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Abstract

We consider the problem of scheduling dynamically arriving jobs in a non-clairvoyant

setting, that is, when the size of a job in remains unknown until the job finishes execution.

Our focus is on minimizing the mean slowdown, where the slowdown of a job (also known

as stretch) is defined as the ratio of flow time to the size of the job.

We use resource augmentation in terms of allowing a faster processor to the online

algorithm to make up for its lack of knowledge of job sizes. Our main result is that the

Multi-level Feedback (MLF) algorithm [14, 16], used in the Windows NT and Unix operat-

ing system scheduling policies is an (1+ε)-speed O((1/ε)5 log2 B)-competitive algorithm for

minimizing mean slowdown non-clairvoyantly, when B is the ratio between the largest and

smallest job sizes. In a sense, this provides a theoretical justification of the effectiveness of

an algorithm widely used in practice. On the other hand, we also show that any O(1)-speed

algorithm, deterministic or randomized, is at least Ω(min(n, log B)) competitive.

The motivation for resource augmentation is supported by an Ω(min(n,B)) lower bound

on the competitive ratio without any speedup. For the static case, i.e. when all jobs arrive

at time 0, we show that MLF is O(log B) competitive without any resource augmentation

and also give a matching Ω(log B) lower bound on the competitiveness.
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1 Introduction

1.1 Motivation

While scheduling algorithms in general have received a lot of interest in the past, most algorithms

assume that all the information about a job is completely known when the job arrives. However,

there are several situations where the scheduler has to schedule jobs without knowing the sizes

of the jobs. This lack of knowledge, known as non-clairvoyance, is a significant impediment in

the scheduler’s task, as one might expect. The study of non-clairvoyant scheduling algorithms

was initiated by Motwani et al. [12].

We consider the problem of minimizing the total slowdown (also called stretch) non-clairvoyantly

on a single processor with preemptions. This was posed as an important open problem by Bec-

chetti et al. [3]. Slowdown or stretch of a job was first considered by Bender et al. [6]. It is

the ratio of the flow time of a job to its size. Slowdown as a metric has received much attention

lately [9, 17, 13, 5, 4, 1, 7], since it captures the notion of “fairness”. Note that a low slowdown

implies that jobs are delayed in proportion to their size, hence smaller jobs are delayed less

and large jobs are delayed proportionately more. Muthukrishnan et al. [13] first studied mean

slowdown, and showed that the shortest remaining processing time (SRPT) algorithm achieves

a competitive ratio of 2 for the single machine and 14 for the multiple machine case. Note

that SRPT requires the knowledge of job sizes and hence cannot be used in the non-clairvoyant

setting. Similarly, the various extensions and improvements [8, 1, 4, 7] to the problem have all

been in the clairvoyant setting. Since clairvoyant scheduling does not accurately model many

systems, there is significant interest in the non-clairvoyant version of slowdown.

As expected, non-clairvoyant algorithms usually have very pessimistic bounds (See for ex-

ample [12]). A major advance in the study of non-clairvoyant algorithms was made by Kalyana-

sundaram and Pruhs [10], who proposed the model of resource augmentation where the online

algorithm is compared against an adversary that has a slower processor. This provides a nice

framework for comparing the performance of algorithms where the traditional competitive anal-

ysis gives a very pessimistic guarantee for all algorithms. Our analysis makes use of resource

augmentation model.

1.2 Model

We consider a single machine scenario, where jobs arrive dynamically over time. Let J denote

the set of jobs. The size of a job Ji ∈ J , denoted by pi, is its total service requirement. However,

pi is not known by the scheduler at any time before the job completes, in particular pi is not

known when job i arrives. Obviously, pi becomes known when the job completes. The time

when a job arrives is know as its release date and is denoted by ri. The completion time of
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job Ji is denoted by ci. The flow time of job Ji is defined as fi = ci − ri and its slowdown is

si = fi/pi. Another way of writing slowdown of Ji is
∫ cj

rj

1
pj

dt. We are interested in minimizing

the mean (or equivalently total) slowdown.

Traditionally, an online algorithm is said to be c-competitive if the worst case ratio (over

all possible inputs) of the performance of the online algorithm is no more than c times the

performance of the optimum offline adversary. In the resource augmentation model [10], we

say that an algorithm is s-speed c-competitive if it uses an s times faster processor than the

optimum algorithm and produces a solution that has competitive ratio no more than c against

the optimal algorithm with no speedup.

1.3 Results

1. General Case: The main contribution of this paper is to show that MLF is O((1/ε)5 log2 B)-

competitive with a (1+ε)-speedup, for any fixed ε > 0. Here B is the ratio of the maximum

to the minimum job size. We note that MLF does not need the knowledge of B is and

fully online.

2. Need for Resource Augmentation: It is not hard to see that in the absence of an upper

bound on job sizes, no algorithm for minimizing mean slowdown can be Ω(n) competitive.

Surprisingly, it turns out that no algorithm (deterministic or randomized) can be o(n/k)-

competitive even with a k-speedup. In particular, we need at least Ω(n) speedup to be

competitive.

3. The above lower bounds require instances where the range of job sizes varies exponentially

in n. In a more realistic scenario, when job size ratios are bounded by B, we show that in

the absence of speedup, any algorithm (deterministic or randomized) is Ω(B) competitive.

Moreover, we show that even with a factor k speedup any algorithm (deterministic or

randomized) is at least Ω(log B/k) competitive. Note that the performance our algorithm

matches the lower bound upto a log B factor in the competitive ratio.

4. Static Case: When all the requests arrive at time 0, we settle the question exactly. We

show that in this case, MLF is O(log B) competitive without any speed up. We also

show matching Ω(log B) lower bound on the competitive ratio of any deterministic or

randomized algorithm, hence implying that the performance guarantee provided by MLF

is tight.

We also stress that our algorithm for the general case is fast and easy to implement, which

is a useful advantage when it comes to putting it to work in real systems, say a web server. In
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fact, it can be implemented in O(n) space, with only O(logB) preemptions per job. It needs

only O(1) work per preemption.

1.4 Relations to Other Problems

Minimizing total slowdown can be thought of as a special case of minimizing total weighted flow

time, where the weight of a job is inversely proportional to its size. However, what makes the

problem interesting and considerably harder in a non-clairvoyant setting is that the sizes (hence

weights) are not known. Hence not only does the online scheduler have no idea of job sizes, it

also has no idea as to which job is more important (has a higher weight).

An interesting aspect of slowdown is that neither resource augmentation nor randomization

seems to help in the general case. This is in sharp contrast to weighted flow time where a

(1 + ε) speed gives a (1 + 1
ε
) competitive algorithm [2]. Similarly, for flow time there is a lower

bound of n1/3 for any deterministic algorithm, whereas using randomization, algorithms which

are O(log n) competitive can be obtained [11, 3]. In contrast, even with randomization and a k

speed-up the slowdown problem is at least Ω(n/k) competitive.

In terms of proof techniques, all previous techniques using resource augmentation [10, 5, 2]

relied on local competitiveness1. For non-clairvoyant slowdown, proving local competitiveness is

unlikely to work: it could easily be the case that the optimal clairvoyant algorithm has a few

jobs of size B, while the non-clairvoyant online algorithm is left with a few jobs of size 1, thus

being Ω(B) uncompetitive locally.

Our main idea is to define a new metric, which we call the inverse work metric. We use this

metric to connect the performance of the online algorithm to the offline algorithm. We also use

resource augmentation in a novel way which can potentially find uses elsewhere.

2 The MLF algorithm

We first describe a slight variation of MLF algorithm. For any fixed ε > 0, we show that it is

(1 + ε)-speed O((1/ε)5 log2 B)-competitive. Here B is the ratio of maximum to minimum job

size. Our algorithm does not need to know B.

1Intuitively, an algorithm is locally competitive if the cost incurred in objective in each unit step is within a

constant factor of that incurred by optimal algorithm. Local competitiveness is both necessary and sufficient for

global competitiveness [5] when there is no speedup.
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2.1 Algorithm Description

A job is said to be active at time t, if it is released by that time but not completed. Denote by

xj(t) the amount of work that has been done on job Jj by time t. Let li = ε((1 + ε)i − 1) for

i = 0, 1, . . ..

Partition the active jobs into a set of queues Q0, Q1, . . .. Here, Q0 is the lowest queue, Q1 is

the next lowest and so on. A job j is in the queue Qk at time t, if the work done xj(t) ∈ [lk, lk+1).

MLF always works on the earliest arriving job in the lowest non-empty queue. Thus, a job is

placed in Q0 upon its arrivals and moves up the queues during its execution until it finishes.

Thus amount of work done on a job in queue k of MLF is exactly lk+1 − lk. We call this qk.

And it is given by qk = ε2(1 + ε)k. Observe that lk = q0 + q1 + . . . + qk−1.

For a scheduling algorithm A, we use A(s,J ) to denote the slowdown of the algorithm A on

instance J when provided with an s speed processor.

We now state our main result of this paper. The proof will be given in the next subsection.

Theorem 1 For a fixed ε > 0, MLF algorithm as defined above is (1+ε)-speed O(( 1
ε
)5 log2 (B))-

competitive algorithm.

2.2 Analysis

Given the original scheduling instance J , we want to modify it so that sizes of all the jobs are

rounded up to the queue thresholds in MLF. We construct a modified instance K as follows.

Consider a job Jj ∈ J and let i be the smallest integer such that pj ≤ ε((1 + ε)i − 1). Corre-

sponding to the job Jj, we add a job (also denoted by Jj) in K with the same release time. We

set its size to be ε((1 + ε)i − 1). Observe that, size of each job in K is lk for some k, identical to

the threshold for one of MLF queues.

Observation 1 In the transformation from J to K, size of a job Jj doesn’t decrease. Moreover,

it increases by at most a factor of (1 + ε)2.

Note that, algorithm MLF has the property that, if we increase size of a job, it will not

decrease the completion time of any job. The following lemma shows us that the transformation

from instance J to K did not increase the slowdown of MLF by a lot.

Lemma 1 MLF (s,J ) ≤ (1 + ε)2MLF (s,K)

Proof: For a job Jj, let fj be it’s flowtime in instance J and f ′
j be the flowtime in instance K.

Also let p′j denote it’s size in instance K.
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Then we know from Observation 1, that fj ≤ f ′
j. Moreover, p′j ≤ (1 + ε)2pj. Combining

these,

fj/pj ≤ (1 + ε)2f ′
j/p

′
j

Adding slowdown contributions for all jobs in the instance J we get the result.

Thus, instead of working on the original input instance J , we will work with the modified

instance K, in which all job sizes are rounded up to the queue thresholds of MLF.

We now define a new metric called the “inverse work” metric as an upper bound for slowdown.

Definition 1 Consider any scheduling instance I, and an algorithm A operating on it. Let Jj

be a job and if at time t, the amount of work done on Jj satisfies the relation ε((1 + ε)i − 1) ≤

xj(t) < ε((1 + ε)i+1 − 1), then define wj(t) = ε((1 + ε)i+1 − 1). The inverse work of job Jj is

defined as:
∫ cj

rj

1
wj(t)

dt. And the total inverse work of algorithm A is
∑

j∈I

∫ cj

rj

1
wj(t)

dt.

We will denote the inverse work of algorithm A on input instance I, using an s speed

processor by A′(s, I).

The main intuition of analysis is the following. A non-clairvoyant algorithm must spend

some processing time probing for jobs of small sizes. However, this can cause it to postpone

a small job while working on a large job. A clairvoyant algorithm on the other hand, has the

advantage that it can postpone working on a large job for a long time. The inverse work metric

takes care of essentially that, it captures the advantage of “probing”. Another property of this

metric is that a good schedule for slowdown can be converted into a good schedule for inverse

work, with some speed up. These two ideas form the crux of our analysis. The details of the

argument are given below.

First we will show that on the input instance K that we constructed above, we can bound

the slowdown in terms of inverse work.

Lemma 2 For any algorithm A on the instance K, the slowdown is upper bounded by the inverse

work.

A(s,K) ≤ A′(s,K)

Proof: Consider a job Jj. At a time instance t, such that rj ≤ t ≤ cj, the work done on the

job is less than it’s size. Also, in the instance K, we have pj = ε((1 + ε)i − 1) for some i. Hence

wj(t) ≤ pj at all times t ≤ cj. Hence, contribution of job Jj in slowdown can be bounded as

∫ cj

rj

1

pj

dt ≤
∫ cj

rj

1

wj(t)
dt
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Summing up over all jobs in the instance K gives the inequality.

From the input instance K we create a new instance L by replacing each job Jj of size

ε((1 + ε)k − 1) by jobs Jj0, Jj1, . . . , Jjk−1
, with the sizes q0, q1, . . . , qk−1 respectively. The release

dates remain same. Note that the sizes of the jobs Jj0, Jj1, . . . , Jjk−1
add up to the size of job

Jj, since size(Jj) = lk = q0 + q1 + . . . + qk−1.

We view MLF algorithm working on instance K as the algorithm SJF (Shortest Job First)

running on instance L. The following observation makes the connection clear.

Observation 2 At any time t, the algorithm SJF with input instance L is working on a job

Jjb
∈ L iff MLF with input K is working on the job Jj ∈ K in queue b at the same time. In

particular, SJF has completed the jobs Jj0 , Jj1, . . . , Jjb−1
.

This gives us a way of relating inverse work of MLF on instance K to the slowdown of SJF

on instance L.

Lemma 3 The slowdown of SJF on instance L dominates the inverse work of MLF on instance

K

MLF ′(s,K) ≤ SJF (s,L)

Proof: Consider a job Jj ∈ K. Suppose, at the time t, we have wj(t) = ε((1 + ε)i+1 − 1) for

some i ≥ 0. Then, the contribution to the inverse work of MLF by the job Jj at time t is 1
wj(t)

. i

However, work done by MLF on job Jj is at least ε((1 + ε)i − 1). Thus Jj is in the queue Qi

of MLF. From observation 2, we know that SJF has finished the jobs Jj0, Jj1, . . . , Jji−1
. Thus

slowdown contribution by jobs Jji
, Jji+1

, . . . in SJF is at least the contribution by the job Jji
.

Size of Jji
is ε2(1 + ε)i. Thus its contribution is 1

ε2(1+ε)i .

Now it is easy to observe that 1
wj(t)

= 1
ε((1+ε)i−1)

≤ 1
ε2(1+ε)i . Thus for the job Jj, it’s inverse

work contribution to MLF is at most the slowdown contribution by corresponding jobs Jj0, Jj1, . . .

to SJF. Hence aggregating over all jobs in K we get the result.

Thus by lemma 1 & 2

MLF (s,J ) ≤ (1 + ε)2 SJF (s,L) (1)

We now relate the slowdown on SJF algorithm on instance L back to the slowdown for

instance K. For this purpose we modify J further. Let K′ denote the following modification on

instance K. Add ε to the size of each job. The size of each job in K is ε((1 + ε)i − 1) for some
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i ≥ 1. Now size of each job in K′ is ε(1 + ε)i. Once again, we note here that size of each job

Jj ∈ J does not decrease in K′ and does not increase by more than a factor of (1 + ε)2.

Let L(k) denote the instance obtained by multiplying each job size in K′ by ε/(1+ ε)k. Next,

we remove from L(k) any job whose size is smaller than ε2.

We claim that, L = L(1) ∪ L(2) ∪ . . .. To see this, consider a job Jj ∈ K′ of size ε(1 + ε)i.

Then L(1) contains the corresponding job Jji−1
of size ε/(1 + ε) · ε(1 + ε)i = ε2(1 + ε)i−1 = qi−1.

Similarly, L(2) contains the job Jji−2
of size qi−2 and so on. Thus L is exactly L(1)∪L(2)∪ . . ..

In short, L is the union of scaled down copies of K′.

Now the idea is to construct a schedule for L(k) using SJF schedule for K′. This will be

achieved in the next couple of lemmas.

Lemma 4 Let fSJF (s, j) denote the flow time of job j under SJF with a s-speed processor.

Then under SJF with an s ≥ 1 speed processor, we have fSJF (s, j) ≤ (1/s)fSJF (1, j).

Proof: Let xj(u, 1) denote the work done on job j, after u units of time since it arrived, under

SJF using a 1 speed processor. Similarly, let xj(u, s) denote the work done on job j, after u

units of time since it arrived, under SJF using an s speed processor. We will show a stronger

invariant that for all jobs j and all times t, xj((t − rj)/s, s) ≥ xj(t − rj, 1). Notice that this

stronger invariant trivially implies the result of the lemma.

Consider some instance where this condition is violated. Let j be the job and t be the earliest

time for which xj((t − rj)/s, s) < xj(t − rj, 1). Clearly, the speed s processor (SJF(s)) is not

working on j at time t, due to minimality of t. Thus, SJF(s) is working on some other smaller

job j ′. Since SJF(1) is not working on j ′, it has already finished j ′ by some time t′ < t. However,

this means that xj′((t
′ − rj′), s) < xj′(t

′ − rj′, 1), which contradicts the minimality of t.

Lemma 5 Let L(k) be the instance defined as above. Then if x ≥ ε(1 + ε)−k, we have

SJF (x · s,L(k)) ≤
1

x
SJF (s,K′)

Proof: A job Jjk
∈ L(k) is a copy of the job Jj ∈ K′ with the size scaled by ε(1+ ε)−k. Thus, if

we run SJF on L(k) with an ε(1 + ε)−k · s speed processor, it will correspond to running SJF on

K′ with an s speed processor. Hence the flow time of Jjk
∈ L(k) will be same as that of Jj ∈ K′.

From Lemma 4, if we use x · s speed instead of ε(1 + ε)−k · s, for SJF on L(k), then the flow

time of Jjk
will be at most ε(1 + ε)−k/x times smaller. However, size of Jjk

is ε(1 + ε)−k times
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smaller than Jj ∈ K′. Thus the slowdown of Jjk
is at most ε(1 + ε)−k/x · 1/(ε(1 + ε)−k) = 1/x

times that of Jj. This proves the result.

Now we will relate the optimal offline schedule with the schedule produced by SJF. For an

input instance I, we will use OPT (s, I) to denote the slowdown incurred by optimal schedule

for instance I using an s speed processor.

Lemma 6 For the input instances L and K′ as defined above, we have

OPT ((1 + ε) · s,L) ≤ O(
1

ε
(log2

1+ε B)) SJF (s,K′)

Proof: Now we construct a schedule A for L by superimposing the SJF schedules for the

instances L(k)’s. The jobs in L(k) are run with a speed xk using the schedule given by SJF.

Note that the maximum job size is B, so we need to look at instances L(k) up to k = log1+ε(B/ε).

We set xi = ε(1 + ε)−i for i = 1, 2, . . . , log1+ε log1+ε (B/ε) and xi = ε/ log1+ε (B/ε) for

i > log1+ε log1+ε (B/ε). Notice that the total speed required by A is
∑log1+ε (B/ε)

i=1 xi ≤ 1 + ε.

By Lemma 5, the slowdown of schedule A on L(k) will be at most ( 1
xi

)SJF (1,K′). Thus we

can bound the total slowdown of A on the instance L as follows

A((1 + 2ε) · s,L) ≤

log1+ε (B/ε)
∑

i=1

(
1

xi
)SJF (s,K′) ≤ (

1

ε
) log2

1+ε (B/ε)SJF (s,K′)

since we can bound the sum
∑

i
1
xi

by (1
ε
) log2

1+ε (B/ε). Lastly, since OPT is at least as good as

A, we get the result.

We need to bound the slowdown of SJF on an instance by the slowdown of OPT on the same

instance. We use a more general result due to Becchetti et al. [5] for this purpose. They show

that for the problem of minimizing weighted flow time, the greedy algorithm Highest Density

First (HDF) is (1+ ε)-speed (1+1/ε)-competitive algorithm. The HDF algorithm works on the

job with highest weight to size ratio at any time. Since slowdown is a special case of weighted

flow time with weights equal to the reciprocal of size, we get that for any input instance I,

SJF ((1 + ε) · s, I) ≤ (1 +
1

ε
)OPT (s, I) (2)

We use this fact for the quantities in Lemma 6 to get the following:

SJF ((1 + ε)3 · s,L) ≤ (1 +
1

ε
)OPT ((1 + ε)2 · s,L)

9



and

O((
1

ε
)2(log2

1+ε B)) SJF ((1 + ε) · s,K′) ≤ O((
1

ε
)3(log2

1+ε B)) OPT (s,K′)

These two together give us:

SJF ((1 + ε)3 · s,L) ≤ O((
1

ε
)3(log2

1+ε B)) OPT (s,K′) (3)

Proof:(of Theorem 1) Given an input instance J , we constructed the input instance L and

showed in Equation 1 that

MLF ((1 + ε)5,J ) ≤ (1 + ε)2 SJF ((1 + ε)5,L) (4)

Combining this with Equation 3, we get

MLF ((1 + ε)5,J ) ≤ O((
1

ε
)3(log2

1+ε B)) OPT ((1 + ε)2,K′) (5)

Notice that each job Jj ∈ K′ has size at most (1 + ε)2 times its size in the original instance J .

Thus we trivially have that,

OPT ((1 + ε)2,K′) ≤ OPT (1,J ) (6)

Equations 5 and 6 together give us that

MLF ((1 + ε)5,J ) ≤ O((
1

ε
)3(log2

1+ε B))OPT (1,J )

or equivalently that,

MLF ((1 + ε)5,J ) ≤ O((
1

ε
)5(log2 B))OPT (1,J )

3 Lower bounds

We now give lower bounds which motivate our algorithm in the previous section, in particular

the need for bounded job sizes and the need for resource augmentation. Moreover, all of the

lower bounds also hold if we allow the algorithm to be randomized.
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3.1 Bounded job sizes without resource augmentation

Without resource augmentation the performance of any non-clairvoyant algorithm is really bad,

even when job sizes are bounded. We show that any non-clairvoyant algorithm without speedup,

deterministic or randomized is at least Ω(B) competitive.

Theorem 2 Any non-clairvoyant algorithm, deterministic or randomized is at least Ω(B) com-

petitive for mean slowdown, where B is the ratio of job sizes.

Proof: Consider an instance where nB jobs of size 1, and n jobs of size B, arrive at time t = 0.

At time t = nB, the adversary gives a stream of m jobs of size 1 every unit of time.

The optimum algorithm finishes all jobs of size 1 by nB and continues to work on the stream

of size 1 jobs. The slowdown incurred due to jobs of size B is at most n(2nB + m)/B and due

to the jobs of size 1 is nB +m. The deterministic non-clairvoyant algorithm, on the other hand,

has to spend at least one unit of processing on each job to determine if it has size 1 or B. Thus,

by choosing the first n jobs on which the non-clairvoyant algorithm works at least 1 unit to be

of size B, it can be made to have at least n jobs of size 1 remaining at time t = nB. For the

next m units after time t = nB, there will be at least n jobs of size 1. Thus, total slowdown

incurred is at least nm. Choosing n > B and m > nB, it is easy to see that the competitive

ratio is at least Ω(B).

For the randomized case, we use Yao’s Lemma, and the input instance consists of nB + n

jobs, n of which are chosen randomly and have size B while the rest have size 1. Again, since

any non-clairvoyant algorithm has to spend at least 1 unit of processing to distinguish between

at job of size 1 and B, it follows that by time t = nB, the algorithm will have at least B
B+1

n ≈ n

jobs of size 1 remaining in expectation. Thus the result follows.

3.2 Lower bound with bounded size and resource augmentation

We now consider lower bounds when resource augmentation is allowed. We first consider a static

(all jobs arrive at time t = 0) scheduling instance, and give an Ω(log B) lower bound without

resource augmentation. While this in itself is weaker than Theorem 2, the scheduling instance

being static implies that even resource augmentation by k times can only help by a factor of k.

Lemma 7 No deterministic or randomized algorithm can have performance ratio better than

Ω(log B) for a static scheduling instance, where B is the ratio of the largest to the smallest job

size.

Proof: We consider an instance with log B jobs j0, . . . , jlog B such that job ji has size 2i.
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We first look at how SJF behaves on this problem instance. The total slowdown for SJF

is
∑log B

i=0
1
2i

(

∑i
j=0 2j

)

= O(log B). This basically follows from the fact that SRPT has to finish

jobs j1, . . . , ji−1 before it finishes ji by the definition of our instance.

Now we show that for any non-clairvoyant deterministic algorithm A, the adversary can

force the total slowdown to be Ω(log2 B). The rough idea is as follows: We order the jobs of our

instance such that for all 0 ≤ i ≤ log B, A spends at least 2i work on jobs ji+1, . . . , jlog B before

it finishes job ji. In this case, the theorem follows because the total slowdown of A on the given

instance is
log B
∑

i=1

1

2i
(log(B) − i + 1) 2i = Ω(log2(B)).

It remains to show that we can order the jobs in such a way. Since A is a deterministic

algorithm that does not use the size of incoming jobs, we can determine the order in which jobs

receive a total of at least 2i work by A. We let ji be the (log(B) − i + 1)th job that receives 2i

work for all 0 ≤ i ≤ log B. It is clear that this yields the claimed ordering.

The example can be randomized to prove that even a randomized algorithm has mean slow-

down no better than Ω(log B). The idea is to assume that the instance is a random permutation

of the jobs j0, j1, . . . , jlog B . Then to finish job ji, the scheduler has to spend at least 2i work on

at least half of ji+1, . . . , jlog B (in expectation). Thus its expected slowdown is 1
2
(log B − i + 1)

and the total slowdown is Ω(log2 B). We now use Yao’s Minimax Lemma to obtain the result.

As the input instance in Lemma 7 is static, a k-speed processor can at most improve all the

flow times by a factor of k. Hence the mean slowdown can go down by the same factor. This

gives us the following theorem.

Theorem 3 Any k-speed deterministic or randomized, non-clairvoyant algorithm has an Ω(log B/k)

competitive ratio for minimizing mean slowdown, in the static case (and hence in the online

case).

3.3 Scheduling with general job sizes

The previous result also implies the following lower bound when job sizes could be arbitrarily

large. In particular, we can choose the job sizes to be 1, 2, . . . 2n which gives us the following

theorem.

Theorem 4 Any k-speed non-clairvoyant algorithm, either deterministic or randomized, has

Ω(n/k) performance ratio for minimizing mean slowdown.
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Theorems 2 and 4 show that in the absence of resource augmentation and bounded job sizes

achieving any reasonable guarantee on the competitive ratio is impossible. This motivates our

model in Section 2, where we assume bounded job sizes and use resource augmentation.

4 Static scheduling

Static scheduling is usually substantially easier than the usual dynamic scheduling (where jobs

have arbitrary release times), and the same is the case here. We do not need resource augmenta-

tion here, and we show that the MLF is O(log B) competitive, hence matching the lower bound

shown in the previous section.

4.1 Optimal Clairvoyant Algorithm

In that static case, it follows easy from Smith’s rule [15] that SJF is the optimal algorithm for

minimizing total slowdown. We now show a rather general lower bound on the mean slowdown

under SJF on any input instance.

Lemma 8 For any scheduling instance with n jobs all arriving at time 0, SJF has Ω(n/ log B)

mean slowdown.

Proof: We first show that we can assume without loss of generality that we can consider an

input instance where the job sizes are powers of 2. To see this, given instance I, We lower bound

the total slowdown of SJF as follows: for a job of size x, we require SJF to work only 2blg xc

amount in order to finish the job and we divide the flow time by 2dlg xe to get slowdown. Thus,

we can round down all the job sizes to a power of 2 and have the new total slowdown within a

factor of 2 of the total slowdown of original instance.

Now we have x1, x2 . . . , xlog B jobs of sizes 2, 4 . . . , B respectively. We also have
∑

xi = n.

Now, as there are at least xi jobs of size 2i, the average flow time of a job of size 2i under

SJF is at least xi2
i/2, and hence its slowdown is at least xi/2. Since there are xi such jobs, it

follows that the contribution to the total slowdown by jobs of size 2i is at least (1/2)x2
i . Thus

the total slowdown is at least
∑

i(1/2)x2
i ≥ 1/(2 logB)(

∑

i xi)
2 (by Cauchy-Schwarz) which is

Ω(n2/ log B). Thus the mean slowdown for SJF is Ω(n/ log B).

4.2 Competitiveness of MLF

Lemma 9 For a scheduling instance with n jobs, MLF has a O(n) mean slowdown.
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Proof: This follows trivially, since for any job of size 2i, the job waits at most for n other jobs

to receive at processing of at most 2i.

Combining the results of Lemmas 8 and 9, we get the following result:

Theorem 5 For static scheduling with bounded job sizes, the MLF algorithm is O(log B)-

competitive for minimizing mean slowdown.

5 Open questions

The only “gap” in our paper is the discrepancy between the upper and lower bounds for the main

problem of non-clairvoyant scheduling to minimize mean slowdown. It would be interesting to

close this.
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