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1. (5 pts) Show that any triangle-free graph has an independent set of size Ω(n1/2).

(Hint: consider the neighborhood of a vertex)

Solution: As the graph is triangle free, any vertex neighborhood N(v) forms an inde-
pendent set. So if some degree d(v) ≥

√
n, we are done. So let us assume max degree d is

≤
√
n. But a graph with maximum degree is d a graph is d+ 1 colorable, and hence has

an independent set of size ≥ n/(d+ 1)

2. (5 pts) Show that any K4-free graph has an independent set of size Ω(n1/3).

Solution: Since graph is K4 free, the neighborhood N(v) of any vertex v is triangle
free. If some degree d(v) ≥ n2/3, then result follows by applying above result to N(v).
Otherwise, if maximum degree is d ≤ n2/3, then graph has an independent set of size
≥ n/(d+ 1) = Ω(n1/3).

3. (10 pts) Let
F = C1 ∧ C2 ∧ . . . ∧ Cm

be a k-SAT formula on n boolean variables x1, . . . , xn and m clauses C1, . . . , Cm where
each clause Ci has length k, i.e.,

Ci = {yi1 ∨ . . . ∨ yik}

where yj is either xj or xj .

Show via matching that if each variable xi appears in at most k clauses (i.e. for each i, at
most k clauses contain xi or xi) , then F has a satisfying assignment.

Solution: Consider the bipartite graph with clauses on the left and variables on the right.
Connect vertex i on left to j on right if clause Ci contains either xj or xj . We will show
that this graph has a matching where all clauses are matched. This would suffice as this
means that for each clause we can associate a unique variable, which can be set (either
true or false) so that the corresponding clause is satisfied.

To show such a matching exists, we apply Hall’s theorem. As each clause has size k, left
vertices have degree k. As each variable lies in at most k clauses, each vertex on right has
degree at most k. So for any set S of clauses, there at k|S| outgoing edges, and hence the
number of neighbors on the right is ≥ k|S|/k = |S|. Hence we are done.

4. (10 pts) Show that a random graph G(n, p) with p = 1/2 has chromatic number at least
Ω(n/ log n) with probability approaching 1.

Solution: Let α(G) be the size of maximum independent set. In any coloring, vertices
with same color form an independent set, so clearly chromatic number of is ≥ n/α(G).
Now, we proved in class (many times) that is very unlikely that α(G) ≥ 3 log n.

In particular, if k = 3 log n, then the expected number of independent sets of size k is(
n
k

)
(1/2)k(k−1)/2 which is � 1 for k = 3 log n. That’s it.


