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June 20, 2003

Abstract

We consider bond percolation on Zd at the critical occupation density pc for d > 6 in two
different models. The first is the nearest-neighbor model in dimension d À 6. The second
model is a “spread-out” model having long range parameterized by L in dimension d > 6. In
the spread-out case, we show that the cluster of the origin conditioned to contain the site x
weakly converges to an infinite cluster as |x| → ∞ when d > 6 and L is sufficiently large. We
also give a general criterion for this convergence to hold, which is satisfied in the case d À 6
in the nearest-neighbor model by work of Hara

Hara00

[12].
The limiting object is the high-dimensional analogue of Kesten’s incipient infinite cluster

(IIC) in d = 2. We also investigate properties of the IIC such as bounds on the growth rate
of the cluster that show its four-dimensional nature. The proofs of both the existence and of
the claimed properties of the IIC use the lace expansion.

Finally, we give heuristics connecting the incipient infinite cluster to invasion percolation,
and use this connection to support the well-known conjecture that for d > 6 the probability
for invasion percolation to reach a site x is asymptotic to c|x|−(d−4) as |x| → ∞.

1 Introduction and results
sec:intro

1.1 History
ssec:hist

For percolation models in any dimension d ≥ 2, it is a well-known and partially confirmed conjec-
ture that there is no infinite cluster at the critical point. On the other hand, for critical percolation
restricted to a large box of radius n, one can find several ‘macroscopic’ clusters whose diameter
is of order n. These large but sparse critical clusters, sometimes referred to as ‘incipient infinite
clusters’, have a fractal dimension df < d. The validity of this picture is rigorously confirmed
to a large extent by

BCKS01

[8], whose main assumptions hold for d = 2 and are expected to hold when
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d ≤ 6, and by
Aize97

[2] in d > 6 whose main assumption is proved in
Hara00

[12] for the nearest-neighbor model
and d sufficiently large, and in

HHS01a

[13] for a sufficiently ‘spread-out’ model. (The term spread-out is
explained in Section

ssec:results

1.2.)
Motivated by work in the physics literature, including the study of random walk on critical

percolation clusters, Kesten
Kest86a

[22] proposed to consider the following object. Condition the cluster
of the origin in critical percolation to intersect the boundary of the box with radius n centered
at the origin, and let n → ∞. It is intuitively clear that in the weak limit an infinite cluster is
obtained. Due to the absence of an infinite cluster at the critical point, the existence of the limit
is not obvious. Kesten showed that in d = 2 the conditional distributions mentioned above do
converge in the weak sense. He also showed that an alternative way of obtaining the limit is by
taking p > pc, conditioning on the cluster of the origin to be infinite, and letting p ↘ p+

c . For
brevity we refer to the infinite cluster obtained in this limit as the IIC.

In
Kest86b

[23], the IIC served as a natural setting to study the asymptotic behavior of random walk
on a critical percolation cluster. In addition, the IIC seems to be the unique object describing
the ‘microscopic view’ of large critical clusters

Aize97

[2]. This is supported by the fact that natural
procedures, different from the ones given by Kesten, also lead to the IIC. Namely, spanning clusters,
the largest cluster in a finite box and the Chayes-Chayes-Durrett cluster, when viewed from a
randomly picked site, all look asymptotically like the IIC

Jara02

[19]. Additional motivation to study the
IIC comes from its close relationship with invasion percolation, a model we will introduce later on.

Lacking a general existence theorem for the IIC, its construction so far is limited to situations
that are well understood. In particular, a construction exists only in cases where the absence of
percolation at the critical point is rigorously known. So far, proofs of the latter are restricted to
(a) d = 2

Kest80

[20],
Russo81

[28],
Kestenbook

[21, Theorem 3.1], (b) high dimensions, that is d ≥ 19 or d > 6 in a sufficiently
‘spread-out’ model

HS90

[14], and (c) oriented percolation
BG90

[7].
Recently, van der Hofstad, den Hollander and Slade

HofHolS01

[17] gave a construction of the IIC for
so-called ‘spread-out’ oriented percolation in dimensions d + 1 > 4 + 1.

In this paper, we construct the IIC for unoriented nearest-neighbor percolation in dimension
d À 6, and for sufficiently spread-out percolation in dimensions d > 6. The latter model is believed
to be in the same universality class as the nearest-neighbor model. Let Px denote the law of the
critical configuration conditioned to contain a connection from 0 to x. We show that Px converges
weakly to a measure P∞ as |x| → ∞. Note that it is part of the statement that the limit does
not depend on the direction or manner in which |x| → ∞. We will comment on this later. We
give an equivalent definition, where we first take p < pc, define a measure Qp and take its limit
as p ↗ p−c . This type of construction using subcritical approach to pc is new. In view of the
mentioned robustness, we expect both of our definitions to be equivalent to Kesten’s.

We establish some geometric properties of the IIC measure P∞. We obtain bounds on the IIC
two-point function, showing that P∞(0 ←→ y) is of order |y|−(d−4). This shows that the IIC is
four-dimensional, as was conjectured by physicists

AGK84,AGNW84

[1, 3], and as is expected in view of the results
of Aizenman

Aize97

[2] and Hara and Slade
HS00

[16]. We also study the backbone of the IIC, which is defined
as the set of sites from which there are disjoint connections to the origin and to infinity. We show
that the backbone is two-dimensional, and that apart from small loops, it is a single path.

Our proofs are based on a modification of the Hara-Slade expansion for percolation
HS90

[14]. Several
variants of the lace expansion

BS85

[9] have been used to analyze percolation and related models. In
particular, the fact that the critical two-point function, Pcr(0 ←→ x), is asymptotic to c|x|−(d−2) as
|x| → ∞ has been shown by these methods

HHS01a

[13]. In analyzing the modified expansion, we heavily
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use this theorem as well as its analogue for the nearest-neighbor case
Hara00

[12].

1.2 Main results
ssec:results

For general background on percolation, see
Grim99

[11]. Our models are defined in terms of a function
D : Zd → [0, 1]. Let p ∈ [0, ‖D‖−1

∞ ] be a parameter, where ‖ · ‖∞ denotes the supremum norm,
so that pD(x) ≤ 1 for all x. We declare a bond {u, v} to be occupied with probability pD(v − u)
and vacant with probability 1 − pD(v − u). The occupation status of all bonds are independent
random variables. For the nearest-neighbor model, we take D(x) = 1/(2d) for all x with |x| = 1,
so that each bond is occupied with probability p/(2d). A simple example of the spread-out model
is

D(x) =





1
(2L+1)d−1

0 < ‖x‖∞ ≤ L

0 otherwise,
(1.1)
e:Dexample

for which bonds are of the form {u, v} with 0 < ‖u − v‖∞ ≤ L, and bonds are occupied with
probability p/[(2L + 1)d − 1]. Note that p is not a probability. We will always work at the
percolation threshold p = pc, which in this parametrization tends to 1, as either d →∞ or L →∞
(see

HS95

[15] and
HHS01a

[13]).
In the spread-out case, our results hold for any function D that obeys the assumptions given

in
HHS01a

[13, Definition 1.1]. These assumptions involve a parameter L, which serves to spread out the
connections, and which will be taken large. In particular, they require that

∑
x∈Zd D(x) = 1, that

D(x) ≤ CL−d for all x, and with σ defined by

σ2 =
∑

x∈Zd

|x|2D(x), (1.2)
e:def-sigma

that c1L ≤ σ ≤ c2L. Here | · | denotes the Euclidean norm on Rd. Finally, it is assumed that
D(x) = 0 if ‖x‖∞ > L. The full details of the assumptions can be found in

HHS01a

[13]. The function
in (

e:Dexample

1.1) does obey the assumptions.
The law of the configuration of occupied bonds (at the critical percolation threshold) is denoted

by P with corresponding expectation denoted by E. Given a configuration we say that x is
connected to y, and write x ←→ y, if there is a path of occupied bonds from x to y (or if x = y).
We let C(x) denote the occupied cluster containing x. We may think of C(x) either as a set of sites
or as a set of occupied bonds.

Let F denote the σ-algebra of events. A cylinder event is an event given by conditions on the
states of finitely many bonds only. We denote the algebra of cylinder events by F0. We define

Px(F ) = P(F | 0 ←→ x) =
1

τ(x)
P(F, 0 ←→ x), F ∈ F , (1.3)

e:def-P_x

where τ(x) = P(0 ←→ x). We prove the following theorem.
thm:IIC-lim

Theorem 1.1. Let d > 6 and p = pc. There is an L0 = L0(d) such that for L ≥ L0 in the
spread-out model, the limit

P∞(F ) = lim
|x|→∞

Px(F ) (1.4)
e:IIC-lim

exists for any cylinder event F . Also, P∞ extends uniquely from F0 to a probability measure on F .
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The reason why the limit does not depend on how |x| → ∞ is roughly the following. The
cylinder F depends on a finite set W . The lace expansion is adapted to the event P(F, 0 ←→ x)
in such a way that only the part of the connection from 0 to x outside W is expanded. This
writes P(F, 0 ←→ x) as a convolution

∑
y Ψ(y; F )τ(x − y) plus a smaller order term. The main

contribution to the sum comes from y near W , and τ(x− y) is canceled by τ(x) in (
e:def-P_x

1.3). This also
leads to the formula P∞(F ) =

∑
y Ψ(y; F ).

To state our subcritical definition, for p < pc we define

Qp(F ) =
1

χ(p)

∑

x∈Zd

Pp(F, 0 ←→ x), F ∈ F , (1.5)
e:def-Q_p

where χ(p) =
∑

x τp(x) = Ep|C(0)| is the susceptibility. We prove the following theorem.
thm:IIC-lim3

Theorem 1.2. Let d > 6. Under the hypotheses of Theorem
thm:IIC-lim

1.1, the limit

Qpc(F ) = lim
p↑pc

Qp(F ) (1.6)
e:IIC-lim3

exists for any cylinder event F and Qpc = P∞.

Not surprisingly, the proof of Theorem
thm:IIC-lim

1.1 relies on the asymptotic behavior of τ(x) for |x|
large. By

HHS01a

[13, Theorem 1.2] there is an L0 = L0(d) such that for L ≥ L0 there is a constant c
depending on d and L such that

τ(x) =
c

|x|d−2
(1 + o(1)), as |x| → ∞. (1.7)

e:tauasy

We use the lace expansion and (
e:tauasy

1.7) to prove that the limit in (
e:IIC-lim

1.4) exists. In controlling the
expansion we also need (

e:tau-bnd

1.8) below, which is a consequence of
HHS01a

[13, Proposition 2.2]. Let τ̃(x) =
pc(D ∗ τ)(x). For d > 6, α > 0, and L sufficiently large, depending on d and α, we have

τ(x) ≤ C

(|x|+ 1)d−2
, τ̃(x) ≤ Cβ

(|x|+ 1)d−2
, (1.8)

e:tau-bnd

where β = L−2+α, and C depends only on d and α. Here β provides the small parameter that
ensures convergence of the expansion. We will fix an arbitrary, small value of α to apply (

e:tau-bnd

1.8).
Theorem

thm:IIC-lim

1.1 is similar to the existence statement of the IIC for spread-out oriented perco-
lation above 4 + 1 dimensions in

HofHolS01

[17], which we now describe in some detail. Fix D satisfy-
ing the above assumptions. Spread-out oriented percolation has vertices Zd × Z+ and directed
bonds ((x, n), (y, n + 1)), for n ≥ 0 and x, y ∈ Zd. Similarly to unoriented percolation, a bond
((u, n), (v, n+1)) is occupied with probability pD(v−u) and vacant with probability 1−pD(v−u).

Define

Pn(E) =
1

τn

∑

x∈Zd

P(E ∩ {(0, 0) −→ (x, n)}) (E ∈ F0), (1.9)
e:Pndef

where τn =
∑

x∈Zd τn(x) with τn(x) = P((0, 0) −→ (x, n)), and

P∞(E) = lim
n→∞Pn(E) (E ∈ F0). (1.10)

e:IICdef
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The main result in
HofHolS01

[17] is the proof that the limit in (
e:IICdef

1.10) exists. Furthermore, under some
assumptions, it was shown to be equivalent to a second, perhaps more natural, construction.
Define

Qn(E) = P(E|(0, 0) −→ n), Q∞(E) = lim
n→∞Qn(E) (E ∈ F0), (1.11)

e:Qndef

where {(0, 0) −→ n} = {(0, 0) −→ (x, n) for some x ∈ Zd} is the survival event. It was shown
that if there exists a constant 0 < B < ∞ such that P((0, 0) −→ n) = 1

Bn
[1 + o(1)], then the limit

in (
e:Qndef

1.11) exists, and Q∞ = P∞.
Finally, in

HofHolS01

[17], it was conjectured that for fixed x ∈ Zd, the measure P(x)
n defined by

P(x)

n (E) =
1

τn(x)
P(E ∩ {(0, 0) −→ (x, n)}) (1.12)

e:Pnxdef

converges to the IIC measure P∞. Proving this conjecture seems difficult, since we do not have a
local central limit theorem describing the asymptotic behavior of τn(x) available. The definition
of the IIC measure for unoriented percolation in (

e:IIC-lim

1.4) is closest in spirit to the definition in (
e:Pnxdef

1.12).
We now state some further remarks to Theorem

thm:IIC-lim

1.1.

Remark. (1) Later we formulate a similar theorem for the nearest-neighbor model under some
assumptions (see Theorem

thm:IIC-lim2

4.1 below). The assumptions hold when d > d0, for some d0 À 6
by

Hara00

[12]. Since the assumptions involve quantities that arise in the lace expansion, we defer the
statement of the theorem until the expansion is introduced.

(2) Theorem
thm:IIC-lim

1.1 can be viewed as the d > 6 analogue of Kesten’s result. We note that it is not
hard to adapt the proof of

Kest86a

[22, Theorem 3] to show that in d = 2 the limit in (
e:IIC-lim

1.4) coincides with
Kesten’s IIC measure. We expect this equivalence to hold in our case as well, however, conditioning
on a connection to a point rather than to a box seems to be better suited for the lace expansion.

We need a few definitions in order to state the properties of P∞. We say that the events {x1 ←→
y1} and {x2 ←→ y2} occur disjointly, if there exist bond disjoint occupied paths connecting x1 to
y1 and x2 to y2. An infinite connected set of bonds has a single end, if any two infinite paths that
remain inside the set have infinitely many points in common.

thm:IIC-properties

Theorem 1.3. Let d > 6. There is L0(d), such that for L ≥ L0 the measure P∞ has the following
properties.

(i) P∞(|C(0)| = ∞) = 1.

(ii) The cluster C(0) has a single end P∞-a.s.

(iii) There are positive constants c1 = c1(d, L) and c2 = c2(d, L) such that for |y| ≥ 1

c1

|y|d−4
≤ P∞(0 ←→ y) ≤ c2

|y|d−4
. (1.13)

e:IIC-2pt

(iv) There are positive constants c3 = c3(d, L) and c4 = c4(d, L) such that for |y| ≥ 1

c3

|y|d−2
≤ P∞(0 ←→ y and y ←→∞ disjointly) ≤ c4

|y|d−2
. (1.14)

e:IIC-backbone
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Remark. (1) Statements (i) and (ii) also hold in two dimensions, and in fact, should be valid in
all dimensions. Statements (iii) and (iv) are only expected when d > 6. When d = 2, by

Kest86a

[22,
Theorem 8] and

LSW02

[24], on the triangular lattice,

P∞(0 ←→ y) = |y|−5/48+o(1) as |y| → ∞. (1.15)

In addition, by
Kest86a

[22, Theorem 14] and
LSW02

[24]

P∞(0 ←→ y and y ←→∞ disjointly) = |y|−λ+o(1), as |y| → ∞, (1.16)

where λ is the so-called “monochromatic 2-arm exponent”, whose exact value is not known.
(2) We expect that the probabilities in (

e:IIC-2pt

1.13) and (
e:IIC-backbone

1.14) are in fact asymptotic to c|y|−(d−2)

and c|y|−(d−4), respectively.
(3) Statement (iii) is reminiscent of the notion of stochastic dimension introduced in

BKPS02

[6], al-
though our setting is different due to the lack of translation invariance of the IIC.

(4) In
HofHolS01

[17], there is also a version of the fact that the IIC for oriented percolation above 4 + 1
dimensions has dimension 4.

1.3 Conjectures
sec:heurIP

In this section, we formulate some conjectures concerning the IIC.
We conjecture that we can alternatively obtain the IIC measure P∞ by conditioning on the

event {0 ←→ ∂B(n)} that the origin is connected to the boundary of the cube of width n. It is
expected

Grim99

[11, Section 9.1] that P(0 ←→ ∂B(n)) ³ n−2 when d > 6, where ³ denotes that the left
side is bounded above and below by multiples of the right side. Without a rigorous proof of such
asymptotics, however, it seems difficult to prove the conjecture.

As indicated in Section
ssec:hist

1.1, one reason to study the IIC is to be able to investigate random
walk on infinite critical clusters. It has been conjectured long time ago by physicists

RT83

[27] that
when d > 6, random walk on a critical percolation cluster reaches a Euclidean distance of order
n1/6 in n steps. Below we explain how Theorem

thm:IIC-properties

1.3 supports this conjecture. See Barlow
Barl03

[4] for
results on random walks on supercritical infinite percolation clusters.

Heuristically, in d > 6 the IIC is akin to the family tree of a critical branching process condi-
tioned to survive. The backbone of the IIC is analogous to the unique infinite line of descent, and
for the purposes of understanding the random walk, we will think of the backbone as a single path
embedded into Zd as a random walk path. Theorem

thm:IIC-properties

1.3 (iv) and its proof support this heuristic.
Consider now simple random walk on the family tree of a critical branching process (conditioned
to survive), with the root as starting point. The analysis in

Kest86b

[23] shows that one can study the walk
by controlling the times between successive returns to the infinite line of descent, and we expect
that on the IIC return times to the backbone would behave similarly. In the branching process
case, the distance of the walker from the root after n steps is of order n1/3. Taking into account
that distances are reduced by a square-root due to the embedding into Zd, this suggests that the
typical displacement of random walk on the IIC after n steps is of order n1/6.

Next we introduce the model for invasion percolation. For simplicity, we only define the model
for a uniform step distribution D, such as the nearest-neighbor case or the case in (

e:Dexample

1.1). The
bonds in these models are B = {b = (u, v) : D(u − v) > 0}. We let {ω(b)}b∈B be a collection of
i.i.d. uniform random variables. Given a random configuration ω, we define a random increasing
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sequence of subgraphs G0, G1, . . . as follows. We let G0 be the graph with no edges, and the single
vertex 0. We let Gi+1 = Gi ∪ {bi+1}, where the edge bi+1 is obtained by taking the b /∈ Gi with
minimal ω(b) and such that b has an end vertex in Gi. The invaded region is S = ∪∞i=0Gi.

It is well-known that the asymptotic behavior of invasion percolation is closely related to the
incipient cluster. The heuristic behind this is that lim supi→∞ ω(bi) = pc, which is the critical
percolation threshold in the model

CCN85

[10]. In other words, asymptotically the invasion process only
accepts values from critical clusters. As mentioned earlier, critical clusters in d > 6 are four-
dimensional, which leads to the well-known conjecture

NS96

[26] that P(y is invaded) ³ |y|−(d−4) when
d > 6. Our results give non-rigorous support to this conjecture, as we outline below.

In
Jara01

[18] it is shown that in d = 2, conditioned on v ∈ S, the invasion percolation neighborhood
of v is asymptotically the same in probability as the neighborhood of the origin under the IIC
measure, as |v| → ∞. In other words, the two-dimensional IIC measure can be obtained by
conditioning on v ∈ S, shifting space by v, and taking the limit |v| → ∞. The proof in

Jara01

[18] is
intrinsically two-dimensional, but it is reasonable to believe that such a statement holds in general
dimensions. In particular, when d > 6, note that if v ∈ S then v is connected to the origin inside
S, which is alike the construction in (

e:def-P_x

1.3)–(
e:IIC-lim

1.4) (with v and 0 playing the roles of 0 and x).
Assuming that the IIC measure can be constructed by a limit of shifted versions of invasion

percolation, we obtain from Theorem
thm:IIC-properties

1.3 that for any y with |y| ≥ 1, and |v| large

P(v + y is invaded | v is invaded) ³ |y|−(d−4). (1.17)
e:con1

We can stretch this heuristic a little further, and get

P(y is invaded) ³ P∞(0 ←→ y) ³ |y|−(d−4). (1.18)
e:con2

It would be of interest to study the connections between the IIC measure and invasion percolation
in more detail, and to prove (

e:con1

1.17)-(
e:con2

1.18) in particular.

1.4 Organization

The remainder of the paper is organized as follows. In Section
sec:expansion

2 we modify the Hara–Slade lace
expansion to suit our needs. In Section

sec:proofs

3 we give the proof of Theorem
thm:IIC-lim

1.1 assuming suitable
bounds on the expansion. In Section

sec:bds

4 we prove these bounds, and state our theorem for the
nearest-neighbor case. In Section

sec:proofs2

5 we prove Theorem
thm:IIC-properties

1.3.

2 The expansion
sec:expansion

In order to facilitate the proof of (
e:IIC-2pt

1.13), we prove the existence of lim|x|→∞ Px(F ) not only for
cylinder events but also for the event {0 ←→ y}. We note that it is straightforward to generalize
this to k-point function events {y1, . . . , yk−1 ∈ C(0)}, but since we do not need the general case, we
omit the details. The fact that {0 ←→ y} is not a cylinder event causes no extra difficulty in the
expansion. However, some caution is necessary, since it is not a priori obvious that P∞(0 ←→ y) =
lim|x|→∞ Px(0 ←→ y), even if we know that the limit on the right-hand side exists. The equality
of the two sides will be proved via an approximation by cylinder events.
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For a set of sites A, we say that a bond lies in A if both of its endpoints are in A. We write
B(m) for the cube of width m centered around the origin. Throughout this section F will be a
fixed event of one of the following two types.

(I) F ∈ F0, and F is determined by the states of bonds in B(m), 1 ≤ m < ∞, or

(II) F = {0 ←→ w}, for some fixed w ∈ Zd.

For events of type (I), we fix m as the smallest integer for which F is determined by bonds in
B(m). In both cases, we define the set

W = W(F ) =





B(m) if F ∈ F0

{0, w} if F = {0 ←→ w}. (2.1)

Since F will be fixed, we suppress the dependence of W on F .
We carry out an expansion of P(F, 0 ←→ x). For this we need to modify the first step of the

Hara–Slade expansion
HS90

[14]. First we need some more notation.

Definition 2.1. (i) Two paths are called disjoint if they have no bond in common. The sites x
and y are doubly-connected if there exist two disjoint occupied paths from x to y. We denote this
event by x ⇐⇒ y. A set of sites A is connected to y if there exist x ∈ A such that x ←→ y, and
it is doubly-connected to y if there exist x1, x2 ∈ A such that x1 ←→ y and x2 ←→ y via disjoint

paths. We denote by x
A←→ y the event that every occupied path from x to y passes through some

site in A.
(ii) We let C̃{u,v}(x) denote the cluster of x remaining after the bond {u, v} is declared to be

vacant, that is
C̃{u,v}(x) = {y ∈ Zd : x ←→ y via a path not using {u, v}}. (2.2)

e:tilde-cl

We let
C(W) = {y ∈ Zd : W ←→ y} =

⋃

w∈W
C(w). (2.3)

Similarly to (
e:tilde-cl

2.2), we denote by C̃{u,v}(W) the set of sites that remain connected to W after
declaring the bond {u, v} to be vacant, that is

C̃{u,v}(W) = {y ∈ Zd : W ←→ y via a path not using {u, v}} =
⋃

w∈W
C̃{u,v}(w). (2.4)

(iii) We write (u, v) for a directed bond from u to v. The directed bond (u, v) is pivotal for the
connection from x to y (in short for x −→ y) if a directed occupied path from x to y using the
directed bond (u, v) exists when (u, v) is declared to be occupied, but not if (u, v) is declared to
be vacant. That is, if u ∈ C̃{u,v}(x), v ∈ C̃{u,v}(y) and y 6∈ C̃{u,v}(x). Similarly, (u, v) is pivotal for
W −→ x if u ∈ C̃{u,v}(W), v ∈ C̃{u,v}(x) and x 6∈ C̃{u,v}(W).

(iv) We define the two-point function

τ(x, y) = P(x ←→ y). (2.5)
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By translation invariance, we have that τ(x, y) = τ(y − x), where τ(x) = τ(0, x). Given a set
of sites A ⊂ Zd we say that x is connected to y in A if there is an occupied path from x to y
consisting of bonds with both endpoints in A. The restricted two-point function is defined by

τA(x, y) = P(x ←→ y in Zd \ A). (2.6)

In other words, τA(x, y) is the probability that x is connected to y via a path not using any bonds
touching the set A.

We are ready to give the expansion. The event {0 ←→ x} implies the event {W ←→ x}. We
distinguish between the cases when there is no pivotal bond for the latter event, and when there
is one. The first case is equivalent to the occurrence of 0 ←→ x, W ⇐⇒ x. In the second case, let
(u, v) denote the first pivotal bond for the event W −→ x as the connection is traversed from W
to x. Since 0 ←→ x, the bond (u, v) is also pivotal for 0 −→ x. We note that there may be other
pivotal bonds for 0 −→ x that precede (u, v), but we ignore those. We can write

P(F, 0 ←→ x) = P(F, 0 ←→ x, W ⇐⇒ x)

+
∑

(u,v)

P
(
F , 0 ←→ u, W ⇐⇒ u, (u, v) is occupied
and pivotal for W −→ x

)
,

(2.7)
e:first-step

where the summation is over all directed bonds. We introduce the notation

π(0)(x; F ) = P(F, 0 ←→ x, W ⇐⇒ x). (2.8)
e:def-f_0

Next we rewrite the summand in the second term of (
e:first-step

2.7) by conditioning on the bond cluster
C̃{u,v}(W). As a result of this, we will get that the right-hand side of (

e:first-step

2.7) equals

π(0)(x; F ) +
∑

(u,v)

puvE
(
I[F, 0 ←→ u, W ⇐⇒ u]τ C̃

{u,v}(W)(v, x)
)
, (2.9)

e:first-step2

where puv = pcD(v − u) and I[·] denotes the indicator of an event. Before proving (
e:first-step2

2.9), we

note that τ C̃
{u,v}(W)(v, x) is the random variable obtained from the function τA(v, x), defined for

a deterministic set A, by substituting the random set C̃{u,v}(W) for A. In other words, the law
of C̃{u,v}(W) is governed by the expectation E in (

e:first-step2

2.9), whereas the value of the restricted two-
point function in (

e:first-step2

2.9), given the value of C̃{u,v}(W), is determined by a second expectation,
that is implicitly present through the definition of the restricted two-point function. The second
expectation is “nested” inside the first.

The proof of (
e:first-step2

2.9) requires a few definitions. For a configuration ω and a (possibly random) set
of sites S, we let ωS denote the configuration obtained by declaring all bonds with both endpoints
in Zd \ S to be vacant. By the event ‘F occurs on S’ we mean {ω : ωS ∈ F}. The event in the
summand of (

e:first-step

2.7) can be rewritten as the intersection of three events, namely

• F , 0 ←→ u, W ⇐⇒ u occur on C̃{u,v}(W)

• {u, v} is occupied

• v ←→ x in Zd \ C̃{u,v}(W).

9



One can prove, for example via an application of Lemma 2.4 in
HS00

[16], that the probability of the
intersection is

puvE
(
I[F , 0 ←→ u, W ⇐⇒ u occur on C̃{u,v}(W)]τ C̃

{u,v}(W)(v, x)
)
. (2.10)

e:factored

The expression in (
e:factored

2.10) can be simplified by noting that the words ‘occur on C̃{u,v}(W)’ can be
omitted, since the restricted two-point function is 0 whenever the required connections exist, but
do not occur on C̃{u,v}(W). Recalling the definition in (

e:def-f_0

2.8), it follows that the right-hand side of
(
e:first-step

2.7) equals (
e:first-step2

2.9). We note that the summation in (
e:first-step2

2.9) is over all bonds, and it includes bonds
with u = x and v ∈ W , despite the fact that (u, v) did not correspond to a pivotal bond in these

cases. The identity still holds, since τ C̃
{u,v}(W)(v, x) = 0.

We write
τ C̃

{u,v}(W)(v, x) = τ(v, x)−
[
τ(v, x)− τ C̃

{u,v}(W)(v, x)
]
. (2.11)

e:incl-excl

We replace the restricted two-point function in (
e:first-step2

2.9) by the difference above. To write the result
concisely, we define

ψ(0)(v; F ) =
∑
u

puvπ
(0)(u; F ) =

∑
u

puvP(F, 0 ←→ u, W ⇐⇒ u), (2.12)

and
R(0)(x; F ) =

∑

(u,v)

puvE
(
I[F, 0 ←→ u, W ⇐⇒ u]

{
τ(v, x)− τ C̃

{u,v}(W)(v, x)
})

. (2.13)
e:first-remainder

Then the expression in (
e:first-step2

2.9) equals

π(0)(x; F ) +
∑
v

ψ(0)(v; F ) τ(v, x)−R(0)(x; F ), (2.14)
e:first-step3

assuming that the expressions for the second and third term converge.
The Hara–Slade expansion gives an expression for τ(v, x)− τA(v, x), with A a deterministic set

of sites as input. We will take the result of this part of the expansion without change from
HS90

[14],
and substitute it into (

e:first-remainder

2.13). This leads to a further expansion of the remainder term R(0)(x; F )
in (

e:first-step3

2.14). The proposition below summarizes the resulting expression for P(F, 0 ←→ x). The
statement of the proposition involves events E ′(v, x; A) defined in

HS90

[14]. We repeat the definitions
for the reader. Let

E ′(v, x; A) =

{
v

A←→ x and there is no pivotal bond (u1, v1)

for the connection v ←→ x such that v
A←→ u1

}
. (2.15)

The key identity behind the further expansion of τ(v, x)− τA(v, x) is

τ(v, x)− τA(v, x) = P(E ′(v, x; A)) +
∑

(u1,v1)

pu1v1E
(
I[E ′(v, u1; A)]τ C̃

{u1,v1}(v)(v1, x)
)
, (2.16)

which is obtained similarly to (
e:first-step

2.7) and (
e:first-step2

2.9), and is proved in
HS90

[14]. Now an application of (
e:incl-excl

2.11)
to A = C̃{u1,v1}(v)(v1, x) allows one to iterate the procedure. The final result can be described as
follows. Given bonds (u0, v0), (u1, v1), . . . let

C̃0 = C̃{u0,v0}(W) and C̃j = C̃{uj ,vj}(vj−1) for j ≥ 1. (2.17)

Let
Ij = I[E ′(vj−1, uj; C̃j−1)], j ≥ 1. (2.18)
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prop:lace-exp

Proposition 2.2. If the expressions in (
e:laceexp

2.19), (
e:pi_n

2.20), (
e:psi_n

2.21) and (
e:S_N

2.22) below converge, then for
N ≥ 0 and p = pc

P(F, 0 ←→ x)

=
N∑

n=0

(−1)n π(n)(x; F ) +
N∑

n=0

(−1)n
∑
v

ψ(n)(v; F ) τ(v, x) + (−1)N+1 R(N)(x; F ).
(2.19)
e:laceexp

Here π(0)(x; F ) is given by (
e:def-f_0

2.8), and for n ≥ 1,

π(n)(x; F ) =
∑

(u0,v0)

pu0v0 · · ·
∑

(un−1,vn−1)

pun−1vn−1E0(I[F, 0 ←→ u0,W ⇐⇒ u0]

× E1(I1 E2(I2 · · ·En−1(In−1 En(I[E ′(vn−1, x; C̃n−1)]) ) · · ·) ) ).

(2.20)
e:pi_n

Also, for n ≥ 0,
ψ(n)(v; F ) =

∑
u

puvπ
(n)(u; F ) (2.21)

e:psi_n

and

R(N)(x; F ) =
∑

(u0,v0)

pu0v0 · · ·
∑

(uN ,vN )

puNvN
E0

(
I[F, 0 ←→ u0,W ⇐⇒ u0]

× E1

(
I1 E2

(
I2 · · ·EN

(
IN ·

{
τ(vN , x)− τ C̃N (vN , x)

})
· · ·

) ) )
.

(2.22)
e:S_N

Remark. (1) The expectations in the above expressions are nested in the sense explained after
(
e:first-step2

2.9). That is, the law of the set C̃k is governed by the expectation Ek, and C̃k is a deterministic
set with respect to the nested expectation Ek+1.

(2) By definition, π(n)(x; F ) and ψ(n)(x; F ) are non-negative. The bounds we prove in Section
sec:bds

4
will imply that they are finite, justifying the steps leading to (

e:laceexp

2.19).

Proposition
prop:lace-exp

2.2 constitutes the lace expansion for P(F, 0 ←→ x). In Section
sec:proofs

3, we state bounds
on the expansion that will allow us to prove Theorem

thm:IIC-lim

1.1 and Theorem
thm:IIC-lim3

1.2, and we prove the bounds
in Section

sec:bds

4. The proof of Theorem
thm:IIC-properties

1.3 follows in Section
sec:proofs2

5.

3 Existence of the IIC
sec:proofs

In Section
sec:bds

4 below, we will prove the following proposition. In its statement, we write β = L−2+α

(recall (
e:tau-bnd

1.8)).
prop-diagbd

Proposition 3.1. Fix d > 6 and p = pc. There is an L0 = L0(d), such that
(a) for L ≥ L0, and any event F of type (I) or type (II), there is a K = K(F, L, d) and C =
C(F,L, d) such that

∞∑

n=0

π(n)(x; F ) ≤ KIW(x) +
Cβ2

(|x|+ 1)2(d−2)
, (3.1)

e:Pix-res-bd

where IW(x) = 1 if x ∈ W and IW(x) = 0 otherwise.
(b) for any x ∈ Zd

lim
N→∞

R(N)(x; F ) = 0. (3.2)
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The proof of Proposition
prop-diagbd

3.1 is in Section
sec:bds

4 below, and is an adaptation of the proof of Propo-
sition 1.8 in

HHS01a

[13].
Proof of Theorem

thm:IIC-lim

1.1 subject to Proposition
prop-diagbd

3.1.
By Proposition

prop-diagbd

3.1(a) and (
e:psi_n

2.21), the expressions

Π(x; F ) =
∞∑

n=0

(−1)n π(n)(x; F ), Ψ(x; F ) =
∞∑

n=0

(−1)n ψ(n)(x; F ) (3.3)

converge, and we have

|Π(x; F )| ≤ C

(|x|+ 1)2(d−2)
, |Ψ(x; F )| ≤ C

(|x|+ 1)2(d−2)
, (3.4)

e:Pi-Psi-bnd

where C denotes a constant depending on F , L, and d. By part (b) of the Proposition, we may
take the limit N →∞ in (

e:laceexp

2.19) to obtain

P(F, 0 ←→ x) = Π(x; F ) +
∑

y∈Zd

Ψ(y; F ) τ(x− y). (3.5)
e:laceexpfin

Therefore, dividing (
e:laceexpfin

3.5) by τ(x) gives

Px(F ) =
Π(x; F )

τ(x)
+

∑

y∈Zd

Ψ(y; F )
τ(x− y)

τ(x)
. (3.6)

e:expanded

By (
e:tauasy

1.7) and (
e:Pi-Psi-bnd

3.4) we have

lim
|x|→∞

Π(x; F )

τ(x)
= 0. (3.7)

In the second term of (
e:expanded

3.6), we split the sum according to whether |x− y| ≤ 1
2
|x| or |x− y| ≥ 1

2
|x|.

In the former case, we use |y| ≥ 1
2
|x|, (

e:Pi-Psi-bnd

3.4) and d > 4 to obtain the bound

∑

y:|x−y|≤ 1
2
|x|
|Ψ(y; F )τ(x− y)| ≤ C

|x|2(d−2)

∑

y:|x−y|≤ 1
2
|x|

1

(|x− y|+ 1)d−2
≤ C

|x|2(d−2)
|x|2 = o(τ(x)). (3.8)

e:bdlargey

Therefore, we are left to deal with |x − y| ≥ 1
2
|x|. In this regime, τ(x− y)/τ(x) is uniformly

bounded, and converges to 1 for every fixed y. Moreover, Ψ(y; F ) is absolutely summable, hence
by dominated convergence, we have

P∞(F ) = lim
|x|→∞

Px(F ) =
∑

y∈Zd

Ψ(y; F ) = pc

∑

y∈Zd

Π(y; F ), (3.9)
e:Pinfdef

where the last step follows from
∑

v D(v − u) = 1. This completes the proof of the first statement
of Theorem

thm:IIC-lim

1.1. The second statement follows from Kolmogorov’s extension theorem.

Remark. It is not apparent from the proof that the assumption d > 6 was necessary. The role of
this condition is hidden in the proof of the bounds on π(n), and in many parts of this paper does
not show up directly. Although the bound on π(n) becomes summable when d > 4, in order to
prove it, the condition d > 6 is essential. In fact, the expansion is expected to diverge at pc when
d ≤ 6. The role of d > 6 will be clear in Section

sec:proofs2

5.
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We conclude this section by showing that for any y ∈ Zd

P∞(0 ←→ y) = lim
|x|→∞

Px(0 ←→ y). (3.10)
e:r-pt-lim

Since Proposition
prop-diagbd

3.1 holds for events of type (II), the existence of the limit on the right-hand side
follows by the argument we have just given. We write

F = {0 ←→ y} , Fn = {0 ←→ y inside B(n)} , (3.11)

so that Px(F ) = Px(Fn) + Px(F \ Fn). We also define the event

Gn(y, z; x) =
{
y ←→ x and z ←→ Zd \B(n) disjointly

}
. (3.12)

e:Gndef

We claim that for ‖y‖∞ < n < ‖x‖∞ we have

(F \ Fn) ∩ {0 ←→ x} ⊂ Gn(0, y; x) ∪Gn(y, 0; x). (3.13)
e:error-decomp

Indeed, when the left-hand event occurs, y is connected to 0, but not inside B(n). Fix an occupied
path γ that realizes this connection, and also another occupied path γ′ from x to γ, with P
denoting the point where γ′ reaches γ. Since γ starts and ends in B(n), but leaves B(n), it
can be subdivided into three pieces: γ1 = the part from 0 to the first point outside B(n), γ2 =
the part from y to the first point outside B(n) and γ3 = the piece between γ1 and γ2. If P ∈ γ1

then Gn(0, y; x) occurs, if P ∈ γ2 then Gn(y, 0; x) occurs, while if P ∈ γ3 then both of them occur,
which implies (

e:error-decomp

3.13). By the BK inequality
Grim99

[11, Section 2.3], we have

P(F \ Fn, 0 ←→ x) ≤ P(0 ←→ x)P(y ←→ Zd \B(n)) + P(y ←→ x)P(0 ←→ Zd \B(n)). (3.14)

Hence,

Px(F \ Fn) ≤ P(y ←→ Zd \B(n)) + P(0 ←→ Zd \B(n))
τ(x− y)

τ(x)
. (3.15)

e:F-error-bnd

Since there is no percolation at pc, and since y is fixed, by choosing n large, the right-hand side of
(
e:F-error-bnd

3.15) can be made arbitrarily small, uniformly in x with ‖x‖∞ > n. This implies that

lim
|x|→∞

Px(F ) = lim
n→∞ lim

|x|→∞
Px(Fn) = lim

n→∞P∞(Fn) = P∞(F ), (3.16)

where the second equality holds, because Fn is a cylinder event. This establishes (
e:r-pt-lim

3.10).

3.1 Susceptibility definition of P∞
Proof Theorem

thm:IIC-lim3

1.2. We start by noting that the above proof applies verbatim, once we check the
convergence of Qp(F ) towards a limiting measure Qpc(F ). The latter is established using the lace
expansion in a similar way as above. We now give the details.

The lace expansion is valid for all p ≤ pc, and yields that

Pp(F, 0 ←→ x) = Πp(x; F ) +
∑
v

Ψp(v; F ) τp(v, x), (3.17)
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where we write the subscript explicitly to emphasize the dependence on p ≤ pc. Note that Πp and
Ψp satisfy the bound (

e:Pi-Psi-bnd

3.4) uniformly in p ≤ pc.
Fix p < pc and sum out over x to obtain

∑

x∈Zd

Pp(F, 0 ←→ x) =
∑

x∈Zd

Πp(x; F ) + χ(p)
∑

v∈Zd

Ψp(v; F ). (3.18)

Thus,

Qp(F ) =
∑

v∈Zd

Ψp(v; F ) +

∑
x∈Zd Πp(x; F )

χ(p)
. (3.19)

When p ↑ pc, we obtain that
Qpc(F ) =

∑

v∈Zd

Ψpc(v; F ), (3.20)

since the first term converges when p ↑ pc, and the numerator of the second term is uniformly
bounded when p ≤ pc, whereas χ(p) ↑ ∞. We complete the proof that P∞ = Qpc by noting that
for any cylinder event F , (

e:Pinfdef

3.9) implies P∞(F ) =
∑

v∈Zd Ψpc(v; F ) = Qpc(F ).

4 Bounds on the lace expansion
sec:bds

We now obtain diagrammatic bounds on π(n)(x), using the method of
HS90

[14]. In fact, our argument
only differs from theirs in estimating the contribution to (

e:pi_n

2.20) involving C̃0, which is special in
our case. A key ingredient in the diagrammatic estimates is the following consequence of the BK
inequality

Grim99

[11, Section 2.3]. Let V1, . . . , Vn be sets of lattice paths, and let Ei be the event that at
least one of the paths in Vi is occupied. The event E1 ◦ · · · ◦ En represents the event that there
exist pairwise bond-disjoint occupied paths ωi ∈ Vi, i = 1, . . . , n. Then the inequality

P(E1 ◦ · · · ◦ En) ≤ P(E1)P(E2) . . .P(En) (4.1)
e:BK

follows from the BK inequality and the fact that the Ei are increasing events.
Throughout this section, C and CW denote generic constants that depend on d, L, and in the

second case also on W . Their value may change from line to line. Using (
e:BK

4.1), we immediately
obtain the estimate

π(0)(x; F ) ≤ P
(
∪w∈W(0 ←→ x) ◦ (w ←→ x)

)
≤ ∑

w∈W
τ(x)τ(x− w). (4.2)

e:40.0

To bound π(n) for n ≥ 1, we estimate the nested expectation in (
e:pi_n

2.20) from the inside out (right to
left). Apart from the contribution coming from E0, these bounds are identical to those in

HS90

[14], and
we do not give all the details. For the innermost expectation En, we first observe that whenever
E ′(vn−1, x; C̃n−1) occurs, there exist wn ∈ C̃n−1 and t ∈ Zd with four disjoint paths realizing the
connections vn−1 ←→ t, t ←→ wn, wn ←→ x, t ←→ x. Applying the BK inequality gives

En(I[E ′(vn−1, x; C̃n−1)]) ≤
∑

t,wn∈Zd

I[wn ∈ C̃n−1]τ(t− vn−1)τ(wn − t)τ(x− wn)τ(x− t). (4.3)
e:2pt.99
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The indicator I[wn ∈ C̃n−1] is a random variable for the expectation En−1 that must be treated in
conjunction with the event E ′(vn−2, un−1; C̃n−2), when n ≥ 2. It can be shown (see

HS90

[14, Lemma
2.5] or

MS93

[25, Lemma 5.5.8] for details) that for 1 ≤ i ≤ n− 1 we have

Ei

(
I[E ′(vi−1, ui; C̃i−1)]I[wi+1 ∈ C̃i]

)

≤ ∑

wi,zi,t

I[wi ∈ C̃i−1]τ(wi+1 − zi)τ(ui − wi)τ(wi − t)

×
(
τ(t− vi−1)τ(zi − t)τ(ui − zi) + τ(zi − vi−1)τ(t− zi)τ(ui − t)

)
.

(4.4)
e:2pt.100

Finally, the expectation E0 is estimated using

E0

(
I[F, 0 ←→ u0, W ⇐⇒ u0]I[w1 ∈ C̃0]

)

≤ E0

( ∑

w∈W
I[(0 ←→ u0) ◦ (w ←→ u0)]I[w1 ∈ C̃0]

)

≤ CW
∑

w∈W

∑
z0

τ(u0)τ(z0 − w)τ(u0 − z0)τ(w1 − z0),

(4.5)
e:2pt.101

for some constant CW , where the second step is proved as follows. On the event inside the ex-
pectation, there are disjoint connections 0 ←→ u0 and w ←→ u0, and we also have a connection
W ←→ w1. We distinguish between three cases in how the latter can happen. One of them is that
there is a z0 on the path from w to u0 with disjoint connections w ←→ z0, z0 ←→ u0, z0 ←→ w1

and 0 ←→ u0. The probability of this is bounded above by the right hand side of (
e:2pt.101

4.5) with
CW = 1. The second case is when the roles of 0 and w are interchanged, and z0 lies on the path
from 0 to u0. The upper bound in this case has the factors τ(z0)τ(u0 − w) instead of the factors
τ(u0)τ(z0−w) in (

e:2pt.101

4.5). Since W is bounded, the former is bounded above by CW times the latter
for some constant CW , leading to an upper bound of the required form. The third case is when
there is a z0 ∈ W , and disjoint connections 0 ←→ u0, w ←→ u0 and z0 ←→ w1. In this case, we
use w, z0 ∈ W and the inequalities τ(u0−w) ≤ CWτ(u0− z0) and 1 ≤ CWτ(z0−w) to arrive at an
upper bound of the required form, after extending the summation over z0 from W to Zd. We note
that the w = 0 term of our bound corresponds with the bound proved in

HS90

[14, Proposition 2.4].
We now recast the bounds on π(n)(x; F ) in a more convenient form. We define

A(0)(x, y; F ) =
∑

w∈W

∑

a,b∈Zd

τ(a)τ(b− w)τ(a− b)τ̃(x− a)τ(y − b), (4.6)
e:A0def

A1(u, v, x, y) = τ(u− v)
∑

a,b∈Zd

τ(u− a)τ(v − b)τ(a− b)τ(y − a)τ̃(x− b), (4.7)
e:A1def

A2(u, v, x, y) = τ(y − u)
∑

a,b∈Zd

τ(u− a)τ(v − a)τ(a− b)τ(v − b)τ̃(x− b), (4.8)

A(i)(u, v, x, y) = A1(u, v, x, y) + A2(u, v, x, y) (i ≥ 1), (4.9)

A(end)(u, v, x, y) = τ(u− v)τ(x− v)τ(y − u). (4.10)
e:Aenddef

The above quantities are depicted in Figure
fg: perc

1. The statement of the bound involves the function

M (0)(x, y; F ) =
∑

w∈W
τ(x)τ(y − w), (4.11)

e:M0def
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xx +
0

w

y

A(0)(x, y; F ) =
∑

w∈W

0

w

0

w

M (2)(x, x; F ) =
∑

w∈W

x

0

w

M (1)(x, x; F ) =
∑

w∈Wx

0

w

M (0)(x, x; F ) =
∑

w∈W

x

y

v

u

A(end)(u, v, x, y) =

u

v x

yx

A2(u, v, x, y) =A1(u, v, x, y) =

y

xv

u

Figure 1: Diagrams representing the quantities in (
e:A0def

4.6)–(
e:Aenddef

4.10) and diagrams for the bounds on
fg: perc

π(0)(x; F ), π(1)(x; F ) and π(2)(x; F ). Lines ending with a horizontal bar represent τ̃ -lines, and are
due to pivotal bonds.

and the functions M (N) defined for N ≥ 1 by

M (N)(x, y; F ) =
∑

u1,v1,...,uN ,vN∈Zd

A(0)(u1, v1; F )
N−1∏

i=1

A(i)(ui, vi, ui+1, vi+1)A
(end)(uN , vN , x, y). (4.12)

e:ind-M

For N = 1, the empty product over i is interpreted as 1. Note that the dependence on the event
F only resides in the first factor A(0).

As in Proposition 2.4 of
HS90

[14], it follows from (
e:40.0

4.2)–(
e:2pt.101

4.5) that we have

0 ≤ π(N)(x; F ) ≤ CW M (N)(x, x; F ), N ≥ 0. (4.13)
e:hbd

In the proof of (
e:Pix-res-bd

3.1) and later in the paper we use the following observation. For x 6= 0, by the
BK-inequality, we have

τ(x) = P
( ⋃

y

{
{0, y}occ.

}
◦

{
y ←→ x

})
≤ ∑

y

pcD(y)τ(x− y) = τ̃(x). (4.14)
e:tautildebd

We start by proving the bound in (
e:Pix-res-bd

3.1) for the n = 0 term. We claim that

M (0)(x, x; F ) ≤ KIW(x) +
Cβ2

(|x|+ 1)2(d−2)
. (4.15)

Indeed,

M (0)(x, x; F ) =
∑

w∈W
τ(x)τ(x− w) =

∑

w∈W
τ(w)[δx,w + δx,0] +

∑

w∈W
τ(x)τ(x− w)I[x 6= 0, w]. (4.16)

Clearly, the first term is bounded by KIW(x), with K =
∑

w∈W τ(w), while by (
e:tautildebd

4.14) and (
e:tau-bnd

1.8),
the second term is bounded by CWβ2(|x|+ 1)−2(d−2) for some constant CW . This proves the claim
in Proposition

prop-diagbd

3.1 for the n = 0 term.
For the case n ≥ 1, let A(0)(x, y) = τ(x)τ(y). Define M (n)(x, y) by replacing A(0)(x, y; F ) by

A(0)(x, y) in (
e:ind-M

4.12). Then there exists a CW such that

A(0)(x, y; F ) ≤ CWA(0)(x, y), x, y ∈ Zd, (4.17)
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so that also
M (n)(x, x; F ) ≤ CWM (n)(x, x), n ≥ 1. (4.18)

e:MNnoF

It is shown in
HHS01a

[13, (4.72)] that

M (n)(x, x) ≤ (Cβ)n

(|x|+ 1)2(d−2)
, n ≥ 1, (4.19)

e:Mnge1

Where C does not depend on L, and hence on β. It is also shown in
HHS01a

[13, (4.72)] that when n = 1
and x 6= 0, the factor β can actually be replaced by β2. This proves Proposition

prop-diagbd

3.1 (a).
For part (b), we recall from Proposition 2.4 of

HS90

[14] that for N ≥ 1 the expansion remainder
term R(N)(x; F ) of (

e:S_N

2.22) obeys

0 ≤ R(N)(x; F ) ≤ CW
∑

u∈Zd

M (N)(u, u; F )τ̃(x− u) ≤ CW
∑

u∈Zd

M (N)(u, u)τ̃(x− u). (4.20)
e:Rbd

Recalling (
e:Rbd

4.20), (
e:tau-bnd

1.8) and (
e:Mnge1

4.19), the claim follows from and the fact

sup
x∈Zd

∑
u

1

(|u|+ 1)2(d−2)(|x− u|+ 1)d−2
< ∞, (4.21)

which holds whenever d > 4. This completes the proof of Proposition
prop-diagbd

3.1.
We end this section by stating a theorem that provides a sufficient condition for the conclusions

of Theorem
thm:IIC-lim

1.1 in a more general setting.
thm:IIC-lim2

Theorem 4.1. Let d > 6 and p = pc. Assume that there exists a c > 0 such that

τ(x) =
c

|x|d−2
(1 + o(1)) as |x| → ∞. (4.22)

e:tauasy2

Assume also that there exists q > d and C > 0, such that

∞∑

n=0

M (n)(x, x) ≤ C

(|x|+ 1)q
. (4.23)

e:cond1

Then the limit
P∞(F ) = lim

|x|→∞
Px(F ) (4.24)

e:IIC-lim2

exists for any cylinder event F , and also for F = {0 ←→ y}. Also, P∞ extends uniquely from F0

to a probability measure on F .

Proof. The proof is essentially the same as the proof of Theorem
thm:IIC-lim

1.1. By (
e:cond1

4.23) we get that
M (N)(x, x) is summable in N , therefore, by (

e:MNnoF

4.18) and (
e:hbd

4.13), Π(x; F ) and Ψ(x; F ) are well defined,
and (

e:laceexpfin

3.5) holds. By (
e:cond1

4.23) and q > d− 2, the term Π(x; F )/τ(x) in (
e:expanded

3.6) is an error term. We use
(
e:cond1

4.23) and q > d to see that the sum over y with |x− y| ≤ 1
2
|x| leads to an error term by adapting

the argument in (
e:bdlargey

3.8). We use the summability of the bound (
e:cond1

4.23) in x, as well as (
e:tauasy2

4.22) to see
that the sum over y with |x − y| ≥ 1

2
|x| converges by dominated convergence to the right-hand

side of (
e:Pinfdef

3.9). This completes the proof.

Corollary 4.2. There exists d0 > 6 such that for d > d0 in the nearest-neighbor model the limit
in (

e:IIC-lim2

4.24) exists, and defines a measure P∞.

Proof. The conditions of Theorem
thm:IIC-lim2

4.1 hold for the nearest-neighbor percolation in d ≥ d0 for some
d0 > 6 by

Hara00

[12].
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5 Properties of the IIC
sec:proofs2

We now proceed to prove Theorem
thm:IIC-properties

1.3. We will separate the proof into three parts, and first prove
Theorem

thm:IIC-properties

1.3(i-ii).

Proof of Theorem
thm:IIC-properties

1.3(i-ii). To prove Theorem
thm:IIC-properties

1.3(i), we note that

P∞(|C(0)| = ∞) = lim
n→∞P∞(0 ←→ Zd \B(n)) = lim

n→∞ lim
|x|→∞

Px(0 ←→ Zd \B(n)) = 1, (5.1)

where in the second step we used that {0 ←→ Zd \ B(n)} is a cylinder event, since D has finite
range. This completes the proof of Theorem

thm:IIC-properties

1.3(i).
To show that the IIC has one end, let Fn(y1, y2) denote the event that y1, y2 ∈ C(0) and there

are disjoint paths from y1 and y2 to Zd \B(n). We have, using the definition of Gn in (
e:Gndef

3.12),

Fn(y1, y2) ∩ {0 ←→ x} ⊂ Gn(y1, y2; x) ∪Gn(y2, y1; x), (5.2)

which as in the proof of (
e:r-pt-lim

3.10) implies limn→∞ P∞(Fn(y1, y2)) = 0. This means that there are no
disjoint infinite paths starting at y1 and y2 P∞-a.s. Since y1 and y2 are arbitrary, this proves the
claim in Theorem

thm:IIC-properties

1.3(ii).

Proof of Theorem
thm:IIC-properties

1.3(iii). In the proof of Theorem
thm:IIC-properties

1.3(iii), we need the description of P∞ us-
ing the lace expansion.

We first prove the upper bound in Theorem
thm:IIC-properties

1.3(iii). We use that by (
e:r-pt-lim

3.10)

P∞(0 ←→ y) = lim
|x|→∞

P(0 ←→ y, x)

τ(x)
. (5.3)

The tree-graph inequality
AN84

[5] gives

P(0 ←→ y, x) ≤ ∑

a∈Zd

τ(a)τ(x− a)τ(y − a). (5.4)

This yields

P∞(0 ←→ y) ≤ lim sup
|x|→∞

∑

a∈Zd

τ(a)τ(y − a)
τ(x− a)

τ(x)
. (5.5)

We again split the sum into |x − a| ≤ 1
2
|x| and |x − a| ≥ 1

2
|x|. In the former case, we use that

|a| ≥ 1
2
|x|, and since |y| ¿ |x|, we can assume that |y − a| ≥ 1

4
|x|. We then use (

e:tau-bnd

1.8), to obtain
the bound

∑

a:|x−a|≤ 1
2
|a|

τ(a)τ(y − a)τ(x− a) ≤ C

|x|2(d−2)

∑

a:|x−a|≤ 1
2
|x|

1

(|x− a|+ 1)d−2

≤ C

|x|2(d−2)
|x|2 = o(τ(x)).

(5.6)

Therefore, we are left to deal with |x − a| ≥ 1
2
|x|. In this regime, τ(x − a)/τ(x) is uniformly

bounded, and converges to 1 for every fixed a. Moreover, τ(a)τ(y − a) is absolutely summable in
a, so that by dominated convergence,

P∞(0 ←→ y) ≤ ∑

a∈Zd

τ(a)τ(y − a) = (τ ∗ τ)(y). (5.7)
e:tau*tau2
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The upper bound now follows from (
e:tauasy

1.7), together with the convolution bound in
HHS01a

[13, Proposition
1.7], which shows that (τ ∗ τ)(y) ≤ cβ(|y|+ 1)−(d−4).

For the lower bound, we use the lace expansion in (
e:Pinfdef

3.9) to obtain with F = {0 ←→ y}

P∞(0 ←→ y) = pc

∑

u∈Zd

Π(u; F ). (5.8)

We will use the bounding diagrams in the previous section. We use that W = {0, y} for F =
{0 ←→ y}. Moreover, when 0 ←→ y,

{
{0, y} =⇒ u

}
= {0 ←→ u} ◦ {y ←→ u}. (5.9)

e:N=0event

Thus, we can replace the bounds in (
e:2pt.101

4.5) by

E0

(
I[F, 0 ←→ u0, W ⇐⇒ u0]I[w1 ∈ C̃0]

)

≤ ∑
z0

[τ(u0)τ(z0 − y)τ(u0 − z0)τ(w1 − z0) + τ(u0 − y)τ(z0)τ(u0 − z0)τ(w1 − z0)] .
(5.10)
e:2pt.101again

We now investigate the arising diagrams in some detail.
The lemma below is a minor modification of

HHS01a

[13, Lemma 4.1], and allows us to prove the
necessary bounds on M (N)(x, x; F ). In its statement, we use symmetrized bounds to allow for a
simpler proof. Also, we use the definition

T (x, y) =
∑

u,v∈Zd

1

(|u− v|+ 1)d−2(|y − u|+ 1)d−2(|x− v|+ 1)d−2
, T̄ = sup

x,y∈Zd

T (x, y). (5.11)
e:T-def

We note that T (x, y) < ∞ precisely when d > 6. Thus, here we indeed use that d > 6.
lem-Mbound

Lemma 5.1. Fix d > 6. Suppose that there exists a K0 such that

A(0)(x, y; F ) ≤ K0

∑

w∈W

{
1

(|x|+ 1)d−2(|y − w|+ 1)d−2
+

1

(|y|+ 1)d−2(|x− w|+ 1)d−2

}
, (5.12)

e:as-M1

and suppose that A(i) for i ≥ 1 and A(end) satisfy

A(∗)(u, v, x, y) ≤ K∗
(|u− v|+ 1)d−2(|y − u|+ 1)d−2(|x− v|+ 1)d−2

(5.13)
e:as-A

with K∗ > 0. Then there is a C depending only on d, such that for N ≥ 1

M (N)(x, y; F ) ≤ (CT̄ )N
( N−1∏

i=0

Ki

)
Kend

× ∑

w∈W

{
1

(|x|+ 1)d−2(|y − w|+ 1)d−2
+

1

(|y|+ 1)d−2(|x− w|+ 1)d−2

}
.

(5.14)
e:MNbd

Proof. The proof is a minor adaptation of the proof of
HHS01a

[13, Lemma 4.1] and is by induction on N .
To deal with the fact that M (N) is not defined literally by a convolution of M (N−1) with A(end), we
proceed as follows. Let M̃ (N) be the quantity defined by replacing A(end) by A(N) in the definition
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of M (N). Because all the constituent factors in the definitions of M (N) and M̃ (N) obey bounds of
the same form, it suffices to prove that M̃ (N) obeys (

e:MNbd

5.14) with Kend replaced by KN . We prove
this by induction on N .

For x, y ∈ Zd, let

S(x, y; F ) =
∑

w∈W

∑

u,v∈Zd

1

(|u|+ 1)d−2(|w − v|+ 1)d−2(|u− v|+ 1)d−2

× 1

(|y − u|+ 1)d−2(|x− v|+ 1)d−2
.

(5.15)
e:B-def

By definition, and using (
e:as-M1

5.12)–(
e:as-A

5.13),

M̃ (1)(x, y; F ) ≤ K0K1

[
S(x, y; F ) + S(y, x; F )

]
. (5.16)

e:Mind1

Therefore, for the case N = 1, it suffices to show that

S(x, y; F ) ≤ CT̄
∑

w∈W

1

(|x− w|+ 1)d−2(|y|+ 1)d−2
. (5.17)

e:Bbound

Before proving this, we show that (
e:Bbound

5.17) also allows us to complete the induction. Indeed, assume
that N ≥ 2, and the inductive hypothesis that M̃ (N−1) obeys (

e:MNbd

5.14) with Kend replaced by KN−1

and N replaced by N − 1 on the right side. Then by (
e:ind-M

4.12) and (
e:as-A

5.13),

M̃ (N)(x, y; F ) ≤ (CT̄ )N−1
( N∏

i=0

Ki

)[
S(x, y; F ) + S(y, x; F )

]
, (5.18)

and (
e:MNbd

5.14) follows from (
e:Bbound

5.17). To prove (
e:Bbound

5.17), we write S(x, y; F ) ≤ ∑4
i=1 Si(x, y; F ), with

Si(x, y; F ) defined to be the contribution to S(x, y; F ) arising from each of the four cases below.
Case 1. |w − v| ≥ |x− v| and |u| ≥ |y − u|. This implies |w − v| ≥ |x− w|/2 and |u| ≥ |y|/2, so
that

S1(x, y; F ) ≤ ∑

w∈W

C

(|x− w|+ 1)d−2(|y|+ 1)d−2

×∑
u,v

1

(|y − u|+ 1)d−2(|u− v|+ 1)d−2(|x− v|+ 1)d−2

≤ T̄
∑

w∈W

C

(|x− w|+ 1)d−2(|y|+ 1)d−2
.

(5.19)
e:Bcase1

Case 2. |w − v| ≥ |x− v| and |u| ≤ |u− y|. This implies |w − v| ≥ |x− w|/2 and |u− y| ≥ |y|/2.
Then

S2(x, y; F ) ≤ ∑

w∈W

C

(|x− w|+ 1)d−2(|y|+ 1)d−2

×∑
u,v

1

(|u|+ 1)d−2(|u− v|+ 1)d−2(|x− v|+ 1)d−2

≤ T̄
∑

w∈W

C

(|x− w|+ 1)d−2(|y|+ 1)d−2
.

(5.20)
e:Bcase2
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Cases 3 and 4 are when |w− v| ≤ |x− v|, and either |u| ≤ |u− y| or |u| > |u− y|, respectively, and
are similar. Adding the contributions in the four cases yields (

e:Bbound

5.17) and completes the proof.
Lemma

lem-Mbound

5.1 immediately yields that since W = {0, y}, we have

M (N)(x, x; F ) ≤ CNβ1∨N 1

(|x|+ 1)d−2

1

(|x− y|+ 1)d−2
, N ≥ 1. (5.21)

e:Mbd

We next argue that the bound in (
e:Mbd

5.21) can be improved to

M (N)(x, x; F ) ≤ CNβ3∨N 1

(|x|+ 1)d−2

1

(|x− y|+ 1)d−2
+Cβ2 1

(|y|+ 1)d−2
δ1,N [δ0,x +δy,x], N ≥ 1.

(5.22)
e:Mbdimpr

For N ≥ 3 there is no difference, so we restrict attention to N = 1 and N = 2.
We start with N = 2, which is easiest. The bound on M (2)(x, x; F ) is equal to the one in Figure

fg: perc

1, where the sum over w ∈ W is replaced by w = y. In general, for any diagram, the power of
β is equal to the number of lines with a non-trivial displacement, where lines corresponding to τ̃
always receive a β (recall (

e:tau-bnd

1.8)). For N = 2, there are at least two factors of β due to the lines
with factors τ̃ . Since y 6= 0, we also must have that either one of the lines starting from 0 or y, or
the line between the end-points of those two lines must have non-trivial displacement. This gives
the third factor β, as required.

For N = 1, the above reasoning yields a single extra factor of β, and we need to find one
more. See Figure

fg: fig-2

2 for the diagram M (N)(x, x; F ) when F = {0 −→ y}, and for the labels of the
different lines. Thus, we have that a, b or c has a non-trivial displacement. We will now list the
possibilities is the different cases. We will call a line non-trivial when it corresponds to a factor
τ̃ , or when it corresponds to a factor τ(s) with s 6= 0. When a is non-trivial, and b, c are trivial,
then the least number of non-trivial lines occurs when e, f, g are trivial. In all other cases there
are at least three non-trivial lines giving a factor β3. In the remaining case, the bound we obtain
is τ(y)τ(x−y)τ̃(x−y). Since y 6= 0, we thus obtain three powers of β unless when x = y, in which
case we end up with τ(y)τ̃(0)δy,x.

In a similar fashion, when b is non-trivial, we obtain terms with three powers of β except for
the term τ(y)τ̃(0)δ0,x, since only the role of 0 and y are interchanged. When c is non-trivial, then
we obtain the least powers of β when a, b, d, e, f, g are all trivial, in which case we end up with
τ(y)τ̃(y)δ0,x. All other cases receive three factors of β. By (

e:tau-bnd

1.8), we obtain (
e:Mbdimpr

5.22).
Thus, for F = {0 ←→ y}, we obtain by summing over N ≥ 1 and x ∈ Zd and using

HHS01a

[13,
Proposition 1.7 (i)] that

∑

N≥1

∑

x∈Zd

M (N)(x, x; F ) ≤ Cβ3 1

(|y|+ 1)d−4
+ Cβ2 1

(|y|+ 1)d−2
. (5.23)

When y > L, we can combine the two bounds as

∑

N≥1

∑

x∈Zd

M (N)(x, x; F ) ≤ Cβ3 1

(|y|+ 1)d−4
. (5.24)

e:N>0bd

We will see that for large L, this is smaller than the leading term due to N = 0.
We next investigate N = 0, and use (

e:N=0event

5.9) to obtain

π(0)(u; F ) = P((0 ←→ u) ◦ (u ←→ y)) ≥ ∑
v

P((u, v) occ. and piv. for 0 ←→ y). (5.25)
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x

y

0

M (1)(x, x; F ) =
a

b
c

d
e

f

g

Figure 2: The diagrams representing M (1)(x, x; F ) together with the labels of the different lines.
fg: fig-2

Lines ending with a horizontal bar represent τ̃ -lines, and are due to pivotal bonds.

We will evaluate this expression in more detail now.
Similarly to the discussion leading to (

e:first-step2

2.9), we can write

P((u, v) is occ. and piv. for 0 ←→ y) = pcD(v − u)E
(
I[0 ←→ u] τ C̃

(u,v)(0)(v, y)
)
. (5.26)

The right-hand side can be rewritten as

P(0 ←→ u)pcD(v − u)τ(y − v)− E0

(
I[0 ←→ u]P1(v

C̃(u,v)(0)−−−−−→ y)
)
. (5.27)

e:miniexp

By the BK-inequality, for A ⊂ Zd we have

P(v
A−→ y) = P

( ⋃

w∈A

{v ←→ w} ◦ {w ←→ y}
)

≤ ∑

w∈Zd

I[w ∈ A]P({v ←→ w} ◦ {w ←→ y})

≤ ∑

w∈Zd

I[w ∈ A]τ(v − w)τ(y − w).

(5.28)
e:chidifbk

Therefore, taking A = C̃(u,v)(0) ⊂ C(0),

P1(v
C̃(u,v)(0)−−−−−→ y) ≤ ∑

w∈Zd

I[w ∈ C(0)]τ(v − w)τ(y − w). (5.29)

Substituting this into (
e:miniexp

5.27) yields

P((u, v) is occ. and piv. for 0 ←→ y)

≥ pcD(v − u)τ(u)τ(y − v)− ∑

w∈Zd

P(0 ←→ u,w)τ(v − w)τ(y − w). (5.30)

The tree-graph bound
AN84

[5] implies that

P(0 ←→ u,w) ≤ ∑

z∈Zd

τ(z)τ(w − z)τ(u− z). (5.31)
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Therefore,

P((u, v) is occ. and piv. for 0 ←→ y)

≥ pcD(v − u)τ(u)τ(y − v)− pcD(v − u)
∑

w,z∈Zd

τ(z)τ(w − z)τ(u− z)τ(v − w)τ(y − w).

(5.32)

We conclude that
∑
u

π(0)(u; F ) ≥ ∑

(u,v)

pcD(v − u)τ(u)τ(y − v) (5.33)

− ∑

(u,v)

pcD(v − u)
∑

w,z∈Zd

τ(z)τ(w − z)τ(u− z)τ(v − w)τ(y − w)

= (τ ∗ τ̃)(y)− (τ ∗ g ∗ τ)(y),

where
g(x) = τ(x)(τ ∗ τ̃)(x). (5.34)

e:gdef

We first investigate g in more detail. We claim that

g(x) ≤ Cβδ0,x +
Bβ2

(|x|+ 1)2d−6
. (5.35)

e:gbd

To see (
e:gbd

5.35), we note that by (
e:tautildebd

4.14),

τ(x) = δ0,x + [1− δ0,x]τ(x) ≤ δ0,x + τ̃(x). (5.36)

We use this for the first factor of τ in (
e:gdef

5.34) to see that

g(x) ≤ δ0,x(τ ∗ τ̃)(0) + τ̃(x)(τ̃ ∗ τ)(x). (5.37)

Since (τ ∗ τ̃)(0) ≤ Cβ, we obtain that the first term is bounded by Cβδ0,x. By
HHS01a

[13, Proposition

1.7(i)], the second term is bounded by Cβ2

(|x|+1)2d−6 . This proves (
e:gbd

5.35).

Thus, by (
e:gbd

5.35), g is summable when d > 6. We finally write

(τ ∗ τ̃)(y)− (τ ∗ g ∗ τ)(y) =
(
τ ∗

[
τ ∗ [pcD − g]

])
(x), (5.38)

and investigate τ ∗ [pcD − g] in more detail. We use the convolution bound in
HHS01a

[13, Proposition
1.7(ii)], but to be able to do that, we need an improvement on (

e:tauasy

1.7). By
HHS01a

[13, Theorem 1.2], we
have that the constant c in (

e:tauasy

1.7) equals adAσ−2, where ad is an absolute constant independent of
β, A = 1 + O(β), while σ2 is defined in (

e:def-sigma

1.2), and that o(1) is bounded by

O
(

Lε2

(|x| ∨ 1)ε2−α

)
+ O

(
L2

(|x| ∨ 1)2−α

)
, (5.39)

e:errorbd

where the exponent α is the same as the one appearing in the definition of β and ε2 = min{d−6, 2}.
Then,

HHS01a

[13, Proposition 1.7(ii)] together with (
e:gbd

5.35) and (
e:errorbd

5.39) yields that

(τ ∗ [D − g])(x) =
adA

∑
y[pcD(y)− g(y)]

σ2(|x|+ 1)d−2
+ e(x), (5.40)

e:taugbd

23



where

e(x) =
O

(
BCβ3

)

(|x|+ 1)d−2+ε2−α
. (5.41)

We further note that ∑
y

[pcD(y)− g(y)] = 1 + O(β), (5.42)

and that the factors adA
σ2(|x|+1)d−2 are almost τ(x). Thus, we finally end up with

P∞(0 ←→ y) ≥ (1 + O(β))(τ ∗ τ)(y)− Cβ3 1

(|y|+ 1)d−4
. (5.43)

We complete the proof by obtaining a lower bound on (τ ∗ τ)(y) for |y| > L, by estimating

(τ ∗ τ)(y) =
∑
z

τ(z)τ(y − z) ≥ ∑
1
4
|y|≤|z|,|y−z|≤4|y|

τ(z)τ(y − z) (5.44)

≥ C ′

σ4(|y|+ 1)2d−4

∑
1
4
|y|≤|z|,|y−z|≤4|y|

=
C ′

σ4(|y|+ 1)d−4
,

since, when 1
4
|y| ≤ |z| ≤ 4|y| and |y| > L, we have that τ(z) ≥ Cσ−2(|y|+ 1)−(d−2).

Thus, when we pick α > 0 sufficiently small so that β3 = L−6+3α ¿ σ4 = CL4, we finally end
up with

P∞(0 ←→ y) ≥ (1− o(1))
C

σ4(|y|+ 1)d−4
, (5.45)

where o(1) tends to 0 when L →∞. This completes the proof of Theorem
thm:IIC-properties

1.3(iii).
Proof of Theorem

thm:IIC-properties

1.3(iv). To prove (
e:IIC-backbone

1.14) we first show that

P∞((0 ←→ y) ◦ (y ←→∞)) = lim
|x|→∞

Px((0 ←→ y) ◦ (y ←→ x)). (5.46)
e:x-lim

Denote the events on the left- and right-hand sides by F and Fx, respectively. (We suppress the
dependence on y.) Also, define the events

Fk = {0 ←→ y inside B(k)} ◦ {y ←→∞}, k ≥ 1,

Fn,k = {0 ←→ y inside B(k)} ◦ {y ←→ Zd \B(n)}, n ≥ k ≥ 1,

Fx,k = {0 ←→ y inside B(k)} ◦ {y ←→ x}, k ≥ 1.

(5.47)

For ‖y‖∞ < n < ‖x‖∞ we have Fn,k ⊃ Fx,k. Moreover,

(Fn,k \ Fx,k) ∩ {0 ←→ x} ⊂ Gn(0, y; x), (5.48)

where Gn(0, y; x) is introduced in (
e:Gndef

3.12). This implies that for any k we have

|Px(Fn,k)− Px(Fx,k)| ≤ P(y ←→ Zd \B(n)). (5.49)

Therefore, since Fn,k is a cylinder event, we have

P∞(Fk) = lim
n→∞P∞(Fn,k) = lim

n→∞ lim
|x|→∞

Px(Fn,k) = lim
|x|→∞

Px(Fx,k). (5.50)
e:k-approx
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Similarly, we have Fx,k ⊂ Fx and Fx \ Fx,k ⊂ Gk(y, 0; x), which implies

|Px(Fx)− Px(Fx,k)| ≤ P(0 ←→ Zd \B(k))
τ(x− y)

τ(x)
. (5.51)

Using (
e:k-approx

5.50), this implies

P∞(F ) = lim
k→∞

P∞(Fk) = lim
k→∞

lim
|x|→∞

Px(Fx,k) = lim
|x|→∞

Px(Fx). (5.52)

The upper bound in (
e:IIC-backbone

1.14) now follows from the BK inequality and (
e:tau-bnd

1.8), since

lim
|x|→∞

Px((0 ←→ y) ◦ (y ←→ x)) ≤ lim sup
|x|→∞

τ(y)
τ(x− y)

τ(x)
= τ(y) ≤ C

|y|d−2
. (5.53)

For the lower bound we argue similarly to part (iii) of the theorem. We have

P((0 ←→ y) ◦ (y ←→ x)) ≥ ∑
v

P((y, v) is occupied and pivotal for 0 −→ x)

≥ ∑
v

pcD(v − y)
{
τ(y)τ(x− v)−∑

w,z

τ(z)τ(w − z)τ(y − z)τ(v − w)τ(x− w)
}
.

(5.54)
e:backbone-lower

We now divide by τ(x), and take the limit |x| → ∞. The contribution of the first term is

τ(y) lim
|x|→∞

τ̃(x− y)

τ(x)
= pcτ(y). (5.55)

The second term is ∑
w,z

τ(z)τ(w − z)τ(y − z)τ̃(y − w)
τ(x− w)

τ(x)
. (5.56)

We split the summation into two parts according to whether |w−x| ≤ |x|/2 or ≥ |x|/2. In the first
case, we apply (

e:tauasy

1.7) to get τ(x) ≥ C(|x| + 1)−(d−2), and we apply (
e:tau-bnd

1.8) to the remaining factors.
Then we use that |x−w| ≤ |x|/2 and |y| ¿ |x| imply |w− y| ≥ |x|/4, and therefore we can bound
(|w − y|+ 1)−(d−2) by C(|x|+ 1)−(d−2). This gives

∑

w,z:|x−w|≤|x|/2

τ(z)τ(y − z)τ(w − z)τ̃(y − w)
τ(x− w)

τ(x)

≤ ∑
w,z

Cβ

(|z|+ 1)d−2(|y − z|+ 1)d−2(|w − z|+ 1)d−2(|x− w|+ 1)d−2
.

(5.57)
e:errorterm

Next we use that either |z| ≥ |y|/2 or |y − z| ≥ |y|/2 to bound one of the first two factors above
by C(|y|+ 1)−(d−2). This shows that the right-hand side of (

e:errorterm

5.57) is bounded above by

Cβ(T (y, x) + T (0, x))

(|y|+ 1)d−2
. (5.58)

An application of the convolution bound in
HHS01a

[13, Proposition 1.7] shows that when d > 6, we have
T (y, x) ≤ C(|x− y|+ 1)−(d−6), and hence both T (y, x) and T (0, x) go to 0 as x →∞.
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In the case |w − x| ≥ |x|/2, we use that τ(w − x)/τ(x) is uniformly bounded, and converges
to 1 for every fixed w, z as |x| → ∞. Also, the sum of the remaining part over w, z is bounded
by Cβ/(|y|+ 1)d−6, again by an application of

HHS01a

[13, Proposition 1.7]. Therefore, by the dominated
convergence theorem and (

e:x-lim

5.46),

P∞((0 ←→ y) ◦ (y ←→∞)) ≥ pcτ(y)− (τ ∗ g)(y). (5.59)

As in part (iii), we see that the second term contains an extra factor of β, hence we get the lower
bound c|y|−(d−2).

We also expect the conclusions of Theorem
thm:IIC-properties

1.3 to hold for the nearest-neighbor model under
conditions alike Theorem

thm:IIC-lim2

4.1, but we refrain from stating it.
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