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In this note, we give an elementary proof of the random walk hitting time theorem,
which states that, for a left-continuous random walk on Z starting at a nonnegative
integer k, the conditional probability that the walk hits the origin for the first time at
time n, given that it does hit zero at time n, is equal to k/n. Here, a walk is called
left-continuous when its steps are bounded from below by −1.

We start by introducing some notation. Let Pk denote the law of a random walk
starting at k ≥ 0, let {Yi }∞

i=1 be the independent and identically distributed (i.i.d.) steps
of the random walk, let Sn = k + Y1 + · · · + Yn be the position of the random walk
starting at k after n steps, and let

T0 = inf{n : Sn = 0} (1)

denote the walk’s first hitting time of the origin. Clearly, T0 = 0 when the walker starts
at the origin. Then, the hitting time theorem is the following result:

Theorem 1 (Hitting time theorem). For a random walk starting at k ≥ 1 with i.i.d.
steps {Yi }∞

i=1 satisfying Yi ≥ −1 almost surely, the distribution of T0 under Pk is given
by

Pk(T0 = n) = k

n
Pk(Sn = 0). (2)

Theorem 1 gives the remarkable conclusion that, conditionally on the event {Sn =
0}, and regardless of the precise distribution of the steps of the walk {Yi }∞

i=1, as long as
Yi ≥ −1 a.s., the probability of the walk being at 0 for the first time is equal to k/n.
Theorem 1 has particular importance in the context of branching processes, where,
for k = 1, the law of T0 is the same as the total progeny of a branching process with
offspring distribution equal to the law of Yi + 1 (see [5] or [10, Problem 12, p. 234]
for this connection, and [1, Section 10.4] for a modern application in random graph
theory).

The first proofs of Theorem 1 in the special case k = 1 can be found in [9]. The
extension to k ≥ 2 is in [7], or in [5] using a result in [4]. Most of these proofs make
unnecessary use of generating functions, in particular, the Lagrange inversion formula,
which the simple proof below does not employ. See also [6, pp. 165–167] for a more
recent version of the generating function proof. In [12], various proofs of the hitting
time theorem are given, including a combinatorial proof making use of a relation in [3].
A proof for random walks making only steps of size ±1 using the reflection principle
can for example be found in [6, p. 79].

The hitting time theorem is equivalent to the ballot theorem, which has a long
history dating back to Whitford in 1878 and, independently, Bertrand in 1887 (see
[2, 8, 11] for overviews of the history and literature). The version of the ballot theorem
in [8] states that, for a random walk {Sn}∞

n=0 starting at 0, with exchangeable, nonnega-
tive steps, the probability that Sm < m for all m = 1, . . . , n, conditionally on Sn = k,
equals (n − k)/n. Here, a random vector is called exchangeable when any permutation
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of the vector has the same distribution. The proof of [8] borrows from queueing the-
ory methodology, and is related to, yet slightly different from, our proof below. Proofs
of the ballot theorem often use induction, but are generally of a more combinatorial
nature than the proof given below, which is entirely probabilistic.

To prove the ballot theorem from the hitting time theorem, suppose that {Sm}n
m=0

is a random walk starting at 0 with exchangeable nonnegative steps, and suppose that
n > k ≥ 0. For m ≤ n, let

S̃m = n − k − m + Sn − Sn−m. (3)

Then S̃0 = n − k and S̃m − S̃m−1 = Sn−m+1 − Sn−m − 1, so {S̃m}n
m=0 is a left-continuous

random walk with exchangeable steps starting at n − k. Also, S̃n = 0 if and only
if Sn = k, and if Sn = k then S̃m = (n − m) − Sn−m, so S̃m > 0 if and only if
Sn−m < n − m. The conclusion of the ballot theorem now follows from the hitting
time theorem (once the hitting time theorem is extended to exchangeable steps; see
the proof of Theorem 2 below). The proof of the hitting time theorem from the ballot
theorem retraces the above steps, and is left to the reader.

Proof. We prove (2) for all k ≥ 0 by induction on n ≥ 1. When n = 1, both sides are
equal to 0 when k > 1 and k = 0, and are equal to P(Y1 = −1) when k = 1. This
initializes the induction.

To advance the induction, we take n ≥ 2, and note that both sides are equal to 0
when k = 0. Thus, we may assume that k ≥ 1. We condition on the first step to obtain

Pk(T0 = n) =
∞∑

s=−1

Pk(T0 = n | Y1 = s)P(Y1 = s). (4)

For m = 0, . . . , n − 1, let S∗
m = Sm+1. By the random walk Markov property, when

S0 = k and conditionally on Y1 = s, the random walk path {S∗
m}n−1

m=0 has the same
distribution as the random walk path {Sm}n−1

m=0 started at S0 = k + s, so that

Pk(T0 = n | Y1 = s) = Pk+s(T0 = n − 1) = k + s

n − 1
Pk+s(Sn−1 = 0), (5)

where in the last equality we have used the induction hypothesis, which is allowed
since n − 1 ≥ 1, and k ≥ 1 and s ≥ −1, so that k + s ≥ 0. This leads to

Pk(T0 = n) =
∞∑

s=−1

k + s

n − 1
Pk+s(Sn−1 = 0)P(Y1 = s). (6)

We undo the law of total probability, noting that

∞∑
s=−1

(k + s)Pk+s(Sn−1 = 0)P(Y1 = s) (7)

=
∞∑

s=−1

(k + s)Pk(Sn = 0 | Y1 = s)P(Y1 = s)

=
∞∑

s=−1

(k + s)Pk(Y1 = s | Sn = 0)Pk(Sn = 0)

= Pk(Sn = 0)
(
k + Ek[Y1 | Sn = 0]),

754 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 115



where Ek[Y1 | Sn = 0] is the conditional expectation of Y1 given that Sn = 0 occurs.
We next note that the conditional expectation Ek[Yi | Sn = 0] is independent of i , so
that

Ek[Y1 | Sn = 0] = 1

n

n∑
i=1

Ek[Yi | Sn = 0] (8)

= 1

n
Ek

[
n∑

i=1

Yi | Sn = 0

]
= − k

n
,

since
∑n

i=1 Yi = Sn − k = −k when Sn = 0. Therefore, we arrive at

Pk(T0 = n) = 1

n − 1

[
k − k

n

]
Pk(Sn = 0) = k

n
Pk(Sn = 0). (9)

This advances the induction, and completes the proof of Theorem 1.

We close this paper by deriving a slightly stronger result than Theorem 1. We first
introduce some notation. We write �m = (m−1, m0, m1, . . . ), where mi are nonnegative
integers for all i ≥ −1. Further, for any �m and n ≥ 1, let A �m(n) denote the event that
Sn = 0, and the random walk {Si }∞

i=0 has made m−1 steps of size −1, m0 steps of size
0, m1 steps of size 1, etc. In other words, we let

A �m(n) = {Sn = 0} ∩ {
#{i ∈ {1, . . . , n} : Yi = s} = ms, ∀s ≥ −1

}
. (10)

Naturally,
∑∞

i=−1 mi = n, and, since Sn = 0, we must have that
∑∞

i=−1 imi = −k.
Then we obtain the following extension of Theorem 1:

Theorem 2. Under the assumptions in Theorem 1, for all k ≥ 1, �m, and n ≥ 1,

Pk({T0 = n} ∩ A �m(n)) = k

n
Pk(A �m(n)). (11)

The proof of Theorem 2 is a minor modification of that of Theorem 1, again using
that, conditionally on A �m(n), the steps (Y1, . . . , Yn) are exchangeable. We omit further
details. Theorem 1 can be deduced from Theorem 2 by conditioning on the number of
steps of all sizes, using (11) followed by a sum over all possible collections of steps of
all sizes for which

∑∞
i=−1 mi = n and

∑∞
i=−1 imi = −k.

As indicated above for the ballot theorem, Theorem 1 also follows when the steps
(Y1, . . . , Yn) are exchangeable instead of i.i.d. Indeed, for exchangeable steps, the law
of (Y1, . . . , Yn) conditionally on

∑n
i=1 Yi = −k is still exchangeable, which implies

that the conditional expectation Ek[Yi | Sn = 0] is independent of i . Thus, in this set-
ting, (8) again follows, which allows for the induction argument to be completed. As
such, Theorem 2 follows from this generalization of Theorem 1 to exchangeable steps.
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A Result of Strauss:1 41/333 = 3/4

Proof. We have

41/333 = 123/999

= .123 123 123 123 . . .

= 3/4,

where the last equality is derived from a basic waltz step. �

—Submitted by Rick Mabry, Shreveport, LA

1Johann Strauss II (the “Waltz King”), October 25, 1825–June 3, 1899. Happy birthday, Johann!
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