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The Effect of System Load on the Existence of Bit
Errors in CDMA With and Without Parallel Interference

Cancelation

Remco van der Hofstad, Matthias Löwe, and Franck Vermet

Abstract—In this correpsondence, we study a lightly loaded code-divi-
sion multiple-access (CDMA) system with and without multistage hard-
and soft-decision parallel interference cancelation (HD-PIC and SD-PIC).
Throughout this paper we will only consider the situation of a noiseless
channel, equal powers and random spreading codes. For the system with
no or a fixed number of steps of interference cancelation, we give a lower
bound on the maximum number of users such that the probability for the
system to have no bit-errors converges to one. Moreover, we investigate
when the matched filter system, where parallel interference cancelation is
absent, has bit errors with probability converging to one. This implies that
the use of HD-PIC and SD-PIC significantly enhances the number of users
the system can serve.

Index Terms—Bit-error analysis, code-division multiple access, large de-
viations, matched filter, number of users, parallel interference cancellation.

I. INTRODUCTION

The third generation of mobile communication systems has
refreshed the interest in so-called code-division multiple access
(CDMA), which in third generation (3G) systems is used to increase
the communication capacity of the third generation mobile com-
munication systems (see [23] for the history of CDMA). In CDMA
systems, all users use the full time window and band of frequencies.
Interference with other users is reduced by a coding scheme in which
each user multiplies his signal with an individual coding sequence. At
the receiver, the signal is retrieved by taking the inner product of the
transformed total signal with the corresponding coding sequence. We
refer to [27] for general background on CDMA multiuser detection.

While theoretically the coding sequences would best be orthogonal,
for practical purposes this is often not necessary and not practical. The
orthogonality is thus replaced by ”almost orthogonality” as provided
e.g., by pseudorandom sequences. This immediately raises the ques-
tion how many users the system might host, or, in other words, for how
many users orthogonal or ”almost orthogonal” spreading sequences
have the same performance. Of course, the answer to this question is
intimately related to the way the interference of signals is canceled.
Apparently, the most promising and practical technique are soft- and
hard-decision parallel interference cancellation (SD-PIC and HD-PIC),
which will be introduced in the next section.

The purpose of the present note is to investigate the CDMA model
with spreading sequences of length n and a number of users k = kn
that is of order O( n

logn) or even larger. Here and in what follows we
will write k instead of kn whenever there is no danger of confusion. We
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will see that if k = n
 logn

with  < 2, then the Matched Filter (MF)
system will produce bit-errors with probability converging to one. On
the other hand, when  > 2

s
, the probability that the s-stage HD-PIC

system has at least one bit-error converges to zero. This shows that by
applying at least one stage of HD-PIC, the system can allow for many
more users than the MF system, thus showing the usefulness of PIC.
We extend these results to k � �n when we allow for a number of
stages of HD-PIC or SD-PIC that grows like logn, and when � > 0 is
small enough. Therefore, the capacity of the system is enhanced by a
factor of the order logn when one is able to perform sufficiently many
stages of HD-PIC or SD-PIC. Note that other results, concerning spec-
tral efficiency, are also proven for the randomly spread CDMA model
in the large-system limit for that regime (k proportional to n) in [28]
and [10]. The first of these articles considers the spectral efficiency, i.e.,
the total capacity per chip, while the second approaches the model via
methods from statistical physics. These methods, in general, are very
powerful. However, in the context of CDMA models techniques from
the analysis of spin glasses have to be borrowed, that involve the as-
sumption that certain quantities are self-averaging as well as the famous
replica-method, that lack mathematical rigor. One of the first papers to
study the performance of near-optimum, in particular PIC, receivers is
[25].

The remainder of this note is organized in the following way. In Sec-
tion II, we will briefly describe the mathematical CDMA model which
is at the heart of this paper. Throughout this paper we will only con-
sider the situation of a noiseless channel, equal powers and random
spreading codes. Section III contains our results on this model. Sec-
tions IV and V contain the proofs for the MF system, respectively, the
PIC systems.

II. THE CDMA MODEL

In this section we introduce the CDMA model which has already
been described in the introduction. In Section II-A, we will describe the
general features of the system, such as the spreading and the Matched
Filter decoding scheme. In Section II-B, we will describe the parallel
interference cancelation scheme.

A. Spreading and Decoding: The Matched Filter System

Let us assume that k users try to transmit their signals. Let the
signal of the mth user be given by bm(t), where bm(t) = bm;[t=T ] 2
f�1;+1g for all t and we denote by [x] for an x 2 the smallest in-
teger larger than or equal to x. Now for the mth user (1 � m � k) we
also have a spreading sequence am = (. . . ; am;�1; am;1; am;1; . . .),
where also the am;i satisfy am;i 2 f�1;+1g for all i. We put
am(t) = am;[t=T ] where Tc = T=n and n is some integer called the
processing gain and equal to the length of the spreading sequences of
all users in the system (in practice n is between 32 and 512).

The transmitted coded signal of the mth user is then

sm(t) =
p
2Pmam(t)bm(t) cos(!ct) (II.1)

where Pm is the power of the mth user and !c is the carrier frequency.
In the absence of noise, the (total) signal received by the station is
r(t) = k

m=1 sm(t). We will assume that the channel is perfect, so
that there is no noise. Below, we will comment on this assumption. We
also assume that the signals are synchronized. In practice, this need not
be true, i.e., it is not necessary that all users transmit using the same time
grid. However, for technical reasons we do assume so. In [22], an asyn-
chronous MF system is investigated, using large deviations techniques.
One important result in that paper is that the asynchronous system be-
haves similarly to the synchronous system, but has a smaller BEP. For
the more advanced PIC systems, we expect this idea to carry over.

0018-9448/$20.00 © 2006 IEEE
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We will deal with a simplified model, where the powers are all
equal (perfect power control). Therefore, we will restrict ourselves
to Pm = 2 for all m. Of course, the system can be described more
generally, but the formulas become significantly longer. The more
general system will be obtained by replacing the bits bm;1 appearing
below by 1

2

p
2Pmbm;1.

In order to retrieve the signal bm(t) we will use symbol by symbol
detection (which is optimal). We will hence concentrate on the retrieval
of bm;1 and, simplifying notation, we will henceforth write bj instead
of bj;1; j = 1; . . . ; k. To retrieve bm from the total signal r(t), this
total signal r(t) is multiplied by am(t) cos(!ct) and averaged over the
time window [0; T ]. We choose, for simplicity, !cTc = �fc as in [11],
so that one obtains that the decoded signal equals

1

T

T

0

r(t)am(t) cos(!ct)dt = bm+

k

j=1
j 6=m

bj
1

n

n

i=1

aj;iam;i: (II.2)

As is immediately seen from (II.2), in the ideal situation, the sequences
(aj;i)

n
i=1 are orthogonal for different j (i.e., n

i=1 aj;iam;i = 0 for
j 6= m). Then the interference term (i.e., the second summand on the
right-hand side in (II.2)) cancels and one is left with the pure signal
term 1

2

p
2Pmbm. However, in practice, the a-sequences are chosen as

pseudo-random numbers, which, for our purposes can be modeled by
sequences of unbiased, independent, and identically distributed (i.i.d.)
random variables (Aj;i). Thus, apart from being i.i.d., the Aj;i take the
values �1 with equal probability. Hence, in our model the right hand
side of (II.2) becomes

Z
(1)
m = bm +

k

j=1
j 6=m

bj
1

n

n

i=1

Aj;iAm;i: (II.3)

Obviously, if the interference term in (II.2) and (II.3), respectively,
is not too strong, a clever way to estimate bm is by b̂m = sign(Zm ).
Here, sign is the randomized sign-function, which for our purposes for
an x 2 is defined as

sign(x) =
+1 if x > 0

�1 if x < 0

U if x = 0

where U is a random variable taking the value �1 with equal proba-
bility, and which is independent of all other random variables in the
system and with the understanding that, whenever we need a random-
ized sign function, a fresh copy of U is tossed. The above system is
called the Matched Filter (MF) system, and is the system used in the
current 3G telecommunication systems.

B. Parallel Interference Cancelation

The quality of the described system can be measured by its prob-
ability that a bit-error occurs, i.e., by (b̂m 6= bm), where the ran-
domness is in both the sequence of the Aj;i and possibly the U ’s. Sev-
eral techniques have been invented to improve the performance of the
system (see [5], [20], [21] and the references therein). Theoretically,
the minimum error probability is achieved by the maximum likelihood
detection, the performance of which was first analyzed by Verdú [26].
Unfortunately, it suffers from a high complexity and thus is inappli-
cable for real time computations. A straightforward technique, that has
become known under the name parallel interference cancelation (PIC),
is nowadays considered to be the most promising improvement (see,
e.g., [4], [8], [9], [15], [18], [21], [24], [25] and the references therein).

We will now describe two key variants known as soft- and hard-de-
cision parallel interference cancelation (SD-PIC and HD-PIC). To ex-
plain PIC, we note that from our estimate b̂m for bm, we obtain an esti-
mate for the signal sm(t) sent by the mth user, where for t 2 [0; T ], in
(II.1), bm(t) is replaced with hm(Zm ), and where, for general powers

hm(x) =
1
2

p
2Pmsign(x) for HD-PIC

x for SD-PIC.
(II.4)

Obviously, for HD-PIC, we need to know the powers of the submitting
users, whereas for SD-PIC this is not necessary. Then, the total mul-
tiple access interference (MAI) experienced by the mth user (i.e., the
interference of the mth user from all other users) can be estimated by
r̂m (t) =

j 6=m ŝj (t). Obviously, in the absence of noise, the MAI
is the only possible cause for bit-errors. In the above estimate, we are
making use of the fact that the MAI has a certain structure in it, which
makes it possible to cancel this interference.

This estimate allows to correct our estimate of bm by sub-
tracting the estimator of the MAI from the signal. We thus obtain
b̂m = sign(Zm ); where Zm is obtained by replacing r(t) in (II.2)
by r(t)� r̂m (t), so that, again for all powers equal to 2

Zm = bm +

k

j=1
j 6=m

1

n

n

i=1

Aj;iAm;i(bj � hj(Zj )) (II.5)

(see, e.g., [12, eq. (7)] for HD-PIC, and [11, eq. (10)] for SD-PIC). If
this procedure is successful, then we may iterate it. After s�1 steps of
PIC (note that our first MF estimator does not involve any interference
cancelation), we obtain b̂m = sign(Zm ), where

Zm = bm +

k

j=1
j 6=m

1

n

n

i=1

Aj;iAm;i bj � hj(Zj ) : (II.6)

The question is, of course, how reliable these estimators are. In other
words, we need to investigate how (b̂m 6= bm) behaves. In the next
section, we will give our results and review previous work in the same
setting.

III. RESULTS

In the sequel we will consider the CDMA system with SD-PIC and
HD-PIC as described above.

A. Absence and Existence of Bit-Errors in the Matched Filter System

Crucial in CDMA is that as many users as possible are allowed, and
we will see that the use of SD-PIC and HD-PIC allows us to increase the
number of users in the system tremendously while keeping the prob-
ability of at least of bit error small. We will start by investigating the
MF system. Our result for the MF system is as follows.

Theorem III.1 (Absence and Existence of Bit-Errors in MF System):
Assume that k = n

 logn
for some  > 0. Then, when  > 2

lim
n!1

(b̂m = bm; 8m = 1; . . . ; k) = 1 (III.1)

while, when  < 2

lim
n!1

(b̂m = bm; 8m = 1; . . . ; k) = 0: (III.2)

Theorem III.1 shows that the MF system allows for at most n

2 logn

users. In the course of the proof, we will obtain bounds on both of these
probabilities, but we refrain from stating these at this point.

Intuitively, in the presence of noise, the number of bit-errors should
be larger than in the absence of noise. Therefore, one would expect that
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(III.2) remains valid when there is noise. It could be, however, that the
critical value of  changes when the noise level increases. We do expect
a similar transition as in (III.1) and (III.2) to persist.

We first prove (III.1) in Theorem III.1. As shown in [13, eq. (14)],
we have

(b̂m 6= bm) = e
� (1+o(1))

: (III.3)

We will now show that (III.3) holds without the 1 + o(1) as an upper
bound. As explained in [13, Sec. 1.2], without loss of generality, we
may assume that bm = 1 for all m = 1; . . . ; k. We will make this
assumption throughout the paper.

As explained in [13, Sec. 1.2], without loss of generality, we may as-
sume that bm = 1 for all m = 1; . . . ; k. We will make this assumption
throughout the paper. Now note that, by the definition of b̂m we obtain

(b̂m 6= bm) � 1 +
1

n

k

j 6=m

n

i=1

Aj;iA1;i � 0 : (III.4)

By the Chernoff bound, together with the independence of the Aj;i

and the fact that [etA A ] = cosh(t) � et =2, we can bound the
right-hand side. of (III.4) by

(b̂m 6= bm) � e
�n(sup t�k log cosh(t))

� e
�n(sup t�kt =2) = e

�
: (III.5)

Then, (III.1) follows by bounding:

(9m = 1; . . . ; k s:t:b̂m 6= bm)

�
k

m=1

(b̂m 6= bm) � ke
� (III.6)

which converges to zero when k = n
 logn

with  > 2. This is equiva-
lent to (III.1).

On the other hand, if the different b̂m were independent, then the
probability of having no bit-errors would be equal to

k

m=1

(b̂m = bm) = (1�e� (1+o(1)))k � e
�ke (III.7)

which is o(1) when k = n
 logn

with  < 2. Of course, the different

b̂m are not independent, and our proof relies on showing that they are,
in a certain conditional sense, bounded above by independent copies.
The main tool in the proof of (III.2) in Section IV-B is negative asso-
ciation, which we will use to show a version of the statement that the
bit-errors are negatively correlated.

The question now arises whether the use of SD-PIC and HD-PIC
enhances the number of allowed users in the system. In the next section,
we will see that indeed this is true.

B. Absence of Bit-Errors in PIC Systems

There are two distinct settings which we will investigate. The first
is the case where the number of users grows with the length of the
spreading sequences n proportionally to n

logn
, but the number of stages

of PIC denoted by s�1 remains fixed. This case will be investigated in
Theorem III.2. The second case is when we allow s to grow slowly with
n, namely, proportionally with logn, and we allow the number of users
to grow proportionally to n. All the results stated in this section are
consequences of results in [12], [13] for HD-PIC and [7] for SD-PIC.

For fixed s, our main result is the following:

Theorem III.2: (Absence of Bit-Errors in HD-PIC With s Fixed) :
Assume that k = n

 logn
. For all s � 2 and all  > 2

s

� lim sup
n!1

[s]k

n
log (9m = 1; . . . ; k : b̂m 6= bm) > 0: (III.8)

In words, applying s � 1 stages of HD-PIC allows for a maximal
number of users that is at least s times as large as for the MF system.
Therefore, applying HD-PIC allows to increase the number of users
in the system without creating bit-errors beyond the number of users
where the MF systems already has bit-errors with high probability.

In [7, Th. 5.3], a related result is proved for SD-PIC, where the re-

striction on k is that k = o(n
logn

).
The proof of Theorem III.2 is to a large extent contained in [13] for

HD-PIC. The latter results are given in this paper to contrast the result
on the existence of bit-errors in (III.2). For HD-PIC, we will generalize
[12, Th. II.5] from k = o( n

logn
) to k = n

 logn
for appropriate values

of  > 0 in the Appendix .
Theorem III.3: (Absence of Bit-Errors in PIC With Growing s): As-

sume that kn = �n for some � > 0.
i) For SD-PIC and � < (

p
2 � 1)2, there exists M = M(�) such

that for all s � M logn

lim
n!1

(b̂m 6= bm8m = 1; . . . ; k) = 1: (III.9)

ii) For HD-PIC and � <
log 2�

2 log 2 , there exists M = M(�) such
that for all s � M logn

� lim sup
n!1

1

n
log (9m = 1; . . . ; k : b̂m 6= bm) > 0: (III.10)

In words, when we apply sufficiently many stages of PIC, where the
number of stages is bounded by a large multiple of logn, we can en-
hance the number of users in the system by a constant times logn.
Therefore, the capacity of the system is increased.

We now first prove Theorem III.3. For SD-PIC, it is shown in [8]
that when � < (

p
2 � 1)2, then the SD-PIC system has no bit-errors.

The arguments in [7, Sec. 5] show that there is no bit-error when (1 +p
�)s
p
k < 1, which is true whenever s = M logn andM = M(�) is

sufficiently large. The proof relies on the convergence of the largest and
smallest eigenvalues of the matrix of cross correlations of the codes,
which was originally proved in [1], [2]. This proves Theorem III.3 i).

For HD-PIC, it is shown in [12] that when � <
log 2�

2 log 2
, then the

BEP of the HD-PIC system is exponentially small when s is larger than
M logn for M = M(�) sufficiently large. More specifically, M >
C2 log 2

log 2�
suffices when C is a fixed large enough constant. Therefore,

the probability of having no bit-errors is bounded from above by k

times the BEP, which is still exponentially small. This proves Theorem
III.3 ii).

The remainder of this note is organised as follows. In Section IV, we
prove (III.2) in Theorem III.1. In Section V, we demonstrate our results
using simulations. In Section VI, we give our conclusions, and in the
Appendix , we prove Theorem III.2.

IV. MF SYSTEM: PROOF OF (III.2) IN Theorem III.1

A. Negative Association

In this section, we will quickly review some basic facts about nega-
tively associated random variables, which is the main tool in the proof
of (III.2). To define it, let us call a function f : n ! increasing
if it is increasing with respect to the lexicographical order � on n
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for which (x1; . . . ; xn) � (y1; . . . ; yn) if and only if xi � yi 8i =
1; . . .n.

Definition IV.1: Random variables Y1; . . . ; Yn are said to be
negatively associated if for every pair D1; D2 of disjoint subsets of
f1; . . . ; ng

Cov(f1(Yiji 2 D1); f2(Yj jj 2 D2)) � 0

for all increasing functions f1 and f2. Moreover, we say that a vector
Y = (Y1; . . . ; Yn) is negatively associated (or that its law is negatively
associated), if its components are.

The following facts about negative association can be found, e.g., in
[14]. They are already quoted (and used) by Loukianova in [19]. We
make use of them in a very similar way.

The first of these results state that negative association is preserved
by some natural operations.

Proposition IV.2: Let Y1; . . . ; Yn be negatively associated random
variables and let c 2 . Then also cY1; . . . ; cYn are negatively associ-
ated.

Proposition IV.3: A union of independent families of negatively
associated random variables form a family of negatively associated
random variables.

For a last conservation principle for negatively associated random
variables we need the notion of a permutation law.

Definition IV.4: Let y = (y1; . . . ; yn) 2 n. The vector Y =
(Y1; . . . ; Yn) is said to have the permutation law with respect to y, if
Y takes as values all n! permutations of the coordinates of y with equal
probability 1=n!.

Theorem IV.5: Every vector with permutation law is negatively as-
sociated.

Finally, we quote a proposition that shows why negative association
is a very useful concept.

Proposition IV.6: Let D1; . . . ; Dm be disjoint subsets of
f1; . . . ; ng and f1; . . . ; fm be increasing and positive. Then, for
negatively associated random variables Y1; . . . ; Yn

m

i=1

fi(Yj jj 2 Di) �
m

i=1

fi(Yj jj 2 Di): (IV.1)

B. The Existence of Bit Errors

We need to show that (b̂m = bm; 8m = 1; . . . ; k)! 0 as n goes
to infinity, if k = n

 logn , for 0 <  < 2. Obviously, using that bm = 1
for all m = 1; . . . ; k

(b̂m = bm; 8m = 1; . . . ; k)

� (1 +
1

n

k

j 6=m

n

i=1

Aj;iAm;i � 0; 8m = 1; . . . ; k):

Let


";�;n

=f! :
1

n

n

i=1

W 2
i (!)2 [1� "; 1 + "]; sup

i=1;...;n
jWi(!)j��g (IV.2)

with

Wi =
1p
k

k

j=1

Aj;i: (IV.3)

Next, define

B";�;n := f(W1(!); . . . ;Wn(!)); ! 2 
";�;ng � n:

We will make use of the following bound, which follows from stan-
dard estimates on Rademacher variables.

Lemma IV.7: (see Lemma 1.1 in [3]) For " > 0 small enough

(
c
";�;n) � 2(e�" n=8 + ne�� =2): (IV.4)

We make use of negative association. Define W = (W1; . . . ;Wn)
where the Wi are defined as in (IV.3). Moreover, let the conditional
probability with respect to a fixed state of W be defined by

w(�) := (�jW = w) (IV.5)

and let w[�] denote the corresponding expectation.
The crucial observation—already made by Loukianova [19] in a sim-

ilar situation—is that under conditional probability w the random
variables Am;i obey a permutation law with respect to the vector y =
(�1; . . . ;�1;+1; . . . ;+1), where the number of �1’s and +1’s is
uniquely determined by the w. In particular, Theorem IV.5 implies
that the Am;i are negatively associated. Then Propositions IV.2 and
IV.3 tell us that this property is inherited by the variables wiAm;i.
Therefore, using negative association, i.e., applying (IV.1) to the in-
creasing functions fi(x1; . . . ; xm) := f x �0g, we arrive at the

crucial bound

(b̂m =bm; 8m)�
w

k

m=1

w(

n

i=1

wiAm;i � 0) (W = w)

and, therefore, using Lemma IV.7

(b̂m = bm; 8m)

�
w2B

k

m=1

w(

n

i=1

wiAm;i � 0) (W = w)

+ 2e�" n=8 + 2ne�� =2:

Let (w;Am) = n
i=1 wiAm;i. We consider

w((w;Am) � 0) = 1� w((w;Am) < 0):

For all � > 0

w((w;Am) < 0)

� w(�� � (w;Am) < 0)

= t
w[1f���(w;A )<0ge

�t(w;A )] w[e
t(w;A )]

� et� t
w(�� � (w;Am) < 0) w[e

t(w;A )]

where t
w(�) is the transformed measure

t
w(�) =

t
w[1f�ge

t(w;A )]

w[et(w;A )]

and t
w denotes the corresponding expectation.

Recall that w(Am;i = 1) = 1� w(Am;i = �1) = 1
2 (1 + wp

k
),

from which we obtain

w[e
tw A ] = cosh(twi) +

wip
k
sinh(twi);
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w[wiAm;ie
tw A ] =wi(sinh(twi) +

wip
k
cosh(twi)):

This, in turn, implies

t
w[

n

i=1

wiAm;i] =

n

i=1

wi

wp
k
+ tanh(twi)

1 + wp
k
tanh(twi)

:

For w 2 B";�;n, we obtain

t
w[

n

i=1

wiAm;i]

=

n

i=1

w2
i

1p
k
+ t +

n

i=1

w2
iO(t3w2

i )

=n
1p
k
+ t +O nt3�2 + "n

1p
k
+ t : (IV.6)

We choose t = t� := � �

2n � 1p
k

, " = 1p
logn

and � = n

logn , and

anticipating the choice � = 4
p
n, we arrive at

t
w [

n

i=1

wiAm;i] = � �

2
+O 1p

logn
:

Using independence of the random variables (Am;i)i with respect
to the measure w , we get

w[e
t(w;A )]=

n

i=1

cosh(twi) +
wip
k
sinh(twi)

= exp n(
tp
k
+

t2

2
)+O nt3�2p

k
: (IV.7)

To obtain a lower bound for t
w (�� � (w;Am) � 0), we use the

Bienaymé–Chebyshev bound

t
w (�� � (w;Am) < 0) � 1� 4

�2
Var((w;Am)): (IV.8)

The latter variance can be bounded by

Var((w;Am))

=

n

i=1

t
w [(wiAm;i)

2]� ( t
w [wiAm;i)])

2

�
n

i=1

w2
i 1�(

wip
k
+t�wi +O(t�

3
w3
i ))

2 � 2n (IV.9)

for n large enough. Hence, for � = 4
p
n

t
w [�� � (w;Am) < 0] � 1

2
:

Therefore, we arrive at

k

m=1

w[

n

i=1

wiAm;i > 0] � 1� 1

2
et �e

n( + )
k

� exp �k

2
et �e

n( + )
:

(IV.10)

With t� = � �

2n
� 1p

k
= � 2p

n
� 1p

k
, we have

t�� + n(
t�p
k
+

t�2

2
) = �6� 4

n

k
� n

2k
:

Therefore, we obtain

k

m=1

w[

n

i=1

wiAmi > 0] � exp �e�6

2
ke� logn�4

p
 logn

' expf�e�6

2
n1� g (IV.11)

where k = n

 logn
. Thus, we summarize that

(b̂m = bm ; 8m = 1; . . . ; k)

� e� n + 2e
�

+ 2ne
�

: (IV.12)

This converges to 0 for  < 2.

V. SIMULATIONS

In this section, we present some numerical results obtained from
Monte Carlo simulations to illustrate our theorems.

In Fig. 1, we compare the performance in the MF and HD-PIC sys-
tems for n = 256. Indeed, we estimate the probability of bit error, i.e.,
the probability that at least one user has a bit error, for  2 [0:25; 2:5],
when the number of users is k = n

 logn . The dashed line corresponds
to MF and the three others to HD-PIC for s = 2; 4 and 8, respec-
tively. These results are in line with the results proved in this paper,
as we explain now. Firstly, we observe a transition consistent with our
Theorem III.1: for small values of , the MF system has errors with
probability close to one, while bit-errors are quite unlikely for  > 2.
Secondly, the application of at least one stage of HD-PIC allows to in-
crease the number of users relatively to MF system and the iteration
of PIC steps improves the performance of the system, as we prove in
Theorem III.2. The attentive reader will also notice a gap between theo-
retical and simulated results for HD-PIC. This discrepancy is due to the
fact that n = 256, though being a realistic size of the spreading gain,
is not large enough to approach the theoretical results. Moreover, one
sees that our bound of  = 2=s is not optimal and is approached from
above for n going to infinity. Finally, one sees that for finite n there
is a number of iterations s, after which there is practical no improve-
ment. For example, for n = 256 the performance is virtually the same,
no matter whether we take s = 4, s = 8 or s = 16 iterations. This
phenomenon is proved in [12], where it is used to define the so-called
optimal HD-PIC system. In general, for larger values of k, more stages
of HD-PIC are necessary for this phenomenon to kick in (see [12] for
details).

Fig. 2 shows that the performance of HD-PIC improves when the
processing gain n becomes larger. Note that by Theorem III.2, for s =
8, when n!1, we expect to see no bit errors when  > 2=s = 1=4.

In Fig. 3, we compare MF with the application of one step of PIC
for n = 512: the three curves give the estimation of the probability of
bit error for at least one user for MF, SD-PIC (s = 2) and HD-PIC
(s = 2) respectively, for a number of users k varying from 1 to 300.
Simulations show similar qualitative behaviour for n = 1024, n =
2048 and n = 4096: applying at least one step of PIC improves the
performances of the system considerably.

VI. CONCLUSION

In this paper, we have studied the maximal number of users in a
CDMA system. We have shown that when the code length is denoted
by n, then the matched filter (MF) system has errors with probability
converging to one when the number of users equals kn = n

 logn
with

 < 2. On the other hand, we have presented results that show that
various parallel interference cancelation (PIC) systems allow for sub-
stantially more users to transmit simultaneously without causing bit
errors.
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Fig. 1. Performance of the MF and HD-PIC systems for n = 256.

Fig. 2. Performance of HD-PIC for n = 256; 512;1024; 2048.

We have assumed that the powers of all users are the same, and that
the channel is noiseless. However, we believe that many of our results
extend to the situation where the powers are allowed to be different and
there is noise in such a way that it is not dominant. For example, this
situation was studied in [16] for HD-PIC and s = 2. See also [17]. The
HD-PIC and SD-PIC results that we have used in this paper extend to a
large extent to the setting where the powers are allowed to be different
in the noiseless setting (see [7], [12]). Therefore, we can think of the
case where there is no noise and equal powers as being representative
for the more general setting. Since the number of parameters is substan-
tially smaller, the analysis is substantially simpler, which explains why
we chose this simpler setting. It remains an interesting problem to ex-
tend the results to the more general model. In a different vein, it would

be of interest to extend the results to the asynchronous case, where the
bit-error probability of the MF system is even smaller (see [22]).

Another area of future research could be triggered by the fact that
while our results are of fundamental interest and show the principal
difference between MF and PIC systems, the bounds we obtained for
the latter are rather poor for relevant sizes of the processing gain n. It
would thus be interesting to obtain more precise estimates of the error
probabilities for moderate values of n.

APPENDIX

PIC SYSTEMS: PROOF OF THEOREM III.2

In this appendix, we will prove Theorem III.2. The proof is an adap-
tation of the proof of [12, Th. II.5], where a similar statement was
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Fig. 3. Performance of the MF, SD-PIC and HD-PIC systems for n = 512 and s = 2.

proved for k = o( n
logn

). Recall the definition of Zm in (II.3) and
(II.6).

We first bound

(9m = 1; . . . ; k s.t. b̂m 6= bm) � k (Z1 � 0): (A-1)

Then we bound

(Z1 � 0) �
k�1

r =0

Cr
k�1 (fZ1 � 0g

r +1

m=2

fZm � 0g) (A-2)

where we have used the fact that (Zm )km=2 are exchangeable, and Cr
k

denotes the binomial coefficient k
r .

Fix " > 0 to be small. We split the sum over r1 into r1 � "k
1�
n

and r1 > "k
1�
n . We will first show that the contribution due to r1 >

"k1� obeys the desired bound. For this, we bound

(fZ1 � 0g
r +1

m=2

fZm � 0g)

� ( max
m=2;...;r +1

Zm � 0) � e�nJ (A-3)

by the Chernoff bound, and where Jr;k is the exponential rate of
(maxm=2;...;r +1 Zm � 0) when there are k users. This rate was

analyzed in [13]. By (II.3) and [13, Corollary 2], we have that for any
r1 = o(k)

Jr ;k � r1
2k

(1 +O(
r1
k
)): (A-4)

Therefore, we further split into r1 > akk and "k1� < r1 � akk,
for an appropriately chosen ak such that limk!1 ak = 0. We start
with r1 > akk. For this, we use the bound r >a k C

r
k�1 � 2k , and,

when r1 � akk

Jr ;k � Ja k;k � ak
4

(A-5)

for k sufficiently large. Equation (A-5) follows from (A-4) together
with the fact that r 7! Jr;k is clearly nondecreasing. Then the sum
over r1 > akk is bounded by

2ke�na =4 � e
��

(A-6)

for some � > 0 when, say, ak = (log k)�1=2. This bounds the con-
tribution due to r1 > akk. We next turn to the contribution due to
"k1� < r1 � akk. Here we use the bound, since r! � rre�r

Cr
k�1 �

kr

r1!
� ek

r1

r

� c"
p
k

r

(A-7)

where c" = e=". Furthermore, by (A-3) and (A-4), we obtain that this
sum is bounded by

a k

r ="k

c"
p
k

r

e�n (1+O(a ))

= c"
p
ke� eO(a )

"k
1

r=0

c"
p
ke� eO(a )

r

:

(A-8)

This contribution is bounded from above by e
��"

for some � > 0
when we have that

c"
p
ke� eO(a ) � e� ;

which is true when n is large enough and
p
ke� ( ��) = o(1). This

in turn is implied by k = n
 logn

and  > 2
s

. This explains the restric-
tion on k in the main result.

Therefore, we are left to deal with the contribution from
r1 � "k1� . We denote R� = fm : sign(Zm ) < 0g for
1 � � � s � 1, and write r� = jR�j. We split r� � akr��1 and



IE
EE

Pr
oo

f

8 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 52, NO. 10, OCTOBER 2006

r� > akr��1. For the contribution due to r� > akr��1, we again use
[13, Corollary 2] and the fact that

Zm = 1 + 2
j2R

j 6=m

1

n

n

i=1

Aj;iAm;i (A-9)

to obtain that for every S�; S��1 � f0; . . . ; k � 1g

( max
m2S

Zm � 0; R� = S�; R��1 = S��1)

� ( max
m2S

1

2
+

j2S

j 6=m

1

n

n

i=1

Aj;iAm;i) � e� :

Therefore, noting that the number of choices for R1; . . . ; Rs�1 is
bounded by 2(s�1)k , we arrive at the bound

2(s�1)ke� � e
��"

: (A-10)

Therefore, we are left with the contribution due to r1 � "k1� and
r� � akr��1 for � = 2; . . . ; s � 1. For this, we use the bound that,
for any given S1; . . . ; Ss�1, we have by the Chernoff bound, and using
the notation S = (S1; . . . ; Ss�1) together with [13, Th. 2]

(R1 = S1; . . . ; Rs�1 = Ss�1)

� e
�nH

� e�nH � e
�n (1+o(1))

:

Therefore

(Z1 � 0) � 2e
��"

+e
�n (1+o(1))

(r ;...;r )2S

s�1

�=1

Cr
k�1; (A-11)

where S = fr1 � "k1� ; r� � akr��1 8� = 2; . . . ; s� 1g. Finally,
we use the bound, for (r1; . . . ; rs�1) 2 S

Cr
k�1 � kr � kr � k"k (A-12)

so that

(Z1 � 0)

� e
�n (1+o(1))

(k"k +1)s�1 + 2e
��"

� 3e
��"

when k � n

 logn
with  > 2=s and " > 0 is sufficiently small. This

completes the proof of Theorem III.2.
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