
Homework 1 Graphs and Algorithms
Matchings, Hall’s theorem, Flows

Date: 12/2/2015 Due: 05/3/2015

1. Vertex Cover: Given a graph G = (V,E), a subset of vertices S is a vertex cover if for each
edge e = (u, v) ∈ E, at least one of the edge points of e lies in S. Show the following:

(a) (2 pts) A set S is a vertex cover if and only if V \ S is an independent set.

(b) (2 pts) Show that size of maximum independent set is equal to n minus the size of the
minimum vertex cover.

(c) (2 pts) Show that the minimum vertex cover can be no smaller than size of the maximum
matching.

(d) (2 pts) Given a maximum matching M , if we pick both endpoints of edges in M , show
that this form a valid vertex cover.

(e) (2 pts) Use the above observations to obtain a 2-approximation algorithm for finding
minimum vertex cover in a graph.

2. Jobs with deadlines: There are n jobs and a single machine where these jobs can be
executed. Job i requires pi units of processing, and can only be executed (possibly non-
contiguously) during the time interval [ri, di]. Let us assume that pi, ri and di are integers.
So, for each job i, we need to assign pi units of processing (not necessarily consecutive) among
the di − ri time slots {[ri, ri + 1], [ri + 1, ri + 2], . . . , [di − 1, di]}.

(a) (5 pts) Show that all jobs can be completed if and only if, for every time interval [s, t]

P (s, t) ≤ t− s where P (s, t) =
∑

j:s≤rj ,dj≤t
pj (1)

i.e. P (s, t) is the total processing of jobs whose interval [ri, di] lies completely in [s, t].

(b) (3 pts) As there are potentially O(D2) intervals [s, t], where D = maxi di, testing con-
dition (1) is inefficient for large D. Can you modify the above test so that its running
time only depends on n, and not on the magnitude of pi, ri, di’s.

[Hint: One can get away by just checking (1) for some of the intervals [s, t].]

3. Picking disjoint subsets: Let A be a finite set with m elements, and let A1, . . . , An be
subsets of A. Let b1, . . . , bn be positive integers. We would like to pick subsets Bi ⊆ Ai such
that |Bi| = bi and the Bi’s are disjoint (i.e. Bi ∩Bj = ∅ for all 1 ≤ i < j ≤ n.)

(a) (5 pts) Show that this possible if and only if it holds that

| ∪i∈I Ai| ≥
∑
i∈I

bi

for all subsets of indices I ⊆ {1, . . . , n}.



(b) (2 pts) Design a polynomial time algorithm to find such Bi’s (if they exist).

4. (5 pts) Lectures and Courses: There are n lecturers and m courses. For each lecturer i
there is a subset Si of courses that she can teach. For each course j, a minimum of cj (different)
lecturers must be assigned. For each lecturer i, we have a bound ai on the maximum number
of courses that she can be assigned to. Design an algorithm to find an assignment of lectures
to courses (if it exists) that satisfies all the requirements.

[Make sure your solution does not assign same teacher multiple times to the same course.]

5. Graph Orientations: Given an undirected graph and an integer k, we wish to orient the
edges in such a way that each vertex has at most k incoming edges.

(a) (5 pts) Show that this can be done using max-flow.

(b) (4 pts) Use max-flow min-cut to show that such an orientation exists if and only if for
every subset of vertices S, the number of edges with both endpoints in S is at most k|S|.

6. (10 pts) Fire Evacuation: There is a building with n rooms, with up to pi people in room
i. We want to know if the building can be evacuated within T time steps in case of a fire.

Let us model this as a graph. Each location (room, stair, exit etc.) is associated with a
vertex. An edge (i, j) with capacity cij indicates a link between locations i and j that cij
people can enter at each time step. It takes tij time units to cross edge (i, j) (we assume
that tij ’s are integers). If pi is the number of people initially at location i, design an efficient
algorithm to determine if everyone can be evacuated in T time units?

[Hint: Make one copy of this graph for each time step t = 0, 1, . . . , T . Put edges and capacities
appropriately in this “time-layered” graph.]

7. (5 pts) Distributed Computation on two processors: There are n jobs (processes) and
two processors. Job i runs in ai time on processor 1 and in bi time on processor 2. The
jobs also communicate among each other. So, if two jobs i and j are assigned to different
processors, this is not desirable and an overhead of cij is incurred.

Find an assignment of jobs to machines that minimizes the total execution time plus the total
overhead. So if S is the set of jobs assigned to processor 1 and T is the set of jobs assigned
to processor 2, then the objective is∑

i∈S
ai +

∑
j∈T

bj +
∑

(i,j):i∈S,j∈T

cij .

[Hint: Formulate this as a min-cut problem on an undirected graph]

8. (6 pts) Learning Skills: There are a bunch of tasks T1, . . . , Tm and a set of skills {1, . . . , n}.
Task Ti is associated with a set of skills Si, and it can be done only if one possess all the skills
in Si. Completing task Ti fetches a profit of pi, but learning a skill j costs cj . What set of
skills should one learn to maximize the net benefit, i.e. find the set S of skills that maximizes∑

i:Si⊂S
pi −

∑
j∈S

cj .

[Hint: Relate this to the project management problem that we saw in the class]


