CONVERGENCE TO TRAVELLING WAVES IN A REACTION-DIFFUSION SYSTEM ARISING IN CONTAMINANT TRANSPORT

D. HILHORST AND M. A. PELETIER

Abstract. We consider a nonlinear system of parabolic equations describing the transport of contaminant in porous media. For this system travelling wave solutions are known to exist. We prove existence and uniqueness of general solutions of the system and convergence to travelling waves.

1. Introduction

In this paper we consider the initial value problem

β(u)_t + v_t + u_x − u_{xx} = 0

(1.1) v_t = F(u, v) (1.2)

on Q = R × R^+ with initial data

(u, v) = (u_0, v_0) at t = 0.

(1.3)

Throughout the paper the nonlinearities β and F satisfy the hypothe- ses { β ∈ C([0, ∞)) ∩ C^2((0, ∞)), β(0) = 0, β^′ ≥ b_0 > 0, and β^′ and β^{′′} are bounded on compact sets away from the origin;

(1.4)

F : [0, ∞)×[0, ∞) → R is continuous, strictly increasing in its first argument and strictly decreasing in its second argument, and satisfies −L ≤ F(u, v_1) − F(u, v_2) v_1 − v_2 ≤ 0 for all u, v_1, v_2 ∈ [0, ∞) such that v_1 ≠ v_2;

(1.5)

and we assume that the initial data (u_0, v_0) satisfy { There exist ū, v̄ ∈ (0, ∞) such that u_0, v_0 ∈ L^∞(R) with 0 ≤ u_0 ≤ ū, 0 ≤ v_0 ≤ v̄, and F(ū, v̄) = F(0, 0) = 0. (1.6)

Date: July 9, 1997, 9:33 1991 Mathematics Subject Classification. 35B40, 35K65, 35K57, 35K55, 35K45. Key words and phrases. travelling waves, asymptotic behaviour, degenerate diffusion, parabolic partial differential equations. 1

We show that this problem is well-posed and prove the convergence of the solution to a travelling wave under an additional condition on the initial data.

We remark that due to the possible degeneration of β and F at u = 0 the solutions of Problem (1.1-1.3) may lack regularity at points where they vanish.

Equations (1.1-1.2) arise in the modelling of contaminant transport in porous media. A chemical substance A is transported by water flow while undergoing adsorption processes on the surface of the soil particles. If C is a scaled dissolved concentration and S a scaled adsorbed concentration, the one-dimensional law of conservation of mass reads (C + S)_t + qC_x − DC_{xx} = 0.

Here q denotes the discharge and D the combined coefficient of mechanical dispersion and molecular diffusion. Both are assumed constant.

Commonly the interaction between dissolved and adsorbed contaminant is modelled in the form of a first-order differential equation (see [29] for a discussion of adsorption kinetics): S_t = kf(C, S). (1.7) We wish to allow for a more general model in which there is a subdivision at the pore scale between different adsorption sites. At some sites, which we call of type 1, the process is described by (1.7), while at others, those of type 2, the adsorption kinetics are assumed to be significantly faster than the other processes. For type-2 sites we adopt the equilibrium assumption f(C, S_2) ≡ 0. Typically this equation can be solved for S_2 in terms of C to yield an isotherm Ψ:

f(C, S_2) = 0 ⇐⇒ S_2 = Ψ(C).

We regain equations (1.1-1.2) after substituting S = S_1 +S_2 and scaling variables and parameters by

u := C, β(u) := C + Ψ(C), x := D q x, v := S_1, F(u, v) := Dk_1 q^2 f(C, S_1), t := D q^2 t. Although the physical motivation of the multiple-site adsorption assumption is not clear, some experiments with pesticides do indicate a marked difference in performance between one-site and multiple-site models [4, 5, 6] (see also [27, 8]). For this reason we wish to include this case in our analysis.

Other examples of systems of the form (1.1-1.2) arise when modelling the propagation of impulses in nerve axons [12, 13, 14, 19], chemical reactions in catalyst particles [1, 17, 16, 15], and solid combustion ([10] and [2], Chapter 4).

A travelling wave (U, V, c) is a solution of system (1.1-1.2) that can be written as a function of the travelling wave coordinate η = x − ct for some c ∈ R: (U, V )(x, t) = (f, g)(x − ct) = (f, g)(η). (1.8)

The constant c is called the wave speed. Van Duijn and Knabner [28, 29] extensively studied the existence and some qualitative properties of travelling wave solutions of (1.1-1.2). One of their theorems is cited below (Proposition 1.1) and the interested reader can find more details in [28].

We seek bounded travelling waves that tend to limit values (ū, v̄) and (0, 0) at plus and minus infinity:

(f, g) → (ū, v̄) as η → −∞ (upstream concentration)

(1.9)

(f, g) → (0, 0) as η → ∞ (downstream concentration)

(1.10) A necessary condition for convergence at infinity is the condition F(0, 0) = F(ū, v̄) = 0, which describes the assumption that (0, 0) and (ū, v̄) are states of chemical equilibrium.

Proposition 1.1. [28] Let F ∈ Lip((0, ū] × (0, v̄]), and suppose that there exists a strictly increasing function ψ ∈ C([0, ū])∩Lip((0, ū]) such that F(u, v)^≤_≥ 0 ⇐⇒ v^≥_≤ ψ(u) for all (u, v) ∈ (0, ū) × (0, v̄). If β and ψ satisfy β(u) + ψ(u) u > β(ū) + v̄ ū for all 0 < u < ū,

(1.11)

then there exists a travelling wave solution (U, V, c) of system (1.1), (1.2) which is unique up to translation. The functions f and g defined by (1.8) have the same support and on this support they are strictly decreasing.

Note that the regularity restrictions on F are slightly more restrictive than those of (1.5).

Condition (1.11) plays a role similar to the convexity condition that arises in the investigation of travelling wave solutions of scalar conservation laws.

Remark 1.2 A travelling wave (f, g) satisfies the system of ordinary differential equations { − cβ(f)^′ − cg^′ + f^′ − f^{′′} = 0 − cg^′ = F(f, g).

If β and F satisfy the regularity assumptions (1.4) and (1.5), then f, g ∈ C^1(R). We use this regularity in Section 5. If we suppose that f and g satisfy (1.9-1.10), then the wave speed can be calculated by integrating the first equation and taking limits: c = ū β(ū) + v̄ •

We shall refer to equations (1.1-1.2) on Q together with the initial conditions (1.3) as Problem P . We shall be interested in solutions in the following sense:

Definition 1.3. A solution of Problem P is a pair of functions (u, v) such that

1. u ∈ C(Q) ∩ L^∞(Q) with u_x ∈ L^2_{loc}(Q); 2. v ∈ C([0, ∞); L^∞(R)); 3. u and v satisfy the equations

(1.12) ∫ R (β(u(t)) + v(t))φ(t) − ∫ Q_t ( (β(u) + v)φ_t + u(φ_x + φ_{xx}) )

= ∫ R (β(u_0) + v_0)φ(0) and ∫ R v(t)φ(t) − ∫ Q_t vφ_t = ∫ R v_0φ(0) + ∫ Q_t F(u, v)φ (1.13)

for all t > 0 and φ ∈ C^{2,1}_c (Q).

Sub- and supersolutions satisfy parts 1 and 2, as well as (1.12) and (1.13) with the equality signs replaced by ≤ for subsolutions and ≥ for supersolutions.

Our first theorems concern the well-posedness of Problem P .

Theorem 1.4. Let (u_0, v_0) satisfy hypothesis (1.6). Then there exists a solution of Problem P with initial data (u_0, v_0).

For non-degenerate (i.e. Lipschitz continuous) functions β the uniqueness of solutions of (1.1-1.2) on bounded domains has been shown by Knabner [20]. Recently this result has been extended to nonlinearities β that are not Lipschitz continuous and can even be maximal monotone graphs [21]. We use here a result due to Otto [23, 24] on bounded domains for single degenerate parabolic equations to prove the uniqueness of solutions of (1.1-1.2) on an unbounded domain:

Theorem 1.5. Let (u_1, v_1) be a subsolution and (u_2, v_2) a supersolution of Problem P with corresponding initial data (u_{10}, v_{10}) and (u_{20}, v_{20}), such that

[β(u_{10}) − β(u_{20})]_+ + [v_{10} − v_{20}]_+ ∈ L^1(R).

Then ∫ R ( [β(u_1(t)) − β(u_2(t))]_+ + [v_1(t) − v_2(t)]_+ )

≤ ∫ R ( [β(u_{10}) − β(u_{20})]_+ + [v_{10} − v_{20}]_+ ) (1.14)

for all t ≥ 0.

Knabner and Otto [21] have obtained a result that generalizes Theorem 1.5 in the case of higher space dimensions but on a bounded domain.

Remark 1.6 An immediate consequence of (1.14) is the property of contraction in L^1(R): ∫ R ( |β(u_1(t)) − β(u_2(t))| + |v_1(t) − v_2(t)| )

≤ ∫ R ( |β(u_{10}) − β(u_{20})| + |v_{10} − v_{20}| ) , for all t ≥ 0. In physical terms, the quantity β(u) + v corresponds to the total amount of chemical contaminant that is present in a unit volume. Theorem 1.5 therefore states that no mass is created, and we shall prove in Corollary 2.3 that no mass disappears either: if ∫ R ( |β(u_{10}) − β(u_{20})| + |v_{10} − v_{20}| ) < ∞, then ∫ R ( β(u_1) − β(u_2) + v_1 − v_2 ) is constant in time.

(1.15) • Our main result concerns the stability of travelling waves. Using the technique of Osher and Ralston [22] we prove the following result (see also [3, 18, 30, 9]):

Theorem 1.7. Let the conditions of Proposition 1.1 be satisfied, and denote the travelling wave given by Proposition 1.1 by (U, V )(x, t) = (f, g)(x − ct). If (u_0, v_0) satisfies ∫ R ( |β(u_0) − β(f)| + |v_0 − g| ) < ∞, (1.16) then there exists a translation of (U, V ), again denoted (U, V ), such that ∫ R ( |β(u(t)) − β(U(t))| + |v(t) − V (t)| ) → 0 as t → ∞, where (u(t), v(t)) is the solution given by Theorem 1.4.

Remark 1.8 An important question in the study of convergence of general solutions towards travelling waves is the following: given the initial data (u_0, v_0), to which translation of the travelling wave (U, V ) does the solution converge? Is it possible to characterize the limit in terms of the initial data? In the course of the proof of Theorem 1.7 it is shown that it follows from hypothesis (1.16) that there is exactly one translation of (U, V ) that satisfies ∫ R ( β(u_0) − β(f) + v_0 − g ) = 0,

(1.17)

and therefore by (1.15), ∫ R ( β(u(t)) − β(U(t)) + v(t) − V (t) ) = 0 (1.18)

for all time t. In view of (1.18), condition (1.17) characterizes in a unique way the travelling wave to which the solution converges. •

Example An expression for F that is commonly used in soil science is F(u, v) = k(ψ(u) − v), k > 0 where the isotherm ψ is increasing and concave and satisfies ψ(0) = 0. Similarly, the function β(u) is often taken either equal to u or equal to u + φ(u), where φ is a (possibly different) concave increasing isotherm (see [29]). Both β and F are assumed smooth away from the origin. For such nonlinearities β and F, all necessary conditions are satisfied.

For given (ū, v̄) such that F(ū, v̄) = F(0, 0) = 0 there exists a travelling wave solution (f, g) with values (0, 0) at plus infinity and (ū, v̄) at minus infinity. This follows from Proposition 1.1. By Theorem 1.7 this travelling wave os stable with respect to perturbations. •

Organisation of this paper. In Sections 2 and 3 we discuss existence and uniqueness of solutions (Theorems 1.5 and 1.4). In Section 4 we introduce a semigroup operator which we use in Section 5 to prove the convergence to travelling waves (Theorem 1.7).

Acknowledgement. We wish to thank J. Hulshof and R. van der Hout for a number of inspiring discussions.

2. Uniqueness and related properties Define for every λ > 0 the weight function ω_λ(x) = e^{−λ√1+x2} for x ∈ R. Theorem 1.5 is a consequence of the following more general result: Theorem 2.1. Let (u_1, v_1) be a subsolution and (u_2, v_2) a supersolution of Problem P with corresponding initial data (u_{10}, v_{10}) and (u_{20}, v_{20}). Then there exists a constant C > 0 that does not depend on λ such that ∫ R ω_λ ( [β(u_1(t)) − β(u_2(t))]_+ + [v_1(t) − v_2(t)]_+ )

≤ e^{C(λ+λ2)t} ∫ R ω_λ ( [β(u_{10}) − β(u_{20})]_+ + [v_{10} − v_{20}]_+ ) (2.1) for all 0 ≤ t ≤ T .

Theorem 2.1 simultaneously provides three distinct results:

1. A comparison principle:

if u_{10} ≥ u_{20} and v_{10} ≥ v_{20}, then u_1 ≥ u_2 and v_1 ≥ v_2 on Q_T ; 2. A contraction in L^1(R): if β(u_{10})−β(u_{20}) ∈ L^1(R) and v_{10} −v_{20} ∈ L^1(R) then

‖β(u_1(t)) − β(u_2(t))‖_L1_{(R)} + ‖v_1(t) − v_2(t)‖_L1_{(R)} ≤ ‖β(u_{10}) − β(u_{20})‖_L1_{(R)} + ‖v_{10} − v_{20}‖_L1_{(R)} ,

(2.2)

for all 0 ≤ t ≤ T . This follows from the limit λ → 0 in (2.1); 3. Continuous dependence on initial data in a weighted space L^1_{ωλ} (R) induced by the norm ‖u‖_L1_{ωλ (R)} = ∫ R ω_λ |u| of the form ‖β(u_1(t)) − β(u_2(t))‖_L1_{ωλ (R)} + ‖v_1(t) − v_2(t)‖_L1_{ωλ (R)} ≤ e^{C(λ+λ2)t} ( ‖β(u_{10}) − β(u_{20})‖_L1_{ωλ (R)} + ‖v_{10} − v_{20}‖_L1_{ωλ (R)} ) , for all 0 ≤ t ≤ T .

While the contraction in L^1(R) only has a sensible definition for initial data with difference in L^1(R)^2, the continuous dependence result in L^1_{ωλ} (R)^2 holds for all bounded initial data.

Remark 2.2 If the monotonicity assumptions on F are omitted, and F is assumed to be one-sided Lipschitz continuous: F_u ≥ −L and F_v ≤ L, (2.3) then the Comparison Principle ceases to hold, and the property of contraction in L^1 relaxes into a bound in L^1 that grows exponentially in time. If even conditions (2.3) are violated, then non-uniqueness can occur. Proofs of these statements and counterexamples can be found in [25]. •

Proof of Theorem 2.1. We use an extension of a theorem due to Otto [23, 24] that gives an estimate for single equations. Although strictly speaking the hypotheses of [24] exclude application of these results to the situation at hand, it is readily verified that the main result is valid nonetheless. We will return to this question later and in the Appendix.

The functions u_1 and u_2 given by the hypotheses of Theorem 2.1 both satisfy an equation of the form

β(u)_t + u_x − u_{xx} = g

on a domain Q^{a,b}_T = (a, b) × (0, T ) for any a < b, with (different) nonhomogeneous Dirichlet boundary data on {a, b} × (0, T ). The righthand side is given by g_i = −F(u_i, v_i) ∈ L^∞(Q^{a,b}_T ). Set ũ = u_1 − u_2, β̃ = β(u_1) − β(u_2), and F̃ = F(u_1, v_1) − F(u_2, v_2), and define H to be the Heaviside function with H(0) = 0. We use the inequality (see (A.1)) − ∫ Q^{a,b}_T β̃_+γ_t + ∫ Q^{a,b}_T H(ũ)(ũ_x − ũ)γ_x − ∫ Q^{a,b}_T H(ũ)F̃γ ≤ ∫_b a β̃(0)_+γ(0),

for every non-negative γ ∈ C^∞_c ((a, b) × (−∞, T )).

Let χ be any non-negative element of C^∞_c (R), and choose a, b ∈ R such that supp χ ⊂ (a, b). When we apply this result to the test function γ(x, τ ) = H(t − τ )χ(x) we obtain ∫ R χβ̃_+(t) − ∫ R χβ̃_+(0) ≤ − ∫ Q_t χ_xH(ũ)(ũ_x − ũ) − ∫ Q_t χF̃H(ũ). (2.4)

Here Q_t = R × (0, t].

Before we continue we briefly remark on the hypotheses of Otto’s theorem. First, the function γ given above clearly does not satisfy the regularity assumption γ ∈ C^∞_c ((a, b) × (−∞, T )). However, since u_1, u_2, and β are continuous functions, this problem can be remedied by a regularisation argument. Second, the theorem proved in [24] does not include zero-order terms that depend explicitly on x and t. It is readily verified that the proof holds unchanged for zero-order terms that are in L^∞. Third, Otto demands Dirichlet data that are constant in time. For test functions with support inside (a, b) × (0, T ) this restriction is not essential either, but this remark merits some additional explanation. We provide this in the Appendix.

We now continue the proof. Besides the notation introduced above we set ṽ = v_1 − v_2. Now since − ∫ Q_t χ_xH(ũ)ũ_x = − ∫ Q_t χ_x(ũ_+)_x = ∫ Q_t χ_{xx}ũ_+, we obtain from (2.4) ∫ R χβ̃_+(t) − ∫ R χβ̃_+(0) ≤ ∫ Q_t ũ_+(χ_x + χ_{xx}) − ∫ Q_t χF̃H(ũ). Now let χ converge to the function ω_λ, for instance by setting χ = ω_λη_n where η_n is a cut-off function. By observing that there exists a constant c > 0 independent of λ such that |w_{λx}| , |w_{λxx}| ≤ c(λ + λ^2)ω_λ on R, we find that ∫ R ω_λβ̃_+(t) − ∫ R ω_λβ̃_+(0) ≤ 2c(λ + λ^2) ∫ Q_t ω_λũ_+ − ∫ Q_t ω_λF̃H(ũ). (2.5)

Next we consider equation (1.13). From the continuity of F and the boundedness of u_i and v_i we deduce that ṽ = v_1 − v_2 ∈ W^{1,∞}(0, T ; L^∞(R)) and that ṽ_t = F̃ a.e. in Q. Since s → s_+ is a Lipschitz continuous mapping we also have (ṽ_+)_t = H(v)F̃ and by integrating this against the weight function ω_λ we find ∫ R ω_λṽ_+(t) − ∫ R ω_λṽ_+(0) ≤ ∫ Q_t ω_λF̃H(ṽ). By adding this inequality to (2.5),

(2.6) ∫ R ω_λ(β̃_+(t) + ṽ_+(t)) − ∫ R ω_λ(β̃_+(0) + ṽ_+(0)) ≤ ≤ ∫ Q_t ω_λF̃(H(ṽ) − H(ũ)) + 2c(λ + λ^2) ∫ Q_t ω_λũ_+.

Set h = H(ṽ) − H(ũ). Clearly h takes values in the set {−1, 0, 1}. At points (x, t) ∈ Q_t where h(x, t) = 1 we have v_1 > v_2 and u_1 ≤ u_2; therefore, by hypothesis (1.5), F(u_1, v_1) ≤ F(u_2, v_2) and F̃h ≤ 0. Similarly, where h = −1 we also have F̃h ≤ 0. This implies that the first term on the right-hand side in (2.6) is non-positive. Since β^′ ≥ b_0 > 0, we can estimate the last term in (2.6) by 2c b_0

(λ + λ^2) ∫ Q_t ω_λβ̃_+.

Thus we can use Gronwall’s Lemma to conclude that ∫ R ω_λ(β̃_+(t) + ṽ_+(t)) ≤ e^{C(λ+λ2)t} ∫ R ω_λ(β̃_+(0) + ṽ_+(0)),

where C = 2c/b_0, as asserted. This concludes the proof of Theorem 2.1. • Corollary 2.3 (Conservation of mass). If ∫ R ( |β(u_{10}) − β(u_{20})| + |v_{10} − v_{20}| ) < ∞, then the integral ∫ R ( β(u_1) − β(u_2) + v_1 − v_2 )

is constant in time.

Proof. Choose χ ∈ C^∞_c (R) and set φ(x, t) = χ(x). By subtracting equations (1.12) for u_1 and u_2 for this test function φ we obtain ∫ R χ ( β(u_1) − β(u_2) + v_1 − v_2 ) (t) = ∫ R χ ( β(u_{10}) − β(u_{20}) + v_{10} − v_{20} )

+ ∫_t 0 ∫ R (u_1 − u_2)(χ_x + χ_{xx})

Since β^′ ≥ b_0 > 0, the function u_1 − u_2 ∈ L^1(R × (0, t)); the result then follows from letting χ converge towards the function 1. •

For the proof of existence of a solution of the Cauchy Problem P in the next section we shall need a comparison theorem for the Cauchy- Dirichlet Problem on bounded sets. We state here the definition of a solution and the comparison theorem. The proof of this theorem is a slight perturbation of that of Theorem 1.5.

Let (a, b) ⊂ R be a bounded open interval, and let T > 0. We consider the problem

β(u)_t + v_t + u_x − u_{xx} = 0 v_t = F(u, v) on Q^{a,b}_T = (a, b) × (0, T ] with the boundary condition u = 0 on {a, b} × (0, T ] and the initial condition

(u, v) = (u_0, v_0)

at t = 0. We call this Problem CD.

Definition 2.4. A solution of the Cauchy-Dirichlet Problem CD is a pair of functions (u, v) such that

1. u ∈ C(Q^{a,b}_T ) ∩ L^2(0, T ; H^1(a, b)); 2. v ∈ C([0, T ]; L^∞(a, b)); 3. u and v satisfy the equations − ∫ Q^{a,b}_T ( (β(u) + v)φ_t + u(φ_{xx} + φ_x) ) = ∫_b a (β(u_0) + v_0)φ(0)

(2.7) and − ∫ Q^{a,b}_T vφ_t = ∫_b a v_0φ(0) + ∫ Q^{a,b}_T F(u, v)φ (2.8)

for every φ ∈ C^{2,1}(Q^{a,b}_T ) such that φ(T ) = 0 and φ = 0 on {a, b}× (0, T ], and the boundary condition u = 0 on {a, b} × (0, T ]. (2.9)

Sub- and supersolutions of Problem CD satisfy parts 1 and 2, as well as (2.7), (2.8), and (2.9), with the equality signs replaced by ≤ for subsolutions and ≥ for supersolutions.

Note that we do not incorporate the boundary condition (2.9) into the function space in part 1. This allows us to consider sub- and supersolutions with non-zero boundary values.

Theorem 2.5. Let (u_1, v_1) be a subsolution and (u_2, v_2) a supersolution of Problem CD with corresponding initial data (u_{10}, v_{10}) and (u_{20}, v_{20}). Then

(2.10) ∫_b a ( [β(u_1(t)) − β(u_2(t))]_+ + [v_1(t) − v_2(t)]_+ )

≤ ∫_b a ( [β(u_{10}) − β(u_{20})]_+ + [v_{10} − v_{20}]_+ )

for all 0 ≤ t ≤ T .

Proof. The proof follows the same lines as the proof of Theorem 1.5. A non-obvious difference is that we apply the theorem of Otto to the test function γ(x, τ ) = H(t − τ ), a function that is constant in space. The restriction to test functions with compact support does not hold for the case of zero Dirichlet data. •

3. Existence (proof of Theorem 1.4)

We prove Theorem 1.4 by approximation on a finite domain. Fix T > 0 and define for n ∈ N the spatial domain Ω_n = (−n, n) and set

Q^n_T = Ω_n × (0, T ]. We consider the approximate problem P_n β(u)_t + v_t + u_x − u_{xx} = 0 x ∈ Ω_n, 0 < t ≤ T v_t = F(u, v) x ∈ Ω_n, 0 < t ≤ T u = 0 x ∈ {−n, n}, 0 < t ≤ T (u, v) = (u_0, v_0) at t = 0.

Solutions to this problem are defined as in Definition 2.4.

We prove the existence of a solution to Problem P_n by the Schauder fixed point theorem. Define the convex set X = {u ∈ L^2(Q^n_T ) : 0 ≤ u(x, t) ≤ ū on Q^n_T }.

We introduce the operator T_1 : X → L^2(Q^n_T ), where T_1u is defined as the solution v̂ of the ordinary differential equation v̂_t = F(u, v̂) on Q^n_T

(3.1) with initial condition v̂(·, 0) = v_0. By hypotheses (1.5) and (1.6) the constant v̄ is an upper bound for v̂: if for any x ∈ Q^n_T , 0 ≤ τ ≤ T we have v̂(x, τ ) = v̄, then v̂_t(x, τ ) = F(u(x, τ ), v̄) ≤ F(ū, v̄) = 0. For v̂_t(x, τ ) < 0 we directly find a contradiction if we assume that (x, τ ) is the first occurrence of v = v̄. Since F is one-sided Lipschitz continuous in its second argument, solutions of this ODE are locally unique, and therefore if v̂_t(x, τ ) = 0 then v̂(x, t) = v̄ for every 0 ≤ t ≤ T , and in particular v is bounded from above by v̄. By a similar argument the constant 0 is a lower bound for v̂. As a result, T_1u belongs to the set Y = {v ∈ L^2(Q^n_T ) : 0 ≤ v(x, t) ≤ v̄ on Q^n_T }.

The operator T_2 : Y → L^2(Q^n_T ) is defined in the following way: û = T_2v is the solution of β(û)_t + û_x − û_{xx} = −F(û, v) on Q^n_T ,

(3.2) subject to the boundary condition û = 0 and the initial condition û = u_0. The constants u = 0 and u = ū are sub- and supersolutions: for ū this follows from β(ū)_t = −F(ū, v̄) ≥ −F(ū, v) since v ≤ v̄ on Q^n_T , and for u = 0 the argument is similar. As a result the composite operator T = T_2 ∘ T_1 maps X into X.

Next we prove that the operators T_1 and T_2 are continuous in the L^2- norm. For the length of this proof, let ‖·‖ denote the norm of L^2(Q^n_T ). We first consider T_1. Let u^m, u ∈ X, ‖u^m − u‖ → 0 as m → ∞, and set v^m = T_1u^m, v = T_1u. We need to prove that ‖v^m − v‖ → 0. By multiplying the difference of equations (3.1) with w^m = v^m − v we find

(3.3) sup_{0≤t≤T}^1_2 ∫ Ω_n

(w^m)^2 ≤ sup_{0≤t≤T} ∫_t 0 ∫ Ω_n (F(u^m, v^m) − F(u^m, v))w^m + ‖F(u^m, v) − F(u, v)‖ ‖w^m‖ . The first term on the right-hand side is non-positive by hypothesis (1.5) and we find the estimate ‖w^m‖ ≤ C ‖F(u^m, v) − F(u, v)‖ . Since F is continuous, there is a subsequence along which F(u^m, v) − F(u, v) → 0 almost everywhere in Q^n_T , and consequently ‖w^m‖ → 0 along that sequence. By the uniqueness of the limit the whole sequence converges to zero.

For the continuity of T_2 we take analogously a sequence v^m, v ∈ Y , such that ‖v^m − v‖ → 0, and define in the same way u^m = T_2v^m and u = T_2v, and z^m = u^m − u. By the results of Sacks [26] the sequence {u^m} is equicontinuous and we can therefore extract a subsequence along which u^m and v^m converge pointwise almost everywhere in Q^n_T . We can then pass to the limit in the equation − ∫_T 0 ∫ Ω_n ( β(u^m)φ_t + u^m(φ_x + φ_{xx}) ) = ∫ Ω_n

β(u_0)φ(0) + ∫_T 0 ∫ Ω_n F(u^m, v^m)φ for every φ ∈ C^∞_c ([0, T ] × Ω_n). The function u = T_2v is the unique solution of the limit equation which proves that the pointwise limit of {u^m} is equal to u. Again the uniqueness of the limit implies that the whole sequence converges.

The equicontinuity of {u^m} also implies that T is compact. It then follows by the Schauder fixed point theorem that there exists a u ∈ X such that T u = u, implying that the pair (u, v) with v = T_1u solves Problem P_n.

We denote the solutions of P_n obtained in this way by (u_n, v_n) and we let n tend to infinity. By the comparison principle on bounded domains (Theorem 2.5) {u_n} and {v_n} form increasing sequences. We pass to the limit in equations (1.12) and (1.13).

The regularity assumptions of Definition 1.3 are satisfied for v by the uniform boundedness of v_t = F(u, v); the continuity of the function u follows from the equicontinuity of the sequence u^m due to Sacks, and the condition u_x ∈ L^2_{loc}(Q) is a well-known consequence of the approximation procedure. •

4. Construction of a semigroup By Theorems 1.4 and 1.5 we can define a semigroup operator that maps the initial data (u_0, v_0) to the corresponding solution (u(t), v(t)). For future convenience we consider pairs of the form (β(u_0), v_0) instead of (u_0, v_0) and define S(t)(β(u_0), v_0) as the solution (β(u(t)), v(t)) corresponding to the initial data (β(u_0), v_0). The domain of definition of the semigroup S(t) is the set L = { z_0 = (β(u_0), v_0) ∈ L^∞(R)^2 : 0 ≤ u_0 ≤ ū, 0 ≤ v_0 ≤ v̄ } . We introduce the norm of L^1(R)^2 for elements z = (β(u), v) ∈ L:

‖z‖_L1_{(R)}2 = ∫ R ( |β(u)| + |v| ) , which can be finite or infinite, and a partial ordering ≥ on L: z_1 ≥ z_2 if u_1 ≥ u_2 and v_1 ≥ v_2 on R.

Using this notation the semigroup S(t) has the following properties:

1. S(t) preserves L^1, i.e.

‖S(t)z_1 − S(t)z_2‖_L1_{(R)}2 ≤ ‖z_1 − z_2‖_L1_{(R)}2

(4.1)

for each t > 0 and z_1, z_2 ∈ L such that z_1 − z_2 ∈ L^1(R)^2. 2. S(t) preserves order, i.e. if z_1, z_2 ∈ L and z_1 ≥ z_2, then S(t)z_1 ≥ S(t)z_2 for all t > 0.

These properties are simply reformulations of Theorem 1.5. As a byproduct of the proof of Theorem 2.1 we obtain the following extra information:

Proposition 4.1. For z_1, z_2 ∈ L, z_1−z_2 ∈ L^1(R)^2, set (β(u_i(t)), v_i(t)) = S(t)z_i for t > 0. If t > 0 is such that the set

{(x, τ ) ∈ R × (0, t) : (u_1 − u_2)(v_1 − v_2)(x, τ ) < 0} has non-zero measure, then ‖S(t)z_1 − S(t)z_2‖_L1_{(R)}2 < ‖z_1 − z_2‖_L1_{(R)}2 .

Proof. The proof follows from an inspection of inequality (2.6). By Theorem 1.5 the integral ∫ Q_t ũ+ is finite, and therefore we can set λ = 0

in (2.6). This leads to ∫ R (β̃_+(t) + ṽ_+(t)) − ∫ R (β̃_+(0) + ṽ_+(0)) ≤ ∫ Q_t (F(u_1, v_1) − F(u_2, v_2))(H(ṽ) − H(ũ)).

By hypothesis (1.5) the integral on the right-hand side is strictly negative. •

On a region Ω × (0, T ) on which a solution (u, v) is bounded away from zero, assumptions (1.4) and (1.5) imply that equation (1.1) is uniformly parabolic, and therefore by classical regularity theory u_t and u_{xx} are functions and equation (1.1) is satisfied almost everywhere. We use this to prove a Strong Comparison Principle:

Proposition 4.2. Let (u_1, v_1) and (u_2, v_2) both satisfy equations (1.1) and (1.2) on a domain Ω × (0, T ) and let u_1 and u_2 be bounded away from zero. Suppose that |u_{2t}| is bounded on Ω × (0, T ). If u_1 ≥ u_2 and v_1 ≥ v_2, then

either u_1 ≡ u_2 or u_1 > u_2

on Ω × (0, T ).

Note that we do not explicitly impose any regularity on u_{1t} or β(u_1)_t, other than follows from the uniform parabolicity.

Proof. The strict positiveness of u_1 and u_2 and (1.4) imply that β^{′′} is bounded on the values of u_1 and u_2. Then we have after setting w = u_1 − u_2,

β^′(u_1)w_t − w_{xx} + w_x + γw = −F(u_1, v_1) + F(u_2, v_2).

where γ = β^′(u_1) − β^′(u_2) u_1 − u_2 u_{2t} is a bounded function of x and t. Using the monotonicity of F in v we have

−F(u_1, v_1) + F(u_2, v_2) ≥ −

F(u_1, v_1) − F(u_2, v_1) u_1 − u_2 w, and the result then follows from standard parabolic theory. •

5. Proof of Theorem 1.7 (convergence to travelling waves)

By the hypothesis ∫ R ( |β(u_0) − β(f)| + |v_0 − g| ) < ∞, (5.1)

we can assume without loss of generality that ∫ R ( β(u_0) − β(f) + v_0 − g ) = 0.

(5.2)

This follows from the observation that if a locally integrable function φ : R → R has finite limits at plus and minus infinity, then ∫ R (φ(x + h) − φ(x)) dx = lim_{R→∞} {∫_{R+h} R φ − ∫_{−R+h} −R φ }

= (φ(∞) − φ(−∞))h.

Condition (5.2) pins down the travelling wave that (u, v) will converge to. We define the translation operator τ_h, for h ∈ R, by (τ_hy)(x) = y(x − h) for all x ∈ R for any function y on R.

In order to compare the general solution of Problem P with the travelling wave solution we introduce a change of variables: we set η = x − ct where c is the wave speed of the travelling wave (U, V ) and consider the solution as a function of (η, t) instead of (x, t). This amounts to considering instead of S(t) the semigroup Σ(t) = τ_{−ct} ∘ S(t). The properties of S(t) discussed above are passed unchanged to Σ(t), and by construction ζ = (β(f), g) is a fixed point of Σ(t).

First we prove stability in a special case. Recall that ζ = (β(f), g) is supposed throughout to satisfy condition (5.2).

Proposition 5.1. Suppose that z_0 lies between two travelling waves, i.e. there exist h_1, h_2 ∈ R such that τ_{h1} ζ ≤ z_0 ≤ τ_{h2} ζ.

Then ‖z(t) − ζ‖_L1_{(R)}2 → 0 as t → ∞.

Proof. The proof consists of six steps. For the length of this proof set z(t) = Σ(t)z_0.

Step 1 The set {z(t) − ζ}_{t>0} is compact in L^1(R)^2. By (4.1), ‖τ_hz(t) − z(t)‖_L1_{(R)}2 ≤ ‖τ_hz_0 − z_0‖_L1_{(R)}2 ,

(5.3) for all h ∈ R. This implies that ‖τ_hz(t) − z(t)‖_L1_{(R)}2 → 0 uniformly in t as h → 0. By the comparison principle the fact that initially the solution z lies between travelling waves implies that the same holds for all positive time t. Therefore for instance ∫ {|η|>R} |β(u(η, t) − β(f(η))| dη ≤ ∫ {|η|>R} [β(τ_{h2} f(η)) − β(τ_{h1} f(η))] dη and this integral tends to zero as R tends to infinity. Consequently β(u) − β(f) has tails at infinity that are uniformly integrable in t, and the same holds for v−g. We can then apply for instance Corollary IV.26 of [7] or Theorem IV.8.20 of [11] to conclude that {β(u(t)) − β(f)}_{t>0} and {v(t) − g}_{t>0} both are compact in L^1(R).

Let the ω-limit set ω be defined as

ω = {y ∈ ζ + L^1(R)^2 : ∃t_n → ∞, z(t_n) − y → 0 in L^1(R)^2}. By Step 1, ω ≠ ∅.

Remark 5.2 By the results of Sacks [26] solutions of (1.1) have a modulus of continuity in space and time that does not depend on t for large t. Consequently if y = (β(y_u), y_v) ∈ ω, then y_u is necessarily uniformly continuous in space, and the first component of Σ(t)y is uniformly continuous in space and time. The second component of Σ(t)y is Lipschitz continuous in time by equation (1.2). Finally, it follows from Corollary 2.3 that ∫ R (β(y_u) − β(f) + y_v − g) = 0.

(5.4) • We introduce a class of Lyapunov functionals V_h, for h ∈ R,

V_h(y) = ‖y − τ_hζ‖_{L1(R)2} for all y ∈ ζ + L^1(R)^2.

Step 2 The functional V_h is constant on ω.

This is a classical result in the theory of dynamical systems. By (4.1) the functional V_h decreases along the trajectory z(t). Since it is bounded from below it has a limit V^∗_h as t → ∞. If y_1, y_2 ∈ ω, then we can find a sequence t_n → ∞ such that z(t_{2n}) − y_1 → 0 and z(t_{2n+1}) − y_2 → 0 in L^1(R)^2. It follows that V_h(y_1) = V_h(y_2) = V^∗_h .

Step 3 If y ∈ ω, then Σ(t)y ∈ ω for all t > 0.

Again this is classical: if the sequence t_n → ∞ is such that z(t_n) − y → 0, then

‖z(t_n + t) − Σ(t)y‖_{L1 (R)2} = ‖Σ(t)z(t_n) − Σ(t)y‖_{L1 (R)2} ≤ ‖z(t_n) − y‖_L1_{(R)}2

and this last term tends to zero by hypothesis. Step 4 If y ∈ ω, V_0(y) > 0, then there exists h ∈ R such that

V_h(Σ(t)y) < V_h(y) for all time t > 0.

Set y = (β(u), v). When we compare u with τ_hf for different values of h, there are two possibilities:

1. There exists h ∈ R such that u ≡ τ_hf on R;

2. There exists h ∈ R and I = [η_1, η_2] ⊂ R such that u − τ_hf is of two signs on I and u, f > 0 on I.

In case 1 the possibility v ≡ τ_hg implies h = 0 by the mass restriction (5.4). Therefore V_0(y) = 0 which is ruled out by hypothesis. From v ≢ τ_hg it follows that by choosing h close to 0 we can obtain that the set {η ∈ R : (u − τ_hf)(v − τ_hg) < 0} has non-zero measure. We then conclude by the continuity in time (Remark 5.2) and Proposition 4.1.

In case 2 we obtain the result by the strong maximum principle. Denote by β(u(t)) and v(t) the first and second components of Σ(t)y, so that (β(u(0)), v(0)) = y. We define the initial conditions (on R)

ǔ_0 = max{u(0), τ_hf} and v̌_0 = max{v(0), τ_hg},

and we set ǔ(t) = max{u(t), τ_hf} and v̌(t) = max{v(t), τ_hg}. Let (β(ū(t)), v̄(t)) = Σ(t)(β(ǔ_0), v̌_0). By the comparison principle we have that u, τ_hf ≤ ū and v, τ_hg ≤ v̄. Since by construction τ_hf ≢ ǔ_0 on I, we deduce from the strong comparison principle (Proposition 4.2) that u, τ_hf < ū on I ×(0, 1]. Here we use the fact that f is continuously differentiable so that the travelling wave has a bounded time derivative. Then ǔ(t) < ū(t) on I × (0, 1]. If we construct analogous functions û, u, v̂, and v, where max is replaced by min, then we have for 0 < t < 1, ∫ R ( |β(u(t)) − β(τ_hf)| + |v(t) − τ_hg| )

= ∫ R ( β(ǔ(t)) − β(û(t)) + v̌(t) − v̂(t) )

< ∫ R ( β(ū(t)) − β(u(t)) + v̄(t) − v(t) )

≤ ∫ R ( β(ǔ_0) − β(û_0) + v̌_0 − v̂_0 )

= ∫ R ( |β(u(0)) − β(τ_hf)| + |v(0) − τ_hg| ) . This implies that V_h(Σ(t)y) < V_h(y) for all t > 0. Step 5 Conclusion.

We combine these building blocks in the following manner: by Step 1, the ω-limit set ω is not empty. By Step 3, it consists of trajectories, and by Step 2 every functional V_h is constant along these trajectories. By Step 4, this implies that V_0(ω) = 0. Therefore ω = {ζ}. •

Theorem 1.7 is a simple consequence of Proposition 5.1 and the property of contraction in L^1:

Proof of Theorem 1.7. By (5.1) we can approximate z_0 by functions z_{0n} such that z_{0n} lies between two travelling waves, ‖z_{0n} − z_0‖_L1_{(R)}2 ≤ 1/n, and ∫ R ( β(u_{0n}) − β(u_0) + v_{0n} − v_0 ) = 0.

By applying Proposition 5.1 to the sequence of functions z_n(t) = Σ(t)z_{0n} it follows that ‖z_n(t) − ζ‖_L1_{(R)}2 → 0 as t → ∞ for all n. Then

‖z(t) − ζ‖_L1_{(R)}2 ≤ ‖z(t) − z_n(t)‖_L1_{(R)}2 + ‖z_n(t) − ζ‖_L1_{(R)}2 ≤ ‖z_0 − z_{0n}‖_L1_{(R)}2 + ‖z_n(t) − ζ‖_L1_{(R)}2 ,

and by choosing n and t large enough these two norms can be made as small as necessary. •

A. Changes to the main theorem in [24]

In Section 2 we used the main result from [24], inequality (15), under conditions that are not explicitly allowed for in [24]. Here we explain the changes that are necessary to extend the theorem. We will not try to give an impression of the proof of the theorem of Otto, which is lengthy and technical; on the contrary, we will even assume that the reader disposes of a copy of [24], allowing us to be concise. Because of this assumption we shall also use Otto’s notation, which corresponds to ours by the following translation table: b → β, sign^+ → H, a(∇u, b(u)) → u_x, f(b(u)) → F(u, v). Note that b^0_i = β(u_{i0}) is the initial datum.

The altered statement that we use reads

(A.1) ∫ Q {[ (b^0_1 − b^0_2)^+ − (b(u_1) − b(u_2))^+ ] ∂_tγ + sign^+(u_1 − u_2) [a(∇u_1, b(u_1)) − a(∇u_2, b(u_2))] · ∇γ

+ sign^+(b(u_1) − b(u_2)) [f(b(u_1)) − f(b(u_2))] γ } ≤ 0 for all nonnegative γ ∈ C^∞_0 ((−∞, T ) × Ω). The only difference between this and inequality (15) in [24] lies in the restriction of γ to functions with spatial support inside Ω. This restriction allows us to relax the condition, present in [24] but absent in the application in this paper, that the Dirichlet data on the boundary (0, T ) × ∂Ω be constant.

The only parts of the proof that are affected by these changes are Lemmas 1 and 2. Essentially, the vanishing of the test function near ∂Ω implies that sign^+(u_1 − u_2)γ is a valid test function even if u_1 and u_2 do not coincide on the boundary. With this remark it follows from an inspection of the proof (notably inequality (27)) that Lemma 1 of [24] is still valid without the hypothesis (19) if γ is restricted to the aforementioned set.

Because of the restriction in test functions the proof of Lemma 2 of [24] requires an intermediary step. Using the new version of Lemma 1 we first prove that

ess lim_{t↓0} ∫ Ω (b(u(t)) − b^0)^+χ = 0

(A.2)

for all χ ∈ C^∞_0 (Ω), and a similar result for part b. Similarly to the proof of Lemma 1, we drop the boundary restriction v^0 = u^D from (31), but introduce an extra space-dependent test function χ ∈ C_0(Ω) in the ensuing inequality − ∫ (0,T ) α^′(t) ∫ Ω [ η^∗_δ (b(u(t)), v^0) − η^∗_δ (b^0, v^0) ] χ dt ≤ ∫ (0,T ) α(t)θ(t) dt for all nonnegative α ∈ C^∞_0 ((−∞, T ))

for some θ = θ(χ) ∈ L^1((0, T )). From this inequality, (A.2) follows by the same argument as in [24]. The original statement of Lemma 2 then follows from (A.2) by a simple approximation argument.

References

[1] R. Aris. The Mathematical Theory of Diffusion and Reaction in Permeable Catalysts. Clarendon Press, Oxford, 1975.

[2] J. Bebernes and D. Eberly. Mathematical Problems from Combustion Theory, volume 83 of Applied Mathematical Sciences. Springer Verlag, 1989.

[3] M. Bertsch and D. Hilhorst. A density dependent diffusion equation in population dynamics: Stabilization to equilibrium. SIAM J. Math. Anal., 17:863–883, 1986.

[4] J. J. T. I. Boesten. Behaviour of Herbicides in Soil: Simulation and Experimental Assessment. PhD thesis, Insitute for Pesticide Research, Wageningen, the Netherlands, 1986.

[5] J. J. T. I. Boesten. Modelling pesticide transport with a three-site sorption sub-model: a field test. Neth. J. Agr. Sci., 35:315–324, 1987.

[6] J. J. T. I. Boesten, L. J. T. van der Pas, and J. H. Smelt. Field test of a mathematical model for non-equilibrium transport of pesticides in soil. Pesticide Sci., 25:187–203, 1989.

[7] H. Brezis. Analyse fonctionnelle. Masson, Paris, 1983.

[8] D. R. Cameron and A. Klute. Convective-dispersive solute transport with a combined equilibrium and kinetic adsorption model. Water Resour. Res., 13:183–188, 1977.

[9] J. T. Chayes, S. J. Osher, and J. V. Ralston. On singular diffusion equations with applications to self-organized criticality. Comm. Pure Appl. Math., 46:1363–1377, 1993.

[10] J. I. Díaz and I. Stakgold. Mathematical aspects of the combustion of a solid by a distributed isothermal gas reaction. SIAM J. Math. Anal., 26(2):305–328, 1995.

[11] N. Dunford and J. T. Schwartz. Linear Operators, Part I. Interscience, New York, 1958.

[12] J. W. Evans. Nerve axon equations, I: Linear approximations. Ind. Univ. Math.

J., 21:877–885, 1972.

[13] J. W. Evans. Nerve axon equations, II: Stability at rest. Ind. Univ. Math. J., 22:75–90, 1972.

[14] J. W. Evans. Nerve axon equations, III: Stability of the nerve impulse. Ind.

Univ. Math. J., 22:577–593, 1972.

[15] D. Hilhorst, R. van der Hout, and L. A. Peletier. Nonlinear diffusion in the presence of fast reaction: The case of arbitrary space dimension. to appear.

[16] D. Hilhorst, R. van der Hout, and L. A. Peletier. Diffusion in the presence of fast reaction: The case of a general monotone reaction term. 1996. to appear in the Journal of Mathematical Sciences, University of Tokyo.

[17] D. Hilhorst, R. van der Hout, and L. A. Peletier. The fast reaction limit for a reaction-diffusion system. J. Math. Anal. Appl., 199(2):349–373, 1996.

[18] D. Hilhorst and J. Hulshof. An elliptic-parabolic problem in combustion theory:

Convergence to travelling waves. Nonlinear Anal., 17(6):519–546, 1991. [19] A. L. Hodgkin and A. F. Huxley. A quantitative description of membrane current and its application to conduction and excitation in nerves. J. Physiol., 117:500–544, 1952.

[20] P. Knabner. Mathematische Modelle für Transport und Sorption gelöster Stoffe in porösen Medien. Peter Lang, Frankfurt am Main, 1991.

[21] P. Knabner and F. Otto. Solute transport in porous media with equilibrium and non-equilibrium multiple-site adsorption: Uniqueness of weak solutions. Technical Report 195, Universität Erlangen-Nürnberg, 1996.

[22] S. Osher and J. Ralston. L^1-stability of travelling waves with applications to convective porous media flow. Comm. Pure Appl. Math., 35:737–749, 1982.

[23] F. Otto. L^1-contraction and uniqueness for quasilinear elliptic-parabolic equations. C. R. Acad. Sci. Paris, Série I, pages 1005–1010, 1995.

[24] F. Otto. L^1-contraction and uniqueness for quasilinear elliptic-parabolic equations. J. Diff. Eq., 131:20–38, 1996.

[25] M. A. Peletier. Problems in Degenerate Diffusion. PhD thesis, University of Leiden, 1997.

[26] P. E. Sacks. Continuity of solutions of a singular parabolic equation. Nonlinear Anal., 7(4):387–409, 1983.

[27] S. E. A. T. M. van der Zee and W. H. van Riemsdijk. Sorption kinetics and transport of phosphate in sandy soil. Geoderma, 38:293–309, 1986.

[28] C. J. van Duijn and P. Knabner. Solute transport in porous media with equilibrium and non-equilibrium multiple-site adsorption: Travelling waves. J. reine angew. Math., 415:1–49, 1991.

[29] C. J. van Duijn and P. Knabner. Travelling waves in the transport of reactive solutes through porous media: Adsorption and binary ion exchange—parts 1 and 2. Transport in Porous Media, 8:167–194 and 199–225, 1992.

[30] Hongfei Zhang. On a nonlinear singular diffusion problem: Convergence to a traveling wave. Nonlinear Anal., 19:1111–1120, 1992.

D. Hilhorst, Analyse Numérique et EDP, CNRS et Université de Paris-Sud, 91405 Orsay Cédex, France.

Danielle.Hilhorst@math.u-psud.fr

M. A. Peletier, Department of Mathematics, University of Bath, Claverton Down, Bath BA2 7AY, United Kingdom.

M.A.Peletier@bath.ac.uk