
LNMB: Randomized Algorithms Exercise 1 Date: 8/3/21
Instructor: Nikhil Bansal Due: 22/3/2021

You can do the exercise in groups of 2. The solutions should be latexed and mailed to me at
n.bansal@tue.nl

Most of the problems can be solved using linear of expectation or by writing a suitable recurrence
and guessing the solution and proving it by induction.

1. (10 pts) Consider a random walk on the integers {0,1,. . . ,n} that (i) at each step moves either
to left or right with probability 1/2 if it is at any point in {1, . . . , n− 1} and (ii) terminates
if it reaches 0 or n.

Show that if the walk starts at point i, the probability that it terminates at n is i/n.

Show that if the walk starts at point i, the expected number of steps until it terminates
(either at 0 or n) is i(n− i).

2. (5 pts) Now consider a slightly modified walk from the one above that terminates only when
it reaches n (i.e., upon reaching 0, it simply moves to 1 at the next step, with probability 1).

Show that starting from i, the expected number of steps until the talk terminates is n2 − i2.

3. (10 pts) There is a bin with one red and one green ball initially. At each time step, a ball
in picked randomly from the bin, and that ball together with another new ball of the same
color are put back in the bin. So the number of balls increases by 1 at each step. Show that
when there are n balls in the bin, the probability that the bin has exactly k red balls is the
same for k = 1, 2, . . . , n− 1.

4. (10 pts) For two events A and B, let Pr[A|B] = Pr[A ∩ B]/Pr[B] denote the conditional
probability of A given B. Show that for any events A1, . . . , An (not necessarily independent)

Pr[A1 ∩A2 · · · ∩An] = Pr[A1] · Pr[A2|A1] · Pr[A3|A1 ∩A2] · · ·Pr[An|A1 ∩ · · · ∩An−1]

(Remark: This is a very useful generalization of the product rule Pr[A1 ∩ · · · ∩ An] =
Pr[A1] Pr[A2] · · ·Pr[An] in the special case when the events A1, A2, . . . , An are independent.)

5. (15 pts) Let (a1, a2, . . . , an) be a random permutation of (1, 2, . . . , n). What is the expected
number of distinct values in {max1≤i≤n(a1, . . . , ai)}?
In other words, in expectation, for how many prefixes (a1, . . . , ai), the maximum is attained
by the last entry ai of the prefix.

6. (15pts) Consider a binary tree of depth d (where we say that a single node has depth 1). A
bacteria starts at the root of the tree and evolves as follows. If the bacteria is still alive at
some node u, it makes two copies of itself. One of these moves toward the left child w of u
and the other to right child v of u. However, as they traverse the edges (u,w) or (u, v) each
copy independently survives with probability only 1/2.

Show that the probability that at least one bacteria manages to reach some leaf eventually is
at least 1/d.
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[Hint: Let pd denote this probability. Show that it satisfies the recurrence pi+1 = 1 − (1 −
pi/2)2 = pi − p2i /4.]

(Remark: This is precisely the process for speeding up the min-cut algorithm that we talked
about in the class. The tree is the recursion tree, and bacteria surviving corresponds to the
original min-cut still surviving.)

7. (20 pts) We say that a subset of vertices S is a dominating set for a graph G if each vertex
in G is either in S or is adjacent to some vertex is S.

Show that any graph G with minimum degree k−1 has a dominating set of size (n(1+ln k))/k.

Hint: Consider a random set T obtained by picking each vertex with probability p = (ln k)/k.
Next, let U be the set of unlucky vertices that have are neither in S not have any neighbor
in T . Set S = T ∪ U .

What is the expected size of T? What is the expected size of U? The following inequality is
extremely useful in general: 1− x ≤ e−x for all x.

8. (15 pts) Consider some infinitely long stream of elements a1, a2, . . . ,. We can store k elements
in the memory S. Initially, S consists of the first k elements {a1, . . . , ak}.
As we scan the list starting from ak+1, upon seeing an, with probability k/n, we add an to S
and discard some element of S at random (to make room for an). Otherwise, with probability
1− k/n, S stays unchanged.

Show that for every n > k, after seeing an, each a1, . . . , an is equally likely to be in S. (i.e.
S consists of a uniformly random sample of k elements from the first n elements).
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