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ABSTRACT

In [1, 6, 7] we studied whether metabolic pathways with membrane-bound enzymes can give rise to significant
concentration gradients in the cytosolic pathway components. We investigated this issue using a theoretical
model for the phosphoenolpyruvate:glucose phosphotransferase system in E. coli, for which accurate measure-
ments of the kinetic parameters are available. In this study we modeled an E. coli by a sphere. In reality E.
coli is rod-like or rather cigar-shaped. In this paper we discuss the implementational aspects and the potential
implications of a more realistic geometry.
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1. INTRODUCTION

A common assumption in metabolic modeling has been for long that the inside of a cell behaves
like a well-stirred reactor, i.e., the concentrations of the chemical species involved are assumed to be
constant throughout the cell. If components in a metabolic pathway act at different locations in the
cell (e.g., if the pathway involves both cytosolic and membrane-bound proteins) and if the pathway
is dependent on diffusion for the transport between those locations, then spatial gradients in the
concentration of some of the species are required to achieve a flux through the pathway. In [1, 6, 7]
we studied whether metabolic pathways with membrane-bound enzymes can give rise to significant
concentration gradients in the cytosolic pathway components. We investigated this issue using a
theoretical model for the phosphoenolpyruvate:glucose phosphotransferase system (PTS) in E. coli,
for which accurate measurements of the kinetic parameters are available. There we represented an FE.
coli by a sphere and assumed that the diffusion of the membrane-bound components was fast enough
to have no influence on the flux or the gradients in the concentrations of the cytoplasmic components.
We also assumed spherical symmetry so that the computational model was a one-dimensional PDE
system coupled with ODEs for the membrane species. In reality E. coli is rod-shaped or rather cigar-
shaped. In this paper we discuss the implementational aspects and the potential implications of a
more realistic geometry. We represent an E. coli by a cylinder capped by two half-spheres. Although
we assume symmetry around the axis and therefore use for the computations a two-dimensional
grid, the underlying coordinate systems are necessarily three-dimensional for the internal domain and
two-dimensional for the outer boundary, since the concentrations are volume concentrations in the
cytoplasm and surface concentrations for the membrane components.

This report serves also as documentation of our software. We therefore give in Section 2 the
reaction-diffusion system in a cylindrical and spherical coordinate system, respectively, derived from
the system in a general curvilinear coordinate system. In Section 3 we state the PTS model and we
show elaborately how to discretize such a model in a mass-conservative way. In Section 4 we discuss



some experiments in which we show the influence of the ratio of the length of the cylinder and the
radius of the cylinder and the sphere and the effect of different choices of the diffusion parameters.

In [6] the claim was made that this more realistic geometry has no implications for the biological
findings described there. In this report we provide the details for this claim, by comparing this cigar-
shaped geometry with spherical geometry and also with a simple cylindrical geometry (see Table 2).
The variations between the three simulations are small, and we interpret these results as confirmation
that the choice of geometry has an insignificant impact on the biological conclusions.

2. THE DIFFUSION-REACTION EQUATION IN VARIOUS COORDINATE SYSTEMS
The generic form of a diffusion-reaction equation is

¢ =V - (KVe)+R. (2.1)

The diffusion parameter K can be a scalar or a tensor. In this paper we use the convention that
subscripts which are coordinate variables denote a partial derivative, i.e., ¢; = 0¢/8t. The boundary
conditions belonging to system (2.1) are of the form

ac+ fBn- (KVec)=1. (2.2)

If the physical domain is defined by time and/or space-dependent input variables it is often conve-
nient to solve the problem in a boundary-conforming curvilinear coordinate system, i.e., to transform
the physical domain, regardless of its shape and movement in physical space, to a fixed rectangular
computational domain such that a physical boundary segment coincides with a coordinate line in com-
putational space. Of course, the equations (2.1-2.2) must be transformed to the curvilinear coordinate
system, too.

The transformation relations needed to transform equations (2.1-2.2) from physical Cartesian co-
ordinates (x1,%2,T3,t) to a general curvilinear coordinate system (£!,¢2,¢3,t) can be found e.g. in
[2, 10]. Note that the numbers 1, 2, 3 are not exponents but superscripts indicating a specific coordi-
nate.

In a general curvilinear coordinate system the conservative form of the diffusion-reaction equation
is given by (N.B. in this paper we do not use Einstein’s summation convention)

3 3

(V99)e = > Y V9K eglet + \/9R, (2.3)

i=1 j=1
where the tensor K is represented by its contravariant!components
3 3
K = K'™aa,, = Z Z Klmal(am)T.

=1 m=1
IThe covariant base vectors are given by

a; = rg, r = (¢1,z2,23) 7, i=1,2,3,
where the subscript ¢ indicates the base vector corresponding to the &% coordinate, i.e., the tangent of the coordinate
line along which only £* varies. The contravariant base vectors are given by

al = v, i=1,23,
where V is the differential operator with respect to (z1,z2,z3) and the superscript ¢ indicates the base vector corre-

sponding to the coordinate surface on which £¢ is constant. A useful relation between the co- and contravariant base
vectors is

ai~a1:6f.

Associated with the base vectors are symmetric metric tensors with as components the dot products of the respective
base vectors. Thus we have the covariant metric tensor with components:

gi; — a4 -aj, i7j:152737
and the contravariant metric tensor with components:

gf=al-al, i,5=1,2,3.
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For scalar K: K% = K g, The boundary condition (2.2) is transformed into

3
ac+f Z Kce; =7 (2.4)
=1

1
/gZ’l ]_
for a boundary on which ¢¢ is constant.
A frequently used quantity is the Jacobian of the transformation given by

\/g = det(gij), (25)
e.g., connected with an increment of volume
dV = \/gde*de?de>. (2.6)

For orthogonal coordinate systems the Jacobian is a diagonal matrix and g;; = 1/g%.

In the sequel of this report we use two different orthogonal coordinate systems: cylindrical and
spherical. For these we give below the relations between the Cartesian coordinates and the cylindri-
cal/spherical coordinates, the covariant base vectors, the Jacobian of the transformation, the compo-
nents of the (diagonal) diffusion tensor, and the transformed reaction-diffusion system.

2.1 Cylindrical coordinates

X =rcos¢ Y =rsin¢g Z =z
Y

r=+vX24+Y2 tanqS:Y 2=17

a; = (1,0,0)7 a; = (0,7,0)T az = (0,0,1,)T
\/g =7 (2-7)
D = diag(D",r*D?, D?) ¢ €[0,2n]

The diffusion-reaction equation in cylindrical coordinates is given by
(re)e = %(TDTCT) + %(TD¢C¢) + %(TDZCZ) + rR(c), (2.8)
and the boundary conditions by:

ac+ B(n" D¢, + n®rD?cy +n*D3c,) = . (2.9)

2.2 Spherical coordinates

X =rcosfcos ¢ Y =rcosfsin¢ Z =rsinf
Z Y
r=+v/X24+Y24+ 272 tan = —— tan¢ = —
VXZ Y2 ¢ X
a; = (1,0,0)7 a; = (0,7,0)T az = (0,0,7rcosf)”
Vg =r?cosf (2.10)
D = diag(D", 72D, r? cos? §D?) e [—g, %], ¢ € [0,27]
Note that if D is a constant D" = D, DY = D, and D? = - D.

Diffusion-reaction equation in spherical coordinates:

(r? cosfc); = %(r2 cosOD"¢c,) + % (r? cos 0D%¢cq) + % (r% cos §D%cy) 4 2 cos OR(c) (2.11)

with boundary conditions

ac+ B(n"D"¢, +nrDYcq + nrcosD%cy) = . (2.12)



3. PTS MODEL AND DISCRETIZATION FOR CIGAR-SHAPED FE.coli
From [1] we copy the evolution equations for the reaction species in the interior and in the membrane.
The time variation of each of the interior unknown species is modeled by equations of the form

0A

ot V- (DaVA) = Ry, for (z,t) € Q x (0,00), (3.1)
where A is the volume concentration of any one of the species EI, EI-P-Pyr, EI-P, EI.P-HPr, HPr,
HPr-P, HPr-P-IIA, IIA, and ITA-P. The coefficients D4 are the corresponding diffusion rates and
the reaction rates are given by

Rpx =Js—-J Rg1.p.upr = J3 — Js Rupr.p.1ia =J5 — Js
Rerp.pyr=J1 — J2 Ryp. =Js—J3 Ryia =—Js
Rgr.p =Jy—J3 Ruyprp =J4—-Js Ria.p =Js (3.2)

Each of the J; refers to the total reaction rate in equation i, including both forward and backward
reactions with rate constants k; and k_;, respectively

Ji = ky[EI][PEP] — k_, [EI-P-Py1] Js = k4[EI-P-HPx] — k_4[EI|[HPr-P]
Jy = ko[EI-P-Pyr] — k_o[EI-P][Pyr]  Js = ks[HPr-P][IIA] — k_5[HPr-P-IIA]
Js = ks[EI-P|[HP1] — k_3[EI-P-HPr|  Jg = ke[HPr-P-IIA] — k_g[HPr|[ITA-P] (3.3)

The species IICB, ITA-P-IICB, IICB-P, and IICB-P- Glc, which are confined to the cell membrane,
are modeled by surface concentrations defined on the boundary of the domain, 9Q. They are also
assumed to undergo diffusion as well as reaction:

%—f —V-(DpVB)=Rp, for (z,t) € 9 x (0, 00), (34)

where the reaction rate Rp is given by

Riics =Jw —Jr Rics.p =Jsg—Jg
Rua.p.aicB =J7 — Jg Rucs.p-cic = Jy — Jio (3-5)

Here the relevant reaction rates are given by

Jr = kz[TITA-P][TICB] — k_7[ITA-P-TICB] Jo = ko[IICB-P][Glc] — k_o[IICB-P- Glc]

Note that since the concentrations [IICB], [IIA-P-IICB], [IICB-P], and [IICB-P- Glc] are surface
concentrations rather than volume concentrations the rates J;—J1¢ are also per unit surface. In these
expressions [ITA], [ITA-P], [Glc], and [Glc-P] are interpreted as the values of the volume concentrations
at the location of the boundary.

For the mass balance of the interior species the reaction at the boundary represents a source/sink
term. The corresponding boundary condition is obtained by equating the source/sink with the local
flux at the boundary:

0

Dy A=0,  A=EL ELl-P-Pyr, El-P, EI-P-HPr, HPr,HPr-P, HPr-P-IIA,
Va s (3.7)
Dira =[ITA] = J, Dita.p - [ITA-P] = —J;.
ITA 31/[ ] 8 ITA-P 81/[ ] 7

Note that the difference in dimensions between J7-J19 and the other rates implies that such a boundary
condition is dimensionally correct. If the local (thermal) diffusion of the species is unchanged by the
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fixture to the membrane, then the same rate coefficients k; and k_; apply as in a voluminal context?.

The concentrations of PEP, Pyr, Glc, and Glc-P are held constant, and we will treat these as
parameters in the sequel. If we supplement (3.1)-(3.7) with initial conditions for all species, then the
system has a unique solution that remains bounded for all time ¢ > 0. In this paper, however, we
are interested in stationary states. We conjecture that the system (3.1)-(3.7) has a unique stationary
state, which is globally attracting; all our numerical results support this conjecture.

Figure 1: E. coli: Geometry and computational grid.

In this paper we represent an E. coli by a cylinder with length 2Z and radius R, capped at both ends
by a half-sphere with radius R: a ‘cigar’ with length 27 + 2R and radius R (see Figure 1). Symmetry
around the axis and with respect to the plane perpendicular to the axis is assumed, which results in
a computational domain as indicated in Figures 1 and 2.

In the interior of the cell the reaction-diffusion system is given in the cylinder part and the sphere
part, respectively, by

Oc 10 - 0c 0, ,0c

8t:RC+;6(D°8’r)+£(DC$)’ for (r,z,t) € (0,R) x (0,Z) x (0,00),
(3-8)

b _p L0 apbe 19 ;

E—Rc—i—ﬂar(?ﬂ Dcar)+c05060(cosoD°60) for (r,0,t) € (0,R) x (0, 2)X(O,oo),

(3.9)

for the species ¢ = EI, EI.P-Pyr, EI.P,EI.P-HPr, HPr, HPr-P, HPr-P-ITA, IIA, IIA-P, where R,
is given by (3.2) and (3.3). The boundary conditions are symmetry conditions along the axes

D? gi 0, for r=0and z € (0,Z), 6 € (0, g), (3.10)
Dz gc =0, for r € (0,R) and z =0, and (3.11)
2z
0 Oc T .
rD; — 50— =0, forr € (O,R) and 6 = 5 (singular point), (3.12)

2This can be recognized by considering a bulk species that is confined to a region of thickness € near the membrane.
If we keep the number of molecules of this species constant, then in the limit € — 0 the volumetric density ¢, scales
as cse~ 1, where c; is the value of the surface concentration at € = 0. Since the confinement volume has thickness ¢,
any reactive (volumetric) flux of the form Ac,, when integrated over the volume, scales as Acse 1. e = Ac,. Therefore
reactions in which exactly one species is confined to the membrane have a surface reaction rate constant that is equal
to the volumetric rate constant. See also [8] for a discussion.



and equation (3.7) at the membrane r =R and z € (0,Z), 6 € (0, %)

Dg? —0, ¢ = EI, EL.P-Pyr, EI.P, EI.P-HPr, HPr, HPr-P, HPr-P-IIA,  (3.13)
r

~ O[IIA] . O[IIA-P]

A" 57— = Js, DIIA-PT =—Jr (3.14)
At the interface between the cylinder and the sphere, (z = Z) / (8 = 0), we use the interface condition

Oc Oc
Di—=rD!_—. 1
5, — ey (3.15)

For the membrane-bound species, b = IICB, ITA-P-IICB, IICB-P, IICB-P- Glc, the system is given
by

ab 9, 0b -
5 Ry + a(Db E), for r =R and (2,t) € (0,Z) x (0, c0), (3.16)
o 1 0 5 b B n

E = Rb + m%(coson %), fOI' r = R and (0,t) (S (0, 5) X (0,00), (317)

where Ry, is given by (3.5) and (3.6). The boundary and interface conditions are

20b _

Di5- =0, for z =0, (3.18)
rof 2 g for § = =, and (3.19)
b 89 — Y - 27 :

L,0b o, 0b B B
‘Db & = RDb %, fOr (Z = Z) / (0 = 0). (320)

3.1 Spatial discretization

Mass conservation is a necessary property for numerical schemes solving reaction-diffusion systems,
since it is important that mass is not systematically added to or removed from the system by the
numerics. For the spatial discretization we therefore apply one of the most used mass-conservative
schemes, viz., a finite-volume discretization. Special care is taken such that the interface between the
two different coordinate systems and the cytosol/membrane transition are discretized properly.

Derivation of the finite-volume spatial discretization scheme In a finite-volume discretization of an
advection equation

dc
5 = V£ (3.21)

the average concentration in a cell Q;;i
1
cijk(t) = = ¢, V = volume of Q;;i (3.22)
14 Qijn

is considered. Equation (3.21) is integrated over the cell
= —dV = — V.£(c)dV, (3.23)

and in the left-hand side integration and differentiation are interchanged and in the right-hand side
the divergence theorem (also called Gauss’ theorem or Green’s thorem) is applied, giving

d 1/
—ciik(t) = = f(c) - ndS, 3.24
o=y [ (3:24)
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where for a differential surface on a coordinate surface holds
ndS’ = +a; x ayd¢?de® = +,/galde’de*, (4,3, k) cyclic. (3.25)

If a nonlinear reaction term is involved equation (3.24) is extended to

Dkt / ‘ndS + & / R(c / ‘ndS + Rlcin), (3.26)
dt ! V 1,_7k: ‘ij V 1Jk: !

where we assume that the concentration ¢ = c;j, is constant in a cell.

I’i+1/2

rif 1/2

%12 i Ziar2 2

Figure 2: E. coli: Computational grid cylinder + sphere. Reduction by symmetry

Finite-volume discretization on a ctgar-shaped domain  For the spatial discretization of the ‘cigar’
we divide the cylinder and the half-sphere in slices with increasing diameter (: = 1,...,Ng, 1=

0, rng+2 =R) (cf. Figure 2)

cyl .
QF = [rimz,miyp2] ¥ [0,27] X [25_1,2,1], j=1,.,Nz, 2z1=0, zy,.1=7Z (3.27)
and
Qghere = [Tif%’ri+%] x [ej—%aaj-}—%] x [0, 2], Jj=1,..,Ne, 0% =0, 0N9+§ =<, (3.28)

respectively. An increment of volume in cylindrical coordinates is given by (2.6) and (2.7), so that
cyl
V(5 = /Q L4V = n(ris =1 1) (7 — 7-1): (3.29)

For the spherical coordinates (cf. (2.6) and (2.10)) the volume of a cell is given by

2w

4
V(QE) = S (rd,y —ri ) (sinb; y —sinb; T

) = ?(TH% —rd %) cos(6;) sin

MIH

(a0 (30)

D=

ij i+3

The finite-volume discretization of the reaction-diffusion equation (3.8) in cylindrical coordinates is
given by

dc,-j(t) o 1 r z
dt - R(C'L]) + V(szl) (F’H‘%r] _Fj‘fzv] +F:]+_

FZ ), (3.31)



with

2
/ / rDTcT J(riz1,z)rdzdg ~ 2m(rD"c,)(rz 1, 2;) (241 — 25_1)

1

-2

and

o=
~—

27 i+l
Fi,ji% = /0 /r *(D?c,)(r, zj1)rdrdg ~ 2m(D%c;)(ri, zj2 1 )ri(rip — i

where the integrals are approximated by the midpoint rule (second order accurate).
The discretization of (3.9) is given by

dcz-j (t) 1

_ . Y T e La i 6 _
o = R(cy) + o (Gi1; =Gy + Gl —Gliy),
where
27
Gly, = / / 2Drcr)(rii%,9)r2 cos 0dfd¢
~ 2m(r 2DTcT)( ii%,ﬁj)cosﬂj(t‘)ﬂ% —03-,%)
and
0 oty 1 0 2
Gi’ji% = | COSH(COSGD c)(r,0;+1)r" cos bdrdep

~ 27r(rcos€Dec(;)('r,-,Gji%)n(rH_% —Ti_1).

For the membrane-bound species the semi-discretized version of (3.16) and (3.17) is

db;(t) ' 1 B
gt~ )+ (605" Vies = Jima):
and
db;(t) ' 1 3
dt - R(b]) + S(@Q;phere) (gj+% gj—%)’

respectively, with

S(@Q;yl) = 27R(z41 —2;-1),
S(@Qj-phere) = 27R*(cos 041 — cos 0]-,%) = 47R? cos(6;) sin(%),
and
fray ~ 2R} (210
gjx1 R 27R?(cos ODZbg)(Hji%).

For the PTS system enzyme conservation is required, i.e.,

Nz+Ne Nr

dc; db
Yy s Y -
b

j=1 =1

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
(3.42)
(3.43)

(3.44)
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where b and c are species containing a specific enzyme (EI, HPr, ITA, or IICB). Substituting equations
(3.31), (3.34), and (3.37-3.38) in equation (3.44) and realizing that the fluxes F", F?, G", and G? over
the internal cell walls cancel, we get

Z Vij D R(ei) + (3.45)

NZ N NR

Z Z Fg; — Fg;) Z - Gg;) + Z( iz — Fio + Ggg -Gh) | + (3.46)
c \j=1 = i=1

> Siy R(b;)+ (3.47)
j b
j .

ZZ(fz — fo+93 — 90)- (3.48)
b i1

For the cytosolic enzymes EI and HPr (3.47-3.48) do not exist, (3.45) vanishes because the reaction
scheme is enzyme-conserving (cf. (3.2)), and (3.46) vanishes as a consequence of the boundary and
interface (F7, — GY% = 0) conditions. For IICB an analogous argument can be used with the reaction
rates (3.5). Conservation of ITA is somewhat more complex because of the flux over the membrane
(3.14). For the cylinder part it follows immediately that

Nz
S| Y E,+SRUAPICE) | =0.
j=1 \c=IIA,IIA-P

For the sphere part

Y Ggj;+ S;R(IIA-P-IICB) =

c=TIA TTIA-P
2n(r®D"¢,)(R, 6;) cos 0641 —6;_1)+
c=IIA,IIA .P
0, 1—0,_1
47R?cosb); sin(%)(‘h —Jg)

; 5 i-} ). This requires that we adapt either the definition
of the surface (as is usually done) or, even better, the approximation of G" to

) ] 6,10,
vanishes only if (6,1 —0;_1) = 2sin(—25—*

27
:i%,j = / / y (r*D"c,)(r )(riz1,0) cos 0dbd¢

Q

6. 1
+_
27T(T2DTCT)(7'iil,0j)/ " cos 60
2 gj_ %
= 27r(r2DTcr)(rii% ,07)(cos ;1 — cosf;_1). (3.49)
With this adjusted midpoint rule the spatial discretization is enzyme conserving.
What remains is the discretization of the fluxes over the cell walls. This is done straightforwardly,

e.g.,

(r cos 8D cy) (s, 0,41) ~ ricos 9]-+%D9(ri, Gj_l_%)%, (3.50)
g g



10

and the other fluxes analogously. Special consideration is needed for the interface. Here we approxi-
mate

Cj+1 — Cjf T
D%c.)(r;, Z) ~ D*(r;, 7 £ here ¢; = mi L), 6 3.51
(D*c;)(ri, Z) (ri, )Z Fritang; — 2, where ¢ mln(arCCOS(lri-i_ );01), ( )

1

2

i.e., we use the solution value of the first ‘sphere’-cell, but the corresponding ‘z’-value should not lay
outside this cell. The flux from the left in the first ‘sphere’-cell is given by the interface condition:
riDOCG(T'ia 0) = chz(ria Z)

3.2 Time integration

After spatial discretization a stiff system of ODEs arises that has to be integrated in time. Just as in
[1] we use an implicit time-integrator, the public-domain code DASSL[3, 4]. DASSL is a variable-step
variable-order BDF method. When the order is restricted to one it results in the familiar Backward-
Euler method, which is the only known implicit method which combines positivity and mass conser-
vation. In our experiments we also allowed higher order BDF schemes; negative concentrations did
not occur.

4. EXPERIMENTS
In [1, 6, 7] model experiments are described for the case that the domain is a sphere and the equations
for the membrane-bound species are ODEs, i.e., it is assumed that diffusion in the membrane is
infinitely fast in comparison to the scale at which the reactions take place. In this section we show
the - small - effect on the concentration gradients for the realistic ‘cigar’-shape. We take the size of
an FE.coli to be 1.2 x 3um, so R = 0.6pum and Z = 1.5R = 0.9um. The diffusion rate in the membrane
of eukaryotes varies from 0.001 - 0.2um?/s. In the experiments described here we use 0.1 ([5], see also
[11]) The other parameters of the reaction-diffusion model are the same as in [6, 7] (see also Table 1).
In all experiments we use Ng = Nz = Ng = 10, i.e. 10 cells in the radial direction and 10 cells
in lateral direction both in the cylinder part and in the sphere. We use a non-uniform mesh graded
quadratically as shown in Figure 2.

The first experiments show the influence of the geometry on the flux and on the distribution of the
species over the cell. The geometries are, successively,

OVOIume _
Surface ~

Sphere Same as in [6], but now computed on a 2D grid. Z = 0, R = 0.6um, [IICB]; . =1

4/37R3
10 47R?

= 2uM pm.

Cylinder R = 0.6, Z = 1.56R = 0.9. Due to the symmetry boundary conditions in the z-direction
this corresponds to an infinite long cylinder with radius R. For the initial membrane protein
concentration we used two different values

1. [IICBJtota) = 2#M pm; i.e., using the same concentration as for the sphere, and
[HCB]total =10 \SI?CI 10;’71}R 7 = 3uM pm; i.e., using the correct volume-to-surface conver-

sion factor.
Cigar R =0.6, Z = 1.5R = 0.9, again with two different initial membrane concentrations:
. [IICB]

1 1 = 2uM ,um and
2. [IICB]

1= 10Y°! = 2.6uM pm.

tota
tota Sfc
Long cigar R = 0.6, Z = 15R =9, with

1. [IICB]

2. [IICB]

1= 2uM ,um and
1= 10 = 2.9uM pm.

tota

tota
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Parameter Unit Value Parameter Unit Value
PTS protein concentrations Boundary metabolite concentrations

[Elliotal uM 5 PEP uM 2800
[HPT]{ o] uM 50 Pyr uM 900
[HCB]tota13 uM 10 Glc-P uM 50

Rate constants (PTS step in parentheses)

ki (PEP to EI)  pyM ™ 'min™! 1960 k_1 (PEP to EI) min~" 480000
ks (PEP to EI) min~! 108000 k_» (PEP to EI) pM tmin~! 294
ks (EI to HPr) pM~'min™' 14000 k_3 (EI to HPr) min~? 14000
k4 (EI to HPr) min~! 84000 k_4 (EI to HPr) pM ™! min~! 3360
ks (HPrto ITA)  puM 'min~' 21960 k_s (HPr to IIA) min~* 21960
ke (HPr to IIA) min~* 4392 k_¢ (HPr to ITA)  pM™'min~* 3384
k7 (TTIA to IICB) M 'min~! 880 k_r (IIA to IICB) min~" 880
kg (ITA to IICB) min~! 2640 k_g (ITA to IICB)  pM ™' min~* 960
ko (IICB to Glc)  pM ™' min* 260 k_g (IICB to Glc) min 389
k10 (IICB to Glc) min ™" 4800 k_10 (IICB to Glc) pM™'min~' 5.4.1073

Diffusion coefficients (pm?*min~")

EL EI-P-Pyr 197.8 HPr-P-IIA 262.1
EI-P-HPr 189.1 ITA, ITA-P 300.0
HPr, HPr-P 378.0 all IICB species 6.0

Table 1: Parameters of the kinetic model

In Table 2 the results are summarized. For all experiments we show the membrane flux and, for
those species that are not (almost) uniformly distributed, the concentrations of the species at the
membrane and the ratio of the concentrations at the cell center (r = 0) and at the membrane (r = R).
For the cigar-shaped cells we also show the variation between the middle of the cigar (z = 0) and the
top of the cigar (§ = w/2). The concentrations change monotonically between these two locations.

The entries under ‘Sphere’ are equivalent to the ones in Table 2 of [6]. Note that the surface
concentrations and the flux in that paper are converted to their volume counterparts, i.e., the entries
concerned in that table should be divided by 3/R. to get the results in Table 2. If we convert the fluxes
in Table 2 to uMs~! using the same Volume/Surface ratio as for the IICB conversion we get J = {237,
244, (243,240), (244,241); 235, (238,233), (239,233)}, which shows that the volume flux is almost the
same in all cases. One can also clearly see that the geometry of the cell has much less influence on
the distribution of the species and especially on the center/membrane ratio, than the amount of IICB
available.

In Figure 3 we compare the ITA-P-distribution and the distribution of the membrane species of the
two cigar experiments. The left plots are for the realistic E.coli geometry and the right ones for the
elongated cigar. In both experiments [IICBJota; = 2. One can see that the membrane species are

3Membrane species values are surface concentrations (uM pm). Here, as in [9], [IICBliotq1 is expressed in uM, i.e., in
volume concentration. The conversion to surface concentrations is given in the description of the numerical experiments.
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Sphere Cylinder Cigar Long cigar
middle top middle top
m ¢m m ¢/m m ¢m m ¢/m m ¢/m m c¢/m

J 2848 2933 2919 2885 2932 2892
IICB-P-Glc  0.59 0.61 0.61 0.60 0.61 0.60
IICB-P 0.02 0.02 0.02 0.02 0.02 0.02
IICB 0.30 0.25 0.26 0.27 0.25 0.27
IIA-P-IICB  1.09 1.12 1.11 1.10 1.12 1.10
IIA-P 145 116 180 114 174 114 159 1.18 18.0 1.14 16.2 1.18
ITA 0.85 0.64 0.75 061 076 061 084 061 0.75 0.61 0.85 0.61
HPr-P-ITA 193 088 177 0.86 17.7 0.86 19.2 0.85 176 0.86 195 0.85
HPr-P 29.2 1.06 312 106 309 106 29.7 1.08 31.2 1.06 29.7 1.08
HPr 1.33 084 1.03 0.83 107 083 124 080 103 083 124 0.80
J 4237 3708 3641 4157 4056
IICB-P- Glc 0.88 0.77 0.76 0.87 0.85
IICB-P 0.04 0.03 0.03 0.03 0.03
IICB 0.46 0.38 0.42 0.45 0.51
IIA-P-IICB 1.62 1.41 1.39 1.59 1.55
IIA-P 13.8 125 147 120 13.1 1.27 140 1.24 121 131
IIA 0.98 054 090 057 1.00 0.56 097 054 1.10 0.55
HPr-P-IIA 200 083 19.1 0.84 208 083 198 0.83 219 0.83
HPr-P 28.6 1.09 294 108 280 1.10 288 1.09 270 1.11
HPr 140 077 129 0.79 152 0.76 137 0.78 1.69 0.74

Table 2: Surface flux J (uMmin ') and distribution of the species (uM) in cells of different geometry.
Upper table: [TICBJot,) = 1050 meBrete (= 2), lower table: [TICBJgqp, = 1032428 (= 3, 2.6, 2.9,
resp.);

middle: data mid-cigar (z = 0), top: data top of cigar (8 = 7/2);

m: membrane concentrations, ¢/m: ratio between concentrations in cell center (r = 0) and membrane

(r =R).

(almost) uniformly distributed. For the cytosolic species the gradient is predominantly in the radial
direction. The iso-lines are ellipsoids: the upper right plot shows that in the cylinder part of a very
long cigar lateral gradients are negligible. The plots in the second row of the figure show that the
distribution in the top of the cigar is almost independent of the length of the cigar.

In the next series of experiments we studied the influence of the diffusion constants on the species dis-
tribution. As starting-point we took the Cigar-experiment with [IICB];ota1 = 10Vol/Sfc = 2.6uM pm.
The diffusion rate in the membrane had no influence whatsoever on the results. Even if we divided the
diffusion coefficient of the IICB-species by 10° we still obtained the same results. Also decreasing the
amount of IICB did not result in a different gradient in the lateral direction. However, decreasing the
diffusion rate of the ITA-species by a factor 10 gives for some membrane and cytosolic species a small
gradient between the concentrations in the sphere and in the cylinder part as can be seen in Figure 4
although the changes for the cytosolic species in the radial direction are much more significant. De-
creasing the diffusion rate even more makes that the radial gradient dominates. Experiments with an
anisotropic diffusion rate for ITA-species, i.e., decrease the diffusion rate in the lateral direction but
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Figure 3: Influence of geometry on distribution.

Left: Cigar 1: computational grid; distribution of ITA-P; distribution membrane species

(+: ITIA-P-IICB, x: IICB-P- Glc, o: IICB, *: IICB-P).

Right: Long cigar 1: distribution of ITA-P on ‘cylinder part’ and on ‘top part’ of cigar (all ITA-P
plots use the same color limits, varying between 15.9(dark) — 20.5(light) xM); distribution membrane
species.

not in the radial direction intensified the lateral gradient. In all these experiments the initial condition
was of no influence on the steady-state solution. Interesting enough, decreasing the lateral diffusion
rate more and more implied that the largest gradient between sphere and cylinder passed from ITA-P
to HPr-P-IIA (see Figure 5). Finally, we summarize the results of these experiments in Table 3. Note
that these results should be compared with the ‘Cigar’ results in the lower part of Table 2.
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Figure 4: Diffusion rate ITA-species factor 10 smaller.
Distribution of ITA-P (left, concentrations varying between 8.59(dark) — 22.4(light) uM)) and of
membrane species (right) (+: IIA-P-IICB, x: IICB-P- Glc, o: IICB, *: IICB-P).
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Figure 5: Lateral diffusion rate ITA-species smaller. Left: factor 10; Right: factor 10°.
Vertical: Distribution of HPr-P-IIA (14.9 — 23.6), ITA (0.48 — 1.08), ITA-P (12.6 — 18.0) and of
membrane species (+: ITA-P-IICB, x: IICB-P- Glc, o: IICB, *: IICB-P).
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Dria./10 Dfi./10 Diij./10°
middle top middle top middle top
m ¢m m ¢/m m ¢/m m ¢/m m ¢/m m c¢/m

J 3453 3347 3717 3618 3687 3678
IICB-P-Glc 0.72 0.70 0.77 0.75 0.77 0.77
IICB-P 0.03 0.03 0.03 0.03 0.03 0.03
IICB 0.53 0.59 0.38 0.43 0.40 0.40
IIA-P-IICB  1.32 1.28 1.42 1.38 1.41 141
ITA-P 9.90 2.26 859 244 150 120 126 1.25 14.2 1.21 14.0 1.22
IIA 1.39 026 144 029 0.89 056 1.00 0.59 0.8 055 1.08 0.61
HPr-P-ITIA 246 047 26.0 050 18.8 0.84 214 071 179 0.83 23.6 0.87
HPr-P 299 1.06 294 107 291 108 285 1.09 29.0 1.08 285 1.09
HPr 154 041 183 042 125 0.79 162 0.76 124 079 1.65 0.77

EI-P-HPr 0.52 0.78 056 076 048 096 053 093 048 096 0.54 0.93

Table 3: Surface flux J and distribution of the species in cells using different diffusion rates for the
ITA cytosolic species.

middle: data mid-cigar (z = 0), top: data top of cigar (6 = 7/2);

m: membrane concentrations, ¢/m: ratio between concentrations in cell center (r = 0) and membrane

(r =R).
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