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1 Introduction

In this lecture, we consider online network design and a new analysis framework based on tree em-
beddings introduced in [3]. We will start with the most basic online network design problem called
the online Steiner tree problem. Then, we review the necessary background on tree embeddings
for the analysis framework and apply the framework to analyze a natural greedy algorithm for the
online Steiner tree problem. Finally, we consider a generalization of online Steiner tree called online
rent or buy.

2 Online Steiner Tree

In a typical online network design problem, we are given a sequence of connectivity requirements
and our goal is to maintain a network satisfying these requirements. The most basic of these
problems is the online Steiner tree problem, introduced by Imase and Waxman [2].

In this problem, we are initially given a complete graph G = (V,E) equipped with edge lengths
de that satisfy the triangle inequality (i.e. (V, d) is a metric space). Then, a sequence of terminal
vertices t1, t2, . . . ∈ V arrive one by one and we are required to maintain a subgraph H connecting
the terminals. In particular, when a new terminal ti arrives, we need to buy edges to add to H so
that ti is connected to the previous terminals t1, . . . , ti−1. Moreover, our decisions are irrevocable:
once we buy an edge, we are stuck with it. Our goal is to minimize the cost of H, which is
d(H) =

∑
(u,v)∈H duv, the total length of edges in H.

In the offline setting, where the entire set of terminals is known in advance, this is simply
the classic Steiner tree problem. While this problem is NP-hard, there is a straightforward 2-
approximation: the minimum spanning tree over the terminals. (We will not prove this here; see
[4].)

As one might expect, having the terminals arrive one by one is a significant handicap. For
instance, suppose G is a cycle on four vertices v1, v2, v3, v4 with unit-length edges (see Figure 1).
The first terminal is v1 and the second terminal is v3. Once the second terminal arrives, we have to
buy a path from v3 to v1 and there are two options: the upper or lower path. Suppose we took the
upper path. Then the adversary gives us v2 as the next terminal and we are forced to buy one of
the edges (v1, v2) or (v3, v2).

1 Of course, in hindsight, the optimal solution is to buy the lower path.
While this only gives a lower bound of 3/2, it is possible to build on this example (by recursively
expanding each edge to a 4-cycle) to get a lower bound of Ω(log n). Moreover, this lower bound
also holds for any randomized algorithm.

Theorem 1 ([2]) The competitive ratio of any online Steiner tree algorithm is Ω(log n).

1Technically, since the input graph is required to be metric, G should be the metric completion of the cycle.
However, the extra edges of the metric completion do not help us.
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Figure 1: An instance of the online Steiner tree problem

Greedy algorithm. In terms of algorithms, the most natural algorithm for this problem is
the following greedy algorithm: when a terminal ti arrives, buy the edge (ti, ti′) where ti′ is the
nearest previous terminal (breaking ties arbitrarily). It turns out that this algorithm is O(log n)-
competitive, matching the lower bound above.

Theorem 2 ([2]) The greedy algorithm is O(log n)-competitive for the online Steiner tree problem.

There are several proofs of this theorem. Today, we will prove it using tree embeddings.

Proof overview. Let us first sketch the key ideas of the proof. Let H be the greedy solution,
and H∗ be the optimal solution with cost OPT(G) = d(H∗). Our goal is to show that d(H) ≤
O(log n)d(H∗). However, instead of comparing H directly to H∗, we will compare H to the optimal
solution of a different instance that has richer structure. In particular, we will embed G into a
highly structured tree T called a hierarchically separated tree (HST for short) and compare against
OPT(T ), the cost of the optimal solution in T instead.

Interestingly, the structure of HST embeddings will let us prove that d(H) ≤ O(1)OPT(T ) for
any HST embedding T of G. Moreover, as we will see below, we can use distance-preserving HST
embeddings to show that there exists a HST embedding T that approximately preserves the cost
of the optimal solution, i.e. OPT(T ) ≤ O(log n)OPT(G). Thus, we get d(H) ≤ O(log n)OPT(G),
as desired.

(Remark: We emphasize that the embeddings are only used in the analysis. The greedy algo-
rithm itself is only aware of G.)

In the remainder of this section, we flesh out the above ideas formally. First, we need to review
some necessary background on embeddings.

2.1 Background on HST Embeddings

A tree embedding of a metric (V, d) is a tree T = (VT , ET ) with edge lengths whose leaves are exactly
V . We will also require that distances in the tree (denoted by Tuv) between the original vertices
V are expanding, i.e. Tuv ≥ duv for every u, v ∈ V . A hierarchically separated tree embedding T is
a rooted tree whose edge lengths are powers of 2, the lengths decrease by a factor of 2 along any
root-to-leaf path, and edges at the same depth have equal lengths. See Figure 2 for an example.
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Figure 2: Example of a HST

The crucial property of HST embeddings that we will exploit later on is that in a HST embedding
T , the leaves “downstream” of a short edge e of T are close together with respect to the original
distances d. More specifically, for an edge e of T , define L(e) to be the set of leaves that is
downstream of e. The following proposition follows easily from the fact that T is an expanding
embedding, and that edge lengths decrease geometrically along any root-to-leaf path.

Proposition 3 (Bounded-diameter property) Let T be a HST embedding of (V, d) and e be a
2j-length edge of T . Then, for all u, v ∈ L(e), duv < 2j+1.

In particular, this says that the set of 2j-length edges e of T decomposes (V, d) into subsets L(e)
of diameter less than 2j+1.

We are interested in embeddings that approximate the original metric. In particular, we want
embeddings with low distortion, which is defined as maxu,v∈V

Tuv
duv

. The following theorem says that
we can embed into a distribution of HSTs with O(log n) expected distortion.

Theorem 4 ([1]) For any n-point metric (V, d), there exists a distribution D of HST embeddings
with ET∼D[Tuv] ≤ O(log n)duv for any u, v ∈ V .

We now have the necessary tools to analyze the greedy algorithm.

2.2 Analysis of Greedy via HST Embeddings

Recall that we started with an online Steiner tree instance on G = (V,E) and edge lengths de.
Suppose the terminals in the instance are t1, . . . , tk. Given a HST embedding T of (V, d), since its
vertex set contains these terminals as well, there is a corresponding online Steiner tree instance in
T . Let OPT(T ) be the cost of the optimal solution of the instance in T .

First, we show that Theorem 4 implies that there exists a HST embedding T that approximately
preserves the cost of the optimal solution.

Corollary 5 There exists a HST embedding T such that OPT(T ) ≤ O(log n)OPT(G).

Proof: It suffices to show that ET∼D[OPT(T )] ≤ O(log n)OPT(G). Let H∗ be the optimal
solution in G. For each HST embedding T , map H∗ into a solution HT as follows: for every edge
(u, v) ∈ H∗, add the (u, v)-path in T to HT . The length of the (u, v)-path in T is Tuv, by definition.
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Thus, the cost of HT is at most
∑

(u,v)∈H∗ Tuv. Moreover, HT is a feasible solution to the Steiner
tree instance in T , so it has cost at least OPT(T ). Thus, we have OPT(T ) ≤

∑
(u,v)∈H∗ Tuv.

Taking expectations over D on both sides gives us

ET∼D[OPT(T )] ≤
∑

(u,v)∈H∗
ET∼D[Tuv] ≤ O(log n)

∑
(u,v)∈H∗

duv = O(log n)OPT(G).

This completes the proof. 2

(Remark: this corollary holds not just for the Steiner tree problem, but for many other network
design problems where the cost function is linear in the edge lengths. In particular, it also holds
for the rent or buy problem we will discuss later.)

Next, we show that the cost of the greedy algorithm is at most a constant factor times OPT(T )
for any HST embedding T . This, together with Corollary 5, implies that greedy is O(log n)-
competitive.

Lemma 6 The cost of the greedy algorithm is at most 4OPT(T ) for any HST embedding T .

Proof: Denote by ci the distance from ti to the nearest-previous terminal. Since ci is the cost
incurred by the greedy algorithm when connecting ti, the cost of the greedy solution is

∑
i ci.

Fix a HST embedding T . There are three steps to the proof. First, we decompose OPT(T ) in
terms of the edges of T . The optimal solution in T is simply the subtree T ∗ induced by the set of
terminals. In particular, we have

OPT(T ) =
∑
e∈T ∗

Te. (1)

Second, we charge
∑

i ci to the edges of the tree T ∗. For each terminal ti, we will charge its cost
ci to an edge of T ∗ that is upstream of ti in T ∗. In particular, if ci ∈ [2j+1, 2j+2), then we charge
2j+2 > ci to the 2j-length edge that is upstream of ti. Let φ(e) be the charge received by an edge
e of T . Observe that ∑

i

ci <
∑
e∈T ∗

φ(e). (2)

The third and final step of the proof is to argue that no edge of T ∗ is overcharged. This step uses
the bounded-diameter property (Proposition 3) and the greediness of the algorithm. In particular,
we will show that φ(e) ≤ 4Te for every edge e of T ∗. Combining this with Inequalities (1) and (2)
gives us ∑

i

ci <
∑
e∈T ∗

φ(e) ≤
∑
e∈T ∗

4Te = 4OPT(T ),

as desired.
Consider a 2j-length edge e ∈ T ∗. It receives a charge of 2j+2 = 4Te for every terminal ti

in L(e) with ci ∈ [2j+1, 2j+2). We claim that there can be at most one such terminal, and thus
φ(e) ≤ 4Te. Suppose, towards a contradiction, that there are at least two such terminals, say ti
and ti′ , and ti arrived after ti′ . Since ti, ti′ ∈ L(e), Proposition 3 implies that dtiti′ < 2j+1. Since
there exists a terminal arriving before ti at distance less than 2j+1 from ti, we have ci < 2j+1, but
this contradicts the assumption that ci ∈ [2j+1, 2j+2). Therefore, at most one terminal ti ∈ L(e)
can have cost ci ≥ 2j+1. Thus, e is only charged by at most one terminal and so φ(e) ≤ 4Te. 2

Combining this lemma with Corollary 5 gives us Theorem 2.
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3 Online rent or buy

We now consider the online rent or buy problem, which generalizes the online Steiner tree problem.
As before, we are initially given a complete graph G = (V,E) with edge lengths de satisfying the
triangle inequality. In addition, we are also a root terminal r ∈ V and a parameter M ≥ 0. Online,
terminals arrive one by one and we have to connect them to r, but now we have the option of buying
or renting edges. Buying an edge e costs Mde and renting costs de. When we rent an edge, we can
only use it once, for one terminal; when we buy an edge, we can use it for all future terminals at no
extra cost. More formally, let H denote the set of bought edges so far; when a terminal ti arrives,
we buy zero or more edges and rent edges Qi such that H ∪Qi connects ti and r. Our total cost is

Md(H) +
∑
i

d(Qi).

We call Md(H) the buy cost and d(Qi) the rent cost of terminal ti.
To get a feel for the problem, it is instructive to consider two special cases. When M = 1, it is

always better to buy than to rent so our task is simply to maintain a subgraph H which connects
the terminals to the root. Thus, online Steiner tree is a special case of online rent or buy. The
other special case is the online ski rental problem. Consider the following instance: the graph G is
simply an edge with the root on one side; online, an unknown number of terminals arrive on the
other side. In this instance, whenever a terminal arrives and we have not bought the edge yet, we
need to decide whether to continue renting the edge or to buy it. Thus, online ski rental is a special
case of online rent or buy.

Rent or buy Algorithm. At a high level, we will build on the online Steiner tree greedy
algorithm and the deterministic 2-competitive algorithm for online ski rental2. We will use the
former to decide which edges to use for each terminal ti, and the latter to decide whether to rent
or buy them. Intuitively, we will buy if there is sufficient rent terminals near ti.

More formally, our algorithm is as follows. We will classify each terminal as a rent terminal
or a buy terminal, and maintain the invariant that the set of bought edges H connects the buy
terminals to the root. When a terminal ti arrives, we will either rent or buy the edge (ti, ti′) where
ti′ is the nearest previous buy terminal (or the root). Let ci be the length of the edge, and suppose
ci ∈ [2j+1, 2j+2). If there are at least M rent terminals in its neighborhood Ni = {v : dvti < 2j},
then we buy the edge and classify ti as a buy terminal; otherwise, we rent the edge and classify ti
as a rent terminal.

We devote the rest of this section to proving the following theorem.

Theorem 7 ([3]) The above algorithm is O(log n)-competitive for the online rent or buy problem.

3.1 Analysis via HST Embeddings

Let B be the set of buy terminals and R be the set of rent terminals. Observe that a terminal ti
incurs a buy cost of Mci if it is a buy terminal, and a rent cost of ci if it is a rent terminal. Thus,
our total buy cost is Md(H) =

∑
ti∈BMci, and our total rent cost is

∑
ti∈R ci.

2This algorithm proceeds as follows: rent until the amount of rent cost we have paid so far is equal to the buy
cost, and then buy.
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There are two parts to the proof of Theorem 7. First, we will use the analysis technique from
earlier to show that our rent cost is at most O(log n)OPT(G). As we remarked earlier, there is a
corresponding version of Corollary 5 for online rent or buy. Thus, we just need to bound the rent
cost by O(1)OPT(T ) for any HST embedding T . The second part is showing the buy cost is at
most a constant times the rent cost (Lemma 10). The main idea here is to argue that for each buy
terminal ti, the total rent cost of the terminals in its neighborhood Ni can pay for its buy cost.
Then, we argue that no rent terminal is overcharged by showing that buy terminals of roughly the
same cost cannot be too close and thus charge disjoint neighborhoods.

Bounding the rent cost. We now show that the rent cost is at most O(1)OPT(T ) for any HST
embedding T .

Lemma 8
∑

ti∈R ci ≤ O(1)OPT(T ) for any HST embedding T .

Proof: Fix a HST embedding T . We will use the same three step approach as in the proof of
Lemma 6. First, we decompose OPT(T ) in terms of edges of T . Clearly, the optimal solution will
only use edges that belong to the subtree T ∗ induced by the terminals. For an edge e ∈ T ∗, if
r /∈ L(e), then e lies on the path to the root for each terminal in L(e). So the optimal solution pays
exactly T (e) ·min{M, |L(e)|} on e since it needs to either rent e for all of L(e) or buy e. Thus, we
have

OPT(T ) ≥
∑

e∈T ∗:r/∈L(e)

Te ·min{M, |L(e)|}. (3)

Second, we charge the rent cost of each terminal to some edge of T ∗. If ti has rent cost ci ∈
[2j+1, 2j+2), we charge 2j+2 to the 2j−1-length edge e of T ∗ that is upstream of ti. Note that
r /∈ L(e) since otherwise, both r and ti are in L(e), and Proposition 3 would imply that dtir < 2j+1.
Since ci is the distance to the nearest buy terminal or the root, this would contradict the assumption
that ci ≥ 2j+1. Therefore, only edges e ∈ T ∗ with r /∈ L(e) are charged. Let φ(e) denote the charge
received by an edge e ∈ T ∗. We now have∑

ti∈R
cj <

∑
e∈T ∗:r/∈L(e)

φ(e). (4)

Finally, we show that no edge of T ∗ is overcharged. In particular, we will show that

φ(e) ≤ 8Te ·min{M, |L(e)|} (5)

for every edge e ∈ T ∗. Together with Inequalities (3) and (4), this would imply that∑
ti∈R

ci <
∑

e∈T ∗:r/∈L(e)

φ(e) ≤
∑

e∈T ∗:r/∈L(e)

8Te ·min{M, |L(e)|} ≤ 8OPT(T ),

as desired.
Consider a 2j−1-length edge e ∈ T ∗. Let C(e) be the set of rent terminals ti ∈ L(e) with

ci ∈ [2j+1, 2j+2). Since e receives a charge of 2j+2 = 8Te from each such terminal, the total
charge received by e is φ(e) = 8Te|C(e)|. To prove Inequality (5), we need to show that |C(e)| ≤
min{M, |L(e)|}. Clearly, |C(e)| ≤ |L(e)| so it suffices to prove that |C(e)| ≤M . Suppose, towards
a contradiction, that |C(e)| > M and ti ∈ C(e) arrived last. By Proposition 3, since C(e) and ti
are in L(e) and e has length 2j−1, we have that dvti < 2j for every v ∈ C(e). Thus, all of C(e)
belongs to ti’s neighborhood Ni and since |C(e)| ≥M , ti should have been a buy terminal instead.
This gives us our desired contradition and so |C(e)| ≤M . 2
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Bounding the buy cost. Next, we bound the buy cost by the rent cost. We need the following
lemma, which says that for each buy terminal, each rent terminal in its neighborhood must have
large enough rent cost.

Lemma 9 Let ti ∈ B be a buy terminal. Then, for each rent terminal ti′ ∈ Ni, we have ci′ ≥ ci/2.

Proof: Consider a rent terminal ti′ ∈ Ni. It arrived before ti and when it arrived, there is a buy
terminal v at distance ci′ from ti′ . When ti arrived, every buy terminal, including v, has distance
at least ci from it. So, we have ci ≤ dvti ≤ dtiti′ + ci′ ≤ ci/2 + ci′ . Thus, ci′ ≥ ci/2. 2

Lemma 10
∑

ti∈BMci ≤ 8
∑

ti∈R ci.

Proof: First, we bucket the terminals according to their cost. We say that a terminal ti is class
j if ci ∈ [2j+1, 2j+2). Let Bj be the set of class j buy terminals. Our charging scheme is as
follows: for each class j buy terminal ti ∈ Bj , we charge 2j+2 to each of the M rent terminals in
its neighborhood Ni. Let φi be the charge received by a rent terminal ti. We have∑

ti∈B
Mci <

∑
ti∈R

φi.

Second, we show that no rent terminal is overcharged and in particular, φi ≤ 8ci for every
ti ∈ R. Consider a class j rent terminal ti. It is charged 2j

′+2 for every class j′ buy terminal ti′

whose neighborhood Ni′ 3 ti. Moreover, by Lemma 9, it can only be charged by a buy terminal ti′

with ci′ ≤ 2ci and so it can only be charged by terminals of class j′ ≤ j + 1.
We claim that ti can only be charged by at most one buy terminal of each class j′ ≤ j + 1, and

thus its charge

φi ≤
∑

j′≤j+1

2j
′+2 ≤ 2j+4 ≤ 8ci,

where the last inequality follows from the fact that ti is a class j rent terminal and so ci ≥ 2j+1.
To see why this claim is true, suppose towards a contradiction, that there exist two class j′ buy
terminals t1, t2 which charge ti. Since t1 and t2 are class j′, their neighborhood have radii less than
2j
′
. Moreover, their neighborhoods overlap on ti, and so dt1t2 < 2j

′+1. However, if t1 arrived later
than t2, then t2 is a buy terminal at distance less than 2j

′
from t1. Since c1 is the distance from

t1 to the nearest previous buy terminal or the root, we have c1 < 2j
′+1 but this contradicts the

assumption that t1 is class j. This proves the claim and completes the proof of the lemma. 2
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