
2WO08 Graphs and Algorithms – Homework 3 Due: May 31
Distributed: May 11

1. (a) (5pt) Let G be a graph on n vertices that has m edges and t triangles. Show that

t ≥ m

3n
(4m− n2)

.
[Hint: Writing te for the number of triangles containing the edge e = {v, w}, show
that dv + dw − te ≤ n. Then take the sum of both sides over all edges and apply
the Cauchy-Schwarz inequality.]

(b) (5pt) Conclude that for any ε > 0, if the number of edges is
(
1
2

+ ε
)

n2

2
(i.e. slightly

above the Turan threshold), then there are Ω(εn3) triangles (in particular, the
graph must have a constant fraction of all possible triangles).

2. Speeding up Karger’s min cut algorithm: Given an undirected graph G on n nodes as
input, let Shrink(G) denote the (random) graph obtained by applying the random
contraction procedure to G until max(2, n/

√
2) nodes remain (you can ignore the

technicality of whether n/
√

2 is an integer or not).
Consider the following algorithm. Given G, compute Shrink(G) twice to obtain

two graphs T1 and T2. Recursively apply this algorithm on T1 and T2 (i.e. compute
Shrink(T1) twice and Shrink(T2) twice to get four graphs on n/(

√
2 ·
√

2) = n/2
vertices, and so on) until the contracted graphs obtained have two nodes left. Return
the smallest cut among all the 2-node graphs obtained.

This algorithm can be viewed as a (binary) recursion tree where the root corresponds
to the graph G, the vertices at depth i correspond to contracted graphs with n/(2i/2)
nodes, and the leaves correspond to 2-node graphs.
(a) (5 pts) Assuming that two nodes in an n-node graph can be contracted in O(n)

time, show that the running time of this algorithm is O(n2 log n).
[Hint: Write a simple recurrence relation.]

(b) (10 pts) Show that the probability that the algorithm returns a mincut is at least
Ω(1/ log n).
[Hint: Consider a particular mincut C of G and lower bound the probability p(n)
that it survives in at least one leaf of the recursion tree. Show that p(n) satisfies
the recurrence p(n) ≥ 1− (1− p(n/

√
2)/2)2 and solve it.]

Note that this gives a min-cut algorithm with running time O(n2 log n) and success
probability 1/ log n. Repeating this algorithm log2 n times, gives an algorithm with
running time O(n2 log3 n) and success probability 1− 1/n.

3. Suppose that in a set of n unsorted numbers we wish to find the k-th smallest (for
simplicity, assume that all numbers in the set are distinct). Consider the following
simple algorithm for this task: (1) Select a random pivot element from the list; (2)
Break the list into two parts: those smaller than the pivot and those larger than the
pivot (note that we need to compare each element to the pivot); (3) If exactly k − 1
elements are smaller than the pivot, the pivot is the smallest and we can return it;
otherwise recurse on the part that contains the k-th smallest element.

We are interested in the expected number of comparisons when starting on input of
size n, which we will call T (n).
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(a) (5pt) Show that T (n) satisfies the recursion

T (n) = n− 1 +
∑
i<k

P (pivot is i-th smallest element)T (n− i)

+
∑
i>k

P (pivot is i-th smallest element)T (i− 1).

(b) (5pt) Conclude that T (n) = O(n) as n→∞.

4. (15pt) General matchings via determinants. Let G be a graph (not necessarily bipar-
tite) on n vertices, where n is even. Consider the following n × n matrix A (with
entries aij) defined using O(n2) variables xij as follows:

aij =


xij (i, j) ∈ E(G) and i > j

−xji (i, j) ∈ E(G) and i < j

0 (i, j) /∈ E(G)

Show that det(A) is a non-zero polynomial if and only if G contains a perfect match-
ing.

[Hint: Each term in the determinant can be viewed as a cover of vertices by oriented
cycles. Furthermore, all the cycles must be of even length.]

5. (5pt) Consider the complete graph Kn, and suppose we randomly color each vertex
either red or blue with probability 1/2 each, independently of all other vertices. Show
that with probability tending to 1, for every vertex, the number of blue neighbors and
the number of red neighbors does not differ by more than 10

√
n log n.

6. (5pt) Suppose that we have n bins, in which we throw n balls uniformly at random,
independently of all other balls. Let Bi be the (random) number of balls in the i-th
bin. Show that with probability tending to 1, we have maxi Bi ≤ e lnn

ln lnn
.

[Hint: note that Bi is a sum of independent indicator random variables.]
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