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25 years of network revolutions

A spherical representation of Internet (Shavitt et al.)



Small-world paradigm
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Distances in social networks gay.eu on December 2008 and
livejournal in 2007.



Scale-free paradigm
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and in the collaboration graph among mathematicians

(http://www.oakland.edu/enp)



Network functions

Internet: e-mail

WWW: Information gathering

Friendship networks: gossiping, spread of information and disease

Power grids: reliability
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Modeling real networks

• Inhomogeneous Random Graphs:
Static random graph, independent edges with inhomogeneous edge occu-
pation probabilities, possibly yielding scale-free graphs.

• Configuration Model:
Static random graph with prescribed degree sequence.

• Preferential Attachment Model:
Dynamic random graph, attachment proportional to degree plus constant.



Erdős-Rényi random graph

Vertex set [n] := {1, 2, . . . , n}.

Erdős-Rényi random graph is random subgraph of complete graph on
[n] where each of

(
n
2

)
edges is occupied with probab. p.

Simplest imaginable model of a random graph.

• Attracted tremendous attention since introduction 1959, mainly in
combinatorics community.

Probabilistic method (Erdős et al).

Egalitarian: Every vertex has equal probability of being connected to.
Misses hub-like structure of real networks.



Rank-1 inhomogeneous random graphs

Attach edge with probability pij between vertices i and j, where

pij =
wiwj

ln
,

and

ln =

n∑
i=1

wi,

and different edges are independent.

Herewi is expected degree vertex i.
Whenwi = λ, we retrieve Erdős-Rényi random graph with p = λ/n.

Assume throughout talkw2
i /ln ≤ 1 for all i ∈ [n].



Choice of weights

Take w = (w1, . . . , wn) as

wi = [1− F ]−1(i/n),

where F (x) is distribution function.
Interpretation: proportion of vertices i withwi ≤ x is close to F (x).

Simple example:

F (x) =

{
0 for x < a,

1− (a/x)τ−1 for x ≥ a,

in which case

[1− F ]−1(u) = a(1/u)−1/(τ−1), so that wj = a(n/j)1/(τ−1).



Degree structure graph

Denote proportion of vertices with degree k by

P (n)

k =
1

n

∑
i∈[n]

1{Di=k},

whereDi denotes degree of vertex i.

Model is sparse, i.e., there exists probability distribution {pk}∞k=0 s.t.

P (n)

k

P−→ pk.

Forwi = [1− F ]−1(i/n), withW having distribution function F,

pk = E
[
e−W

W k

k!

]
.

In particular, pk ∼ ck−τ precisely when P(W ≥ k) ∼ ck−τ .



Critical value

Bollobás-Janson-Riordan (2007): LetW ∼ F, then

• largest component∼ ρn with ρ ∈ (0, 1) for ν = E[W 2]/E[W ] > 1;
• largest component o(n) for ν = E[W 2]/E[W ] ≤ 1.

Identifies critical value IRG as

ν = 1,

where ν is asymptotic expected number of forward neighbors.

In simple example F (x) = 1− (a/x)τ−1 for x ≥ a

E[W ] =
a(τ − 1)

τ − 2
, E[W 2] =

a2(τ − 1)

τ − 3
,

so that critical case arises when a = (τ − 3)/(τ − 2).



Robustness of networks

Above has important implications for robustness network under various at-
tacks:

Random attack: Remove vertices uniformly at random with probability p.
Then, again obtain rank-1 IRG where now probability of edge ij between
kept vertices equals

wiwj

ln
,

and otherwise equals 0.
Giant component exists whenever

(1− p)ν > 1.
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Robustness of networks

Above has important implications for robustness network under various at-
tacks:

Deliberate attack: Remove proportion p of vertices with highest weight.
Now, again obtain rank-1 IRG where probability of edge ij for i, j > np
equals

wiwj

ln
,

while otherwise probability equals 0.
Thus, giant component exists whenever∑

i>npw
2
i

ln
> 1.

In particular, even when ν =∞, for p large, no giant component:

Fragile to deliberate attacks.



Critical behavior Erdős-Rényi random graph

Double jump (Erdős and Rényi (60))
For p = (1 + ε)/n, largest component is
(a) ΘP(log n) for ε < 0;

(b) ΘP(n) for ε > 0;

(c) ΘP(n2/3) for ε = 0.

Scaling window: (Bollobás (84) and Łuczak (90))
For p = (1/n)(1 + λn−1/3), largest component is ΘP(n2/3).

Extension: Aldous (97): Weak convergence of ordered clusters.

Key question:
How much remains valid when we let go of homogeneity vertices?



Critical behavior

Let
1− F (x) ∼ cx−(τ−1) for x sufficiently large.

Further, let |Cmax| denote largest connected component.

Theorem 1. (vdH 09) Assume that ν = 1.

(a) Let τ > 4. Then, there exists b > 0 such that for all ω ≥ 1

P
( 1

ω
n2/3 ≤ |Cmax| ≤ ωn2/3

)
≥ 1− b

ω
as n→∞.

(b) Let τ ∈ (3, 4). Then, there exists b > 0 such that for all ω ≥ 1

P
( 1

ω
n(τ−2)/(τ−1) ≤ |Cmax| ≤ ωn(τ−2)/(τ−1)

)
≥ 1− b

ω
as n→∞.



Scaling limit for τ > 4

Let µ = E[W ], σ2 = E[W 3]/E[W ]. Consider

Bλ
s = σBs + sλ− s2σ2/(2µ),

whereB is standard Brownian motion. Let

Rλ
s = Bλ

s − min
0≤u≤s

Bλ
s .

Aldous (1997): Excursions of Rλ can be ranked in increasing order as
γ1(λ) > γ2(λ) > . . . .

Let |C(1)(λ)| ≥ |C(2)(λ)| ≥ |C(3)(λ)| . . . denote sizes of components with
weights w̃i = (1 + λn−1/3)wi arranged in increasing order.

Theorem 2. (BvdHvL 09a) Assume that ν = 1, and E[W 3] <∞. Then(
n−2/3|C(i)(λ)|

)
i≥1

d−→
(
γi(λ)

)
i≥1.



Scaling limit for τ ∈ (3, 4)

Let |C(1)(λ)| ≥ |C(2)(λ)| ≥ |C(3)(λ)| . . . denote sizes of components with
weights w̃i = (1 + λn−(τ−3)/(τ−1))wi arranged in increasing order.

Theorem 3. (BvdHvL 09b) Assume that ν = 1, and τ ∈ (3, 4). Then,(
n−(τ−2)/(τ−1)|C(i)(λ)|

)
i≥1

d−→
(
Hi(λ)

)
i≥1.

Moreover, for every i, j fixed

P(i←→ j)→ qij(λ) ∈ (0, 1).

Limits Hi(λ) correspond to ordered hitting times of 0 of a certain fascinat-
ing ‘thinned’ Lévy process.



Multiplicative coalescents

Multiplicative coalescent is continuous-time Markov process λ 7→ X(λ),
where

X(λ) ∈ {x = (xi)i≥1 : xi ≥ xi+1},
where xi corresponds to mass of ith largest particle, and where particles
with masses xi and xj merge to particle of mass xi + xj at rate

xixj.

Process describes evolution of masses where particles coalesce at rate
equal to product of their masses.

Theorem 4. (Aldous97, BvdHvL 09b) As function of λ ∈ R, processes
λ 7→

(
γi(λ)

)
i≥1 and λ 7→

(
Hi(λ)

)
i≥1 are

multiplicative coalescents.

Distinction between τ > 4 and τ ∈ (3, 4) arises through

entrance boundary at λ = −∞.



Proof: weak convergence stochastic processes

Proof relies on three main ingredients:

(1) subsequent exploration of clusters;

(2) removal of possible further neighbors due to their exploration:

depletion of points effect;

(3) in critical window, these effects play at same scale, and

cluster exploration process weakly converges;

Cluster sizes correspond to excursion lengths limiting process having
an increasing negative drift.

• τ > 4 : exploration process has finite variance steps, so that Brownian
motion appears in limit, and P(1 ∈ Cmax)→ 0 : ‘power to the masses!’
• τ ∈ (3, 4) : exploration process is dominated by vertices with high
weights, and P(1 ∈ Cmax)→ q1(λ) ∈ (0, 1) : ‘power to the wealthy!’
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Cluster exploration for τ > 4

Take λ = 0.
• For all ordered pairs of vertices (i, j), let U(i, j) be i.i.d. U(0, 1).
• Choose vertex v(1) with probability proportional to w, so that

P(v(1) = i) = wi/ln.

Children of v(1) are those vertices j for which

U(v(1), j) ≤
wv(1)wj

ln
.

Label children of v(1) as v(2), v(3), . . . v(c(1) + 1) in increasing order of
their U(v(1), ·) values.
•Move to v(2), explore all of its children, and label them as before.

Once we finish exploring one component, move onto next component by
choosing starting vertex in size-biased manner amongst remaining vertices.



Size-biased reordering

Size-biased order v∗(1), v∗(2), . . . , v∗(n) is random reordering of vertex set
[n] where
• v∗(1) = i with prob.wi/ln;
• given v∗(1), . . . , v∗(i− 1), v∗(i) = j ∈ [n] \ {v∗(1)} with prob. propor-
tional towj.

Key ingredient proof:

(v(i))i∈[n] is size-biased reordering.

Number of new neighbors c(i) of v(i) is close to

c(i) = Poi
(
wv(i)

∑
j∈[n]\{v(1),...,v(i)}

wj/ln

)
.



Connected components

Recall number of new neighbors of v(i) is close to

c(i) = Poi
(
wv(i)

∑
j∈[n]\{v(1),...,v(i)}

wj/ln

)
.

Denote cluster exploration process Zn by Zn(0) = 0 and

Zn(i) = Zn(i− 1) + c(i)− 1.

Denote first hitting time of−j by

η(j) = min{i : Zn(i) = −j}.

Then, all connected component sizes are given by successive excursions
from past minima

C∗(j) = η(j)− η(j − 1).



Scaling limit of cluster exploration

Process t 7→ n−1/3Zn(sn
2/3) is close to Brownian motion with changing drift

given by
E[n−1/3Zn(sn

2/3)] ∼ sλ− s2σ2/(2µ),

while
n−1/3Zn(sn

2/3)− (sλ− s2σ2/(2µ))
d−→ Bs.

Suggests that rescaled cluster sizes converge to successive excursions from
past minima of process

Bλ
s = Bs + sλ− s2σ2/(2µ).

Weak convergence of exploration process follows from

functional martingale central limit theorem.






