a straightforward manner. Falf tHenorm we
need to compute the Poisson potential, which depends only on the rabacause of the
spherical symmetry and which we will denote $yr). The Poisson equation in spherical
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coordinates is

[ N+ (rzv—lqy(r))/ =u—v forr>0, (34)

$(0) =¢'(0) =0.

The solutions to this equation f&f = 2 andN > 3 are different, and we treat these two
cases separately. First we solve fér= 2 for the four different regions and we match the
solutions under the condition thate C1(R"). This gives

0 r € (0, Ro),
1 2 l 2 1 2 1 2
— >r°+ ZRglogr + ~R§ — =R§logRo r € (Ro, R1),
4 2 4 2
}rz—i—}(Rz—ZRz)lo + RZlog R R1, R
2 5 (RS 1) logr + Rilog Ry r € (Ry, R2),
d)(r): lRZI 1 2 1 2
— sRglogRo — S RT + - Ry
1 2 2 4
3 (2RY = RY) (1~ log(2R? — RY)) r > Ra.
’ 1, 1, 15
+ Rilog Ry — SR%log Ro — S Ri + 7 Ro

Note thatp is constant oifiR2, co): the solution can not have a term proportional todam
this interval, sincep € W1-2(R") and

o0 oo
1 2
/larlogr| rdr:/(f) rdr = o00.
r
Ry R2

This means thap’ (Rp) = ¢'(R2) = 0. We now compute the norm via

Ry Ry
lu = vl% 1o, = 27 /d)(r)rdr —/(j)(r)rdr
Ro R

ForN = 2, we then nd

1
— F1(u, v) = Rodyo + Ridyy + R%dvo

2
_ } 4 iL 2p2 } 4 _ p2(p2_ p2
2R+ ZRGRT — 2 Rg log Ro — R (RT — R§) log Ry
1 2
+3 (2R? — R3)"log (2R — R3) (35)

where the radii are related lR — R? = R — R3.
Analogously solving fov > 3 we nd

0 if r € (0, Rp),
1 _pN,-N+2_ 1 2 1 p2 i
N2 Ro; * ; ch er 2(N71—2)2R0 1 ) 5 if.r € (Ro, Ry),
¢ =1 wov=z (Ro —2Ry) r "+ 4 55r% + 5= (Rg — 2R7) i r € (Rq, Ra),
2
1 N N\N 2 2 i
22 ((2R1 —Rg)Y —2Ri+ RO) Itr> Re,
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and compute the norm. This leads to

R _ _ _
———(u,v) = RY Yo+ RY "y + RY "tdyo
Noy

1

TN 4

(RY+2 - RY*?) + R (RY - RY). (36)

N(N —2)

where the radii are related )’ — R) = R} — R
Rewriting our results in terms af, M andm gives, forN = 2,

F 1
) = M (VI=20kdio + duy + VIF 2rkdio) — 5k

1/1
+ = (Zm_lx_g +r 24 mK_l) log(1 + 2m«)

1
- = (fm71/c73 —k 2+ mlc*l) log(1 — 2mx).

For the monolayer wittv > 3 we get

F _ .
Ml(u, v) = m! ((1 — Nmk) T dyo + dyy + (1 + NmK)NTldvo)
1

2 2
N2—4 ’

N_—2°

+ mt ((l—NmK)NTJr2 —(1+NMK)NT+2>K73+

We now expand in terms af < 1 to get the result.

Next we turn to the bilayer. Here we follow the same route as before. Thebtatates
the expansion in small curvature; the exact expressiongf@an be found in the proof in
(38)for N = 2and in @9) for N > 3. Dene R > OviaRY = 1 (RY + RY'), then for the
bilayer we introduce curvature, total U-massV and mass per (hyper-)surface aredor
N > 1 as follows:

ci=RL M=oy (RY - RY),

MKN_]'
NC()N '

/ 1
Ro = PRy (1— Nmk), R1= P (1— éNmK),

1
Ro = P (1—|— ENmK), R3 = P V(A + Nm).

Then

Note that here we have chosen the radii such that the inner and outer U-band have equal
mass:R2 — RZ = R? — RZ. This is not the optimal choice, in the sense that a small change in
the relative thicknesses of the inner and outer monolayers might improve the energy slightly.
We expect this to be a small effect, however.
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Theorem 11 Let (1, v) € K1 be a spherically symmetric UVU bilayer. Fix the mass per
surface aream > O, then for all N > 2:

F1(u, v) _ 1 } 2
— = 2m (du0+duv)+6m
1 11 3\ .2 4
+(N—-Dm |- duo—i-zduv +%(3N—Z)m K<+ O™, (37)
ific | 0.

An analogous result and proof corresponding to the VUV bilayer is constructed by replac-
ing d,,0 by dyo.

Proof (Proof of Theoreni 1) As in the proof of TheoremOwe follow three steps. First we
computeF; in terms of the radiirR;. The resulting expression we rewrite in termscoi/
andm and nally we nd the expansion in terms af < 1 by calculating the rst terms of a
Taylor series.

The main problem in the rst step consists of deriving the Poisson potential that solves
(34). ForN =2 we nd

0 if r € (0, Ro),
—%r2+%R§Iogr+%R§—%RélogRo if € (Ro, R1),
%rz + %(R(Z) — 2R?)logr + RZlog Ry
- ER(Z,IogRo - %R% + ERg if r € (R1, R2),
¢ =14 _ %rz + (%Rg —R24 R;) logr — %Rg log Ro
+Rf|ogR1—R§IogR2+zllR§— %R%+%R% if € (Ro, R3),
- %R% + (%Rg — R? + R%) log R3 — %Rg log Ro
+Rf|ogR1—R§|ogR2+%R§—%R%JFER% if r > Ra.
For N > 3 we have
0 if r € (0, Ro),
1 N —N+2 1 2 1 2 f
—mROr —ﬁr +mRO if r € (Ro, R1),
B N(Nl— g (K8 —2RE)r 2 "
sn=1 Taw—2 (R§ — 2RY) if r € (R1, R2),
NN =D (RY —2RY +2RY) r¥+2 - %rz
SN TD (R — 2R% + 2R%) if r € (R2, R3),
ST (R — 2R? + 2RZ — R3) if r > Ra.
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We then proceed in the same way as for Theoi€to nd, for N = 2,

1 1 4 4
EFI(“» v) = (Ro + R3)dyo + (R1 + R2)dyy + TG (RO - Rg)

1 1 1
+ (ER(Z,Rf + ERSR§ - 21R(Z,Rg) log Ro

1 1
+ (ERSRf — R2R? + ER%R%) log Ry

1 1
+ (—ERSRg + R2RZ — éR§R§) log R>
1

1 1
+ (ZRgRg - ERng + ERgRg) log Rs, (38)

whereR3 — RZ = 3(R — R?) = R? — RZ.
For a bilayer withV > 3 we have

1
Fi(u, — RNfl RNfl d RNfl RNfl d
Non 1(u,v) = (Ry ~+R3 dwo+ (R ~+ Ry ) uv+72N(N+2)

x (RQ’*Z - R§V+2) + (—4R{}’R§

IN(N —2)
+4RY RZ — 8RN RZ + RY+2 + ARN+2 4 4RN+2 _ RY +2) . (39)

whereR) — RY = 3(R) — RY) = RY — R},
Rewriting these results in terms of M andm gives, forN = 2

Fi(u, v) _

M m™ duo (1=2mi) "2 4+ (L4 2mic) ) + dyy (L= mic) % + (L4 mic)'7?)]

1 1/1
-2 _ > (Zm_ll{_g —k 24 mK_l) log(1 — 2m)

— 5K
1/1

+ > (Zm_llc_s +k24 m/(_l) log(1 + 2m«)
1 1

~3 (K_z + m/(_l) log(1 + mk) + > (—I(_Z + m/(_l) log(1 — mk).

For N > 3 we have

Fi(u,v)
T

-1 ( N-1 N-1
m A—Nmk) ¥ +(Q+ Nmk) N )duo

N-1 N-1
1 ¥ 1 ¥
+ ((1 — ENmK) + (1+ Elec) )d,wi|

N+2

+ m~1 ((1—Nm/<)T —(1+NMK)NT+2)K_3

N2 -4

L 1- 2y ; 14+ 1N e
+N—2 —2m/< + —|—§m/c K .

The result 87) now follows from expanding ir < 1.
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