
Final Exam Graphs and Algorithms

Date: 02/07/2014

The questions are worth 70 points in total, but you get full score if you get 50 points.

1. (10 pts) Let G denote the graph K5 \ {e} where e is an arbitrary edge (by symmetry of
K5 it does not matter which edge we pick).

Prove or disprove: G is planar.

2. (5 pts) In the class we saw that any connected graph on n vertices has at most n(n−1)/2
mincuts. Give an example of a graph (for each value of n) that has exactly n(n − 1)/2
mincuts. Justify your answer.

3. (10 pts) Give a polynomial time (in n) algorithm for the following problem: Given a tree
T , count the number of all possible independent sets in T .

4. (10 pts) Let G = (V,E) be any d-regular n×n bipartite graph (i.e. each vertex has degree
exactly d). Prove that the edges of G can be partitioned into d edge-disjoint perfect
matchings.

That is, we can write E = M1 ∪M2 ∪ · · · ∪Md, where each Mi is a perfect matching and
Mi ∩Mj = ∅ for every pair i, j.

5. (10 pts) Let G be a graph on n vertices, and let di denote the degree of vertex i. Show
that G has an independent set of size at least

n∑
i=1

1

di + 1
.

6. (10 pts) Given a graph G, use color-coding to find k vertex-disjoint triangles in G, in
expected time kO(k)n3.

7. (15 pts) Let G be a n× n bipartite graph. Give an algorithm (using inclusion-exclusion)
with running time 2npoly(n) to count the number of perfect matchings.

Recall that the inclusion-exclusion formula states that

|
n⋂

i=1

Ai| =
∑

S⊂{1,...,n}

(−1)|S||
⋂
j∈S

Aj |.

[Hint: Let Ai denote the set of functions f : L→ R that do not map anything to i, where
L and R left and right sides of G.]


