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1. Introduction Model checking is a method for formally verifying

finite-state concurrent systems. Specifications about the system are ex-

pressed as temporal logic formulas, and efficient symbolic algorithms are

used to traverse the model defined by the system and check if the spec-

ification holds or not. In recent years, researchers have tried to extend

the applicability of model-checking to infinite state systems like pushdown

systems, Petri nets, basic parallel processes etc. (Esparza, 1994, Esparza,

1997, Haddad and Poitrenaud, 2001, Latvala, 2001, Mayr, 1998, Wolper

and Boigelot, 1998).

Much work has been done on model checking Petri nets for various

logics. In (Esparza, 1994), Esparza has proved that the model checking

problem for linear time µ-calculus and Petri nets is decidable. The tech-

nique is adapted from (Vardi and Wolper, 1986), and roughly speaking it

consists of reducing the model checking problem to an emptiness problem.

The same technique has been used by Latvala in order to model check

*The research reported in this paper was partially supported by CNCSIS grant
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colored Petri nets against linear time logic (Latvala, 2001), and by Had-

dad and Poitrenaud in order to model check sequential recursive Petri nets

against linear time µ-calculus (Haddad and Poitrenaud, 2001).

In this paper we show that the linear time µ-calculus model check-

ing problem for finite jumping and L3-conditional Petri nets is decidable,

where L3 denotes the family of regular languages. In order to do that we

follow the same line as the authors mentioned above (i.e., adapted from

(Vardi and Wolper, 1986)), but with specific results for these classes of

Petri nets. As both finite jumping and L3-conditional Petri nets extend

properly classical Petri nets, Esparza’s result regarding decidability of lin-

ear tine µ-calculus for Petri nets becomes a particular case of our results.

Finite jumping Petri nets are classical Petri nets Σ equipped with a

finite binary relation R on the markings of Σ. If (M,M ′) ∈ R, then the

Petri net Σ may “spontaneously jump” from the marking M to M ′ (this is

similar to λ-moves in automata theory). Clearly, Petri nets are particular

cases of jumping Petri nets (the case of an empty relation R). Moreover,

finite jumping Petri nets are strictly more expressive than Petri nets at

least from the interleaving semantics point of view (Ţiplea and Mäkinen,

1997). When modelling systems by Petri nets, the extension to jumps

is useful for several reasons (Ţiplea and Jucan, 1994, Ţiplea and Desel,

1999, Ţiplea and Ţiplea, 1999):

• irrelevant parts of the behavior may be hidden;

• exception handling and recovery mechanisms can be added;

• recursive calls of procedures can be nicely modelled by jumps.

Conditional Petri nets (Ţiplea, 1991, Ţiplea, 1994, Ţiplea and

Bădărău, 2000) have a different policy than jumping Petri nets. In such

Petri nets, a language is associated to each transition. Then, a transition

t can fire at a marking M only if there is a transition sequence leading

to M which is a member of the language associated to t. In other words,

the firing of t is “conditioned” by the previous transition sequence. L3-

conditional Petri nets extend strictly the power of Petri nets, as it has

been shown in (Ţiplea, 1994).

The paper is organized as follows. In section 2 we recall basic defini-

tions for (jumping, conditional) Petri nets, and linear time µ-calculus. In

section 3 we prove that the model checking problem for finite jumping and

L3-conditional Petri Nets against linear µ-calculus is decidable. Finally,

the complexity of model-checking is discussed.
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2. Preliminaries The aim of this section is to establish the basic termi-

nology, notations, and results concerning Petri nets and linear time logics

in order to give the reader the necessary prerequisites for the understand-

ing of this paper (for details the reader is referred to (Reisig, 1985, Ţiplea

and Mäkinen, 1997, Dam, 1994)).

The set of nonnegative integers is denoted by N. For a (finite) alphabet

V , V ∗ (V ω, respectively) denotes the set of finite (infinite, resp.) words over

V . The empty word is λ, and V∞ stands for V ∗∪V ω. The family of regular

languages (Hopcroft, 1979) is denoted by L3.

Petri Nets. A Petri net is a 4-tuple Σ = (S, T, F,W ), where S and

T are two finite non-empty sets (of places and transitions, respectively),

S ∩ T = ∅, F ⊆ (S × T ) ∪ (T × S) is the flow relation, and W : (S ×

T ) ∪ (T × S) → N is the weight function of Σ verifying W (x, y) = 0 iff

(x, y) /∈ F .

A marking of a Petri net Σ is a function M : S → N. A marked

Petri net is a pair γ = (Σ,M0), where Σ is a Petri net and M0, the initial

marking of γ, is a marking of Σ. A labeled marked Petri net is a 3-tuple

γ = (Σ,M0, l), where the first two components form a marked Petri net

and l, the labeling function of γ, assigns to each transition a letter (label).

In the sequel we often use the term “Petri net” whenever we refer to one

of the concepts introduced above.

The sequential behavior of a Petri net γ is given by the transition rule,

which is defined as follows. A transition t is enabled at a marking M (in

γ), abbreviated M [t〉γ , if W (s, t) 6 M(s) for all s ∈ S. If M [t〉γ , then t

may occur yielding a new marking M ′, abbreviated M [t〉γM ′, defined by

M ′(s) = M(s) + W (t, s) −W (s, t) for all s ∈ S. The transition rule is

usually extended to finite and infinite sequences of transitions.

A finite computation (from M0) of γ is any sequence of the form

M0[t1〉γM1[t2〉γ · · ·Mn−1[tn〉γMn;

the sequence t1 · · · tn is called a finite transition sequence (from M0) of

γ, and Mn is called reachable (from M0) in γ. Infinite computations and

infinite transition sequences of γ are defined similarly. A computation of γ

is any finite or infinite computation of γ.

A marking M of a Petri net γ is called a dead marking if no transition

is enabled at M . A computation of γ is maximal if it is either infinite or,

if it is finite then its last marking is a dead marking.
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By extending homomorphically the labeling function of Petri nets to

sequences of transitions we define the language of γ, denoted L(γ), as being

the set of all finite or infinite words l(w) such that w induces a maximal

computation of γ. Words l(w) ∈ L(γ) are called runs of γ. We remark

that a (finite or infinite) sequence of transitions of γ induces at most a

computation of γ.

Extensions of Petri Nets. Many systems of interest cannot be ade-

quately modeled by Petri nets. From this reason, several extensions of

Petri nets have been proposed. Two of them are that of jumping Petri

nets and conditional Petri nets.

A jumping Petri net (Ţiplea and Jucan, 1994, Ţiplea and Mäkinen,

1997) is a pair γ = (Σ, R), where Σ is a Petri net and R, the set of

(spontaneous) jumps of γ, is a binary relation on the set of markings of

Σ. Pairs (M,M ′) ∈ R are referred to as jumps of γ. If γ has finitely many

jumps then we say that γ is a finite jumping Petri net.

The concepts of a marked jumping Petri net and labeled marked jump-

ing Petri net are introduced in a similar way as for Petri nets. For example,

γ = (Σ, R,M0, l) denotes a labeled marked jumping Petri net. We shall

generally refer to these structures as “jumping Petri nets” or “finite jump-

ing Petri nets”.

The transition rule of jumping Petri nets is as follows. A the transition

t is enabled at a markingM (in γ), abbreviatedM [t〉γ , if there is a marking

M1 such that MR∗M1[t〉Σ (Σ is the underlying net of γ and R∗ is the

reflexive and transitive closure of R). The marking M ′ is produced by the

occurrence of t at M , abbreviated M [t〉γM ′, if there exist markings M1

and M2 such that MR∗M1[t〉ΣM2R
∗M ′.

The concepts of a finite/infinite computation, finite/infinite transition

sequence, reachable marking, dead marking, maximal computation, lan-

guage, and run are similarly introduced for jumping Petri nets as for Petri

nets. As opposite to Petri nets, a sequence of transitions of a jumping Petri

net may induce more then a computation (depending on its set of jumps).

Conditional Petri nets (Ţiplea, 1991, Ţiplea, 1994) have a different

policy than jumping Petri nets. The main idea is to associate to each

transition t a language and to extend a transition sequence w by t only if

w is in the language associated to t. Formally, let L be an arbitrary family

of languages. An L-conditional Petri net is a pair γ = (Σ, ϕ), where Σ is a

Petri net, and ϕ is a function from T into P(T ∗) ∩ L. Marked and labeled

marked L-conditional Petri nets are defined as in the case of jumping Petri
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nets. We shall generally refer to these structures as conditional Petri nets.

The transition rule of conditional Petri nets is defined as follows. Let

M be a marking and u ∈ T ∗. Then, a transition t is enabled at (M,u),

abbreviated (M,u)[t〉γ , iffM [t〉Σ and u ∈ ϕ(t). If (M,u)[t〉γ , then tmay oc-

cur yielding a pair (M ′, v), abbreviated (M,u)[t〉γ(M ′, v), where M [t〉ΣM ′

and v = ut.

A finite computation (from M0) of γ is any sequence of the form

(M0, λ)[t1〉γ(M1, t1)[t2〉γ · · · (Mn−1, t1 · · · tn−1)[tn〉γ(Mn, t1 · · · tn−1tn);

the sequence t1 · · · tn is called a finite transition sequence (from M0) of γ,

and the pair (Mn, t1 · · · tn−1tn) is called a reachable configuration (from

M0) in γ. Infinite computations and transition sequences of γ are defined

similarly. A computation of γ is any finite or infinite computation of γ.

A configuration (M,u) of a conditional Petri net γ is called a dead

configuration if no transition is enabled at it. A computation of γ is max-

imal if it is either infinite or, if it is finite then its last marking is a dead

marking. We want to point out that a dead configuration (M,u) does not

mean that M is a dead marking. The marking M may be reachable by

another transition sequence, e.g. v, and the configuration (M, v) be not

dead.

The concepts of language and run are similarly introduced for condi-

tional Petri nets as for Petri nets. A (finite or infinite) sequence of transi-

tions of a conditional Petri net γ induces at most a computation of γ.

Linear Time µ-calculus. There are two main classes of temporal and

modal logics: branching time logics and linear time logics. The difference

between these two logics consists in how they are interpreted. The first

one is interpreted over computation trees, while the second one is inter-

preted over sets of runs. In the most general sense, temporal logic formulae

are interpreted over computations of processes given as arbitrary labeled

transition systems. They can be given a state-based or an action-based se-

mantics, or a combination of the two. In state-based semantics, formulae

are built out of atomic propositions and interpreted according to a valua-

tion that assigns to each atomic proposition a set of states in the transition

system (the states that satisfy this proposition). In this case, the labels are

not important at all and, therefore, they can be ignored. In action-based

semantics, true is the only atomic sentence, and the information carried by

the states is ignored. In this semantics, logics have relativised next opera-
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tors, one for each possible label (which is an atomic action). In this paper

we use action-based semantics.

Linear time µ-calculus, abbreviated LTµC, is one of the most expres-

sive linear time logics (see, e.g., (Dam, 1994)). Its syntax is given by

φ ::= X |¬φ|φ ∧ φ|Oaφ|νX.φ

where a ranges over a set Act of actions, and X over a set of propositional

variables.

Free and bound occurrences of variables in LTµC-formulas are defined

as usual. An LTµC-formula is closed if no variable has free occurrences in

it.

In order to define the semantics of linear time µ-calculus, a syntactic

monotonicity condition must be imposed (Dam, 1994). It states that for

the LTµC-formula νX.φ to be well-formed any occurrence of X in φ must

be within the scope of an even number of negations. Then, extend well-

formedness to arbitrary LTµC-formulas ψ by requiring all subformulas of

ψ of the form νX.φ to be well-formed. Therefore, in what follows, LTµC-

formulas are considered always well-formed.

A valuation V of the logic assigns to each variable X a set of words

V(X) ⊆ Act∞. We denote by V[X/A] the valuation given by

V[X/A](X ′) =

{

V(X ′), if X ′ 6= X

A, otherwise

for all variables X ′ and A ⊆ Act∞.

Given a (finite or infinite) word σ = a1a2a3 · · · on Act, σ(1) stands

for the first action of σ, i.e. a1, and σ1 stands for the word a2a3 · · · .

The denotation ‖φ‖V of an LTµC-formula φ w.r.t. a valuation V is

given by:

‖X‖V = V(X)

‖¬φ‖V = Act∞ − ‖φ‖V

‖φ1 ∧ φ2‖V = ‖φ1‖V ∩ ‖φ2‖V

‖Oaφ‖V = {σ ∈ Act∞|σ(1) = a ∧ σ1 ∈ ‖φ‖V}

‖νX.φ‖V =
⋃

{A ⊆ Act∞|A ⊆ ‖φ‖V[X/A]}

The satisfaction relation is then defined by

σ satisfies φ w.r.t. V iff σ ∈ ‖φ‖V,
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for all σ ∈ Act∞, LTµC-formula φ, and valuation V.

We remark that the denotation of a closed LTµC-formula is indepen-

dent of the valuation. Therefore, we shall write ‖φ‖ instead of ‖φ‖V.

3. Petri Nets and Linear Time µ-Calculus A (jumping, conditional)

Petri net γ satisfies an LTµC-formula φ if σ satisfies φ, for all σ ∈ L(γ).

In other words, γ satisfies φ if L(γ) ⊆‖φ‖.

The model-checking problem for LTµC and (jumping, conditional)

Petri nets consists in deciding whether or not a given (jumping, condi-

tional) Petri net satisfies a given LTµC-formula.

One of the methods to get a decision procedure for a problem like the

above one is to use an automata-theoretic characterization of the logic.

This idea has been introduced by Vardi and Wolper (Vardi and Wolper,

1986) and used intensively since then. It consists mainly in the following:

• assume that M ∈ M is a model of a (finite- or infinite-state)

system, and φ is a formula (of some logic), where M is a class of

models (e.g., automata, Petri nets, pushdown processes, basic

parallel processes etc.);

• model-checking M against φ means deciding whether or not

L(M) ⊆‖φ‖ or, equivalently, L(M) ∩ ‖φ‖ = ∅, where L(M) is the

language of M , defined in some suitable way (see, for example, the

language of a Petri net in Section 2), and ‖φ‖ is the complement of

‖φ‖;

• assume that an automaton A¬φ can be effectively constructed,

such that L(A¬φ) = ‖φ‖. Therefore, the above problem reduces to

deciding whether or not L(M) ∩ L(A¬φ) = ∅;

• assume again that a new model M ′ can be effectively constructed,

such that L(M ′) = L(M) ∩ L(A¬φ). In this case, the model

checking problem can be reduced to the emptyness problem for the

class M of models.

The above method, and its efficiency, depends highly on the class M

of models. It has been applied to Petri nets by Esparza (Esparza, 1994), to

colored Petri nets by Latvala (Latvala, 2001), to sequential recursive Petri

nets by Haddad and Poitrenaud (Haddad and Poitrenaud, 2001) etc.

We shall show that the same technique can be applied to finite jumping

and L3-conditional Petri nets, which are proper extensions of Petri nets.

From this point of view, our result extends Esparza’s result regarding linear

time µ-calculus model checking for Petri nets (Esparza, 1994).
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3.1. The Automata Associated to an LTµC-formula Let φ be a closed

formula of the linear time µ-calculus. By a slight modification of a con-

struction given by Dam (Dam, 1992), Esparza showed in (Esparza, 1994)

how to construct a finite automaton Aφ and a Büchi automaton Bφ such

that L(Aφ) =‖φ‖ ∩Act∗ and L(Bφ) =‖φ‖ ∩Actω .

We shall make use of these automata without presenting explicitly

their construction.

3.2. The Equivalent Petri Net Associated to an Automaton A well-

known construction associates to an automaton A = (Q,Act, q0, δ, Qf) 2

an “equivalent” Petri net γA = (Σ,M0, l). We recall here the construction

using our notation:

• S = Q and T = δ;

• F = {(q, (q, a, q′)), ((q, a, q′), q′)|(q, a, q′) ∈ δ};

• W ((x, y)) = 1, for all (x, y) ∈ F ;

• M0(q0) = 1 and M0(q) = 0, for all q ∈ Q− {q0};

• l((q, a, q′)) = a, for all (q, a, q′) ∈ δ.

Given a state q of A, denote by Mq the marking of γA given by M(q) =

1 and M(q′) = 0, for all q′ ∈ Q − {q}. We say that Mq corresponds to q.

We remark that γA has finitely many reachable markings, each of them

corresponding to some state of A.

By this construction applied to Aφ and Bφ in Section 3.1 we get:

• if q0, a1, q1, a2, q2, . . . , qn−1, an, qn is a path in Aφ (i.e.,

(qi, ai+1, qi+1) ∈ δ for all 0 6 i 6 n− 1), then

M0[(q0, a1, q1)〉γAφ
Mq1

[(q1, a2, q2)〉γAφ
Mq2

· · ·

· · ·Mqn−1
[(qn−1, an, qn)〉γAφ

Mqn

is a computation in γAφ
, and conversely. Therefore, Aφ accepts a

word σ iff there is a transition sequence w of γAφ
such that

l(w) = σ and w leads to a marking corresponding to a final state of

Aφ;

• By a similar reasoning to the above one we obtain that Bφ accepts

a word σ iff there is an infinite transition sequence w of γBφ
such

that l(w) = σ and infinitely many intermediate markings in the

computation induced by w correspond to final states in Bφ.

2Q is a finite set of states, Act is a finite alphabet, q0 is the initial state, δ is the
transition relation, and Qf ⊆ Q is the set of final states.
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3.3. Action Based Composition of Petri Nets The next step is to de-

fine an action based composition between a (jumping, conditional) Petri

net and the Petri net associated to an automaton.

Let γ1 = (Σ1, R1,M
1
0 , l1) be a jumping Petri net and γ2 = (Σ2,M

2
0 , l2)

be a Petri net such that γ1 and γ2 are disjoint (i.e., (S1 ∪T1)∩ (S2 ∪T2) =

∅). For any two markings M1 of γ1 and M2 of γ2 denote by (M1,M2)

the marking M : S1 ∪ S2 → N given by M(s) = M1(s) for all s ∈ S1,

and M(s) = M2(s) for all s ∈ S2. Now, define a new jumping Petri net

γ1 × γ2 = (Σ, R,M0, l) as follows:

• S = S1 ∪ S2;

• T = {(t1, t2)|t1 ∈ T1 ∧ t2 ∈ T2 ∧ l1(t1) = l2(t2)};

• F = ({(s, (t1, t2))|(s, t1) ∈ F1 ∨ (s, t2) ∈ F2} ∩ (S × T ))∪

({((t1, t2), s)|(t1, s) ∈ F1 ∨ (t2, s) ∈ F2} ∩ (T × S));

• the weight function W agrees with W1 on arcs (s, (t1, t2)) ∈ F if

(s, t1) ∈ F1, or on arcs ((t1, t2), s) ∈ F if (t1, s) ∈ F1, and with W2

in all the other cases;

• R = {((M1,M), (M2,M))|(M1,M2) ∈ R1 ∧ M reachable in γ2};

• M0 = (M1
0 ,M

2
0 );

• l((t1, t2)) = l1(t1), for all (t1, t2) ∈ T .

A similar construction can be applied to conditional Petri nets. More

precisely, if γ1 = (Σ1, ϕ1,M
1
0 , l1) is a conditional Petri net, then γ1 × γ2 =

(Σ, ϕ,M0, l) is a conditional Petri net, where Σ, M0, and l are defined as

above, and

• ϕ((t1, t2)) = {u ∈ T ∗|pr1(u) ∈ ϕ1(t1)}, for any transition

(t1, t2) ∈ T ,

where pr1 is the first projection function on 2-dimensional vectors extended

to words of such vectors (e.g., pr1((t1, t2)(t3, t4)) = t1t3). Moreover, we

shall consider λ ∈ ϕ((t1, t2)) whenever λ ∈ ϕ1(t1).

The following two lemmata give some basic properties of the product

γ1 × γ2.

Lemma 1. Let γ1 be a jumping Petri net and γ2 be a Petri net such

that γ1 and γ2 are disjoint. Then, the following are true:

(1) If γ1 has finitely many jumps and γ2 has finitely many reachable

markings, then γ1 × γ2 is a finite jumping Petri net.

(2) (M1,M2)[(t1, t2)〉γ1×γ2
(M ′

1,M
′
2) iff M1[t1〉γ1

M ′
1 and M2[t2〉γ2

M ′
2,

for all markings M1, M
′
1 of γ1 and M2, M

′
2 of γ2, and for any
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transition (t1, t2) of γ1 × γ2.

Proof. (1) follows directly from the construction of γ1 × γ2.

In order to prove (2) assume that (M1,M2)[(t1, t2)〉γ1×γ2
(M ′

1,M
′
2).

Then, there are markings M3, M4, M5, and M6 such that, using the no-

tation above, the following holds:

(M1,M2)R
∗(M3,M4)[(t1, t2)〉Σ(M5,M6)R

∗(M ′
1,M

′
2).

It is easy to see that M2 = M4 and M6 = M ′
2. Therefore,

M1R
∗
1M3[t1〉Σ1

M5R
∗
1M

′
1,

and M2[t2〉γ2
M ′

2. Equivalently, M1[t2〉γ1
M ′

1 and M2[t2〉γ2
M ′

2, which proves

the first implication.

The proof goes similarly for the converse implication.

Lemma 2. Let γ1 be an L-conditional Petri net and γ2 be a Petri net

such that γ1 and γ2 are disjoint. Then, the following are true:

(1) If L = L3, then γ1 × γ2 is an L3-conditional Petri net.

(2) ((M1,M2), u)[(t1, t2)〉γ1×γ2
((M ′

1,M
′
2), u(t1, t2)) iff

– (M1, pr1(u))[t1〉γ1
(M ′

1, pr1(u)t1), and

– M2[t2〉γ2
M ′

2,

for all markings M1, M
′
1 of γ1 and M2, M

′
2 of γ2, and for any

sequence of transitions u and transition (t1, t2) of γ1 × γ2.

Proof. (1) The substitution σ : T1 → 2T1×T2 given by

σ(t1) = {(t1, t2)|t2 ∈ T2 and l1(t1) = l2(t2)},

for all t1 ∈ T1, is finite and satisfies ϕ((t1, t2)) = σ(ϕ1(t1)), for all transi-

tions (t1, t2) of γ1 × γ2. This shows that ϕ((t1, t2)) is a regular language

because ϕ1(t1) is regular and L3 is closed under finite substitutions.

(2) Assume first that ((M1,M2), u)[(t1, t2)〉γ1×γ2
((M ′

1,M
′
2), u(t1, t2)).

Then, M2[t2〉γ2
M ′

2 and u ∈ ϕ((t1, t2)). The definition of ϕ leads to pr1(u) ∈

ϕ1(t1), which shows that (M1, pr1(u))[t1〉γ1
(M ′

1, pr1(u)t1).

The converse implication can be proved in a similar way.

3.4. Deciding Emptiness Now, we come to the problem of deciding

whether or not L(γ)∩L(Aφ) = ∅ and L(γ)∩L(Bφ) = ∅, where γ is a finite
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jumping or an L3-conditional Petri net, φ is a LTµC-formula, and Aφ and

Bφ are the two automata in Section 3.1.

Lemma 3. Let φ be a closed LTµC-formula.

(1) If γ is a finite jumping Petri net, then L(γ)∩ L(Aφ) 6= ∅ iff there

is a reachable dead marking (M,Mq) of γ × γAφ
such that Mq

corresponds to a final marking q of Aφ.

(2) If γ is an L3-conditional Petri net, then L(γ) ∩ L(Aφ) 6= ∅ iff

there is a reachable dead configuration ((M,Mq), u) of γ × γAφ

such that Mq corresponds to a final marking q of Aφ.

Proof. (1) Assume first that there is σ ∈ L(γ) ∩ L(Aφ).

Since σ ∈ L(Aφ), σ induces a computation in γAφ
such that the last

marking of this computation is of the form Mq, where q is a final state of

Aφ. Similarly, since σ ∈ L(γ), σ induces a computation in γ such that the

last marking of this computation is a dead marking M .

By Lemma 1, from these two computations we can find a transition

sequence w of γ×γAφ
such that l(w) = σ and (M,Mq) is the last marking of

the computation induced by w, where l is the labeling function of γ×γAφ
.

The converse implication can be proved similarly.

(2) Almost the same proof as for (1) can be used in the case of

L3-conditional Petri nets. The only difference is that a dead configuration

((M,Mq), w) is reached (using the notation above).

By Proposition 3, the problem “L(γ) ∩ L(Aφ) 6= ∅” can be reduced

to the problem of deciding whether or not finite jumping Petri nets (L3-

conditional Petri nets) have dead markings (dead configurations).

Lemma 4. It is decidable whether or not a finite jumping Petri net (an

L3-conditional Petri net) has dead markings (dead configurations).

Proof. We consider first the case of finite jumping Petri nets. Let γ =

(Σ, R,M0, l) be such a Petri net. Consider the set Γ of Petri nets given by

Γ = {γ0 = (Σ,M0, l)}∪

{γ(M,M ′) = (Σ,M ′, l)|(M,M ′) ∈ R ∧ M is reachable in γ}.

As the reachability problem for finite jumping Petri nets is decidable

(Ţiplea and Jucan, 1994) and R is finite, the set Γ can be effectively

constructed.
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Now, it is easy to see that γ has dead markings iff γ′ has dead markings,

for some γ′ ∈ Γ. But, for Petri nets this problem is decidable (Esparza,

1994). Therefore, it is decidable for finite jumping Petri nets.

The proof for L3-conditional Petri nets is heavily based on the con-

struction in (Ţiplea and Bădărău, 2000) used to prove reachability for such

nets.

Let γ be an L3-conditional Petri net, T = {t1, . . . , tn} its set of transi-

tions, Ai = (Qi, T, δ, q
i
0, Q

i
f ) be a finite deterministic automaton accepting

the regular language ϕ(ti), for all 1 6 i 6 n. We may assume that:

• Qi ∩Qj = ∅, for all i 6= j, and

• (S ∪ T ) ∩
⋃n

i=1Qi = ∅.

We transform γ into a marked Petri net γ′ = (Σ′,M ′
0) by adding to

the set S all the sets Si = {pq|q ∈ Qi}, and by replacing each transition ti
by some “labeled copies” as follows:

• for each sequence of states q1, q
′
1 ∈ Q1, . . . , qn, q

′
n ∈ Qn such that

qi ∈ Qi
f and δ1(q1, ti) = q′1, . . . , δn(qn, ti) = q′n, consider a

transition tiq1,q′

1
,...,qn,q′

n
, which will be connected to places in S as ti

is, and for all 1 6 j 6 n,

W (pqj
, tiq1,q′

1
,...,qn,q′

n
) = W (tiq1,q′

1
,...,qn,q′

n
, pq′

j
) = 1.

We assume, without loss of generality, that at least a transition t is

enabled at M0 (in γ) so that T ′ is non-empty. Let M ′
0 be the marking

given by:

• M ′(p) = M0(p), for all p ∈ S;

• M ′(pqi
0

) = 1, for all 1 6 i 6 n;

• M ′(pq) = 0, for all states q ∈
⋃n

i=1 Si − {qi
0|1 6 i 6 n}.

Consider next the homomorphism h : (T ′)∗ → T ∗ given by

h(tiq1,q′

1
,...,qn,q′

n
) = ti,

for every transition tiq1,q′

1
,...,qn,q′

n
defined as above (see Figure 1 for a stan-

dard pictorial view of the Petri net γ′).

For any w ∈ T ∗ and any marking M of γ we have (M0, λ)[w〉γ(M,w)

iff there is w′ ∈ (T ′)∗ and a marking M ′ of γ′ such that h(w′) = w and

M ′
0[w

′〉γ′M ′ and M = M ′|S .
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ti
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1
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γ
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· · ·

· · ·

· · ·

�

?

�




{

δi(qi, ti) = q′i
qi ∈ Qi

f

{

δj(qj , ti) = q′j
j 6= i

γ′

Fig. 1. The Petri net γ′

Now it is easy to check that γ has a reachable dead configuration

(M,u) iff γ′ has a reachable dead marking M ′ such that the restriction of

M ′ to S is M . Therefore, γ has reachable dead configurations iff γ′ has

reachable dead markings, which shows that the dead marking problem for

L3-conditional Petri nets is decidable.

Lemma 5. Let γ be a finite jumping or an L3-conditional Petri net

and φ be a closed LTµC formula. Then, L(γ)∩L(Bφ) 6= ∅ iff γ × γBφ
has

an infinite transition sequence which contains infinitely many occurrences

of some transition (t1, t2), where t2 is a transition whose application in

γBφ
produces a marking corresponding to a final state of Bφ.

Proof. The proof is very similar to the proof of Proposition 3, but with

the difference that infinite computations are considered.

By Proposition 5, the problem “L(γ)∩L(Bφ) 6= ∅” can be reduced to

the problem of deciding whether or not finite jumping or L3-conditional
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Petri nets have infinite transition sequences which contain infinitely many

occurrences of some transition.

Lemma 6. It is decidable whether or not a finite jumping or an L3-

conditional Petri net has infinite transition sequences which contain in-

finitely many occurrences of some transition.

Proof. Consider first the case of finite jumping Petri nets, and let

γ = (Σ, R,M0, l) be such a net.

Let t be a distinguished transition of γ, and let Γ be the set defined

in the proof of Lemma 4. Define a directed graph Gγ = (V,E) as follows:

• V = {M0} ∪ {M |∃M ′ : (M,M ′) ∈ R} ∪ {M ′|∃M : (M,M ′) ∈ R};

• R ⊆ E;

• (M2,M3) ∈ E for all (M1,M2), (M3,M4) ∈ R such that there is a

transition sequence of γ(M1,M2) = (Σ,M2, l) leading from M2 to

M3 and containing at least an occurrence of t. Moreover, we mark

these arcs (for example, by t).

The graph Gγ can be effectively constructed due to the fact that the reach-

ability problem for both Petri nets and finite jumping Petri nets is decid-

able. Moreover, Gγ is finite.

Then, γ has the property in lemma w.r.t. t iff one of the following two

properties holds true:

1. there is γ′ ∈ Γ with the property in lemma w.r.t. t, or

2. there is an infinite path from M0 in Gγ containing a cycle with at

least one occurrence of a marked arc.

Both these two properties are decidable. The first one was shown to be

decidable by Jantzen and Valk (Jantzen, 1985) (see also the discussion

in (Esparza, 1998)), and the last one can be easily decided by a simple

inspection of the finite graph Gγ . The construction of the graph Gγ can

be easily modified in order to decide whether or not γ has infinite transition

sequences which contain infinitely many occurrences of some label.

Let us consider now the case of L3-conditional Petri nets and let γ =

(Σ, ϕ,M0) be such a net. Let γ′ = (Σ′,M ′
0) be the corresponding Petri

net defined as in the proof of Lemma 4. For any w ∈ T ∗ that contains

infinitely many occurrences of some transition ti and for any marking M

of γ, we have (M0, λ)[w〉γ(M,w) iff there is w′ ∈ (T ′)∗ and a marking

M ′ of γ′ such that h(w′) = w and M ′
0[w

′〉γ′M ′ and M = M ′|S such that

tiq1,q′

1
,...,qn,q′

n
occurs infinitely many times in w′. Thus, the decision problem
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in the lemma can be reduced to the similar decision problem for classical

Petri nets.

3.5. Putting All Together The results we have established in the pre-

vious sections lead to the following.

Theorem 1. Let γ be a finite jumping or an L3-conditional Petri net

and φ be a closed LTµC formula. Then, it is decidable whether or not γ

satisfies the formula φ.

Proof. The following equivalences hold true:

γ satifies φ ⇔ L(γ) ⊆‖φ‖

⇔ L(γ)∩ ‖¬φ‖= ∅

⇔ L(γ) ∩ L(A¬φ) = ∅ ∧ L(γ) ∩ L(B¬φ) = ∅.

Then, the theorem follows from Propositions 3 and 5, and Lemmata 4 and

6.

Petri nets can be regarded as jumping Petri nets with an empty set

of jumps, or as L3-conditional Petri nets where the languages associated

to transitions contain all the possible sequences of transitions. Therefore,

our results can be applied to (standard) Petri nets, getting that the linear

time µ-calculus model checking problem for Petri nets is decidable. This

is in fact the result obtained by Esparza in (Esparza, 1994).

4. Complexity Issues The space complexity of Esparza’s algorithm

in (Esparza, 1994) is exponential in the size of the Petri net and double

exponential in the size of the formula. Habermehl (Habermehl, 1997) re-

duced the space complexity to polynomial space in the size of the formula,

which is the same as for finite state systems. Moreover, he proved that the

model checking problem for Petri nets and weak linear time µ-calculus (a

version of the linear time µ-calculus interpreted only over infinite runs) is

PSPACE-complete in the size of the formula and EXPSPACE-complete

in the size of the Petri net.

Let us discuss the complexity of model checking (finite jumping, con-

ditional) Petri nets against linear time µ-calculus.

The complexity of deciding whether or not a finite jumping Petri net

γ = (Σ, R,M0, l) has dead markings does not exceed (|R| + 1)DΓ, where

DΓ is the maximum complexity of deciding whether or not a Petri net in

the set Γ has dead markings (using the notations in the proof of Lemma
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4). As it was mentioned in (Esparza, 1998), finding a dead marking of a

Petri net is as hard as the reachability problem.

The complexity of the problem in Lemma 6, for a given finite jumping

Petri net γ = (Σ, R,M0, l), is max{(|R| + 1)IΓ, |R|2}, assuming that the

graph Gγ in the proof of Lemma 6 is pre-computed. In this relation, IΓ

is the maximum complexity of deciding whether the property in Lemma

6 holds true for some Petri net in the set Γ (Yen showed in (Yen, 1992)

that this problem is decidable within exponential space). The complexity

of finding a cycle in the graph Gγ with at least one occurrence of a given

arc does not exceed |R|2.

Therefore, the complexity of deciding whether or not a finite jumping

Petri net γ satisfies a linear time µ-calculus formula φ depends on the

cardinality of the relation R and on the complexity of deciding similar

problems for some Petri nets associated to γ.

Let us take now into consideration the case of L3-conditional Petri

nets. For such nets, both decision problems (the dead marking problem

and the problem in Lemma 6) can be reduced to similar decision problems

for Petri nets. Therefore, we have to analyse the size of the Petri net

γ′ associated to an L3-conditional Petri net γ as defined in the proof of

Lemma 4.

Let δt
i = {(q, t, q′)|δi(q, t) = q′}, for all i (we use the same notation as

in the proof of Lemma 4). Then, |S′| = |S| +
∑n

i=1 |Si| and

|T ′| 6
∑

t∈T

|δt
1| · · · |δ

t
n| 6 δ|T |,

where δ = max{|δi||1 6 i 6 n}. This shows that γ′ may grow exponentially

in the size of γ.
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Ţiplea, F.L. and C. Bădărău (2000). A Note on Decidability of Reachability for Con-

ditional Petri Nets, Acta Cybernetica 14, pp 455-459.
Vardi, M. and P. Wolper (1986). Automata Theoretic Technique for Modal Logics and

Programs, Journal of Computer and Systems Sciences 32, pp. 183-221.
Wolper, P. and B. Boigelot (1998). Verifying Systems with Infinite but Regular State

Spaces, in Proceedings of the 10th International Conference on Computer Aided
Verification, Lecture Notes in Computer Science 1427, pp. 88-97.

Yen, H. (1992). A Unified Approach for Deciding the Existence of Certain Petri Net

Paths, Information and Computation 96(1), pp. 119-137.

Faculty of Computer Science
“Al.I.Cuza” University of Iaşi
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