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Abstract

Active Learning and Adaptive Sampling

for Non-Parametric Inference

by

Rui M. Castro

This thesis presents a general discussion of active learning and adaptive sampling.

In many practical scenarios it is possible to use information gleaned from previous ob-

servations to focus the sampling process, in the spirit of the ”twenty-questions” game.

As more samples are collected one can learn how to improve the sampling process by

deciding where to sample next, for example. These sampling feedback techniques are

generically known as active learning or adaptive sampling. Although appealing, anal-

ysis of such methodologies is difficult, since there are strong dependencies between

the observed data. This is especially important in the presence of measurement un-

certainty or noise. The main thrust of this thesis is to characterize the potential and

fundamental limitations of active learning, particularly in non-parametric settings.

First, we consider the probabilistic classification setting. Using minimax analysis

techniques we investigate the achievable rates of classification error convergence for

broad classes of distributions characterized by decision boundary regularity and noise

conditions (which describe the observation noise near the decision boundary). The

results clearly indicate the conditions under which one can expect significant gains

through active learning. Furthermore we show that the learning rates derived are tight

for “boundary fragment” classes in d-dimensional feature spaces when the feature
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marginal density is bounded from above and below.

Second we study the problem of estimating an unknown function from noisy point-

wise samples, where the sample locations are adaptively chosen based on previous

samples and observations, as described above. We present results characterizing the

potential and fundamental limits of active learning for certain classes of nonparametric

regression problems, and also present practical algorithms capable of exploiting the

sampling adaptivity and provably improving upon non-adaptive techniques. Our

active sampling procedure is based on a novel coarse-to-fine strategy, based on and

motivated by the success of spatially-adaptive methods such as wavelet analysis in

nonparametric function estimation.

Using the ideas developed when solving the function regression problem we present

a greedy algorithm for estimating piecewise constant functions with smooth bound-

aries that is near minimax optimal but is computationally much more efficient than

the best dictionary based method (in this case wedgelet approximations). Finally we

compare adaptive sampling (where feedback guiding the sampling process is present)

with non-adaptive compressive sampling (where non-traditional projection samples

are used). It is shown that under mild noise compressive sampling can be competitive

with adaptive sampling, but adaptive sampling significantly outperforms compressive

sampling in lower signal-to-noise conditions. Furthermore this work also helps the

understanding of the different behavior of compressive sampling under noisy and

noiseless settings.
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Chapter 1

Introduction

Nenhuma ideia brilhante consegue entrar em circulação

se não agregando a si qualquer elemento de estupidez

No intelligent idea can enter into circulation unless

it’s accompanied by an element of stupidity

(in Livro do Desassossego by Bernardo Soares 1)

Sensing and learning the surrounding world is a task anyone is very familiar with,

and it is essentially the goal of any learning system. When performing such a task

one typically uses some sort of feedback mechanism to guide the sensing process. For

example, when looking at a landscape our attention does not usually linger in the

clear sky, but instead we look briefly at it and then start focusing on “interesting”

features, like people in the scene. However, if there is a bird overhead then one

will probably notice that, and maybe redirect attention to it. This sort of adaptive

process is illustrated in Figure 1.1 which depicts the way a human visually samples a

1Bernardo Soares is a semi-heteronym of Fernando Pessoa (born in June 13, 1888 in Lisbon,
Portugal died in November 30, 1935 in the same city). The Livro do Desassossego (Book of
Disquietude) is composed of various fragments, assembled after the death of the author.
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(a) (b)

Figure 1.1: The role of eye movements in scene perception: (a) example of a natural scene;
(b) tracked eye movement during the first seconds of scene perception. (source: MSU Vision
Cognition Laboratory - http://eyelab.msu.edu/visualcognition/).

natural scene. Clearly there is some feedback between the learning and the sensing

process: one starts by having a rough idea of the entire scene, and then focuses

attention on particularly “interesting” details [2, 3]. Although such learning-with-

feedback processes are common in nature, most man-made automatic sensing devices

and learning strategies do not take advantage of feedback in the sensing process. This

is the case with digital cameras, that have a pixel array that a priori assigns the same

importance to every area in the image. This lack of flexibility is even more critical

when considering imaging processes where the collection of all information can be

excessively time consuming, costly, or even completely infeasible. For example when

making topographic maps one needs to take fewer measurements in areas that are

relatively flat (like plains), and many more measurements in areas where significant

variations, like cliffs or river beds, exist.

The focus of this thesis is a general framework for the development and analysis
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of active learning processes and adaptive sampling, especially under the presence of

measurement uncertainty (noise or other kinds of measurement distortions). The key

issue is to know where, when and/or how to collect information, and make those

decisions in an adaptive or active way. We will refer to such processes as Active

Learning procedures. With this term we encompass many different frameworks that

allow for significant flexibility in the information collection process, closing the loop

between sensing and learning/processing. Although the general ideas described above

are not new a general theoretical framework and methodology does not yet exist. The

main reason for this lack in knowledge is the difficulty of the rigorous analysis of such

methods, since the feedback mechanism induces strong dependencies between the

samples, and therefore conventional statistical tools based on standard laws of large

numbers and central limit theorems are no longer applicable.

1.1 Motivation

Next we present some applications that motivate our contribution. Although the

list is not all-inclusive, it nevertheless shows the importance and relevance of active

learning in a variety of areas.

Active Learning for Classification: The general goal of supervised learning is

to estimate a function that maps features to class labels, given a set of labeled training

examples. A prototypical example is document classification. Suppose we are given a

text document and want to associate a topic/label to it (e.g., finance, sports, nuclear
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physics, information theory). Our goal is to devise an algorithm that learns how

to perform this task from examples. More precisely, we have access to a number of

documents that have been inspected and labeled by an expert (most likely a human),

and the learning algorithm uses these instances to construct a general labeling rule

for documents. In today’s world of electronic media, we have a virtually infinite

supply of documents at our fingertips. However, labeling documents for training

purposes is expensive and time consuming and ideally we would like our algorithm to

learn to correctly label documents based on a modest number of labeled examples.

To accomplish this, we would like the algorithm to automatically select unlabeled

documents for which it has difficulty labeling itself or whose label is potentially very

informative, and then request the correct labels for these documents from an expert

(human). The hope is that while the algorithm learns, it makes fewer and fewer

requests for labels and in this way the total number of labeled documents required

for the learning task may be much smaller than needed if an arbitrary set of labeled

documents were used instead. This prototypical example clarifies the sharp increase

of interest on active learning in the machine learning community in the last few of

years. One can conjecture that this is due to the fact that data sets have become

massive and that the cost of labeling all the examples in such data sets is prohibitive or

impossible. Although extremely appealing, existing practical active learning methods

have many problems that prevent their use. Namely they tend to perform very well

when only a very reduced number of labeled examples are provided, but as soon as
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that number increases their performance degrades significantly, often becoming worse

than passive methods [4]. This is an indication that these learners are flawed, and

are often “side-tracked” by the first set of examples.

Various learning paradigms can be considered. One such paradigm is called query

learning. The learner queries the expert with examples (possibly synthetic) whose a

label could be very beneficial. A related active learning paradigm is pool-based active

learning. Under this framework the learner has access to a large pool of unlabeled

examples, and can request labels from any examples in this pool. If the unlabeled

data set is so large that we can virtually “pick” any possible example for labeling the

two paradigms are essentially the same. We will focus on these two paradigms on

this thesis.

The two active learning paradigms described are quite appealing, and very useful

to gain a good understanding about the limitations of active learning. Nevertheless,

they present several drawbacks in real-world classification settings, namely the syn-

thetic examples might be very unlike the real-world examples (e.g., if one is doing

hand-written digit classification then asking an expert what digit corresponds to a

checkerboard pattern might not yield any meaningful answer). A paradigm that is

more relevant in such settings is called selective sampling. In this framework the

learner observes unlabeled examples sequentially, and can request a label if it wishes.

Therefore if confronted with a particularly challenging and potentially informative

example the learner may request the label. On the other hand if the unlabeled ex-
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ample presented can be easily and accurately classified based on previously collected

information then requesting a label might not be very beneficial. The online learning

paradigm is better suited for the analysis of learning in this setting [5], as opposed to

statistical learning. We discuss briefly our progress towards an understanding of the

fundamental limitations of active learning in such a scenario in the final chapter.

Networking and Sensor Networks: The term sensor network can be used

in a very broad sense, encompassing many networked sensing structures, including

wireless sensor networks and the Internet itself. In general a sensor network consists

of distributed sensing devices that are scattered throughout an environment and that

can communicate among themselves through a channel.

A prototypical wireless sensor is composed of small devices, with a number of

sensors able to measure some environmental features (e.g., temperature, sound, light

intensity). These devices have some data processing and communication capability,

and are generally powered by batteries or some low-energy source (e.g., solar power).

Due to limited energy resources careful management of these units is extremely impor-

tant in order to optimize the usage of the available assets so that the entire network is

feasible and sustainable. It is understood that communications are extremely energy

consuming therefore one should only transmit information if it is valuable, in order

to save power. Perhaps the most basic approach to energy conservation is simply to

limit the number of samples acquired and communicated to a bare minimum. While

this may seem rather simple-minded, it turns out that sensor networks allow one
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considerable flexibility in what, where and when samples are taken. Feedback during

the sampling process can be used in a sequential and adaptive way, in which a fusion

center selectively queries nodes in order to rapidly locate important features (e.g., the

boundary of a fire, or a moving vehicle). These kinds of ideas have already exploited

in wireless sensor networks [6], where significant energy savings can be attained when

sensing a piecewise smooth field (modeling for example an oil spill, or a terrain with

varying characteristics). As mentioned above, the Internet can also be viewed as a

sensor network, since most nodes in the internet are endowed with sensing capabil-

ities, and are able to return information such as queueing delay and packet loss, a

list of neighboring nodes, et cetera [7]. Limitations on bandwidth, latency and data

storage all motivate the use of active learning methods in Internet studies.

Another very compelling reason for active learning procedures is the expense of

human-assisted data analysis, as illustrated in the following context: a very important

asset when managing computer networks is the ability to detect anomalies/attacks

to the network. The most effective attack detection tools employ classifiers that are

trained using post-mortem examples of anomalies/attacks and normal behavior. The

process of labeling examples requires a human expert, and is a very time consuming

and expensive task. Therefore one wishes to label only examples that are truly

informative, and that can improve the classifier performance given all that was learned

up to that point. To do so clearly requires some active learning procedure that

automatically decides whether or not a label is needed for a new example, thereby
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reducing the number of examples a human expert must inspect.

Active Sampling in Imaging: Consider the following classical regression prob-

lem. The goal is to accurately estimate a function from a finite set of noisy point

samples of the function. This is the idealization of many imaging problems, for exam-

ple, surveying a region of interest using a laser range finder (Figure 1.2). This kind

of sensor is able to measure range (distance between sensor and observed object)

and maybe some properties of the object (e.g., the type of terrain: vegetation, sand,

rock, et cetera). Suppose we want to use such a setup to construct a topographic

map of a region of interest. In general we assume that the underlying function/field

is in some large function class. If one has to decide where to collect our samples,

before making any observations, then the only reasonable thing to do it to scatter

those samples in a uniform way across the function domain, where uniform means

the samples are equally concentrated in every region of the domain. Now if we have

the possibility of deciding where to sample “on-the-fly”, based on information already

collected, then our policy might be different. Consider the case where the terrain is

relatively flat, except for a ledge. Clearly, to estimate the flat regions a low resolution

sampling would suffice, but to accurately locate the ledge area, a higher resolution

sampling is needed. If we are pursuing a passive/non-adaptive sampling approach

then we need to scan the entire field at the highest possible resolution, otherwise the

ledge area might be inaccurately estimated. On the other hand, if an active/adaptive

sampling technique is used then we can adapt our resolution to the field (based on
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our observations), thereby focusing the sampling procedure in the ledge area.

To illustrate the potential of active sampling consider Figure 1.3, where the al-

gorithm developed in Chapter 3 is used to guide the sampling process. We have a

budget of 214 = 16384 noisy point samples of the scene in Figure 1.3(a). For the re-

sult in Figure 1.3(b) we proceeded in a passive way, collecting the samples uniformly

at random over the image domain. In Figure 1.3(c) we proceeded in an active way,

collecting more samples in regions where these seemed more beneficial (Figure 1.3(d)

depicts the samples location). It is visually clear that the active learning procedure

improves the overall quality of the estimate: edges are sharper, and further details

can be observed in the reconstruction, for example the rightmost leg of the tripod is

now fully perceivable. Furthermore the algorithm used is only optimized for learn-

ing piecewise constant functions, completely different than the function depicted in

Figure 1.3(a). Much better results might be possible with other algorithms.

Greedy and Coarse-to-fine Computation: The problems described above

are concerned with decisions about what or where to sample. In those cases, collect-

ing/transmitting information is the critical asset. A different, albeit closely related,

class of problems can be considered wherein the critical asset is computation instead.

For that class of problems the collection of information is passive, and essentially

“free”, but processing the information comes at a cost, either because the data sets

are massive, or because the processing task is very complex. Under certain scenarios

one wants to concentrate the processing power on important tasks, where the benefit
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Laser Scanner

Figure 1.2: Airborne range sensor surveying a terrain.

overcomes the computational cost. Let us consider a concrete example. Suppose

we want to estimate a piecewise constant function with smooth boundaries. Accu-

rate detection and localization of the boundary (a manifold) is the key aspect of this

problem. In general, algorithms capable of achieving optimal performance require ex-

haustive searches over large dictionaries that grow exponentially with the dimension

of the observation domain. The computational burden of the search often hinders the

use of such techniques in practice, and motivates a sequential, coarse-to-fine approach

that involves first examining the data on a coarse grid, and then refining the analysis

and approximation in regions of interest. When performed wisely these greedy pro-

cesses allow for a very significant reduction in computation time, without degrading

the overall performance.
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(a) (b)

(c) (d)

Figure 1.3: Illustration of the power of active/adaptive sampling: (a) Original image, with
range [0, 1]. (b) Estimate through passive learning, using 214 = 1282 noisy samples (with
noise standard deviation 0.02). (c) Estimate through active learning using also 214 noisy
samples (using the algorithm presented in Chapter 3). (d) Sample locations used in the
active learning procedure.

1.2 Thesis Contribution

The work presented in this thesis is focused on having a satisfactory answer to

the general question “What are the fundamental limits of active learning, and how

can one achieve them?”. Surprisingly, such a characterization was lacking even for
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very simple scenarios. Most of the work done up to this point considered cases where

there is very small or no uncertainty (noise) in the sampling/labeling process. Those

scenarios are of little relevance when addressing “real-world” problems, precluding

the sound application of active learning methods. By answering the general question

above for scenarios where sample uncertainty is present, one can design better active

learning algorithms that will perform well in the realm of real-world applications.

The problems addressed in this thesis deal with the sequential adaptation of

sampling and decision making in non-parametric statistical inference. In the non-

parametric setting, there exists a very limited number of papers analyzing adaptive

processes of this nature, and these will be discussed within the body of the disser-

tation. However, similar techniques have been extensively studied in the context of

parametric inference. There is a body of literature known collectively as adaptive

sampling (see [8] and references therein) dealing with inference problems where the

sampling designs are adjusted during the experiments, based on the observations

made, in the spirit of the methods investigated in this thesis. In contrast, however,

this adaptive sampling literature addresses problems involving estimation or testing

of scalar or parametric quantities (e.g., population sizes), rather than non-parametric

function or set estimation, which is the focus of this thesis. Also somewhat related is

the field known as sequential analysis [9–11], which deals with the adaptive design of

tests or inference procedures based on the outcomes of previous inferences. In these

approaches there is no control over the sampling process (e.g., the samples might be
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drawn independently from some distribution), only the testing/inference process, and

thus they differ significantly from adaptive sampling.

1.3 Organization

The thesis is comprised of four main chapters. Each chapter begins with a detailed

summary of the material presented. Although the various chapters are intertwined,

they are relatively self-contained in terms of presentation, and can be easily read out

of order. The first two chapters are the main component of the thesis.

Chapter 2 is mostly theoretical in nature, and illustrates what are the fundamen-

tal limits of active learning in a classification setting, under a minimax framework.

Although some active learning algorithms are provided these are mostly of used to

prove performance guarantees, and not practical in realistic settings.

In Chapter 3 we develop methods for active learning in non-parametric regression.

Besides presenting a solid theoretical framework characterizing the fundamental limits

of active learning in these settings, a practical active learning algorithm, with nearly

optimal performance, is also constructed.

Chapters 4 and 5 are more modest, and somewhat “lighter”. Chapter 4 discusses

a twist on the active learning framework, where instead of guiding the sampling pro-

cess one guides the computational effort. That is, one learns “where” computation

is more effective, essentially devising greedy methods. Using the ideas of Chapter 3

a computationally fast method for estimation and denoising of piecewise constant
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functions with smooth boundaries is presented and analyzed. Chapter 5 compares

adaptive sampling (where feedback guiding the sampling process is present) with non-

adaptive compressive sampling (where non-traditional projection samples are used).

It is shown that under mild noise compressive sampling can be competitive with adap-

tive sampling. Furthermore this work also helps the understanding of the different

behavior of compressive sampling under noisy and noiseless settings.

Finally Chapter 6 offers some broad closing remarks, as well as speculation on

future research directions and open problems.
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Chapter 2

Active Learning for Classification

This chapter analyzes the potential advantages and theoretical challenges of “ac-

tive learning” algorithms in a probabilistic classification setting. Using minimax anal-

ysis techniques, we study the achievable rates of classification error convergence for

broad classes of distributions characterized by decision boundary regularity and noise

conditions. The results clearly indicate the conditions under which one can expect sig-

nificant gains through active learning. Furthermore we show that the learning rates

derived are tight for “boundary fragment” classes in d-dimensional feature spaces

when the feature marginal density is bounded from above and below.

2.1 Introduction

Most theory and methods in statistical machine learning focus on inference based

on a sample of independent and identically distributed (i.i.d.) observations. We call

this typical set-up passive learning since the learning algorithms themselves have no

influence in the data collection process. As widespread as the passive learning model

is, in certain situations it is possible to combine the data collection and learning
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processes, using data collected in early stages to guide the selection of new samples.

Learning strategies of this nature are called active learning procedures. Active learn-

ing can offer significant advantages over i.i.d. data collection. In this chapter we focus

on classification problems, in which one observes features (e.g., in the document clas-

sification scenario described in the introduction these are attributes extracted from

documents such as the frequencies of keywords, etc.) and attempts to infer labels

(from a finite set of possible labels,e.g., document topics). Although extremely ap-

pealing, most practical active learning methods so far are plagued by many problems

that prevent their application in realistic settings. In many settings they tend to

perform very well when only a few labeled examples are provided, but as soon as that

number increases their performance degrades significantly, often becoming worse than

passive methods [4]. This is an indication that these learners are often “side-tracked”

by the first few labeled examples. This behavior partially motivates the work pre-

sented here. By carefully characterizing the fundamental limits of active learning one

hopes to be able to design sound practical algorithms not displaying the pitfalls of

currently existing techniques.

Interest in active learning has increased greatly in recent years, in part due to

the dramatic growth of data sets and the high cost of labeling examples in such sets.

There are several empirical and theoretical results suggesting that in certain situations

active learning can be significantly more efficient than passive learning [12–15]. Many

of these results pertain to the “noiseless” setting, in which the labels are deterministic
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functions of the features. In certain noiseless scenarios it has been shown that the

number of labeled examples needed to achieve a desired classification error rate is

much smaller than what would be needed using passive learning. In fact for some

of those scenarios, active learning requires only O(log n) labeled examples to achieve

the same performance that can be achieved through passive learning with n labeled

examples [14, 16–18]. This exponential speed-up in learning rates is a tantalizing

example of the power of active learning.

Although the noiseless setting is interesting from a theoretical perspective, it is

very restrictive, and seldom relevant for practical applications. Some results have

been obtained for active learning in the “bounded noise rate” setting. In this setting

labels are no longer a deterministic function of the features, rather for a given feature

the probability of one label is significantly higher than the probability of any other

label. In the case of binary classification this means that if (X, Y ) is a feature-label

pair, where Y ∈ {0, 1}, then |Pr(Y = 1|X = x) − 1/2| ≥ c for all x in the feature

space, with c > 0. In other words, Pr(Y = 1|X = x) “jumps” at the decision

boundary, providing a strong cue that active learning algorithms can use. In fact,

this cue is effectively as strong as in the noiseless case. Under the bounded noise

rate assumption it can be shown that results similar to the ones for the noiseless

scenario can be achieved [15, 19–21]. These results are intimately related to coding

with noiseless feedback [22,23] and adaptive sampling techniques in regression analysis

[20, 23–26], where related performance gains have been reported. Furthermore, the
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active learning algorithm proposed in [19], in addition to providing improvements in

certain bounded noise conditions, is shown to perform no worse than passive learning

in general conditions.

The main contribution of this chapter is the extension of this results to the case in

which the noise is unbounded. To this date this question has not been addressed in the

literature and to our knowledge this is the first such characterization of active learning.

In the case of binary classification “unbounded noise” means that Pr(Y = 1|X = x)

is not bounded away from 1/2. Notice that in this case there is no strong cue that

active learning algorithms can follow, since the labels of features near the decision

boundary are almost devoid of information (i.e., Pr(Y = 1|X = x) approaches 1/2).

Since situations like this seem very likely to arise in practice (e.g., simply due to

feature measurement or precision errors if nothing else) it is important to identify the

potential of active learning in such cases.

Our main result can be summarized as follows. Following Tsybakov’s formulation

of distributional classes [27], the complexity of classification problems can in many

cases be characterized by two key parameters ρ and κ. The parameter ρ = (d− 1)/α,

where d is the dimension of the feature space and α is the Hölder regularity of the

Bayes decision boundary, is a measure of the complexity of the boundary. Parameter

κ ≥ 1 characterizes the level of “noise”, that is, the behavior of Pr(Y = 1|X = x) in

the vicinity of the boundary. The value κ = 1 corresponds to the noiseless or bounded

noise situation and κ > 1 corresponds to unbounded noise conditions. Using this sort
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of characterization, we derive lower and upper bounds for active learning performance.

In particular, it is shown that the fastest rate of classification error decay (towards the

error of the Bayes classifier) using active learning is n−
κ

2κ+ρ−2 , where n is the number

of labeled examples, whereas the fastest decay rate possible using passive learning is

n−
κ

2κ+ρ−1 . Note that the active learning error decay rate is always faster than that of

passive learning. Tsybakov has shown that in certain cases, when (κ→ 1 and ρ→ 0)

passive learning can achieve “fast” rates approaching n−1 (faster than the usual n−1/2

rate). In contrast, our results show that in similar situations active learning can

achieve much faster rates (in the limit decaying as fast as any negative power of n).

Also note that the passive and active rates are essentially the same as κ→∞, which

is the case in which Pr(Y = 1|X = x) is very flat near the boundary and consequently

there is no cue that can effectively drive an active learning procedure. Furthermore,

upper bounds show that the learning rates derived are tight for “boundary fragment”

classes in d-dimensional feature spaces when the density of the marginal distribution

PX (over features) is bounded from above and below.

2.2 Framework Description

In this chapter we consider the framework close to that of statistical classification

theory, described for example in [28]. The main difference pertains the collection of

labeled examples, being more general than the classical framework, both under the

passive and active sampling paradigms: instead of requiring labeled examples to be
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samples of an unknown joint distribution of features and labels we suppose to learner

can query the label corresponding to any feature vector. For conciseness we focus on

binary classification and a particular kind of feature spaces.

Let X ∆
= [0, 1]d denote the feature space and Y ∆

= {0, 1} denote the label space.

Let (X, Y ) ∈ X ×Y be a random vector, with unknown distribution PXY . The goal

in classification is to construct a “good” classification rule, that is, given a feature

vector X ∈ X we want to predict the label Y ∈ Y as accurately as possible, where

the classification rule is a measurable function f : X → Y . The performance of

the classifier is evaluated in terms of the expected 0/1-loss. With this choice of loss

function the risk is simply the probability of classification error,

R(f)
∆
= E[1{f(X) 6= Y }] = Pr(f(X) 6= Y ) ,

where 1{·} denotes the indicator function. Since we are considering only binary

classification (two classes) there is a one-to-one correspondence between classifiers

and sets: Any reasonable deterministic classifier is of the form f(x) = 1{x ∈ G},

where G is a measurable subset of [0, 1]d. We use the term classifier interchangeably

for both f and G. Define the optimal risk as

R∗ ∆
= inf

G measurable
R(G) .
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A classifier attaining the minimal risk R∗ is the Bayes Classifier

G∗ ∆
= {x ∈ [0, 1]d : η(x) ≥ 1/2} ,

where η(x) = E[Y |X = x] = Pr(Y = 1|X = x), is called the conditional probability

(we use this term only if it is clear from the context). It is easily shown that R(G∗) =

R∗. In general R∗ > 0 unless the labels are a deterministic function of the features,

and therefore even the optimal classifier misclassifies sometimes. For that reason the

quantity of interest for the performance evaluation of a classifier G is the excess risk

(or regret) R(G)−R(G∗). The excess risk can also be written in a interesting integral

form,

R(G)−R(G∗) =

∫
G∆G∗

|2η(x)− 1|dPX(x) , (2.1)

where ∆ denotes the symmetric difference between two sets1, and PX is the marginal

distribution of X.

As mentioned before PXY is generally unknown, therefore direct construction of

the Bayes classifier is impossible. One must construct a classifier based on training

examples. In the classical frameworks [28] these training examples are simply i.i.d.

samples from the distribution PXY . In this work we consider a slightly different,

somewhat more flexible setting, where the learner can inquire about particular feature

vectors. Under some assumptions on the marginal feature distribution PX this is a

1Define A∆B
∆= (A∩Bc)∪(Ac∩B), where Ac and Bc are the complement of A and B respectively.
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more powerful sampling paradigm. Formally suppose that we have available a large

(infinite) pool of feature examples we can choose from, large enough so that we can

choose any feature point X i ∈ [0, 1]d and observe its label Yi. The data collection

has a temporal aspect to it, namely we collect the labeled examples one at the time,

starting with (X1, Y1) and proceeding until (Xn, Yn) is observed. One can view this

process as a query learning procedure, in which one queries the label of a feature

vector. Formally we have:

A1 - Given the feature vector X i, i ∈ {1, . . . , n}, the label Yi ∈ {0, 1} is such

that

Pr(Yi = 1|X i) = η(X i) .

The random variables {Yi}n
i=1 are conditionally independent given {Xi}n

i=1.

A2.1 - Passive Sampling: X i is independent of {Yj}j 6=i.

A2.2 - Active Sampling: X i depends only on {Xj, Yj}j<i. In other words

X i obeys a causal relation of the form

X i = h(X1 . . .X i−1, Y1 . . . Yi−1,U i) ,

where h(·) is a deterministic function, and U i accounts for possible randomiza-

tion of the sampling rule. In other words U i is a random variable, independent

of (X1 . . .X i−1, Y1 . . . Yi−1).

The function h(·), together with U i, is called the the sampling strategy at time i.
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The collection of sampling strategies for all i ∈ {1, . . . , n} is called the sampling strat-

egy, denoted by Sn. It completely defines the sampling procedure. After collecting

the n labeled examples, that is after collecting {X i, Yi}n
i=1, we construct a classifier

Ĝn that is desirably “close” to G∗ in terms of excess risk. The subscript n denotes

dependence on the data set, to ease the notational burden of describing explicitly

that dependence.

Under the passive sampling scenario (A2.1) the sample locations do not depend

on the labels (except for the trivial dependence between X i and Yi), and therefore the

collection of sample points {X i}n
i=1 can be chosen before any observations (i.e., labels)

are collected. On the other hand the active sampling scenario (A2.2) allows for the ith

sample location to be chosen using all the information collected up to that point (the

previous i− 1 samples). It is clear that (A2.2) is more general than (A2.1), with the

former assumption allowing for much more flexibility. It is important to remark that

in the active sampling setting (A2.2) the learning algorithm is adaptively choosing

the feature X i. This is often referred to as adaptive sampling or query learning,

where the learner can make queries to an expert, requesting labels of features from

synthetic examples [29]. Other active learning paradigms exist, for example pool-based

learning, where we assume a large (infinite) pool of feature examples for which we can

ask for a label. If we assume a nearly infinite pool of unlabeled examples, and that

the marginal feature density pX is bounded away from zero, then we can essentially

choose any feature point X i and observe its label Yi.
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To be able to present performance guarantees on the excess risk behavior we need

to impose further conditions on the possible distributions PXY . We are particularly

interested in the framework proposed by Tsybakov in [27], consisting of a characteri-

zation of the regularity of the Bayes decision sets, and the behavior of the conditional

probability η in the vicinity of the Bayes decision boundary.

2.3 One-Dimensional Threshold Classifiers (d = 1)

In this section we consider a class of problems in which the Bayes classifier is a

threshold function. Although this corresponds to a rather simple class of distribu-

tions, a complete characterization of achievable performance for active learning in

this class was previously unknown. Moreover, the study of this simple class sheds

light on the potential advantages and limitations of active learning, and provides

crucial understanding to tackle more complicated problems. Throughout this section

the feature space is the unit interval [0, 1]. Let PXY be the distribution governing

(X, Y ) ∈ [0, 1]×{0, 1}. Assume that the Bayes classifier for this distribution is of the

form [θ∗, 1], which means that η(x) < 1/2 for all x < θ∗ and η(x) ≥ 1/2 for all x ≥ θ∗.

We assume that pX , the marginal density of X with respect to the Lebesgue measure,

is uniform on [0, 1], although the results in this chapter are easily generalized to the

case where that marginal density is not uniform, but bounded above and below (in

which case one obtains exactly the same rates of excess risk convergence). In order

to gain a deeper understanding of the potential of active learning we impose further
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conditions on η, characterizing the behavior of the conditional probability around the

Bayes decision boundary. For κ ≥ 1 and c > 0 we assume that

|η(x)− 1/2| ≥ c|x− θ∗|κ−1 , (2.2)

for all x such that |η(x)− 1/2| ≤ δ, with δ > 0 (with 00 ∆
= limt→0+ t0 = 1).

The condition above is very similar to the “noise-condition” introduced by Tsy-

bakov [27]. Condition (2.2) indicates that η(·) cannot be arbitrarily “flat” around the

decision boundary and plays a critical role on the performance of any classification

rule obtained through labeled examples. We also assume a reverse-sided condition on

η(·), namely

|η(x)− 1/2| ≤ C|x− θ∗|κ−1 , (2.3)

for all x such that |η(x)−1/2| ≤ δ, where C > c. This condition, together with (2.2),

provides a two-sided characterization of the “noise” around the decision boundary.

Similar two-sided conditions have been proposed for other problems [30,31].

Let P(κ, c, C) be the class of distributions with uniform marginal PX and satisfying

(2.2) and (2.3). If κ = 1 then the η(·) function “jumps” across 1/2, that is η(·) is

bounded away from the value 1/2 (see Figure 2.1(a)). If κ > 1 then η(·) crosses

the value 1/2 at θ∗. An especially interesting case (from a practical perspective)

corresponds to κ = 2 (Figure 2.1(b)). In this case the conditional probability behaves
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η(x)

G*
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(b)

Figure 2.1: Examples of two conditional distributions η(x) = Pr(Y = 1|X = x). (a) In
this case η(·) satisfies the margin condition with κ = 1; (b) Here the margin condition is
satisfied for κ = 2.

linearly around 1/2, a condition that could arise simply due to errors or inaccuracies

in the recorded features. Finally if κ > 2 then η(·) is very “flat” around θ∗.

We begin by presenting lower bounds on the performance of active and passive

learning methods for the class of distributions P(κ, c, C). Most of the results that

follow involve multiplicative constant factors, that is, factors that do not depend on

the sample size n. We will denote these by the symbol const, generally without

explicitly describing them.

Theorem 1 (Minimax Lower Bound for d = 1). Let κ > 1. Under the assumptions

(A1) and (A2.2) we have

infbGn,Sn

sup
PXY ∈P(κ,c,C)

E
[
R(Ĝn)−R(G∗)

]
≥ const(κ, c, C) n−

κ
2κ−2 ,

for n large enough, where const(κ, c, C) > 0 and the infimum is taken over the set of

all possible classification rules Ĝn and active sampling strategies Sn. Note also that
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condition (2.3) does not play a prominent role in the result, in other words even when

C = ∞ we have const(κ, c, C) <∞.

The theorem is proved in Section 2.6.1. The proof employs relatively standard

techniques, and follows the approach in [32]. The key idea is to reduce the original

problem to the problem of deciding among a finite collection of representative dis-

tributions. The determination of an appropriate collection of such distributions and

careful management of assumption (A2.2) are the key aspects of the proof.

Contrast this result with the one attained for passive learning. Under the pas-

sive learning model it is clear that the sample locations {Xi}n
i=1 must be scattered

around the interval [0, 1] in a somewhat uniform manner. These can be deterministi-

cally placed, for example over a uniform grid, or simply taken uniformly distributed

over [0, 1]. Using similar lower bounding techniques, as remarked in the proof of

Theorem 1, it can be shown that under assumptions (A1), (A2.1), and κ ≥ 1, we

have

infbGn

sup
PXY ∈P(κ,c,C)

E
[
R(Ĝn)−R(G∗)

]
≥ const(κ, c, C) n−

κ
2κ−1 , (2.4)

where the samples {Xi}n
i=1 are independent and identically distributed (i.i.d.) uni-

formly over [0, 1]. Furthermore this bound is tight, in the sense that it is possible

to devise classification strategies attaining the same asymptotic excess risk behavior,

like the ones described in [27].

We notice that under the passive learning model the excess risk decays at a strictly

slower rate than for the active sampling scenario. The difference is dramatic as κ→ 1.
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If κ = 1 (Figure 2.1(a)) it can actually be shown that an exponential rate of error

decay is attainable by active sampling [23]. As κ → ∞ the excess risk decay rates

become similar, regardless of the sampling paradigm (either (A2.1) or (A2.2)). This

indicates that if no assumptions are made on the conditional distribution Pr(Y =

1|X = x) then no advantage can be gained from the extra complexity of active

sampling. As remarked before a most relevant case is κ = 2. In this case, the rate

for active learning is n−1, which is significantly faster than n−2/3, the best possible

rate for passive learning. Also observe that the difference between active and passive

learning rates becomes arbitrarily large as κ → 1, with the excess risk of active

learning tending to decay faster than n−p for any p > 0, and that of passive learning

tending to decay like n−1.

Next we describe a methodology showing that the rates of Theorem 1 are nearly

achievable. We start by presenting an algorithm proposed by Burnashev and Zigan-

girov [23], inspired by an idea of Horstein [22]. This algorithm is designed to work in

the bounded noise case, that is when κ = 1, corresponding to a scenario where the

conditional probability η(x) = Pr(Y = 1|X = x) is bounded away from 1/2, that is

|η(x)− 1/2| ≥ c for all x ∈ [0, 1]. This algorithm is then adapted to handle situations

in which κ > 1.

2.3.1 Bounded noise rate (κ = 1)

First let us suppose that the observations are noiseless (that is η(x) ∈ {0, 1}).

Then it is clear that one can estimate the Bayes decision boundary θ∗ very efficiently
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using binary bisection: start by taking a sample at X1 = 1/2. Depending on the

resulting label Y1|X1 we know if θ∗ is to the left of X1 (if Y1 = 1) or to the right (if

Y1 = 0). Proceeding accordingly we can construct an estimate of θ∗ denoted by θ̂n

and a corresponding classifier Ĝn
∆
= [θ̂n, 1] such that

R(Ĝn)−R(G∗) = |θ̂n − θ∗| ≤ 2−(n+1) .

Now let us assume that some level of noise is present, but that the bounded noise

condition, |η(x) − 1/2| ≥ c for all x ∈ [0, 1], is met. The learning task is more

complicated in this case because deciding where to sample depends on noisy and

therefore somewhat unreliable label observations. Nevertheless there is a probabilistic

bisection method, proposed in [22], that is suitable for this purpose. The key idea

stems from Bayesian estimation. Suppose that we have a prior probability density

function p0(·) on the unknown parameter θ∗, namely that θ∗ is uniformly distributed

over the interval [0, 1] (that is p0(x) = 1{x ∈ [0, 1]}). To illustrate the process, let us

assume the particular scenario that θ∗ = 1/4. As in the noiseless case, begin by taking

a measurement at X1 = 1/2, that is collect Y1 given X1. With probability at least

η(X1) ≥ 1/2 + c we observe a one, and with probability at most 1− η(X1) ≤ 1/2− c

we observe a zero. Therefore it is more likely to observe a one than a zero. Assume

for example that Y1 = 1. Given these facts we can compute a “posterior” density

p1(·) simply by applying an approximate Bayes rule (we assume a worst case setting,
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where a 1 is observed with probability 1/2 + c). In this case we would get that

p1(x|X1 = 1/2, Y1 = 1) =


1 + 2c , if x ≤ 1/2,

1− 2c , if x > 1/2,

.

The next step is to choose the sample location X2. We choose X2 so that is bisects

the posterior distribution, that is, we take X2 such that Prθ∼p1(θ > X2|X1, Y1) =

Prθ∼p1(θ < X2|X1, Y1). In other words X2 is just the median of the posterior distri-

bution. If our model is correct, the probability of the event {θ < X2} is identical to

the probability of the event {θ > X2} and therefore sampling at X2 seems to be most

informative. We continue iterating this procedure until we have collected n samples.

The estimate θ̂n is defined as the median of the final posterior distribution. Note that

if c = 1/2 then probabilistic bisection is simply the binary bisection described above.

The above algorithm seems to work extremely well in practice, but it is difficult

to analyze and we are not aware of theoretical guarantees for it, especially pertaining

rates of error decay. In [23] an algorithm inspired by that approach was presented.

Although its operation is slightly more complicated, it is easier to analyze. The

proposed algorithm uses essentially the same ideas but enforces a discrete structure

for the posterior, by forcing the samples Xi to lie on a grid, in particular Xi ∈

{0, t, 2t, . . . , 1} where m = t−1 ∈ N. Furthermore in the application of the Bayes

rule we use c′ instead of c, where 0 < c′ < c < 1/2. A description of the algorithm

can be found in [23], and it is also presented in Appendix A, together with the
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performance analysis. We call this method the Burnashev-Zigangirov (BZ) algorithm.

This algorithm returns a confidence interval În = [t(i−1), ti], i ∈ {1, . . . ,m}, such that

with high probability θ∗ ∈ În. In fact we have the following remarkable result [23]:

Pr(θ∗ 6∈ În) ≤ 1− t

t

(
1 + 2c

2 + 4c′
+

1− 2c

2− 4c′

)n

. (2.5)

This bound on the probability of error (the right side of the above expression) can be

minimized taking c′ = 1−
√

1−4c2

4c
, yielding

Pr(θ∗ 6∈ În) ≤ 1

t

(
1

2
+

1

2

√
1− 4c2

)n

≤ 1

t

(
1− c2

)n ≤ 1

t
exp(−nc2) , (2.6)

where the last two steps follow from the fact that
√
x ≤ (x+ 1)/2 for all x ≥ 0, and

that (1 + s)x ≤ exp(xs) for all x > 0 and s > −1. An estimate θ̂n can be constructed

using, for example, the mid-point of the interval În, and a candidate classification

set/rule is Ĝn = [θ̂n, 1]. To get a bound on the expected excess risk one proceeds
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using the standard integration approach.

E[R(Ĝn)]−R(G∗) = E
[∫

bGn∆G∗
|2η(x)− 1|dx

]
≤ E

[∫
bGn∆G∗

dx

]
= E

[
|θ̂n − θ∗|

]
=

∫ 1

0

Pr
(
|θ̂n − θ∗| > z

)
dz

=

∫ t

0

Pr
(
|θ̂n − θ∗| > z

)
dz +

∫ 1

t

Pr
(
|θ̂n − θ∗| > z

)
dz

≤ t+ (1− t) Pr
(
|θ̂n − θ∗| > t

)
≤ t+

1

t
exp(−nc2) .

Taking t = exp(−nc2/2) yields

E[R(Ĝn)]−R(G∗) ≤ 2 exp(−nc2/2) .

Notice that the excess risk decays exponentially in the number of samples. This

is much faster than what is attainable using passive sampling, where the decay rate

is 1/n. This is the same error behavior as in the noiseless scenario, where we have an

exponential rate of error decay using binary bisection. The difference is that now the

exponent depends on the noise margin c, larger noise margins corresponding to faster

error decay rates. In [23] some lower bound guarantees on the exponential decay rate

are also given.
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2.3.2 Unbounded rate noise: κ > 1

In this section we consider scenarios where the noise rate is not bounded, that is,

observations made closer to the transition point θ∗ are noisier than observations made

further away. In light of Theorem 1 this degradation of observation quality hinders

extremely fast excess risk decay rates.

To study this case, we proceed as in the case κ = 1. Collect samples over a grid,

namely Xi ∈ {0, t, 2t, . . . , 1} where m = t−1 ∈ N. Assume for a brief moment that

the grid is not aligned with the transition point θ∗, for example |θ∗ − kt| ≥ t/3 for

all k ∈ {0, . . . ,m}. This implies that |η(x)− 1/2| ≥ c(t/3)κ−1 for all x ∈ {0, t, . . . , 1}

(assume that t is small enough so that δ ≥ c(t/3)κ−1). Of course the non-alignment

assumption is quite unrealistic, since θ∗ may be arbitrarily close to a grid point, but

let us assume this condition for now and remove it later. We can proceed by using

the algorithm described in the previous section replacing c by c(t/3)κ−1 and using

(2.5). Notice also that due to (2.3) the behavior of the expected excess risk is related

to the behavior of |θ̂n − θ∗| in an interesting way,

E[R(Ĝn)]−R(G∗) = E
[∫

bGn∆G∗
|2η(x)− 1|dx

]
≤ 2C

δ
E
[∫

bGn∆G∗
|x− θ∗|κ−1dx

]
=

2C

δ
E

[∫ max{θ∗,bθn}

min{θ∗,bθn}
|x− θ∗|κ−1dx

]
=

2C

δκ
E[|θ̂n − θ∗|κ] ,
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where the factor 1/δ arises because (2.3) is valid only when |η(x)−1/2| ≤ δ. We now

proceed in a similar fashion as before

E[R(Ĝn)]−R(G∗) ≤ 2C

δκ
E
[
|θ̂n − θ∗|κ

]
=

2C

δκ

∫ 1

0

Pr
(
|θ̂n − θ∗|κ > z

)
dz

=
2C

δκ

∫ 1

0

Pr
(
|θ̂n − θ∗| > z1/κ

)
dz

=
2C

δκ

[ ∫ tκ

0

Pr
(
|θ̂n − θ∗| > z1/κ

)
dz

+

∫ 1

tκ
Pr
(
|θ̂n − θ∗| > z1/κ

)
dz

]
≤ 2C

δκ

[
tκ + (1− tκ) Pr

(
|θ̂n − θ∗| > t

)]
≤ 2C

δκ

[
tκ +

1

t
exp

(
−nc2(t/3)2κ−2

)]
,

Finally, let

t = 3

(
κ+ 1

c2(2κ− 2)

log n

n

) 1
2κ−2

,

to conclude that

E[R(Ĝn)−R(G∗)] ≤ const(κ, c, C) ·
(

log n

n

) κ
2κ−2

, (2.7)

where const(κ, c, C) > 0 is a constant factor. The error decay rate of this upper bound

corresponds to the rate of lower bound in Theorem 1, apart from logarithmic factors.

The result indicates that, in principle, a methodology similar to the BZ algorithm

might allow us to achieve the lower bound rates. Note that since t is vanishing with

n, the assumption that δ ≥ c(t/3)κ−1 holds for n large enough.
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It is important to emphasize that the above result holds under the assumption

that the sampling grid is not aligned with the unknown threshold point θ∗. If this is

not the case then we will have |η(x)−1/2| < c(t/3)κ−1 for one of the sampling points,

and the analysis above is no longer valid. This set-back can be avoided in different

ways, for example using a direct modification of the BZ sampling strategy, as in [33],

or using several sampling grids simultaneously. We describe the latter approach in

what follows. Begin by dividing the available measurements into three sets of the

same size, and use three sampling grids, each with different set of sampling locations

(to be defined shortly). Suppose we have a budget of n samples (without loss of

generality assume that n is divisible by 3). We allocate n/3 samples and run the BZ

algorithm for one sampling grid. Then we use other n/3 samples and run the BZ

algorithm for another sampling grid, essentially a slightly shifted version of the first

sampling grid, and proceed in an analogous fashion with the remaining n/3 samples.

The rational is that at most one of these sampling grids is going to be closely aligned

with the unknown transition point θ∗, and therefore the other two cannot be aligned

with θ∗. Therefore for at least two out of these three estimators we have provable

performance bounds so it suffices to check for agreement among these three estimates:

if at least two of them agree on a possible location for θ∗ an overall estimate θ̂n can

be generated. Next we describe this procedure formally.

Consider three different sampling grids, Grid(A) = {t, 2t, . . . , 1 − t}, Grid(B) =

{t/3, 4t/3, . . . , 1 − 2t/3}, and Grid(C) = {2t/3, 5t/3, . . . , 1 − t/3}. Samples can also
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be “taken” at Xi ∈ {0, 1} but in that case we will impose that Yi = Xi. This does

not effect the algorithm performance. For at least two of the estimators we have

|θ∗− x| ≥ t/6 for all the points in the respective sampling grids. This means that for

samples x taken on those grids we have |η(x)−1/2| ≥ c(t/6)κ−1 and therefore we can

use the bounded noise rate results in the analysis. We now run the BZ algorithm three

times, using n/3 samples each time, taken on the grids Grid(A), Grid(B) and Grid(C)

respectively. Let Î
(A)
n , Î

(B)
n and Î

(C)
n denote the confidence intervals returned by the

three instances of the BZ algorithm. Next we aggregate these confidence intervals to

construct a final confidence interval În as follows:

If |Î(A)
n ∩ Î(B)

n | = 2t/3 let În = Î
(A)
n ∪ Î(B)

n

else if |Î(A)
n ∩ Î(C)

n | = 2t/3 then În = Î
(A)
n ∪ Î(C)

n

else if |Î(B)
n ∩ Î(C)

n | = 2t/3 then În = Î
(B)
n ∪ Î(C)

n

else let În = {1/2}

Proposition 1. Proceeding as described above and assuming (2.2) we have

Pr(θ∗ /∈ În) ≤ 2

t
exp

(
−n

3
c2(t/6)2κ−2

)
. (2.8)

Proof. We need to consider two separate scenarios: either θ∗ is “close” to a point in

one of the sampling grids, or θ∗ is close to zero or one. Consider the first situation

and without loss of generality assume that θ∗ is close to a point in Grid(A), that is

there exists x ∈ Grid(A) such that |θ∗ − x| < t/6. This implies that for all x ∈
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Grid(B) ∪Grid(C) we have |θ∗ − x| ≥ t/6, and therefore

Pr(θ∗ /∈ Î(B)
n ) ≤ 1

t
exp

(
−n

3
c2(t/6)2κ−2

)
,

and

Pr(θ∗ /∈ Î(C)
n ) ≤ 1

t
exp

(
−n

3
c2(t/6)2κ−2

)
.

Define the event E = {θ∗ ∈ Î(B)
n ∪ Î(C)

n } and notice that

Pr(E) ≥ 1− 2

t
exp

(
−n

3
c2(t/6)2κ−2

)
.

Assume that E holds. If |Î(A)
n ∩ Î(B)

n | = 2t/3 then θ∗ ∈ Î(B)
n ⊆ În, if |Î(A)

n ∩ Î(C)
n | = 2t/3

then θ∗ ∈ Î
(C)
n ⊆ În and, if |Î(B)

n ∩ Î
(C)
n | = 2t/3 then θ∗ ∈ Î

(B)
n ⊆ În. Finally

since there is a point in Grid(A) close to θ∗ this implies that, under E, we have

|Î(B)
n ∩ Î(C)

n | = 2t/3 and so În 6= {1/2}. In conclusion, if θ∗ is close to a point in

Grid(A) then Pr(θ∗ /∈ În) ≤ 1− Pr(E), implying (2.8).

Now consider the case when θ∗ is close to zero or one. Without loss of generality

suppose θ∗ is close to zero, that is θ∗ < t/6. Then

Pr(θ∗ ∈ Î(A)
n ∪ Î(C)

n ) ≥ 1− 2

t
exp

(
−n

3
c2(t/6)2κ−2

)
,

and so a similar reasoning as above can be applied yielding the desired result. �

Now we are in a similar situation as before, and taking θn as the midpoint of În
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yields the bound

Pr(|θ̂n − θ∗| ≥ t) ≤ 2

t
exp

(
−n

3
c2(t/6)2κ−2

)
, (2.9)

without requiring any assumptions on the location of θ∗. This algorithm therefore

provably attains the rate in (2.7).

Although the above methodology is satisfying from a theoretical point of view, it

is somewhat wasteful (essentially only one third of the samples are effectively used),

and does not generalize well to more complicated and realistic scenarios than the one

considered in this chapter. It is worth pointing out that, even when the assumption

that the sampling grid does not line up with the transition θ∗ does not hold, the

original BZ algorithm still works extremely well in practice. The difficulties arise

solely on the performance analysis. We conclude this section by summarizing the

results in the following theorem.

Theorem 2. Under assumptions (2.2) and (2.3) the active learning algorithms above

satisfies

sup
PXY ∈P(κ,c,C)

E[R(Ĝn)−R(G∗)] ≤


2 exp(−nc2/2) , if κ = 1

const(κ, c, C)
(

log n
n

) κ
2κ−2 , if κ > 1

,

for n large enough, where const(κ, c, C) > 0 is a constant factor.

Note that for κ > 1 the rate of error decay is almost as good as the rate in
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Theorem 1. This means that the methodology developed is nearly minimax optimal,

since the rate in Theorem 2 differs only by a logarithmic factor in n. In the next section

we generalize these results to a non-parametric setting in multiple dimensions.

2.4 Boundary Fragments (d > 1)

In this section we consider a much more general class of distributions, namely

scenarios where the Bayes decision set is a boundary fragment. In other words the

Bayes decision set is the epigraph of function. We consider Hölder smooth boundary

functions. Throughout this section we assume that d ≥ 2, where d is the dimension

of the feature space [0, 1]d.

Definition 1. A function f : [0, 1]d−1 → R is Hölder smooth, with smoothness

parameter α ≥ 1, if it has continuous partial derivatives up to order k = bαc (bαc is

the maximal integer such that bαc < α) and

∀ z,x ∈ [0, 1]d−1 : |f(z)− TPx(z)| ≤ L‖z − x‖α ,

where L > 0 and TPx(·) denotes the degree k Taylor polynomial approximation of f

expanded around x. Denote this class of functions by Σd−1(L, α).

For any g ∈ Σd−1(L, α) let epi(g)
∆
=
{
(x, y) ∈ [0, 1]d−1 × [0, 1] : y ≥ g(x)

}
be the
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epigraph of g. Define the boundary fragment class of sets

GBF(L, α)
∆
= {epi(g) : g ∈ Σd−1(L, α)} .

In other words GBF(L, α) is a collection of sets indexed by Hölder smooth functions

of the first d− 1 coordinates of the feature domain [0, 1]d. Therefore the set G∗ and

the corresponding boundary function g∗ are equivalent representations of the Bayes

classifier. See Figure 2.2(b) for an example of such a set. Although the boundary

fragment classes might seem artificial and unrealistic they are nevertheless useful in

order to determine fundamental performance limits and to gain understanding about

more complicated model classes with similar characteristics (e.g., similar characteri-

zation of the boundary behavior). There are various examples in the literature where

boundary fragments have been used for such purposes, see for example [34,35].

Furthermore, we assume that pX , the marginal density of X with respect to the

Lebesgue measure, is uniform but, as before, the results in this chapter can be easily

generalized to the case there pX is bounded above and below, yielding the same rates

of error convergence. As in the previous section we require also η(·) to have a certain

behavior around the decision boundary. Let x = (x̃, xd) where x̃ = (x1, . . . , xd−1).

Let κ ≥ 1 and c > 0, then for some δ > 0

|η(x)− 1/2| ≥ c|xd − g∗(x̃)|κ−1 , (2.10)
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(a) (b)

Figure 2.2: (a) Example of the conditional distribution η(·) of an element of the class
BF(α, κ, L,C, c) when d = 2 and α = 2. (b) The corresponding Bayes classifier.

for all x such that |η(x) − 1/2| ≤ δ. The condition above is analogous to the one

defined in Section 2.3. We assume as well a reverse-sided condition on η(·), namely

|η(x)− 1/2| ≤ C|xd − g∗(x̃)|κ−1 , (2.11)

for all x such that |η(x)−1/2| ≤ δ, where C > c. This condition, together with (2.10),

provides a two-sided characterization of the “noise” around the decision boundary.

Let BF(α, κ, L, C, c) be the class of distributions satisfying the noise conditions above

with parameter κ and whose Bayes classifiers are boundary fragments with smooth-

ness α. An example of such a distribution function, and the corresponding Bayes

decision set is presented in Figure 2.2.
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2.4.1 Minimax Lower Bounds (d > 1)

We begin by presenting lower bounds on the performance of active and passive

sampling methods. We start by characterizing active learning for the boundary frag-

ment classes.

Theorem 3. Let ρ = (d− 1)/α. Under assumptions (A1) and (A2.2)

infbGn,Sn

sup
P∈BF(α,κ,L,C,c)

E[R(Ĝn)]−R(G∗) ≥ const(α, κ, L, C, c)n−
κ

2κ+ρ−2 ,

for large enough n, where inf bGn,Sn
denotes the infimum over all possible classifiers

and active sampling strategies Sn, and const(α, κ, L, C, c) > 0 is a constant factor.

The proof of Theorem 3 is presented in Section 2.6.2. An important remark is

that, as before, condition (2.11) does not play a prominent role in the lower bound,

therefore dropping that assumption (equivalently taking C = ∞) does not yield slower

rates in the theorem statement.

Contrast this result with the one attained for passive sampling: under the passive

sampling scenario it is clear that the sample locations {X i}n
i=1 must be scattered

around the feature space [0, 1]d in a somewhat uniform manner. These can be simply

taken uniformly distributed over [0, 1]d. The lower bounds for this passive setting can

be easily derived as remarked in the proof of Theorem 3, implying that under (A1)
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and (A2.1),

infbGn

sup
P∈BF(α,κ,L,C,c)

E[R(Ĝn)]−R(G∗) ≥ const(α, κ, L, C, c) · n−
κ

2κ+ρ−1
, (2.12)

for n large enough, where the samples {X i}n
i=1 are independent and identically dis-

tributed (i.i.d.) uniformly over [0, 1]d. Since the upper margin condition (2.11) does

not play a prominent role these rates coincide with the ones in [27]. Furthermore

this bound is tight, in the sense that it is possible to devise classification strategies

attaining the same asymptotic behavior. We notice that under the passive sampling

scenario the excess risk decays at a strictly slower rate than the lower bound for the

active sampling scenario, and the rate difference can be dramatic, specially for large

smoothness α (equivalently low complexity ρ). The active learning lower bound is also

tight (in terms of rates, as shown in the next section), which demonstrates that active

learning has the potential to improve significantly over passive learning. Finally the

result of Theorem 3 is a lower bound, and it therefore applies to the broader classes

of distributions introduced in [27], characterized in terms of the metric entropy of the

class of Bayes classifiers and a one-sided margin condition, akin to (2.10).

2.4.2 Upper Bounds (d > 1)

In this section we present an active learning algorithm for the boundary fragment

class and upper bound the corresponding excess risk. The upper bound achieves

the rates of Theorem 3 to within a logarithmic factor. This proposed method yields
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a classifier Ĝn that has a boundary fragment structure, although the boundary is

no longer a smooth function. It is instead a piecewise polynomial function. The

methodology proceeds along the lines of [36,37], extending the one-dimensional active

sampling results of Section 2.3 to this higher dimensional setting. To avoid carrying

around cumbersome constants we use the ‘big-O’ 2 notation for simplicity. Also we

use a tilde to denote vectors of dimension d− 1. We focus the description exclusively

on the case κ > 1, but a similar reasoning gives the results for the case κ = 1.

We begin by constructing a grid over the first d − 1 dimensions of the feature

domain. Let M be an integer and l̃ ∈ {0, . . . ,M}d−1. Define the set of line segments

Ll̃

∆
= {(M−1l̃, xd) : xd ∈ [0, 1]}. We collect N adaptively chosen samples along each

line, in order to estimate g(M−1l̃). This yields a total of N(M+1)d−1 samples (where

n ≥ N(M+1)d−1). We then interpolate the estimates of g at these points to construct

a final estimate of the decision boundary. The adequate choices for M and N will

arise from the performance analysis; for now we point out only that both M and

N must be growing with the total number of samples n. Figure 2.3 illustrates the

procedure.

When restricting ourselves to the line segments in Ll̃, the estimation problem

boils down to a one-dimensional change-point detection problem and so we can use

the results derived in Section 2.3, in particular (2.9). Since we are using N adaptively

2Let un and vn be two real sequences. We say un = O(vn) as n → ∞ if and only if there exists
C > 0 and n0 > 0 such that |un| ≤ Cvn for all n ≥ n0.
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1/M

Figure 2.3: Illustration of the active classification procedure for boundary fragments when
d = 2. In this case α = 2 therefore we estimate the true Bayes decision boundary with the
aid of piecewise linear polynomials. The crosses represent the estimates of g∗ obtained by
each one of the M + 1 line searches. The dark solid line segments represent the M/bαc
interpolation polynomials.

chosen samples per line segment, choosing

t = tN
∆
= c1 (logN/N)

1
2κ−2 (2.13)

guarantees that Pr(|ĝ(M−1l̃)− g∗(M−1l̃)| > tN) = O (N−γ) as N →∞, where γ > 0

can be arbitrarily large provided c1 is sufficiently large.

Let {ĝ(M−1l̃)} be the estimates obtained using this method at each of the points

indexed by l̃. We use these estimates to construct a piecewise polynomial fit to

approximate g∗. In what follows assume α > 1. The case α = 1 can be handled in

a very similar way (where one would approximate g∗ with a stair function). Begin

by dividing [0, 1]d−1 (that is, the domain of g∗) into cells. Without loss of generally
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assume that M is such that M/bαc is an integer (this can be enforced with the proper

choice of M). Let q̃ ∈ {0, . . . ,M/bαc − 1}d−1 index the cells

Iq̃
∆
=
[
q̃1bαcM−1, (q̃1 + 1)bαcM−1

]
× · · · ×

[
q̃d−1bαcM−1, (q̃d−1 + 1)bαcM−1

]
.

Note that these cells partition the domain [0, 1]d−1 entirely. In each one of the cells

we perform a polynomial interpolation using the estimates of g∗ at points within the

cell. For the cell indexed by q̃ we consider a tensor product polynomial fit L̂q̃, that

can be written as

L̂q̃(x̃) =
∑

l̃:M−1 l̃∈Iq̃

ĝ(M−1l̃)Qq̃,l̃(x̃) ,

where x̃ ∈ [0, 1]d−1. The functions Qq̃,l̃ are the tensor-product Lagrange polynomials

(see for example [38]),

Qq̃,l̃(x̃)
∆
=

d−1∏
i=1

bαc∏
j=0,j 6=l̃i−bαcq̃i

x̃i −M−1(bαcq̃i + j)

M−1l̃i −M−1(bαcq̃i + j)
.

We remark that this is a polynomial interpolation and so we have that L̂q̃(M
−1l̃) =

ĝ(M−1l̃), for all l̃ such that M−1l̃ ∈ Iq̃. Finally, the estimate ĝ of g∗ is given by

ĝ(x̃) =
∑

q̃∈{0,...,M/bαc−1}d−1

L̂q̃(x̃)1{x̃ ∈ Iq̃} ,

which defines a classification rule Ĝn.

Theorem 4. Let M = bαc
⌊
n

1
α(2κ−2)+d−1

⌋
and N =

⌊
n/(M + 1)d−1

⌋
, and consider
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the active learning algorithm described above. Let ρ = (d− 1)/α, then

sup
P∈BF(α,κ,L,C,c)

E[R(Ĝn)]−R(G∗) ≤ const(α, κ, L, C, c) (log n/n)
κ

2κ+ρ−2 ,

for n large enough, where const(α, κ, L, C, c) > 0.

The proof of Theorem 4 is given in Section 2.6.3. One sees that this estimator

achieves the rate of Theorem 3 to within a logarithmic factor. It is not clear if

the logarithmic factor is an artifact of our construction, or if it is unavoidable. One

knows [36] that if κ, α = 1 the logarithmic factor can be eliminated by using a slightly

more sophisticated interpolation scheme.

2.5 Final Remarks and Discussion

We presented upper and lower bounds for active learning algorithms under as-

sumptions on the decision boundary regularity and noise conditions. Since the upper

and lower bounds agree up to a logarithmic factor, we may conclude that lower bound

is near minimax optimal. That is, for the distributional classes under consideration,

no active or passive learning procedure can perform significantly better in terms of

excess risk decay rates. The upper bounds were derived constructively, based on

active learning algorithms originally developed for one-dimensional change-point de-

tection. In principle, the methodology employed in the upper bound calculation could

be applied in practice in the case of boundary fragments and with knowledge of the
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key regularity parameters κ and ρ. Unfortunately this is not a scenario one expects

to have in realistic settings, and thus a key open problem is the design of active

learning algorithms that are adaptive to unknown regularity parameters and capable

of handling arbitrary boundaries (not only fragments). It is important to point out

that the lower-bounds derived are valid for a broad set of distributional classes, in

particular the ones defined in [27]. These classes are characterized in terms of critical

attributes for the classification task at hand, and do not impose further conditions

that are irrelevant when constructing a classifier. As in our approach the charac-

terization addresses two quantities: (i) the complexity of the corresponding Bayes

classifiers; (ii) the behavior of η(x) around the level 1/2. The characterizations below

are a generalization of our boundary smoothness and noise margin conditions. Define

d∆(G,G′)
∆
= PX(G∆G′).

Definition 2. Let G be a class of subsets of X and let δ > 0. Let NB(δ,G, d∆) be the

smallest value m for which there exists pairs of sets (GL
j , G

U
j ), j = 1 . . . ,m, such that

d∆(GL
j , G

U
j ) ≤ δ for all j = 1, . . . ,m, and for any G ∈ G there exists j(G) for which

Gj(G)L ⊆ G ⊆ Gj(G)U . Then HB(δ,G, d∆) = logNB(δ,G, d∆) is called the δ-entropy

with bracketing of G.

A class G of subsets of X is said to have complexity bound ρ > 0 if there exists

a constant A > 0 such that

HB(δ,G, d∆) ≤ Aδ−ρ, ∀ 0 < δ ≤ 1 .
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The δ-entropy measures the complexity of a class of sets (below we will choose

these to be Bayes classifiers). For example, the class boundary fragment sets GBF(L, α)

has complexity bound ρ = (d− 1)/α.

Since the Bayes decision boundary might no longer have a functional description

the margin condition (2.10) has to be generalized too.

Definition 3. Let η(x) = P (Y = 1|X = x). We say that η satisfies the noise

condition with parameter κ ≥ 1 if there exists c0 > 0, 0 < ε0 ≤ 1 such that

R(G)−R(G∗) ≥ c0d
κ
∆(G,G∗) (2.14)

for all G such that d∆(G,G∗) ≤ ε0.

As (2.10) this characterizes the behavior of η(x) near the Bayes decision boundary.

Let P(ρ, κ) be a class of distributions satisfying these two conditions, then

lim inf
n→∞

infbGn,Sn

sup
P∈P(ρ,κ)

E[R(Ĝn)]−R(G∗)n
κ

2κ+ρ−2 ≥ c1 > 0 ,

for a constant c1 > 0. The proof of this fact is essentially Theorem 3, where we just

have to note that the class of boundary fragments with Hölder smoothness α has

complexity parameter ρ = (d− 1)/α), and use condition (2.14) directly in the proof,

instead of (2.19).

Although we might have lower bounds that hold for general classes, matching

upper bounds with a similar form are not generally possible. One difficulty arises
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because in most cases uniform bounds are not possible, that is, bounds that hold for

the entire class of distributions. This is pointed out in [20] and indirectly in [17].

We illustrate this with an example. Consider a one-dimensional problem, with the

feature space [0, 1]. Suppose we are in the noiseless case and that the Bayes decision

sets are simply intervals [a, b] with a ≥ b. Denote this class of distributions by I. This

class is very similar to the threshold class of Section 2.3, although being a little more

general. Nevertheless the δ-entropy characterization above holds with ρ arbitrarily

close to zero. In light of the lower bounds we would expect to get an excess risk decay

faster than any polynomial rate. But now note that distributions where the Bayes

decision set has size 1/n (e.g., [0, 1/n]) it is not possible to accurately detect this set

using n samples: with probability (1 − 1/n)n no sample is going to land inside the

Bayes decision set, so all the n labels collected are 0. This means that using these n

samples the probability of finding the Bayes decision set is bounded away from zero

(since (1− 1/n)n → exp(−1) as n→∞). Therefore the best uniform bound we can

expect is of the form

infbGn,Sn

sup
P∈I

E[R(Ĝn)]−R(G∗) ≥ c2
1

n
,

for n is large enough and c2 > 0. This bound coincides with the passive learning

bound for that same class, so, in terms of minimax performance, active learning does

not help in this case. This does not imply that non-uniform bounds are not possible,
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in particular it is easy to show that there is an algorithm such that, for each P ∈ I

E[R(Ĝn)]−R(G∗) ≤ c(P )2−n/2 ,

for n ≥ n(P ), where c(P ) > 0 and n(P ) > 0 are functions of P not depending on

n. The rates in this bound coincide with the minimax lower bound derived for active

learning (in this case for the threshold class, see Section 2.3). It is not known if

this kind of matching between minimax lower bounds and non-uniform upper bounds

happens for general classes or not, although we expect this to happen for many such

classes. The next chapter considers a scenario where one observes such behavior.

The results of this chapter do indicate fundamental limitations of active learn-

ing, and thus can provide guidelines for best attainable performance of any method.

Moreover, the bounds clarify the situations in which active learning can lead to sig-

nificant gains over passive learning, and it may be possible to assess the conditions

that might hold in a given application in order to gauge the merit of pursuing an

active learning approach.

2.6 Proofs

2.6.1 Proof of Theorem 1

The proof strategy follows the basic idea behind standard minimax analysis meth-

ods, and consists in reducing the problem of classification in the class P(κ, c, C) to
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Figure 2.4: The two conditional distributions used for the proof of Theorem 1.

a hypothesis testing problem. In this case it suffices to consider two hypothesis and

use the following result from [32] (page 76, theorem 2.2).

Theorem 5 (Tsybakov 2004). Let F be a class of models. Associated with each model

f ∈ F we have a probability measure Pf defined on a common probability space. Let

d(·, ·) : F×F → R be a semi-distance. Let f0, f1 ∈ F be such that d(f0, f1) ≥ 2a, with

a > 0. Assume also that KL(Pf1‖Pf0) ≤ γ, where KL denotes the Kullback-Leibler

divergence3. The following bound holds.

infbf sup
f∈F

Pf

(
d(f̂ , f) ≥ a

)
≥ infbf max

j∈{0,1}
Pfj

(
d(f̂ , fj) ≥ a

)
≥ max

(
1

4
exp(−γ),

1−
√
γ/2

2

)
,

3Let P and Q be two probability measures defined on a common probability space. The Kullback-
Leibler divergence is defined as

KL(P‖Q) =
{ ∫

log dP
dQdP , if P � Q,

+∞ , otherwise.
,

where dP/dQ is the Radon-Nikodym derivative of measure P with respect to measure Q.
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where the infimum is taken with respect to the collection of all possible estimators of

f (based on a sample from Pf).

To prove the statement of Theorem 1 we take F = P(κ, c, C) and are interested

in controlling the excess risk

RP (Ĝn)−RP (G∗
P ) =

∫
bGn∆G∗

P

|2ηP (x)− 1|dx ,

where the subscript P indicates that the excess risk is being measured with respect to

the distribution P ∈ P(κ, c, C). Since the excess risk is not a semi-distance we cannot

apply Theorem 5 directly, but we can relate excess risk and the symmetric distance

measure, and then use the theorem. The two distributions/hypotheses we consider

are completely characterized by the conditional probability η (since the marginal

distribution of X is uniform). Let

η0(x) =


min

(
1
2

+ c sign(x− t)|x− t|κ−1, 1
)

, x ≤ A

min
(

1
2

+ c xκ−1, 1
)

, x > A

, (2.15)

η1(x) = min

(
1

2
+ c xκ−1, 1

)
, (2.16)

where A = t
(
1 + 1

(C/c)1/(κ−1)−1

)
. These are depicted in Figure 2.4 when C = ∞. Note

that G∗
0 = [t, 1] and G∗

1 = [0, 1] (provided t is small enough). In what follows we use

the subscript 0 or 1 whenever we want to denote explicitly the dependence on the

underlying model (respectively characterized by η0 or η1). Begin by observing that
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the two constructed distribution belong to the class F = P(κ, c, C) of interest, that

is, these two distributions satisfy the margin conditions (2.2) and (2.3). Another key

observation is that, for any set G ⊆ [0, 1] and j ∈ {0, 1} we have

Rj(G)−Rj(G
∗
j) ≥

4c

κ2κ
d∆(G,G∗

j)
κ , (2.17)

where d∆(G,G∗
j)

∆
=
∫

G∆G∗
j
dx is the symmetric difference semi-distance. To see this

we consider the case j = 0 (the case j = 1 is analogous). Let G be such that

d∆(G,G∗
0) = τ . Then

Rj(G)−Rj(G
∗
j) =

∫
G∆G∗

0

|2η0(x)− 1|dx ≥
∫

G∆G∗
0

2c|t− x|κ−1dx

≥
∫ t+τ/2

t−τ/2

2c|t− x|κ−1dx

= 2

∫ t+τ/2

t

2c(x− t)κ−1dx

=
4c

κ2κ
τκ .

We now proceed by applying Theorem 5 to the semi-distance d∆ and posteriorly

use (2.17) to control the excess risk. Begin by noting that d∆(G∗
0, G

∗
1) = t. Define

P0,n
∆
= P

(0)
X1,...,Xn,Y1,...,Yn

, the probability measure of the random variables {Xi, Yi}n
i=1

under hypothesis 0 and define analogously P1,n
∆
= P

(1)
X1,...,Xn,Y1,...,Yn

. Define ZX
j

∆
=
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(X1, . . . , Xj) and ZY
j

∆
= (Y1, . . . , Yj). Then

KL(P1,n‖P0,n) = E1

log
P

(1)

ZX
n ,ZY

n
(ZX

n ,Z
Y
n )

P
(0)

ZX
n ,ZY

n
(ZX

n ,Z
Y
n )


= E1

log

∏n
j=1 P

(1)
Yj |Xj

(Yj|Xj) PXj |ZX
j−1,ZY

j−1
(Xj|ZX

j−1,Z
Y
j−1)∏n

j=1 P
(0)
Yj |Xj

(Yj|Xj) PXj |ZX
j−1,ZY

j−1
(Xj|ZX

j−1,Z
Y
j−1)

 (2.18)

= E1

log

∏n
j=1 P

(1)
Yj |Xj

(Yj|Xj)∏n
j=1 P

(0)
Yj |Xj

(Yj|Xj)


=

n∑
j=1

E1

log
P

(1)
Yj |Xj

(Yj|Xj)

P
(0)
Yj |Xj

(Yj|Xj)


≤ n max

x∈[0,1]
E1

[
log

P
(1)
Y1|X1

(Y1|X1)

P
(0)
Y1|X1

(Y1|X1)

∣∣∣∣∣X1 = x

]
,

where in the above E1 denotes the expectation taken with respect to measure P1,n.

Step (2.18) follows since the distribution ofXj conditional on ZX
j−1,Z

Y
j−1 depends only

on the sampling strategy Sn, and does not change with the underlying distribution,

therefore those terms in the numerator and denominator cancel out. The last step

follows from the observation that, conditional on the feature vectors, the labels Yj

are independent and identically distributed. The expectation in the last line is the

Kullback-Leibler divergence between two Bernoulli random-variables. The following

straightforward result provides a bound on that divergence.

Lemma 1. Let P and Q be Bernoulli random variables with parameters respectively

1/2− p and 1/2− q. Let |p|, |q| ≤ 1/4, then KL(P‖Q) ≤ 8(p− q)2.
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We conclude that

KL(P1,n‖P0,n) ≤ 8n(2cAκ−1)2 = 32c2
(

1 +
1

(C/c)1/(κ−1) − 1

)2κ−2

nt2κ−2

= c0 · nt2κ−2 ,

provided A (consequently t) is small enough, so that Lemma 1 is applicable. In the

above expression we have c0
∆
= 32c2

(
1 + 1

(C/c)1/(κ−1)−1

)2κ−2

, a constant factor.

Taking t = n−
1

2κ−2 and using Theorem 5 we conclude that for n large enough

(implying t small).

infbGn

max
j∈{0,1}

Pj

(
d∆(Ĝn, G

∗
j) ≥ t/2

)
≥ 1

4
exp(−c0) > 0 ,

We can now use (2.17) to conclude that

Pj

(
Rj(G)−Rj(G

∗
j) ≥

4c

κ2κ
(t/2)κ

)
≥ Pj(d∆(G,G∗

j) ≥ t/2) ,

and so

infbGn

sup
PXY ∈P(κ,a)

Pj

(
R(Ĝn)−R(G∗) ≥ 4c

κ4k
· n−

κ
2κ−2

)
≥ infbGn

max
j∈{0,1}

Pj

(
Rj(Ĝn)−Rj(G

∗) ≥ 4c

κ4k
· n−

κ
2κ−2

)
≥ infbGn

max
j∈{0,1}

Pj(d∆(G,G∗
j) ≥ t/2) ≥ 1

4
exp(−c0) > 0 ,
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The statement of the theorem follows from the application of Markov’s inequality to

the above expression,

E
[
R(Ĝn)−R(G∗)

]
≥ 4c

κ4k
n−

κ
2κ−2P

(
R(Ĝn)−R(G∗) ≥ 4c

κ4k
n−

κ
2κ−2

)
.

Remark: Notice that, when bounding the Kullback-Leibler divergence, we con-

sidered all the feature examples to be taken at the most beneficial sampling location,

in order to maximize the KL divergence. If instead we assume Xi i.i.d. uniformly over

[0, 1] the Kullback divergence is approximately proportional to nt2κ−2 · t = nt2κ−1,

since roughly only a fraction A ∼ t of the samples are informative (any sample taken

in (A, 1] is non-informative). Taking t ∼ n−1/(2κ−1) and proceeding as before yields

the passive sampling minimax bound (2.4). �

2.6.2 Proof of Theorem 3

As the proof of Theorem 1, the following proof uses standard techniques for the

most part, but to get the bounds desired we need now more than only two hypotheses.

The main tool is the following theorem, from [32] (page 85, theorem 2.5).

Theorem 6 (Tsybakov, 2004). Let F be a class of models. Associated with each model

f ∈ F we have a probability measure Pf defined on a common probability space. Let

M ≥ 2 be an integer and let d(·, ·) : F × F → R be a collection of semi-distances.

Suppose we have {f0, . . . , fM} ∈ F such that

i) d(fj, fk) ≥ 2 a > 0, ∀0≤j,k≤M ,
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ii) Pf0 � Pfj
, ∀j=1,...,M , (see footnote4)

iii) 1
M

∑M
j=1 KL(Pfj

‖Pf0) ≤ γ logM , where 0 < γ < 1/8.

The following bound holds.

infbf sup
f∈F

Pf

(
d(f̂ , f) ≥ a

)
≥ infbf max

j∈{0,...,M}
Pfj

(
d(f̂ , fj) ≥ a

)
≥

√
M

1 +
√
M

(
1− 2γ − 2

√
γ

logM

)
> 0 ,

where the infimum is taken with respect to the collection of all possible estimators of

f (based on a sample from Pf).

As in the proof of Theorem 1 we are going to construct a bound on the performance

of an estimator measured according to d∆, the symmetric difference measure. By

later relating this semi-distance with the excess risk we obtain the desired lower

bound. To apply the theorem we need to construct a finite subset of distributions

in BF(α, κ, L, C, c). The elements of this set are distributions PXY and therefore

uniquely characterized by the conditional probability η(x) = Pr(Y = 1|X = x) (since

we are assuming that PX is uniform over [0, 1]d). Let x = (x̃, xd) with x̃ ∈ [0, 1]d−1.

As a notational convention we use a tilde to denote a vector of dimension d− 1. Let

dxe denote the minimal integer such that x > dxe and define

m =
⌈
c0n

1
α(2κ−2)+d−1

⌉
, x̃l̃ =

l̃− 1/2

m
,

4Let P and Q be two probability measures defined on a common probability space (Ω,B). Then
P � Q if and only if for all B ∈ B, Q(B) = 0 ⇒ P (B) = 0.
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where l̃ ∈ {1, . . . ,m}d−1 and c0 > 0 is to be determined later. Define also ϕl̃(x̃) =

Lm−αh(m(x̃− x̃l̃)) , with h ∈ Σd−1(1, α), supp(h) = (−1/2, 1/2)d−1 and h ≥ 0. It is

easily shown that such a function exists, for example

h(x̃) = a
d−1∏
i=1

exp

(
− 1

1− 4x2
i

)
1{|xi| < 1/2} ,

with a > 0 sufficiently small. The functions ϕl̃ are little “bumps” centered at the

points x̃l̃. The collection {x̃l̃} forms a regular grid over [0, 1]d−1.

Let Ω = {ω = (ω1, . . . , ωmd−1), ωi ∈ {0, 1}} = {0, 1}md−1
, and define

gω(·) =
∑

l̃∈{1,...,m}d−1

ωl̃ ϕl̃(·), ω ∈ Ω .

The functions gω are boundary functions. The binary vector ω is an indicator vector:

if ωl̃ = 1 then “bump” l̃ is present, otherwise that “bump” is absent. Note that

ϕl̃ ∈ Σd−1(L, α) and these functions have disjoint support, therefore gω ∈ Σd−1(L, α)

for all ω ∈ Ω. Let ω ∈ Ω and construct the conditional distribution

ηω(x) =


min

(
1
2

+ c · sign(xd − gω(x̃))|xd − gω(x̃)|κ−1, 1
)
, if xd ≤ A

min
(

1
2

+ c · xκ−1
d , 1

)
, if xd > A

,

A = max
x̃

ϕ(x̃)

(
1 +

1

(C/c)1/(κ−1) − 1

)
= Lm−αhmax

(
1 +

1

(C/c)1/(κ−1) − 1

)
,

with hmax = maxx̃∈Rd−1 h(x̃). The choice of A is done carefully, in order to ensure
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that the functions ηω are similar, but at the same time satisfy the margin conditions.

It is easily checked that conditions (2.10) and (2.11) are satisfied for the distributions

above. By construction the Bayes decision boundary for each of these distributions is

given by xd = gω(x̃) and so these distributions belong to the class BF(α, κ, L, C, c).

Note also that these distributions are all identical if xd > A. As n increases m also

increases and therefore A decreases, so the conditional distributions described above

are becoming more and more similar. This is key to bound the Kullback-Leibler

divergence between these distributions.

The above collection of distributions, indexed by ω ∈ Ω, is still too large for the

application of Theorem 6. Recall the following lemma.

Lemma 2 (Varshamov-Gilbert bound, 1962). Let md−1 ≥ 8. There exists a subset

{ω(0),ω(1), . . . ,ω(M)} of Ω such that M ≥ 2md−1/8, ω(0) = (0, . . . , 0) and

ρ(ω(j),ω(k)) ≥ md−1/8, ∀ 0 ≤ j < k ≤M ,

where ρ denotes the Hamming distance.

For a proof of the Lemma 2 see [32](page 89, lemma 2.7). To apply Theorem 6 we

use the M distributions (ηω(0) , . . . , ηω(M)} given by the lemma. For each distribution

ηω(i) we have the corresponding Bayes classifier G∗
i . As before recall that d∆(G,G′) =
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∫
G∆G′ dx. Let i 6= j. By construction we observe that

d∆(G∗
j , G

∗
i ) =

∫
[0,1]d−1

∫ |g∗i (x̃)−g∗j (x̃)|

0

1dxddx̃

=
∑

l̃∈{1,...,m}d−1

|ω(i)

l̃
− ω

(j)

l̃
|
∫

[0,1]d−1

∫ Lm−αh(m(x̃−x̃l̃))

0

1dxddx̃

=
∑

l̃∈{1,...,m}d−1

|ω(i)

l̃
− ω

(j)

l̃
|
∫

[0,1]d−1

Lm−αh(m(x̃− x̃l̃))dx̃

=
∑

l̃∈{1,...,m}d−1

|ω(i)

l̃
− ω

(j)

l̃
|
∫

[−1/2,1/2]d−1

Lm−α−(d−1)h(z̃)dz̃

=
∑

l̃∈{1,...,m}d−1

|ω(i)

l̃
− ω

(j)

l̃
|Lm−α−(d−1)‖h‖1

≥ ρ(ω
(i)

l̃
,ω

(j)

l̃
)Lm−α−(d−1)‖h‖1

≥ L‖h‖1

8
m−α ,

where ‖h‖1 denotes the L1 norm of h. The next step of the proof is to lower-bound

Ri(G) − Ri(G
∗
i ) using d∆(G,G∗

i ), where G ⊆ [0, 1]d. Suppose d∆(G,G∗
i ) = τ . The

smallest excess risk Ri(G)−Ri(G
∗
i ) is attained when the points in set G coincide with

the points x̃ such that ηω(i) is closest to 1/2. Taking this into account we observe

that

Ri(G)−Ri(G
∗
i ) ≥

∫
[0,1]d−1

∫ g∗i (x̃)+τ/2

g∗i (x̃)−τ/2

2c|xd − g∗i (x̃)|κ−1dxddx̃

=

∫
[0,1]d−1

2

∫ g∗i (x̃)+τ/2

g∗i (x̃)

2c(xd − g∗i (x̃))κ−1dxddx̃

= 4c

∫
[0,1]d−1

∫ τ/2

0

zκ−1dzdx̃ =
4c

κ2κ
τκ .
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Therefore we conclude that for all G ⊆ [0, 1]d we have

Ri(G)−Ri(G
∗
i ) ≥

4c

κ2κ
dκ

∆(G,G∗
i ) . (2.19)

We are ready for the final step of the proof. Now let Pi be the distribution of

(X1, Y1, . . . ,Xn, Yn) assuming the underlying conditional distribution is ηω(i) . We

proceed like in the proof of Theorem 2.6.1.

KL(Pi‖P0) ≤ n max
x∈[0,1]d

Ei

[
log

P
(i)
Y1|X1

(Y1|X1)

P
(0)
Y1|X1

(Y1|X1)

∣∣∣∣∣X1 = x

]
≤ 8n(2cAκ−1)2 = c1 · nm−α(2κ−2) ,

where c1 > 0 and the last inequality holds provided n is large enough so that A is

small enough and Lemma 1 can be applied. Finally

1

M

M∑
i=1

KL(Pi‖P0) ≤ c1 · nm−α(2κ−2) ≤ c1 c
−(α(2κ−2)+d−1)
0 md−1 .

From Lemma 2 we also have γ
8
md−1 log 2 ≤ γ logM therefore choosing c0 large enough

in the definition of m guarantees the conditions of Theorem 6 and so

infbGn,Sn

max
j∈{0,...,M}

Pj

(
d∆(Ĝn, G

∗
j) ≥

L‖h‖1

16
m−α

)
≥

infbGn,Sn

max
j∈{0,...,M}

Pj

(
d∆(Ĝn, G

∗
j) ≥

L‖h‖1c
−α
0

16
n−

1
2κ−2+(d−1)/α

)
≥ c2 ,

for n large enough, where c2 > 0 comes from Theorem 6. Now using (2.19) similarly
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to the proof of Theorem 1 we obtain

infbGn,Sn

sup
P∈BF(α,κ,L,C,c)

P
(
R(Ĝn)−R(G∗) ≥ c

4κ2κ
L‖h‖1c

−α
0 · n−

κ
2κ−2+(d−1)/α

)
≥ c2 ,

An application of Markov’s inequality yields the original statement of the theorem,

concluding the proof.

Remark: As in the proof of Theorem 1 note that if the passive sampling scenario

is considered the sample locations {X i}n
i=1 have to be selected before any observa-

tions are made, therefore they must be somewhat uniformly distributed over [0, 1]d.

Using a similar reasoning as remarked in Section 2.6.1 we have that KL(Pi‖P0) ≤

8n(cAκ−1)2Lhmax · m−α ∼ nm−2α(κ−1)m−α ∼ nm−α(2κ−1). Therefore choosing m ∼

n
1

α(2κ−1)+d−1 and proceeding in analogous fashion as before yields bound (2.12). �

2.6.3 Proof of Theorem 4

The proof methodology aims at controlling the excess risk for an event that hap-

pens with high probability. To avoid carrying around cumbersome constants we use

the ‘big-O’ notation (see the footnote on 44). We show the proof only for the case

κ > 1, since the proof when κ = 1 is almost analogous.

Define the event Ωn =
{
|ĝ(M−1l̃)− g∗(M−1l̃)| ≤ tN ∀l̃ ∈ {0, . . . ,M}d−1

}
. In

words, Ωn is the event that the Md−1 point estimates of g do not deviate very much

from the true values. Using a union bound, taking into account (2.9) and the choice tN

in (2.13) one sees that 1−Pr(Ωn) = O(N−γMd−1), where γ can be chosen arbitrarily
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large. With the choice of M in the theorem and choosing c1 wisely in the definition

of tN (2.13) we have 1− Pr(Ωn) = O
(
n−

ακ
α(2κ−2)+d−1

)
.

The excess risk of our classifier is given by

R(Ĝn)−R(G∗) =

∫
bGn∆G∗

|2η(x)− 1|dx

=

∫
[0,1]d−1

∫ max(bg(x̃),g∗(x̃))

min(bg(x̃),g∗(x̃))

|2η ((x̃, xd))− 1|dxddx̃

≤
∫

[0,1]d−1

∫ max(bg(x̃),g∗(x̃))

min(bg(x̃),g∗(x̃))

2C

δ
|xd − g(x̃)|κ−1dxddx̃

=
2C

δ

∫
[0,1]d−1

∫ |bg(x̃)−g∗(x̃)|

0

zκ−1dzdx̃

=
2C

δκ

∫
[0,1]d−1

|ĝ(x̃)− g∗(x̃)|κdx̃ = O (‖ĝ − g∗‖κ
κ) ,

where the inequality follows from condition (2.11), and ‖ · ‖κ denotes the Lκ norm of

a function.

Let Lq̃, q̃ ∈ {0, . . . ,M/bαc − 1}d−1 be a clairvoyant version of L̂q̃, that is,

Lq̃(x̃) =
∑

l̃:M−1 l̃∈Iq̃

g∗(M−1l̃)Qq̃,l̃(x̃) .

In a sense Lq̃ is the “best” classifier is the class of piecewise polynomial classifiers.

It is well known that these interpolating polynomials have good local approximation

properties for Hölder smooth functions, namely we have that

Lemma 3.

sup
g∈Σd−1(L,α)

max
x̃∈Iq̃

|Lq̃(x̃)− g∗(x̃)| = O(M−α) . (2.20)

64



Lemma 3 is proved in the end of the section. We have almost all the pieces we

need to conclude the proof. The last fact needed is a bound on the variation of the

tensor-product Lagrange polynomials, namely it is easily shown that

max
x̃∈Iq̃

∣∣Qq̃,l̃(x̃)
∣∣ ≤ bαc(d−1)bαc . (2.21)

We are now ready to show the final result. Assume for now that Ωn holds, therefore

|ĝ(M−1l̃)−g∗(M−1l̃)| ≤ tN for all l̃. Note that tN is decreasing as n (and consequently

N) increase.

R(Ĝn)−R(G∗) = O (‖ĝ − g∗‖κ
κ)

= O

 ∑
q̃∈{0,...,M/bαc−1}d−1

∥∥∥(L̂q̃ − g∗)1{x̃ ∈ Iq̃}
∥∥∥κ

κ


= O

(∑
q̃

∥∥∥(Lq̃ − g∗)1{x̃ ∈ Iq̃}+ (L̂q̃ − Lq̃)1{x̃ ∈ Iq̃}
∥∥∥κ

κ

)

= O

(∑
q̃

(
‖(Lq̃ − g∗)1{x̃ ∈ Iq̃}‖κ +

∥∥∥(L̂q̃ − Lq̃)1{x̃ ∈ Iq̃}
∥∥∥

κ

)κ
)

,

Note now that

‖(Lq̃ − g∗)1{x̃ ∈ Iq̃}‖κ =

(∫
Iq̃

(Lq̃(x̃)− g∗(x̃))κ dx̃

)1/κ

= O

(∫
Iq̃

M−ακdx̃

)1/κ
 = O

(
M−αM− d−1

κ

)
.
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Where we used Lemma 3. We have also

∥∥∥(L̂q̃ − Lq̃)1{x̃ ∈ Iq̃}
∥∥∥

κ
=

∑
l̃:M−1 l̃∈Iq̃

∣∣∣ĝ(M−1l̃)− g∗(M−1l̃)
∣∣∣ ∥∥Qq̃,l̃

∥∥
κ

≤
∑

l̃:M−1 l̃∈Iq̃

tN

(∫
Iq̃

∣∣Qq̃,l̃(x̃)
∣∣κ dx̃

)1/κ

≤
∑

l̃:M−1 l̃∈Iq̃

tN

(∫
Iq̃

bαc(d−1)bαcκdx̃

)1/κ

= O
(
tNM

−(d−1)/κ
)
.

Using these two facts we conclude that

R(Ĝn)−R(G∗) =

O

(∑
q̃

(
‖(Lq̃ − g∗)1{x̃ ∈ Iq̃}‖κ +

∥∥∥(L̂q̃ − Lq̃)1{x̃ ∈ Iq̃}
∥∥∥

κ

)κ
)

= O

 ∑
q̃∈{0,...,M/bαc−1}d−1

(
M−αM− d−1

κ + tNM
−(d−1)/κ

)κ


= O

(
Md−1

(
M−αM− d−1

κ + tNM
−(d−1)/κ

)κ)
= O

((
M−α + tN

)κ)
.

Plugging in the choices of M and N given in the theorem statement we obtain

R(Ĝn)−R(G∗) = O
(
(log n/n)

ακ
α(2κ−2)+d−1

)
.
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Finally, noticing that 1− Pr(Ωn) = O
(
n−

ακ
α(2κ−2)+d−1

)
we have

E[R(Ĝn)]−R(G∗) ≤ O
(
(log n/n)

ακ
α(2κ−2)+d−1

)
Pr(Ωn) + 1 · (1− Pr(Ωn))

= O
(
(log n/n)

ακ
α(2κ−2)+d−1

)
,

concluding the proof. �

2.6.4 Proof of Lemma 3

Let x̃ ∈ Iq̃ and g ∈ Σd−1(L, α). Taking into account Definition 1 we have

|Lq̃(x̃)− g∗(x̃)| =
∣∣Lq̃(x̃)− TPq̃bαcM−1(x̃)− g∗(x̃) + TPq̃bαcM−1(x̃)

∣∣
≤

∣∣Lq̃(x̃)− TPq̃bαcM−1(x̃)
∣∣+ ∣∣g∗(x̃)− TPq̃bαcM−1(x̃)

∣∣
≤

∣∣Lq̃(x̃)− TPq̃bαcM−1(x̃)
∣∣+ L

∥∥x̃− q̃bαcM−1
∥∥α

≤
∣∣Lq̃(x̃)− TPq̃bαcM−1(x̃)

∣∣+O(M−α) .

Note now that the tensor polynomial approximation space contains the space of degree

bαc polynomials, therefore we can write Lq̃(x̃) as a tensor product polynomial and
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so

|Lq̃(x̃)− g∗(x̃)| ≤

∣∣∣∣∣∣
∑

l̃:M−1 l̃∈Iq̃

g∗(M−1l̃)Qq̃,l̃(x̃)− TPq̃bαcM−1(x̃)

∣∣∣∣∣∣+O(M−α)

=

∣∣∣∣∣∣
∑

l̃:M−1 l̃∈Iq̃

(
g∗(M−1l̃)− TPq̃bαcM−1(M−1l̃)

)
Qq̃,l̃(x̃)

∣∣∣∣∣∣+O(M−α)

≤
∑

l̃:M−1 l̃∈Iq̃

∣∣∣g∗(M−1l̃)− TPq̃bαcM−1(M−1l̃)
∣∣∣ ∣∣Qq̃,l̃(x̃)

∣∣+O(M−α)

≤
∑

l̃:M−1 l̃∈Iq̃

L
∥∥x̃− q̃bαcM−1

∥∥α ∣∣Qq̃,l̃(x̃)
∣∣+O(M−α) (2.22)

≤
∑

l̃:M−1 l̃∈Iq̃

L
∥∥x̃− q̃bαcM−1

∥∥α bαc(d−1)bαc +O(M−α)

≤
∑

l̃:M−1 l̃∈Iq̃

O(M−α) +O(M−α)

= bαcd−1O(M−α) +O(M−α) = O(M−α) ,

where we applied Definition 1 again, and in step (2.22) we used (2.21). Finally the

last step follows from the observation that the number of terms in the summation is

bαcd−1, which does not depend on M . �
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Chapter 3

Regression of Piecewise Constant Functions

In this chapter we consider active learning in a regression setting. Compared to

Chapter 2 the results presented here are on one hand more restrictive (we consider

solely piecewise constant functions, akin to noise parameter κ = 1) but also broader

since the boundary model considered is much more general than a boundary fragment.

The focus of this chapter is to present a practical algorithm for active learning, that

works under reasonable practical assumptions, and has provable performance guaran-

tees. The main goal of non-parametric regression is to estimate a function, belonging

to a potentially large class, from noisy point-wise samples. In the classical setting

the sample locations are chosen a priori, that is, the selection of sample locations

precedes the gathering of the function observations. In the active setting considered

in this chapter, however, the sample locations are chosen in an online fashion: the

decision of where to sample next depends on all the observations made up to that

point.
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3.1 Introduction

In the regression setting, significantly faster rates of error decay are expected to be

achievable using active sampling in cases involving function classes whose complexity

(in the Kolmogorov sense) is dominated by the complexity of lower dimensional ob-

jects. This is the case, for example, for functions that are smooth or slowly varying,

apart from highly localized abrupt changes such as jumps or edges. We illustrate this

behavior by characterizing the fundamental limits of active sampling for two broad

nonparametric function classes which map [0, 1]d to the real line: (i) Hölder smooth

functions (spatially homogeneous complexity, see Figure 3.1(a)) and (ii) piecewise

constant functions that are constant except on a (d − 1)-dimensional boundary set

or discontinuity in [0, 1]d (spatially concentrated complexity, see Figure 3.1(b)). We

conclude that, when the functions are spatially homogeneous and smooth, passive

learning algorithms are minimax optimal over all estimation methods and all (active

or passive) sampling schemes, indicating that active learning methods will not lead

to faster rates of convergence in this setting. For piecewise constant functions, active

sampling techniques can capitalize on the highly localized nature of the boundary by

focusing the sampling process in the estimated vicinity of the boundary. These gains

were seen in Chapter 2, for boundary fragment classes. Here we consider a much

more general boundary model, that does not require the functional description used

by boundary fragments. We present an active learning method that provably im-

proves on the best possible performance based on conventional passive sampling and
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(a) (b)

Figure 3.1: Examples of functions in the classes considered: (a) Hölder smooth function.
(b) Piecewise constant function.

which achieves faster error convergence rates for the piecewise constant class. Fur-

thermore, we show that no other active sampling method can significantly improve

upon this performance (in a minimax sense). The proposed methodology is based

on a multiscale coarse-to-fine strategy that employs techniques from the theory of

spatially-adaptive estimation schemes such as wavelet thresholding. Active sampling

brings a similar adaptive and decision-theoretic approach to bear on the process of

data collection itself by exploiting the well-known property that singularities tend to

“persist-across-scale” [39].

These adaptive sampling theory and methods show promise for a number of prac-

tical applications. In particular, in imaging techniques such as laser scanning [1], it

is possible to adaptively vary the scanning process. Adaptive sampling in this con-

text can significantly reduce image acquisition times. The techniques developed in

this thesis were use in [1] to greatly reduce the number of samples needed for the
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reconstruction of images using ballistic photons. Wireless sensor networks constitute

another key application area. Because of necessarily limited energy resources, it is

desirable to limit the number of measurements collected as much as possible. Incor-

porating adaptive sampling strategies into such systems can dramatically lengthen

the lifetime of the system. In fact, active sampling problems like the one posed in

Section 3.4.2 have already found application in fault line detection [24] and boundary

estimation in wireless sensor networking [6].

3.2 Problem Formulation

Let F denote a generic class of functions mapping [0, 1]d to the real line. Later

we will consider particular classes F . Let f : [0, 1]d → R be a function in that

class. Our goal is to estimate this unknown function from a finite number of noise-

corrupted samples. We consider two different scenarios: (a) passive sampling, where

the locations of the sample points are chosen statistically independently from the

measurement outcomes, and (b) active sampling, where the location of the ith sample

point can be chosen as a function of the previous samples locations and observations.

The statistical model we consider builds on the following assumptions, similar to the

ones introduced in Chapter 2:

B1 - The observations {Yi}n
i=1 are given by

Yi = f(X i) +Wi, i ∈ {1, . . . , n} ,
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where the random variables Wi are independent and identically distributed

(i.i.d.) and independent of {X i}n
i=1.

B2 - The random variables Wi are Gaussian with zero mean and variance σ2.

B3.1 - Passive Sampling: Each sample location X i ∈ [0, 1]d may be either

deterministic or random, but is independent of {Yj}j∈{1,...,i−1,i+1,...,n}. They do

not depend in any way on f .

B3.2 - Active Sampling: Each sample location X i is random, with a distri-

bution that depends only on {Xj, Yj}i−1
j=1. In other words

X i = h(X1 . . .X i−1, Y1 . . . Yi−1,U i) ,

where h(·) is a deterministic function, and U i accounts for possible random-

ization of the sampling rule (that is U i is a random variable, independent of

(X1 . . .X i−1, Y1 . . . Yi−1).) Finally given {Xj, Yj}i−1
j=1 the random variable X i

does not depend in any way on f .

Note that (B3.1) and (B3.2) are identical to (A2.1) and (A2.2) respectively (see

page 22). Therefore the passive sampling strategy is a special case of active sampling.

For the scenarios addressed in this chapter we assume either (B3.1) or (B3.2) holds.

The performance metric considered is the usual squared L2 norm,

‖f − g‖2 =

∫
[0,1]d

|f(x)− g(x)|2dx ,
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where f, g : [0, 1]d → R. An estimator is a function f̂X1,...,Xn,Y1...,Yn : [0, 1]d → R.

Given {X i, Yi}n
i=1, f̂X1,...,Xn,Y1...,Yn(·) is a function mapping [0, 1]d to the real line. As

before we will usually drop the explicit dependence of the estimator on {X i, Yi}n
i=1,

and denote the estimator by f̂n(·), where the subscript n denotes the dependency on

the n data points. When choosing an estimator f̂n our main concern is to ensure that

‖f̂n − f‖2 is small.

Besides the construction of the estimator f̂n, our framework allows also another

degree of freedom: we can choose a sampling strategy, that is, a rule indicating where

to collect the next sample. To be more formal, when working under assumption

(B3.2) we need to specify the distribution of X i given X i−1, . . . ,X1, Yi−1, . . . , Y1.

This is called the sampling strategy for sample i, and it is completely specified by

h(·) and U i. The collection of the n sampling distributions (one for each sample)

is called the sampling strategy and denoted by Sn. The pair (f̂n, Sn) is called the

estimation strategy. Note that even under assumption (B3.1) we have to define a

sampling strategy (this is the classical experiment design problem), although in this

case the strategy cannot depend on {Yj}. We use the term active learning (resp.

passive learning) method to denote estimation strategies that rely on active (resp.

passive) sampling strategies.

In the rest of the chapter we study the fundamental performance limits of active

learning for certain classes of functions, and describe practical estimation strategies

that nearly achieve those fundamental limits. As discussed in the introduction, the
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extra degree of spatial adaptivity under (B3.2) can provide some gains when the

functions in the class have well localized features. Some classes we consider have this

property. In this case as the number of samples increases we can “focus” the sampling

on features that are impairing the estimation performance.

Assumption (B2) can be relaxed. Actually for the bulk of our results we only need

the variables Wi to be independent, and their distribution needs to satisfy a certain

“moment condition” (see the statement of Theorem 8) controlling the tail behavior

of the distribution. Many random variables satisfy that condition (e.g., bounded

random variables). To avoid cumbersome derivations we consider only the Gaussian

assumption throughout, and just remark that these results can be generalized to other

noise models.

We consider essentially two different types of functions: functions that are uni-

formly smooth; and functions that are piecewise constant, in the sense that these are

comprised of constant regions separated by boundaries that have upper box-counting

dimension at most d−1 [40]. The upper box-counting dimension of a set B is defined

using a cover of the set by closed balls of diameter r: Let N(r) denote the minimal

number of closed balls of diameter r that are a cover of B. The upper box-counting

dimension of B is defined as lim supr→0− logN(r)/ log r. The upper box-counting

dimension is also known as the entropy dimension.
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For the next definition we need the following concept: a function f : [0, 1]d → R

is locally constant at a point x ∈ [0, 1]d if

∃ε > 0 : ∀y ∈ [0, 1]d : ‖x− y‖ < ε ⇒ f(y) = f(x) .

Definition 4. A function f : [0, 1]d → R is piecewise constant if it is locally constant

at any point x ∈ [0, 1]d \ B(f), where B(f) ⊆ [0, 1]d is a set with upper box-counting

dimension at most d− 1. Furthermore let f be uniformly bounded on [0, 1]d (that is,

|f(x)| ≤ M, ∀x ∈ [0, 1]d) and let B(f) satisfy N(r) ≤ βr−(d−1) for all r > 0, where

β > 0 is a constant and N(r) is the minimal number of closed balls of diameter r

that covers B(f). The set of all piecewise constant functions f satisfying the above

conditions is denoted by PC(β,M).

The concept of box-counting dimension is related the concept of topological di-

mension of a set [40], and these coincide when the set is “well-behaved”. Essentially

this condition means that the “boundaries” between the various constant regions are

(d − 1)-dimensional non-fractal curves. We will frequently refer to the set B(f) as

the boundary set. The bound on N(r) in the above definition leads to a bound on

the upper box-counting dimension. That same condition is essentially a bound on

the d− 1 dimensional volume of B(f), controlled by parameter β.

The class PC(β,M) has the main ingredients that make active sampling appealing:

a function f ∈ PC(β,M) is “well-behaved” everywhere, except in the small set B(f).

We will see that the critical task for any estimator of f is accurately finding the
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location of the boundary B(f).

3.3 Fundamental Limits - Minimax Lower Bounds

In this section we study the fundamental limitations of active learning method-

ologies. Let F be a generic function class, and let (f̂n, Sn) be an estimation strategy.

We are interested in bounds on the maximal risk supf∈F Ef,Sn [‖f̂n−f‖2], where Ef,Sn

is the expectation with respect to the probability measure of {X i, Yi}n
i=1 induced by

model f and sampling strategy Sn. In what follows we will drop this explicit de-

pendence whenever clear from the context. The goal of this section is to find tight

lower bounds for the maximal risk, over all possible estimation strategies. That is,

we present bounds of the form

inf
( bfn,Sn)∈Ω

sup
f∈F

Ef,Sn [‖f̂n − f‖2] ≥ cψ2
n, ∀n ≥ n0 , (3.1)

where n0 ∈ N, c > 0 is a constant, ψn is a positive sequence converging to zero, and

Ω is the set of all estimation strategies. The sequence ψ2
n is denoted as a lower rate

of convergence (Clearly ψ2
n is defined up to a bounded factor, that might depend on

n).

It is also possible to devise upper bounds on the maximal risk. These are usually

obtained through explicit estimation strategies (as presented in Section 3.4).
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3.3.1 Hölder Smooth Functions

In this section we consider classes of functions whose complexity is homogeneous

over the entire domain, as in Figure 3.1(a), so that there are no localized features. It is

known from the classical works of Ibragimov and Has’minskii [41,42] that for density

estimation in smooth classes (e.g., Sobolev) the choice of design does not improve

the rate of estimation. We show that for regression of Hölder smooth functions

Σd(L, α) a similar behavior holds (recall Definition 1 on page 39, and note that we

are now considering d dimensional functions). The passive learning model has been

studied extensively, and there is a vast statistical literature on the optimal rates of

convergence [34, 43]. It turns out that, for the function class in question, the extra

flexibility of active sampling does not provide any substantial benefit over passive

sampling strategies, since a simple uniform sampling scheme is naturally matched to

the homogeneous “distribution” of the target function’s complexity.

Theorem 7 (Minimax Lower Bound for Σd(L, α)). Under the assumptions (B1),

(B2) and (B3.2) we have

inf
( bfn,Sn)∈ΘACTIVE

sup
f∈Σd(L,α)

Ef,Sn [‖f̂n − f‖2] ≥ const(L, α, σ2)n−
2α

2α+d , (3.2)

for n large enough, where const(L, α, σ2) > 0 and ΘACTIVE is the set of all active

estimation strategies. The above rate is the optimal error rate: there is an estimator
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f̂n and a sampling strategy Sn such that

sup
f∈Σd(L,α)

Ef,Sn [‖f̂n − f‖2] ≤ const(L, α, σ2)n−
2α

2α+d , (3.3)

where const(L, α, σ2) > 0 (note that this constant factor might be different than the

one above). Furthermore this bound is achieved for a passive sampling strategy with

sample locations {Xi}n
i=1 uniformly distributed over [0, 1]d.

The proof of Theorem 7 is presented in Appendix 3.6.1. Although this result might

seem surprising at a first glance, it supports our intuition: estimation using active

sampling can only be advantageous if the target functions have spatially localized

features. This is not the case for the class Σd(L, α); these are uniformly smooth

functions. Classical approximation theory results also support this intuition: the best

m-term approximation scheme for the Hölder class of functions is a linear scheme,

using a piecewise polynomial fit. There are various practical estimators achieving the

performance rates predicted by Theorem 7, including some based on kernels, splines

or wavelets [32].

3.3.2 Piecewise Constant Functions

We now turn our attention to the class of piecewise constant functions PC(β,M).

This is a generalization of boundary fragments, such as considered in Chapter 2,

and also considered in [34]. In the context of regression the boundary fragment

class consists of piecewise constant functions in which the boundary location in the
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dth dimension is a Lipschitz function of the first d − 1 dimensions. Specifically, let

g : [0, 1]d−1 → [0, 1] be a Lipschitz function, that is

|g(x)− g(z)| ≤ ‖x− z‖, ∀ x, z ∈ [0, 1]d−1 . (3.4)

Define

G = {(x, y) : 0 ≤ y ≤ g(x), x ∈ [0, 1]d−1} . (3.5)

Finally define f : [0, 1]d → R by f(x) = 2M1G(x)−M . The class of all the functions

of this form is called the boundary fragment class (usually M = 1), denoted in this

chapter by BF(M). It is straightforward to to show that BF(M) ⊆ PC(β,M), for a

suitable constant β. Other types of boundary fragments can be considered replacing

(3.4) with other conditions, for example enforcing the boundary is smooth in a Hölder

sense (as in Chapter 2), or possibly an analytic function [25].

Under the passive learning model we consider in this chapter, we have the following

result [34]. Under (B1), (B2) and (B3.1) we have

inf
( bfn,Sn)∈ΘPASSIVE

sup
f∈BF(M)

Ef,Sn [‖f̂n − f‖2] ≥ const(M,σ2)n−
1
d , (3.6)

for n large enough, where const(M,σ2) > 0. It can be shown that the above bound

is tight, in the sense that a corresponding upper-bound (2.7) holds and the rate in

the theorem is the optimal rate of convergence. This is done in the same spirit as in

Chapter 2, reducing the problem of estimating f to multiple change-point detection
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problems. Noticing that BF(M) ⊆ PC(β,M) we obtain

Proposition 2 (Passive Learning Minimax Lower Bound - PC(β,M)). Under (B1),

(B2) and (B3.1) we have

inf
( bfn,Sn)∈ΘPASSIVE

sup
f∈PC(β,M)

Ef,Sn [‖f̂n − f‖2] ≥ const(β,M, σ2)n−
1
d , (3.7)

for n large enough, where const(β,M, σ2) > 0 and ΘPASSIVE is the set of all passive

estimation strategies.

It is possible to construct estimators that nearly achieve the above performance

rate for piecewise constant functions, as we will see in Section 3.4. All these methods

use sample locations {X i}n
i=1 that are distributed in a uniform way over [0, 1]d (either

in a random or deterministic fashion).

We now turn our attention to the active learning settings. In [36,37] this problem

is addressed for the class of boundary fragments. This work is very similar in spirit

to what is presented in Chapter 2 and makes use of the results in Burnashev and

Zigangirov [23]. Let d ≥ 2. In [36] it was shown that under (B1), (B2) and (B3.2) we

have

inf
( bfn,Sn)∈ΘACTIVE

sup
f∈BF(M)

Ef,Sn [‖f̂n − f‖2] ≥ const(M,σ2)n−
1

d−1 , (3.8)

for n large enough, where const(M,σ2) > 0.

The above result is restricted to d ≥ 2. It can be shown that the rate in the

above bound is actually the optimal estimation rate. In contrast with Theorem 7
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we observe that using active sampling has a potential performance gain over passive

sampling, effectively equivalent to a dimensionality reduction: the exponent in (3.8)

depends now on the dimension of the boundary set, d − 1, instead of the dimension

of the entire domain, d.

Noticing again that BF(M) ⊆ PC(β,M) we have the following important result.

Proposition 3 (Active Learning Minimax Lower Bound - PC(β,M)). Let d ≥ 2.

Under the requirements of the active sampling model we have

inf
( bfn,Sn)∈ΘACTIVE

sup
f∈PC(β,M)

Ef,Sn [‖f̂n − f‖2] ≥ const(β,M, σ2)n−
1

d−1 , (3.9)

for n large enough, where const(β,M, σ2) > 0.

In the next section we verify that the bound in Proposition 3 is tight, and present a

learning methodology whose performance is arbitrarily close to that bound (in terms

of the polynomial rate).

When dealing with boundary fragments, relatively simple estimation algorithms

can be constructed by taking advantage of the very special functional form of the

boundary set. These algorithms begin by dividing the unit hypercube into “strips”

and performing a one-dimensional change-point estimation in each of the strips. Un-

der the passive sampling framework such change-point estimation has a performance

limited by the parametric rate 1/n, but, as seen above, when considering active sam-

pling, the change-point detection can be done extremely accurately, using the Bur-

nashev and Zigangirov method, by actively selecting the samples in each strip. Un-
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fortunately, the boundary fragment class is very restrictive and impractical for most

applications. Recall that boundary fragments consist of only two regions, separated

by a boundary that is a function of the first d − 1 coordinates. The class PC(β,M)

is much larger and more general (e.g., the function depicted in Figure 3.1(b)), so

the algorithmic ideas that work for boundary fragments can no longer be used. In

particular, the reduction of the problem to one-dimensional change-point detection

problems on strips is no longer possible. A completely different approach is required,

using radically different tools.

3.4 Estimation of Piecewise Constant Functions

In this section we present various estimation strategies, both for the passive and

active learning settings. All the estimation strategies we present in this section hinge

on tree structured partitions, that allow for the necessary degree of spatial adaptivity.

The design and analysis of the proposed methods are intertwined, since we use various

bounding techniques as guidelines in their construction. The following fundamental

risk bound is a key tool.

Theorem 8 (Oracle Bound for Penalized Squared Error Estimation). Assume (B1)

and (B3.1), and suppose |f(x)| ≤ M for all x ∈ [0, 1]d. Furthermore let {X i}n
i=1 be

i.i.d., uniform over [0, 1]d. Suppose also that for all i ∈ {1, . . . , n} we have E[Wi] = 0,

Var(Wi) ≤ σ2, and

E
[
|Wi|k

]
≤ Var(Wi)

k!

2
hk−2 , (3.10)
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for some h > 0 and all k ≥ 2. Equation (3.10) is known as the Bernstein’s moment

condition.

Let Γ be a countable class of functions mapping [0, 1]d to the real line such that

|g(x)| ≤M ∀x ∈ [0, 1]d,∀g ∈ Γ .

Let pen : Γ → [0,+∞) be a penalty function satisfying

∑
g∈Γ

e−pen(g) ≤ 1 . (3.11)

Finally define the estimator

f̂n
∆
= arg min

g∈Γ

{
1

n

n∑
i=1

(Yi − g(X i))
2 +

λ

n
pen(g)

}
, (3.12)

where λ > 2(σ2 +M2) + 8(hM +M2/3).

Then

E
[
‖f̂n − f‖2

]
≤ min

g∈Γ

1

1− a

{
(1 + a)‖f − g‖2 +

λ

n
pen(g) +

4λ

n

}
, (3.13)

with a = 2(σ2+M2)
λ−8(hM+M2/3)

.

This theorem is an oracle bound, that is, the expected error of the estimator is,

up to a multiplicative constant, the best possible relative to the penalized criterion

among all the models in Γ. This result follows very closely the approach in [44], with

84



some small modifications due to the noise model considered. For completeness we

present the proof in Section 3.6.2. Note that there is some freedom when deciding

how important the penalty is (parameter λ), and the condition on λ depends on M .

This dependence is due to the bounding techniques used, and it is possible to derive

similar bounds for general λ > 0. Other oracle bounds could be used instead (for

example the bounds in [45]) yielding very similar results.

Remark: Equation (3.11) can be interpreted as a Kraft inequality [46]. This

means that we can construct the penalty function pen(·) explicitly describing a prefix

code for the elements of Γ (a prefix code is such that a codeword can be decoded as

soon as it is entirely received). For each f ∈ Γ, pen(f) is the length (in nats [46]) of

the codeword associated with f . The coding argument is sometimes convenient when

designing a penalty, since a prefix code automatically satisfies (3.11).

3.4.1 Passive Learning Algorithm for PC(β,M)

In this section we focus on the passive sampling model (B3.1) and the class of

functions PC(β,M). The ideas behind the particular estimation strategy presented

here are the key for the construction of an active learning method able to nearly

achieve the minimax lower bound of Proposition 3.

Since the location of the boundary is a priori unknown, it is natural to distribute

the sample points uniformly over the unit hypercube. Various sampling schemes can

be used to accomplish this, but we focus on a very simple randomized scheme. Let

{X i}n
i=1 be i.i.d. uniform over [0, 1]d. Under assumption (B2), Wi is Gaussian and so
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we obtain the following corollary of Theorem 8.

Corollary 1. Assume (B1), (B2) and (B3.1). Furthermore let {X i}n
i=1 be i.i.d., uni-

form over [0, 1]d, and independent of {Yi}n
i=1. Consider a class of models Γ satisfying

the conditions of Theorem 8 and define the estimator

f̂n(X,Y )
∆
= arg min

g∈Γ

{
1

n

n∑
i=1

(Yi − g(X i))
2 +

λ

n
pen(g)

}
, (3.14)

with λ = 6(σ2 +M2) + 8(2
3

√
2
π
σM +M2/3). Then

E
[
‖f̂n − f‖2

]
≤ min

g∈Γ

{
2‖f − g‖2 +

3

2

λ

n
pen(g)

}
+ 6

λ

n
. (3.15)

The proof is presented in Section 3.6.3. All the estimators we consider for the

piecewise constant function class are based on Recursive Dyadic Partitions (RDPs).

The elements of an RDP are quasi-disjoint subintervals of [0, 1]d, such that their

union is the entire unit hypercube (two sets are quasi-disjoint if and only if their

intersection has Lebesgue measure zero). We consider quasi-disjoint sets to avoid

technicalities pertaining the boundaries of the partition sets, although it is possible

construct proper partitions using this same reasoning. A RDP is any partition that

can be constructed using only the following rules:

1. {[0, 1]d} is a RDP;
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2. Let π = {A0, . . . , Ak−1} be a RDP, where Ai = [ai1, bi1] × . . . × [aid, bid].

Then π′ = {A1, . . . , Ai−1, A
(0)
i , . . . , A

(2d−1)
i , Ai+1, . . . , Ak} is a RDP, where

{A(0)
i , . . . , A

(2d−1)
i } is obtained by dividing the hypercube Ai into 2d quasi-

disjoint hypercubes of equal size. Formally, let q ∈ {0, . . . , 2d − 1} and

q = q1q2 . . . qd be the binary representation of q. Then

A
(q)
i =

[
ai1 +

bi1 − ai1

2
q1, bi1 +

ai1 − bi1
2

(1− q1)

]
× · · ·

×
[
aid +

bid − aid

2
qd, bid +

aid − bid
2

(1− qd)

]
.

Whenever a partition π′ can be constructed by repeated application of rule (ii)

to a partition π we say that the partitions are nested, and that π′ � π (meaning

that the partition π′ is “finer” than partition π).

Other recursive partition strategies can also be considered, such as “free-split”

procedures [47]. Some of these can also be analyzed under our framework, although

extra difficulties arise.

It is clear that an RDP π can be described effectively by a rooted tree structure,

where each leaf corresponds to a element of the partition, the root node corresponds

to the set [0, 1]d, and the internal nodes correspond to the aggregation of elements of

π. This idea is illustrated in Figure 3.2 for the two-dimensional case. Denote the set

of all RDPs by Π. We define the depth of a leaf in a RDP as the distance (number of

edges) from the root to the leaf in the tree representation of the RDP. For example

87



1

1

(a)

1

2

2

3

3

4

4

5

5

(b)

1

2

9

9

8

8

7

7

6

6

2

3 4
5

5

3

5

(c)

Figure 3.2: Example of Recursive Dyadic Partitions, and the corresponding tree represen-
tations.

in Figure 3.2(c) the RDP has four leafs at depth two and three leafs at depth one.

Our class of models is constructed assigning a constant value to each of the el-

ements of a RDP, that is, our estimator is a stair function supported over a RDP.

Formally, let π be a RDP and define

Ξ(π) =

{
g(x) : g(x) =

∑
A∈π

cA1A(x), cA ∈ R

}
. (3.16)

The estimator f̂n we consider is best constructed in a two-stage way: define f̂
(π)
n :

[0, 1]d → R such that

f̂ (π)
n

∆
= arg min

g∈Ξ(π)

1

n

n∑
i=1

(Yi − g(X i))
2 , (3.17)

that is, for a fixed RDP π the function f̂
(π)
n is the least squares fit of the data over
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the class Ξ(π). Now define

π̂
∆
= arg min

π∈Π

{
1

n

n∑
i=1

(Yi − f̂ (π)
n (X i))

2 +
λ

n
pen

(
f̂ (π)

n

)}
, (3.18)

where

pen
(
f̂ (π)

n

)
=

(
2d log 2

2d − 1
+ log(2n+ 1)

)
|π| , (3.19)

and |π| denotes the number of elements of partition π. Note that for n ≥ 2 we have

pen
(
f̂

(π)
n

)
≤ cpen|π| log n, where cpen = 2d

2d−1
+ 5

2 log 2
. This upper-bound can be used

as the definition of the penalty, yielding essentially the same performance.

Finally, the estimator f̂n : [0, 1]d → R is defined as

f̂n = f̂ (bπ)
n . (3.20)

The computation of f̂n can be done by efficiently using tree pruning algorithms, in

the spirit of CART [47]. Although the estimator (3.20) is very appealing and practical,

it is difficult to analyze under the scope of Theorem 8 and Corollary 1, since there is

an uncountable number of possible models (because Ξ(π) is uncountable). Instead we

are going to analyze a related estimator, using only a finite subset of Ξ(π), obtained

by quantizing the constant values decorating each tree leaf. That modified estimator,

presented in the Appendix 3.6.4, allows us to prove the main result of this section. It

is important to note that the quantization modification of the estimator is important

for the analysis of the algorithm, but the original algorithm, as presented in the
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current section, still works extremely well in practice. The original algorithm can be

studied using more sophisticated techniques, such as the ones described in [48].

Theorem 9 (Passive Learning Minimax Upper Bound - PC(β,M)). Under (B1),

(B2) and (B3.1) the algorithm described satisfies

sup
f∈PC(β,M)

E[‖f̂n − f‖2] ≤ const(β,M, σ2)


log2 n

n
, if d = 1,(

log n
n

) 1
d , if d > 1,

,

where const(β,M, σ2) > 0.

The proof of the theorem is presented in Appendix 3.6.4 and consists of the analysis

of the proposed estimator. It employs relatively standard techniques, common in the

wavelet and regression trees literature. We observe that we get the same rate (up to

a logarithmic factor) of Proposition 2, therefore this is the optimal polynomial rate

of convergence for the passive sampling scenario.

Remark: Although the estimator used in the proof of Theorem 9 involved a search

of all possible RDPs, this is not at all required. We need only to consider RDPs up

to a certain depth (more precisely up to depth J = d1
d
log(n/ log(n))e). This fact is

clear from the proof, since in the oracle bound we only need to consider such RDPs.
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3.4.2 Active Learning Algorithms for PC(β,M)

In this section we present active learning algorithms (that is, estimation algorithms

using active sampling) that improve upon the best passive learning performance rates

under certain conditions. A very desirable feature of these methods is that they should

be provably as good as the passive learning methods described in the previous chapter,

but can have a greatly improved performance under many situations, in particular

when working with the piecewise constant class.

The proposed scheme is based on a two-step approach. In the first step, called

the preview step, an estimator of f is constructed using n/2 samples (assume without

loss of generality that n is even), distributed uniformly over [0, 1]d. In the second

step, called the refinement step, we select n/2 samples near the perceived locations

of the boundaries (estimated in the preview step) separating constant regions. At

the end of this process we will have half the samples concentrated in the vicinity of

the perceived boundary set B(f). Since accurately estimating f near the boundary

set is key to obtaining faster rates, such a method has the potential to outperform

the passive learning methodology described earlier. A graphical depiction of this

approach is given in Figure 3.3. The two-steps of the proposed active learning method

are described in more detail below. For simplicity assume throughout that n is even.

Preview: The goal of this step is two-fold: it provides an accurate estimate of f

“away” from the boundary region, and very importantly provides a coarse estimate

of the location of B(f). This step is simply the application of the passive learn-
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(a) (b)

(c)

Figure 3.3: The two step procedure for d = 2 (no shifted partitions): (a) Preview step
RDP. Note that the cell with the arrow was pruned shallower than depth J , but it contains
a part of the boundary. (b) Additional sampling for the refinement step. (c) Refinement
step.

ing method described in Section 3.4.1 using n′
∆
= n/2 samples at points distributed

uniformly over [0, 1]d. Denote this estimator by f̂p
0 . The RDP tree obtained with

this methodology is going to be somewhat adapted to the boundary structure, with

smaller (in size) leafs near the boundary, and larger leafs away from it. Therefore

the passive learning algorithm provides us with a “boundary detector”. Any region
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spanned by a leaf that is at a considerable depth is a candidate for resampling and

refinement. Specifically we refine any region spanned by leafs at depths greater or

equal to

j ≤ J =

⌈
d− 1

(d− 1)2 + d
log(n′/ log(n′)

⌉
. (3.21)

The reason for this choice of depth will be clear from the analysis of the algorithm,

but for now notice that these depths are shallow enough so that a significant amount

of data falls inside each cell. This is used to guarantee that we reliably detect the

boundary if present. Formally,

f̂p
0 = f̂

(bπp
0)

n′ ,

where f̂n′ was defined in (3.18) and

π̂p
0

∆
= arg min

π∈Π

{
1

n′

n′∑
i=1

(Yi − f̂
(π)
n′ (X i))

2 +
λ

n′
pen

(
f̂

(π)
n′

)}
.

Unfortunately, if the set B(f) is somewhat aligned with the dyadic splits of the

RDP, leafs intersecting the boundary can be pruned without incurring a large er-

ror, and therefore we would not be able to properly detect the boundary in those

situations. This is illustrated in Figure 3.4(a); the highlighted cell was pruned and

contains a piece of the boundary. The error incurred by pruning should be small,

since f is mostly a constant in that region. However,worst-case analysis reveals that

the squared bias induced by these small volumes can add up, leading to relatively

large total error.

93



This problem is related to the fact that our preview estimator is not translation

invariant; that is, if instead of f we consider a slightly translated version of f , the

RDP-based preview estimate obtained may change considerably. A way of mitigat-

ing this issue is to consider multiple RDP-based estimators, each one using a RDP

appropriately shifted. We use d+ 1 estimators in the preview step: one on the initial

uniform partition, and d over partitions whose dyadic splits have been translated by

2−J in each one of the d coordinates. The main idea is illustrated in Figure 3.4 for

the case of a horizontal shift: pruning the cells intersecting the highlighted boundary

region would cause a large error, therefore making it easier to detect the boundary.

Formalizing the structure of the shifted partitions is a little cumbersome, but for

the sake of completeness we include the rules to construct such partitions below.

These are similar the rules presented before for the regular RDPs. A shifted RDP in

the lth coordinate satisfies the following.

1. {[0, 1]d} is a RDP;

2. Let π = {A1, . . . , Ak} be a RDP, where Ai = [ai1, bi1]× . . .× [aid, bid]. Then π′ =

{A1, . . . , Ai−1, A
(1)
i , . . . , A

(2d)
i , Ai+1, . . . , Ak} is a RDP, where {A(1)

i , . . . , A
(2d)
i }

is obtained by dividing the hyper-rectangle Ai into 2d quasi-disjoint hyper-

rectangles of equal size (except near the edge of the unit hypercube). Formally,

let q ∈ {0, . . . , 2d−1} and q = q1q2 . . . qd be the corresponding binary represen-
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(a) (b) (c)

Figure 3.4: Illustration of the shifted RDP construction for d = 2: (a) RDP used in f̂p
0 .

The highlighted cell intersects the boundary but it was pruned, since the pruning does not
incur in severe error. (b) Shifted RDP, used in f̂p

1 . In this case the problem region is
detected, since it would otherwise cause a large error. (c) These are the cells that are going
to be refined in the refinement step.

tation. Then

A
(q)
i =[

ai1 +
bi1 − ai1

2
q1, bi1 +

ai1 − bi1
2

(1− q1)

]
× · · ·

×
[
ail +

bil − ail

2
ql + 2−J−1 (1{ail = 0}+ 1{bil = 1}) ql,

bil +
ail − bil

2
(1− ql) + 2−J−1 (1{ail = 0}+ 1{bil = 1}) (1− ql)

]
× · · ·[

aid +
bid − aid

2
qd, bid +

aid − bid
2

(1− qd)

]
.

The preview estimators built on shifted partitions are defined as

f̂p
l

∆
= f̂

(bπp
l )

n′ ,
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where

π̂p
l

∆
= arg min

π∈Πlshift

{
1

2σ2

n′∑
i=1

(Yi − f̂
(π)
n′ (X i))

2 + λ · pen
(
f̂

(π)
n′

)}
.

The analysis of an estimator built on top of this shifted partitions is similar to the one

for regular partitions. Therefore the proof of Theorem 9 applies also to this estimator.

The only difference is that now the volume of cells in the partition at depth j might be

larger than 2−j, although it is at most 2×2−j (therefore the right-hand-side of (3.36)

is multiplied by 2). This only affects the constant const(β,M, σ2) in Theorem 9.

Any leaf that is at depth greater or equal to J in any of the d+ 1 RDPs obtained

in the preview step indicates the highly probable presence of a boundary, and will be

estimated after resampling in the refinement step, described below.

Refinement: With high probability, the boundary is contained in deeper leafs,

that is, leafs that are at depths greater or equal to J . In the refinement step we

collect additional n′ samples in the corresponding partition sets, and obtain a refined

estimate of the function f . To facilitate the formal description it is useful to introduce

a pruned version of the RDPs obtained in the preview step. Let π ∈ Π be a RDP

and define PRUNEDJ(π) to be the RDP such that the corresponding tree has the same

structure of the tree describing π for all the leafs at depths shallower or equal to J ,

and no leafs at depths greater than J . In other words, if π has a partition cell whose

corresponding depth is greater than J then in PRUNEDJ(π) this cell is replaced by the
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parent cell at depth J were the smaller cell is contained. Let

R̂ =
d⋃

l=0

{A ∈ PRUNEDJ(π̂p
l ) : A corresponds to a leaf at depth J} . (3.22)

Note that R̂ is a collection of sets (a set of sets), and that according to Definition (3.22)

there might be repetitions in the elements of R̂. In the following assume that those

repetitions are removed, that is R̂ is a collection of disjoint hypercubes of sidelength

2−J . Assume that R̂ is not empty (a comment regarding this is issued below). For each

set A ∈ R̂ we collect n′/|R̂| samples, distributed uniformly over each A (recall that

|R̂| denotes the number of elements of R̂). Therefore we collect a total of n′ samples

in this step. For each set A ∈ R̂ we repeat the tree pruning process described in

Section 3.4.1 (but now instead of defining the possible RDPs over the unit hypercube,

we define them over A, see Figure 3.3(c)). This produces a higher resolution estimate

in the vicinity of the perceived boundary set B(f), yielding a better performance than

the passive learning technique. Denote the estimator obtained for the set A ∈ R̂ by

f̂ r
A. The overall estimator of f , after the preview and refinement steps is denoted by

f̂ACTIVE and it is defined as

f̂ACTIVE(x) =


f̂ r

A(x) , if x ∈ A : A ∈ R̂,

f̂p
0 (x) , otherwise

. (3.23)

Some simple modifications can be done to this estimator to improve the perfor-

mance in practice. For example instead of using solely f̂p
0 in the regions that are not
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refined one can consider the arithmetic average of all the shifted preview estimators.

It is easy to show that the expected performance of this average estimator is as good

as the performance of any of the preview estimators. In practice though these aver-

aged estimates are a little more desirable since some of the artifacts created by the

dyadic structure of the RDPs are mitigated.

It is important at this point to mention that the performance of this algorithm is

as good as the performance of the passive algorithm (up to a constant multiplicative

factor). This is extremely desirable since it guarantees that we are always going to

perform as well as the best passive learning method, but in many cases we can attain

a much better performance by taking advantage of active sampling.

Theorem 10. Let d ≥ 2. Under (B1), (B2) and (B3.1) we have

sup
f∈PC(β,M)

E[‖f̂ACTIVE − f‖2] ≤ sup
f∈PC(β,M)

E[‖f̂p
0 − f‖2]

≤ const(β,M, σ2)

(
log n

n

) 1
d

,

where const(β,M, σ2) > 0.

The proof of the theorem is presented in Section 3.6.5 and proceeds by notic-

ing that the extra sampling in the refinement step will only improve the expected

performance of f̂p
0 and never degrade it.

To guarantee that the proposed algorithm has improved performance over passive

methods we need to restrict the piecewise constant class a little further. In particular
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we consider the following definition.

Definition 5 (Boundary Detectability). Let f ∈ PC(β,M) and consider the partition

of [0, 1]d into 2dJ identical hypercubes (cells), with J as defined above in (3.21). Denote

this partition by CJ . This partition corresponds to an RDP with all the leafs at depth

J . Let fJ : [0, 1]d → R be a coarse approximation of f . Formally, for all partition

cells A ∈ CJ we have

fJ(x) =
∑
A∈CJ

1

Vol(A)

(∫
A

f(t)dt

)
1A(x) ,

where Vol(·) denotes the volume of a set (in the above expression Vol(A) = 2−dJ).

Let CB
J = {A ∈ CJ : A ∩ B(f) 6= ∅} be the set of cells in CJ that intersects the

boundary. Let A ∈ CB
J and consider the l-coordinate shifted RDPs. Let A(A, l) denote

the parent cell of A at depth J−1, that is, the cell corresponding to the parent node of

A in the shifted RDP (recall that l = 0 corresponds to the usual non-shifted RDPs).

Function f has a detectable boundary if, for all A ∈ CB
J we have, for at least one

l ∈ {0, . . . , d},

∫
A(A,l)

(
fJ(x)− 1

Vol (A(A, l))

∫
A(A,l)

f(y)dy

)2

dx ≥ C∗2−dJ , (3.24)

where C∗ > 0, and J ≥ J∗ (in other words we are considering a high enough resolu-

tion).

We denote by PC∗(β,M,C∗, J∗) the class of piecewise constant functions with

99



detectable boundaries.

The ”detectability” condition above is required to ensure that boundaries can be

reliably detected in the preview stage. This is influenced by the magnitude of the

transition between constant regions of f , larger “jumps” yield larger C∗ values. But

this condition restricts further the shape of the boundary sets, although it is still quite

general encompassing many interesting cases. The condition restricts the existence

of arbitrarily small boundary features (for example, very small constant regions, or

ribbon like features). It further enforces the boundary set B(f) to be “cusp-free”. A

cusp-free boundary cannot have the behavior you observe in the graph of |x|1/2 at the

origin. Less “aggressive” kinks are allowed, such as in the graph of |x|. A cusp-like

structure is difficult to detect with the preview step, since it is very “thin”, but might

still have enough volume to prevent the algorithm from achieving the correct rate.

It might be possible for the proposed algorithm to display provable gains (with

respect to passive learning) requiring only a weaker condition. Nevertheless a con-

dition restricting the size of small constant regions is required for uniform bounds.

Figure 3.5 illustrates the detectability condition: the piece of the boundary in the

central cell at depth J is “sensed” by the three different RDP elements at depths

J − 1 (one for each possible partition shift). Clearly the partition in Figure 3.5(d) is

able to “feel” the small boundary piece.

The detectability condition holds in particular for Lipschitz boundary fragments.

Figure 3.5 also illustrates this. For boundary fragments two partitions suffice: the

100



2
-J

(a) (b)

(c) (d)

Figure 3.5: Illustration of the detectability condition. Figure (a) depicts a small region
of the boundary, and we are in particular interested on the small region A marked with
a square. Figures (b), (c) and (d) depict the cells at depth J − 1 in containing A in the
various shifted partitions. The cell in (d) is able to “feel” region A, since there is a significant
volume of both constant levels in that cell.

original partition and a partition shifting the dth coordinate. Finally, a loose inter-

pretation of the detectability condition is that most of the boundary set must locally

be similar to a boundary fragment with respect to some orientation of the coordinate

axis.
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Theorem 11 (Active Learning Upper Bound - PC∗(β,M)). Let d ≥ 2. Under

assumptions (B1), (B2), and (B3.2), we have for the algorithm presented above

sup
f∈PC∗(β,M,C∗)

E
[
‖f̂ACTIVE − f‖2

]
≤ const(β,M, σ2, C∗)

(
n

log n

)− 1
d−1+1/d

, (3.25)

where const(β,M, σ2, C∗) > 0 and n is large enough.

The proof of Theorem 11 is presented in Section 3.6.6. Note that we improve on

the passive learning rates using this learning method, but do not achieve the lower

bound of Proposition 3. By iterating this methodology (generalizing to a multi-step

approach) it is possible get arbitrarily close to the rate of Proposition 3, as we see

below. Note that the bound only holds for a number of samples n large enough.

Essentially we need to guarantee that we are performing the boundary detection in

the preview step at a fine enough resolution, so that the detectability condition holds.

Since that resolution grows with n it follows that we just need the number of samples

n be such that J ≡ J(n) ≥ J∗.

The main idea behind the proof of Theorem 11 is to decompose the error of the

estimator for three different cases: (i) the error incurred during the preview step in

regions “away” from the boundary; (ii) the error incurred by not detecting a piece of

the boundary (and therefore not performing the refinement step in that area); (iii) the

error remaining in the refinement region after the refinement step. The type-(i) error

is controlled by considering the refinement of any region that was assigned a small

partition set (corresponding to a leaf deeper than J) in the preview step. This ensures
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that in regions that are not refined the quality of the preview estimate is very good,

not exceeding the error rate in (3.25). Type-(ii) error corresponds to the situations

when a part of the boundary was not detected in the preview step. This can happen

because of the inherent randomness of the noise and sampling distribution, or because

the boundary is somewhat aligned with the dyadic splits, like in Figure 3.3(a). The

latter can be a problem and this is why one needs to perform d+1 preview estimates

over shifted partitions. If the boundary satisfies the detectability condition then it is

guaranteed that one of those preview estimators is going to “feel” the boundary since

it is not aligned with the corresponding partition. A piece of the boundary region is

not refined if it is not detected in all the shifted partition estimators. The worst-case

error can be shown not to exceed the value in (3.25), therefore failure to detect the

boundary has the same contribution for the total error as the type-(i) error. Finally,

analysis of type-(iii) error is relatively easy. Nonetheless one needs to make sure that

the size of the region that needs to be refined is not too large, since in that case the

density of samples in the refinement step might be not be sufficient to improve on

passive methods. In other words, one needs to make sure that in the preview step

not many regions are wrongly characterized as boundary.

As said before, one can reiterate the two-step procedure: For example, to obtain a

three step procedure we can start with a similar preview step, using n′′
∆
= n/3 samples,

and a different value of J , adjusted accordingly. In the refinement step apply the two-

step procedure as described above, instead of the passive strategy. With this three
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step approach we attain the error decay rate ∼ n
1

d−1+ε2 , (ignoring logarithmic factors)

where ε2 = 1/((d− 1)2 + d). To obtain this result we use in the first step

J =

⌈
(d− 1)2

d(d2 − 2d+ 2)
log(n′′/ log(n′′))

⌉
.

Notice that the error decay rate improved with respect to Theorem 11. This procedure

can be repeated, and we get the following result

Theorem 12 (Upper Bound for K-step Method on PC∗(β,M)). Let f̂
(K)
n be the

estimator obtained using a K-step approach as described above (K is arbitrary, but

fixed with respect to n). Let d ≥ 2 and assume (B1),(B2), and (B3.2). Then

E
[
‖f̂ (K)

n − f‖2
]
≤ const(β,M, σ2, C∗, K)

(
n

log n

)− 1
d−1+εK

,

where const(β,M, σ2, C∗, K) > 0 and εK > 0 is given by

εK =


1/K , if d = 2

d−2
(d−1)K−1

, if d > 2

.

Therefore εK can be made arbitrarily small as the number of steps increases.

The proof of Theorem 12 is presented in Section 3.6.7, and proceeds by carefully

choosing the maximum resolution J at each step, balancing the error between each

subsequent steps (as in Theorem 11). Notice that the rate in this theorem can be

made arbitrarily close to the lower bound rate of Proposition 3, meaning that this
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is the optimal polynomial error rate of active learning for the piecewise constant

function class.

3.5 Final Remarks and Open Questions

The results presented in this chapter show that in certain scenarios active learning

attains provable gains over the classical passive approaches. Methodologies based on

active sampling are intuitively appealing, and can be applied in many practical prob-

lems. Despite these draws, the analysis of such active methods is quite challenging

due to the loss of statistical independence in the observations. The function classes

presented here are non-trivial canonical examples illustrating under what conditions

one might expect active learning to improve rates of convergence. The algorithms

presented for actively learning members of the piecewise constant class demonstrates

the possibilities of these ideas, and in fact, this algorithm has already been applied

in the context of field estimation using wireless sensor networks [6] and ballistic laser

imaging [1]. As pointed out earlier, the overall methodology is spatially-adaptive

in two ways: in the estimation/model-selection procedure and in the data collection

process. In fact, the active sampling procedure leverages the spatial-adaptivity of

multiscale estimators in order to guide the data collection process.

The algorithmic ideas presented in this chapter are relatively simple and intu-

itive, but the formal analysis demonstrates the difficulties and challenges inherent

in the study of procedures based on adaptive sampling. For example, the algorithm
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developed is rather “aggressive” or greedy: In the preview step we cannot miss any

part of the boundary set, since we have no further chance of detecting it (in the

refinement step). This is the reason we need the boundary detectability condition

(3.24). Although less aggressive algorithmic techniques can be devised, their analysis

becomes extremely difficult, particularly when dealing with non-parametric settings.

In principle, the proposed method can be extended to the piecewise smooth class of

functions, as long as condition (3.24) is satisfied. This enforces that such a function f

is discontinuous in the boundary set. Although intuitively this algorithmic extension

should work, we do not have yet a formal analysis. The main difficulty is proving a

corresponding version of Lemma 6. Another possibility for generalization is consid-

eration of different boundary models: (i) smoother boundaries, for example locally

smooth boundaries, and (ii) consider discontinuities in a derivative of the regression

function across a d− 1-dimensional boundary (instead of a discontinuity of f itself).

In any of these cases an active sampling procedure may yield performance gains over

passive methodologies. We are currently exploring these possibilities.

3.6 Proofs

3.6.1 Proof of Theorem 7

The proof of Theorem 7 follows closely the construction used to prove Theorem 3.

The key idea of the proof is to reduce the problem of estimating a function in Σd(L, α)

to the problem of deciding among a finite number of such functions. In other words,
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instead of an estimation problem we consider an hypotheses testing problem. The

proof methodology for the passive setting is adequate for the active scenario because

we can choose an adequate set of hypothesis without knowledge of the sampling

strategy. There are also other modifications needed, due to the extra flexibility of the

sampling strategy.

The proof is essentially an application of Theorem 6 on page 58. When apply-

ing the theorem the probability measures we consider are PX1,...,Xn,Y1,...,Yn , and the

distance metric used is simply the L2 norm ‖ · ‖2.

Consider a fixed sample size n. The first step is the construction of a suitable

collection of hypothesis fj(·) ∈ Σd(L, α), j = 0, . . . ,M . Recall that dxe denotes the

minimal integer such that x > dxe. Let c0 > 0 and define

m =
⌈
con

1
2α+d

⌉
, h =

1

m
, xk =

k − 1/2

m
,

and

ϕk(x) = LhαK

(
x− xk

h

)
,

where k ∈ {1, . . . ,m}d, x ∈ [0, 1]d and K : Rd → [0,+∞) satisfies K ∈ Σd(1, α) and

supp K = (−1/2, 1/2)d. It is easily shown that such a function K exists, for example

K(x) = aK̃(2x), with K̃(x) =
d∏

i=1

exp

(
− 1

1− x2
i

)
1{|xi| < 1} ,

where x = (x1, . . . , xi) and a > 0 is sufficiently small.
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Let Ω = {ω = (ω1, . . . , ωmd), ωi ∈ {0, 1}} = {0, 1}md
, and define

ξ =

fω(·) : fω(·) =
∑

k∈{1,...,m}d

ωkϕk(·), ω ∈ Ω

 .

Note that ϕk ∈ Σd(L, α) and these functions have disjoint support, therefore ξ ⊆

Σd(L, α). For ω,ω′ ∈ Ω

‖fω − fω′‖ =

[∫
[0,1]d

(fω(x)− fω′(x))2dx

]1/2

=

 ∑
k∈{1,...,m}d

(ωk − ω′k)2

∫
[0,1]d

ϕ2
k(x)dx

1/2

= Lhα+d/2‖K‖

 ∑
k∈{1,...,m}d

|ωk − ω′k|

1/2

= Lhα+d/2‖K‖
√
ρ(ω,ω′) ,

where ρ is the Hamming distance between ω and ω′, and ‖K‖ =
√∫

[0,1]d
K2(x)dx.

We will choose our hypotheses set from ξ, but we do not need the entire set. We

will use Lemma 2 on page 60 to yield a suitable subset of ξ. Since the lemma was

previously stated in a different way we restate the result in a convenient form: Let

md ≥ 8. There exists a subset {ω(0),ω(1), . . . ,ω(M)} of Ω such that ω(0) = (0, . . . , 0)

and

ρ(ω(j),ω(k)) ≥ md/8, ∀ 0 ≤ j < k ≤M

and M ≥ 2md/8.
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Define fj(·)
∆
= fω(j)(·), with j = 0, . . . ,M . This is the collection of hypotheses

we use with Theorem 6. We need to verify the three conditions in the theorem. As

already pointed out, notice that fj ∈ Σd(L, α).

i)

‖fj − fk‖ = Lhα+d/2‖K‖
√
ρ(ω(j),ω(k)) ≥ Lhα+d/2‖K‖

√
md/8

= Lm−α‖K‖/
√

8 ,

as long as md > 8. This is the case if n ≥ n∗ with n∗ = (81/d/c0)
2α+d (since

then c0(n
∗)1/(2α+d) ≥ 81/d). Taking this into account let n ≥ n∗. Then m ≤

c0n
1

2α+d + 1 ≤ c0n
1

2α+d (1 + 8−1/d), and therefore

‖fj − fk‖ ≥ L
1√
8
m−α‖K‖

≥ L
1√
8
(1 + 8−1/d)−αc−α

0 ‖K‖n−
α

2α+d

≥ L/3 c−α
0 ‖K‖n−

α
2α+d

= Aψn ,

where ψn = n−
α

2α+d and A = Lc−α
0 ‖K‖/3.

ii) Under the modeling assumptions we the probability measure of {Xj, Yj}n
j=1 is

completely defined by the noise model and the sampling strategy Sn. There-

fore it is clear that, without loss of generality, the conditional random variable
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X i|X1 . . .X i−1, Y1 . . . Yi−1 has a density pXi|X1...Xi−1,Y1...Yi−1
with respect to a

suitable dominating measure, therefore the condition Pfj
� Pf0 holds trivially.

iii) From our active sampling modeling assumptions we see that the probability

measure of (X1, . . . ,Xn, Y1, . . . , Yn) has a nice factorization. As mentioned in

(ii) the conditional random variable X i|X1 . . .X i−1, Y1 . . . Yi−1 has a density

pXi|X1...Xi−1,Y1...Yi−1
with respect to a suitable dominating measure. For a func-

tion f ∈ Σd(L, α) the joint probability measure of the sample points and ob-

servations has a density (with respect to a suitable dominating measure) of the

form

pX1,...,Xn,Y1,...,Yn(x1, . . . ,xn, y1, . . . , yn)

= pZX
n ,ZY

n
(zX

n , z
Y
n )

=
n∏

i=1

pYi|Xi;f (yi|xi) pXi|ZX
i−1,ZY

i−1
(xi|zX

i−1, z
Y
i−1) , (3.26)

where ZX
i

∆
= (X1, . . . ,X i), zX

i
∆
= (x1, . . . ,xi), ZY

i
∆
= (Y1, . . . , Yi) and zY

i
∆
=

(y1, . . . , yi). Notice that (B1) yields pYi|Xi;f (yi|xi) = pW (yi − f(xi)), where

pW (x)
∆
= 1/(2πσ2) exp (−x2/(2σ2)) is the density of Gaussian random variable

with zero mean and variance σ2. Taking into account the factorization in (3.26)
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and recalling that f0(·) = 0 we have

KL(Pj‖P0) = Efj

[
log

∏n
i=1 pYi|Xi;fj

(Yi|X i) pXi|ZX
i−1,ZY

i−1
(X i|ZX

i−1,Z
Y
i−1)∏n

i=1 pYi|Xi;f0(Yi|X i) pXi|ZX
i−1,ZY

i−1
(X i|ZX

i−1,Z
Y
i−1)

]

= Efj

[
log

∏n
i=1 pYi|Xi;fj

(Yi|X i)∏n
i=1 pYi|Xi;f0(Yi|X i)

]
=

n∑
i=1

Efj

[
log

pW (Yi − fj(X i))

pW (Yi − f0(X i))

]
≤ n max

x∈[0,1]d
Efj

[
log

pW (Y1 − fj(X1))

pW (Y1 − f0(X1))

∣∣∣∣X1 = x

]
≤ n max

x∈[0,1]d

1

2σ2
(fj(x)− f0(x))2

≤ n max
x∈[0,1]d

1

2σ2
(fj(x))2

≤ 1

2σ2
L2K2

maxnc
−2α
0 n−

2α
2α+d

=
1

2σ2
L2K2

maxc
−(2α+d)
0 cd0n

d
2α+d ≤ 1

2σ2
L2K2

maxc
−(2α+d)
0 md .

From Lemma 2 we have md ≤ 8 logM/ log 2 therefore choosing

c0 =

(
4L2K2

max

σ2γ log 2

) 1
2α+d

,

with 0 < γ < 1/8 fulfills all the conditions of Theorem 6 yielding

inf
( bfn,Sn)∈ΘACTIVE

sup
f∈Σd(L,α)

Pf,Sn

(
‖f̂n − f‖ ≥ An−

α
2α+d

)
≥ c1 > 0 ,

where c1 =
√

M
1+
√

M

(
1− 2γ − 2

√
γ

log M

)
.

The end result follows now from a straightforward application of Markov’s in-
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equality and so, for n > n∗,

inf
( bfn,Sn)∈ΘACTIVE

sup
f∈Σd(L,α)

Ef,Sn [‖f̂n − f‖2] ≥ c1A
2n−

2α
2α+d . (3.27)

�

3.6.2 Proof of Theorem 8

The proof follows closely the strategy in [44], with changes pertaining the different

noise model considered. For the sake of completeness we include the full derivation

here. The proof hinges on a concentration inequality due to Craig [49].

Theorem 13 (Craig, 1933). Let {Ui}n
i=1 be independent random variables, satisfying

the Bernstein moment condition

E
[
|Ui − E[Ui]|k

]
= Var(Ui)

k!

2
hk−2 ,

for some h > 0 and all k ≥ 2. Let U = (1/n)
∑n

i=1 Ui. Then

Pr

(
U − E[U ] ≥ τ

nε
+
nεVar(U)

2(1− c)

)
≤ exp(−τ) ,

for 0 < εh ≤ c < 1 and τ > 0.

Start by defining

r(g, f) = E
[
(Y − g(X))2]− E

[
(Y − f(X))2] .
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Note that

r(g, f) = E
[
(g(X)− f(X))2] ,

since E[Y |X] = f(X). Define now the empirical version of r(g, f), that is

r̂n(g, f)
∆
=

1

n

n∑
i=1

(Yi − g(X i))
2 − 1

n

n∑
i=1

(Yi − f(X i))
2

= − 1

n

n∑
i=1

Ui ,

where Ui = −(Yi − g(X i))
2 + (Yi − f(X i))

2. Notice that the estimator in (3.12) can

be written as

f̂n(X,Y ) = arg min
g∈Γ

{
r̂(g, f ∗) +

λ

n
pen(g)

}
.

At this point we are going to apply Theorem 13 to {Ui}n
i=1. For this we need to

verify the moment condition in the Theorem. Begin by noticing that

Ui = 2(Yi − f(X i))(g(X i)− f(X i))− (f(X i)− g(X i))
2

= 2Wi(g(X i)− f(X i))− (f(X i)− g(X i))
2 . (3.28)

The variance of Ui can be easily upper bounded noticing that the Ui is the sum of

two uncorrelated terms. The variance of the first term is

Var (2Wi (g(X i)− f(X i))) = 4Var(Wi)E
[
(g(X i)− f(X i))

2
]

= 4Var(Wi)r(g, f) .
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The variance of the second term is easily bounded by

Var
(
(g(X i)− f(X i))

2
)
≤ E

[
(g(X i)− f(X i))

4
]

≤ 4M2E
[
(g(X i)− f(X i))

2
]

≤ 4M2r(g, f) ,

therefore we conclude that Var(Ui) ≤ 4(σ2 +M2)r(g, f).

To determine the moment condition constant h we will use a result presented

in [50]. Let A and B be two uncorrelated random variables satisfying the moment

condition with constants hA and hB respectively. Then A + B satisfies the moment

condition with constant 2(hA+hB). We now proceed by considering the decomposition

of Ui into two terms, as in (3.28), and checking the moment condition for each one of

the these. For the first term we have

E
[
|2Wi(g(X i)− f(X i))|k

]
= E

[
|2Wi|k

]
E
[
|g(X i)− f(X i)|k

]
≤ Var(2Wi)

k!

2
(2h)k−2E

[
|g(X i)− f(X i)|2

]
(2M)k−2

≤ Var (2Wi (g(X i)− f(X i)))
k!

2
(4hM)k−2 ,
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for k ≥ 2. The second term is bounded, and so we have simply

E
[∣∣(g(X i)− f(X i))

2 − E
[
(g(X i)− f(X i))

2
]∣∣k]

≤ Var
(
(g(X i)− f(X i))

2
)
(4M2)k−2

≤ Var
(
(g(X i)− f(X i))

2
) k!

2
(4M2/3)k−2 ,

for k ≥ 2. Finally, using the result in [50] we conclude that Ui satisfies Bernstein’s

moment condition with

hUi
= 2(4hM + 4M2/3) .

Applying Theorem 13 to {Ui}n
i=1, with τ = pen(g) + log(1/δ) and ε = 1/λ we get

r(g, f)− r̂n(g, f) ≥ λ
pen(g) + log(1/δ)

n
+

2(σ2 +M2)r(g, f)

λ(1− c)
,

with probability not greater than δe−pen(g). Using the union of events bound we

conclude that

r(g, f)− r̂n(g, f) < λ
pen(g) + log(1/δ)

n
+

2(σ2 +M2)r(g, f)

λ(1− c)
, (3.29)

for all g ∈ Γ, with probability at least 1 − δ. We need to choose c and λ so that

the conditions in Theorem 13 hold, therefore take c = εhUi
= 8(hM +M2/3)/λ and
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λ > hUi
(so that c < 1). Rearranging the terms in (3.29) we get

(1− a)r(g, f) < r̂n(g, f) +
λ

n
pen(g) +

λ

n
log(1/δ) , (3.30)

with probability at least 1 − δ, where a = 2(σ2+M2)
λ(1−c)

. For our purposes it is desirable

that a < 1. This can be ensured by taking λ > 2(σ2 +M2) + 8(hM +M2/3).

Taking into account the definition of f̂n we have in particular that

(1− a)r(f̂n, f) < r̂n(f̂n, f) +
λ

n
pen(f̂n) +

λ

n
log(1/δ),

≤ r̂n(g, f) +
λ

n
pen(g) +

λ

n
log(1/δ) , (3.31)

with probability at least 1 − δ, for all g ∈ Γ. Applying Craig’s Theorem once more,

but this time to {−Ui}n
i=1, using τ = log(1/δ), we get

r̂n(g, f)− r(g, f) < ar(g, f) +
λ

n
log(1/δ) ,

with probability at least 1 − δ, therefore putting this together with (3.31) conclude

that

(1− a)r(f̂n, f) < (1 + a)r(g, f) +
λ

n
pen(g) +

2λ

n
log(1/δ) , (3.32)

with probability at least 1− 2δ. Or rearranging the various terms

r(f̂n, f) <
1 + a

1− a
r(g, f) +

λ

n(1− a)
pen(g) +

2λ

n(1− a)
log(1/δ) , (3.33)
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with probability at least 1 − 2δ for every g ∈ Γ. Equation (3.33) is a Probably

Approximately Correct (PAC) bound. It can easily be converted to an expected risk

bound by a standard integration argument, using the fact that E[Z] =
∫∞

0
Pr(Z >

t)dt, for an arbitrary non-negative random variable Z. To simplify the presentation

let

Υ(g, f)
∆
=

1 + a

1− a
r(g, f) +

λ

n(1− a)
pen(g) ,

and set δ = e−
n(1−a)

2λ
t. Then

E
[
r(f̂n, f)−Υ(g, f)

]
≤

∫ ∞

0

Pr
(
r(f̂n, f)−Υ(g, f) ≥ t

)
≤

∫ ∞

0

2e−
n(1−a)

2λ
t

=
4λ

n(1− a)
,

for every g ∈ Γ, yielding the final result. �

3.6.3 Proof of Corollary 1

Check the moment condition for a Gaussian random variable. The moments of

Wi are given by

E[|Wi|k] = σk



k/2∏
i=1

(2i− 1) , if k is even,

√
2
π

(k−1)/2∏
i=1

(2i) , if k is odd,

.
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Using this fact one concludes that the moment condition is satisfied with h = 2
3

√
2
π
σ.

Now by choosing the particular value of λ in the corollary statement we obtain the

final result. �

3.6.4 Proof of Theorem 9

As mentioned before we are going to analyze a modification of the estimator

described in (3.20). The modification entails to construction of a discrete analogue

of Ξ(π) (see equation (3.16)). We do this by restricting the decorating constant to lie

on the set

Qn
∆
= {−M,−Mn− 1

n
, . . . ,M

n− 1

n
,M} .

Define

ΞQn(π) =

{∑
A∈π

cA1A(x) : CA ∈ Qn ∀A, i

}
.

The class of possible estimators we consider is

Γ =
⋃
π∈Π

ΞQn(π) . (3.34)

This is clearly a countable set (although not finite), and is the set of models we will

use to apply Corollary 1.

To construct a penalty function that satisfies the Kraft inequality (3.11) we use an

explicit description of a prefix encoding of the elements of Γ, therefore automatically

satisfying (3.11). Let γπ ∈ ΞQn(π) ⊆ Γ. The encoding of an element of γπ is done
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in two steps: (i) encoding the underlying RDP π, (ii) encoding the decorating leaf

constant values. To encode the underlying RDP we resort to its tree representation

(refer to Figure 3.6), and assign a zero or one value to each node of the tree: zero if that

node is a leaf node, and one otherwise. Now collect all those values in a lexicographical

order, that is, left-to-right breadth-first order (see example in Figure 3.6). This forms

a binary prefix code for that space of RDP trees. Note that each node in a RDP

tree has either zero or 2d descendants, therefore the tree has 1 + 2dk nodes, for some

k ∈ N0, and it has 1 + (2d − 1)k leaf nodes. The number of leaf nodes is the size of

the RDP and so, we can describe a RDP π using

λ1(π)
∆
= 1 +

2d

2d − 1
(|π| − 1)

bits. Notice that since this is a binary prefix code it satisfies the Kraft inequality (for

binary codes)
∑

π∈Π 2−λ1(π) ≤ 1. For each element of the RDP we consider a constant

value in the set Qn, therefore therefore ΞQn has (2n + 1)|π| elements. With this at

hand we consider the penalty

pen(γπ) =

(
2d log 2

2d − 1
+ log(2n+ 1)

)
|π| ,

identical to the penalty defined in Equation (3.19). We have the following result

119



Figure 3.6: Prefix encoding of a Recursive Dyadic Partition. The depicted partition
encodes as 100100000 in binary.

Lemma 4. The penalty above (defined in (3.19)) satisfies (3.11), that is

∑
γ∈Γ

exp(−pen(γ)) ≤ 1

for Γ defined in (3.34).

Proof.

∑
γ∈Γ

exp(−pen(γ)) =
∑

S
π∈Π ΞQn (π)

exp(−pen(γ))

=
∑
π∈Π

∑
γ∈ΞQn (π)

exp

(
−2d log 2

2d − 1
|π| − log(2n+ 1)|π|

)

=
∑
π∈Π

exp

(
−2d log 2

2d − 1
|π|
) ∑

γ∈ΞQn (π)

1

(2n+ 1)|π|

=
∑
π∈Π

2
− 2d

2d−1
|π|

≤
∑
π∈Π

2
−

“
1+ 2d

2d−1
(|π|−1)

”
=
∑
π∈Π

2−λ1(π) ≤ 1 .

�

Recall the comment make after (3.19): it was noted that pen(γπ) ≤ cpen|π| log n

for any n ≥ 2 and a suitable constant cpen. We use this bound on the penalty, to
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avoid dealing with cumbersome constants.

We are now ready to apply Corollary 1. Let f ∈ PC(β,M) be fixed, but arbitrary.

Our strategy is to construct a partition that is well adapted to the boundary set B(f),

in the sense that the partition elements that intersect B(f) are small. This is desirable

because the discontinuity of B(f) cannot be well approximated with a constant. Away

from the boundary we can use larger partition elements.

Let J ∈ N0. Consider the RDP tree with all the leafs at depth J . The corre-

sponding RDP has 2dJ elements. Now prune this tree so that leafs intersecting B(f)

are at depth J and all the other leafs are possibly a a shalower depth. This process

is illustrated in Figure 3.7. We have the following result:

Lemma 5. There is a RDP such that leafs intersecting B(f) are at depth J and all

the other leafs are depths no greater than J . Denote the smallest such RDP by π∗J .

This RDP has at most 22dβ2(d−1)J leafs intersecting B(f) and

|π∗J | ≤


β′J , if d = 1

β′2(d−1)J , if d > 1

,

where

β′ =


22dβ , if d = 1

23d−1

2d−1−1
β , if d > 1

.

Proof. The number of leafs in a tree is trivially bounded by the number of nodes in

the tree, and so the proof strategy entails by bounding from above the number of
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(a) (b)

Figure 3.7: Example of RDP tree pruning, for d = 2, J = 4, and J ′ = 2. The depicted
curve is B(f): (a) partition with all leafs at depth J ; (b) pruned partition adapted to B(f).

nodes π∗J might have. Let j ∈ N0. Begin by noticing that any closed ball of diameter

2−j is contained in at most 2d nodes at depth j, thus at depth j there are at most

2dβ2(d−1)j nodes of πJ that intersect B(f) (recall Definition 4). Due to the diadic

structure every leaf has 2d − 1 siblings, thus π∗J has less than 22dβ2(d−1)j nodes at

depth j, (since 22d ≤ 2d− 1). Taking this into account it is clear that π∗J has at most

22dβ2(d−1)J leafs. Finally, the total number of nodes of πJ is bounded from above by

the sum of the number of nodes at each depth, that is

|π∗J | ≤ 22dβ
J∑

j=J ′+1

2(d−1)j

≤ 22dβ

J∑
j=0

2(d−1)j

≤


22dβJ , if d = 1

23d−1

2d−1−1
β2(d−1)J , if d > 1

.

�

122



The key point of Lemma 5 is that the total number of leafs in the described tree

has same order of magnitude as the number of leafs intersecting the boundary set (for

d > 1).

Let π∗J be the partition of Lemma 5 and define

f̄ =
∑
A∈π∗J

c̄A1A(x) ,

where

c̄A =
1

Vol(A)

∫
A

f(x)dx .

It is easy to verify that f̄ minimizes ‖f − f̄‖2 over Ξ(π∗J), and it is clear that |c̄A| ≤

M, ∀A ∈ π. Finally, define

f ′ =
∑
A∈π∗J

cA1A(x) ,

where cA = M · round(nc̄A/M)/n. Clearly cA ∈ Qn, and so f ′ ∈ Γ. This is the

estimate we are going to use in the oracle bound (5.1).

We need to bound ‖f − f ′‖2. We consider first the case d > 1. For the ease of

notation define let π∗(B(f))
∆
= {A ∈ π∗J : A

⋂
B(f) 6= ∅}, the set of elements of π∗J
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that intersect B(f). Then

‖f − f̄‖2 =

∫
[0,1]d

|f(x)− f̄(x)|2dx

=
∑
A∈π∗J

∫
A

|f(x)− f̄(x)|2dx

=
∑

A∈π∗(B(f))

∫
A

|f(x)− f̄(x)|2dx +
∑

A∈π∗J\π∗(B(f))

∫
A

|f(x)− f̄(x)|2dx

≤
∑

A∈π∗(B(f))

M2Vol(A) +
∑

A∈π∗J\π∗(B(f))

∫
A

|f(x)− c̄A|2dx (3.35)

≤ β′2(d−1)JM22−dJ

≤ β′M22−J , (3.36)

where step (3.35) follows from Lemma 5 and the fact that f and f̄ are equal “away”

from the boundary (i.e., are equal within the elements of π∗J \ π∗(B(f))). We have

also

‖f̄ − f ′‖2 =

∫
[0,1]d

|f̄(x)− f ′(x)|2dx

=
∑
A∈π∗J

∫
A

|f̄(x)− f ′(x)|2dx

=
∑
A∈π∗J

∫
A

|c̄A − cA|2dx

=
∑
A∈π∗J

(c̄A − cA)2Vol(A)

≤ M2

4n2
.
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Finally

‖f − f ′‖2 ≤ ‖f − f̄‖2 + ‖f̄ − f ′‖2 + 2‖f − f̄‖‖f̄ − f ′‖

≤ const(β,M) max

{
2−J ,

1

n

}
,

where const(β,M) > 0 is a suitable constant. Corollary 1 yields

E[‖f − f̂n‖2] ≤ const(β,M, σ2) max

{
2−J ,

2(d−1)J log n

n
,
1

n

}
,

for a suitable const(β,M) > 0 and any n ≥ 2, where the middle argument in the max-

imum function follows from Lemma 5 and the choice of penalty function. Choosing

J = d1
d
log(n/ log(n))e yields the desired result

E[‖f − f̂n‖2] ≤ const(β,M, σ2)

(
n

log n

)− 1
d

,

for some const(β,M, σ2) > 0 and all n ≥ 2.

When d = 1 the argument suffers a slight modification. Instead of (3.36) we have

‖f − f̄‖2 ≤ β′M2J2−J ,

which follows by the same reasoning as before but noting that Lemma 5 gives a
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different expression for |π∗(B(f))|. From Corollary 1 we get

E[‖f − f̂n‖2] ≤ const(β,M, σ2) max

{
J2−J ,

J log n

n
,
1

n

}
.

With J = dlog ne we obtain

E[‖f − f̂n‖2] ≤ const(β,M, σ2)
log2 n

n
,

for some const(β,M, σ2) > 0 and all n ≥ 2, concluding the proof. �

3.6.5 Sketch Proof of Theorem 10

The proof of the theorem hinges on the comparison of the active learning algo-

rithm with a different/alternative passive learning algorithm. The alternative passive

algorithm is such that it has the same performance of the regular passive learning

algorithm presented in Section 3.4.1. Begin by constructing an alternate set of sam-

ple points: divide the unit hypercube in 2dJ equal hypercubes (this corresponds to a

RDP with all the leafs at depth J), and inside each hypercube take n′/2dJ uniformly

distributed samples. By the end of this process one has a total of n′ samples {X ′
i}n′

i=1

distributed in a somewhat uniform manner over the unit hypercube. This sampling

design is completely non-adaptive and it is called the jittered regular grid design [34].

Furthermore assume these sample points are independent of {X i, Yi}n
i=1. Let {Y ′

i }n′
i=1

126



be the corresponding observations. Recall (3.17) and define

f̂
(π)
†

∆
= arg min

g∈Ξ(π)

1

n′

n′∑
i=1

(Y ′
i − g(X ′

i))
2 . (3.37)

Now define

π̂†
∆
= arg min

π∈Π

{
1

n

n′∑
i=1

(Yi − f̂
(π)
† (X i))

2 +
λ

n
pen

(
f̂

(π)
†

)}
,

where the penalty is defined as before. Finally let f̂†
∆
= f̂

(bπ†)
† . It can be shown that

this algorithm achieves the error rate of Theorem 9, using for example the techniques

in [45]. Namely we have

sup
f∈PC(β,M)

E[‖f̂† − f‖2] ≤ const(β,M, σ2)

(
log n′

n′

) 1
d

, (3.38)

where const(β,M, σ2) > 0. Then

We now compare the performance of the algorithm just described and the active

learning algorithm proposed. Let NR ⊂ [0, 1]d be the the region of the domain that
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is not going to be resampled, that is NR
∆
=
{

x ∈ [0, 1]d : x /∈
⋃
R̂
}

.

E
[
‖f̂ACTIVE − f‖2

]
= E

[
E
[
‖f̂ACTIVE − f‖2

∣∣∣ R̂]]
= E

[
E

[∑
A∈ bR

∫
A

|f̂ACTIVE(x)− f(x)|2dx +

∫
NR

|f̂ACTIVE(x)− f(x)|2dx

∣∣∣∣∣R̂
]]

= E

[
E

[∑
A∈ bR

∫
A

|f̂ r
A(x)− f(x)|2dx +

∫
NR

|f̂p
0 (x)− f(x)|2dx

∣∣∣∣∣ R̂
]]

≤ E

[∑
A∈ bR

E

[∫
A

|f̂ r
A(x)− f(x)|2dx

∣∣∣∣∣ R̂
]]

+

E

[
E

[∫
[0,1]d

|f̂p
0 (x)− f(x)|2dx

∣∣∣∣∣ R̂
]]

.

The second term can be immediately bounded by the performance of the preview

stage estimator, which is given by Theorem 9. For the first term notice that when we

do a refinement the number of samples in the refined cell is going to be larger than

n′/2dJ . Therefore

E
[
E
[∫

A

|f̂ r
A(x)− f(x)|2dx

∣∣∣∣ R̂]] ≤ E
[
E
[∫

A

|f̂†(x)− f(x)|2dx

∣∣∣∣ R̂]] .

In conclusion we have that

E
[
E
[∫

A

|f̂ r
A(x)− f(x)|2dx

∣∣∣∣ R̂]] ≤ E
[
E
[∫

A

|f̂†(x)− f(x)|2dx

∣∣∣∣ R̂]]
≤ E

[∫
[0,1]d

|f̂†(x)− f(x)|2dx

]
.
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This term is bounded by (3.38), concluding the proof. �

3.6.6 Proof of Theorem 11

We begin by characterizing the behavior of the preview estimators at resolution

J . In order to do that we need to introduce some concepts. Consider the partition

of [0, 1]d into 2dJ identical hypercubes, with J ∈ N, like in the definition of boundary

detectability. This partition, denoted by CJ , can also be constructed with a RDP

where all the leaves are at depth J . Using this partition we define fJ : [0, 1]d → R, a

coarse approximation of f up to resolution J . Formally, we have

fJ(x) = 2dJ
∑
A∈πJ

(∫
A

f(t)dt

)
1A(x) .

Note that fJ is identical to f “away” from the boundary (since f is piecewise con-

stant), but in the vicinity of the boundary there is some averaging. We need to define

also a similar J th resolution version of the preview estimators. Recall the definition

of PRUNEDJ on page 96 and define

f̂p
l,J

∆
= f̂n′(PRUNEDJ(π̂p

l )) ,

where f̂n′ was defined in (3.17) on page 88. We have the following important result.

Lemma 6.

E
[
‖f̂p

l,J − fJ‖2
]
≤ const(β,M, σ2)

2(d−1)J log n′

n′
,
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for a suitable const(β,M, σ2) > 0, and all n′ ≥ 2.

Proof. The key idea used in the proof is the construction of a modified observation

setup, that is, instead of using {X i, Yi}n′
i=1 to determine the estimator f̂P

l , we use

a different observation model, yielding observations {X ′
i, Y

′
i }n′

i=1. This new observa-

tion model is carefully chosen so that the outcome of f̂p
l,J when using the data set

{X i, Yi}n′
i=1 or {X ′

i, Y
′
i }n′

i=1 is statistically indistinguishable.

Take X ′
i uniformly over [0, 1]d. The new observation model is of the form

Y ′
i = fJ(X ′

i) +W ′
i ,

where {W ′
i} are all independent but not identically distributed. Namely let AX′

i

denote the partition set where X ′
i is contained, that is,

AX′
i

∆
= A such that A ∈ CJ and X ′

i ∈ A .

Define

W ′
i

∆
= f(U i)− fJ(U i) +Wi ,

where {U i}n′
i=1 are all independent of {Wi} and U i|X i ∼ Unif(AXi

), and {Wi}n′
i=1

are (i.i.d.) Gaussian with zero mean and variance σ2.

Notice that the estimators f̂p
l,J average the data within each partition cell A ∈ πJ ,

completely ignoring the sample location X ′
i within the cell. This ensures that the
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above observation model is statistically indistinguishable from the original observation

model, when used by the estimation procedure. Note that under the new observation

model the regression function is E[Y ′
i |X ′

i = x] is fJ(x), instead of f(x) for the original

observation model. This is the key to obtain the desired result, following from the

application of Theorem 8, since now we can evaluate the error performance with

respect to fJ . We just need to check that W ′
i satisfies the moment condition. Since

W ′
i is the sum of two independent random variables, namely Wi and f(U i)− fJ(U i)

we can again use the result in [50] for the sum of random variables satisfying the

moment condition (as in the proof of Theorem 8). Therefore W ′
i satisfies the moment

condition (3.10) with constant h = 2(2
3

√
2
π

+ 4M2

3
). From here we proceed as in the

proof of Theorem 9, by noting that there is a model in Γ, built over a partition with

2(d−1)J elements, that approximates fJ extremely well. We conclude that

E
[
‖f̂p

l − fJ‖2
]
≤ const(β,M, σ2) max

{
2(d−1)J log n′

n′
,

1

n′

}
= const(β,M, σ2)

2(d−1)J log n′

n′
,

for a suitable const(β,M, σ2) > 0, and all n′ ≥ 2. �

To bound the risk of the active learning procedure we are going to consider the

error incurred in three different situations: (i) the error incurred during the preview

step in regions away from the boundary that are not refined; (ii) the error incurred by

not detecting a piece of the boundary (and therefore not performing the refinement

stage on that area); (iii) the error incurred during the refinement step. Recall that CJ
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it the partition of [0, 1]d into 2dJ identical hypercubes. Let CB
J denote the partition

sets of CJ intersecting the boundary, and CB
J denote the remaining partition sets, so

that CJ = CB
J ∪ CB

J . Errors (i), (ii) and (iii) correspond respectively to the errors in(⋃
CB

J

)
\ R̂,

⋃(
CB

J

)
\ R̂, and

⋃
R̂.

(i) - Recall that fJ is identical to f “away” from the boundary set B(f). That is, for

a fixed set A ∈ CJ that does not intersect the boundary we have f(x) = fJ(x)

for all x ∈ A. Note also that f̂p
l,J(x) is identical to f̂p

l (x) for any point x /∈
⋃
R̂,

that is, any region that is not going to be refined. Taking this into consideration

we have, using Lemma 6

E

[∫
(

S
CB

J )\ bR |f̂ACTIVE(x)− f(x)|2dx

]

= E

[∫
(

S
CB

J )\ bR |f̂
p
0 (x)− fJ(x)|2dx

]

= E

[∫
(

S
CB

J )\ bR |f̂
p
0,J(x)− fJ(x)|2dx

]
≤ E

[
‖fp

0,J − fJ‖2
]

≤ const(β,M, σ2)
2(d−1)J log n′

n′
,

for a suitable const(β,M, σ2) > 0 and all n′ ≥ 2.

(ii) - The set of cells in CJ intersecting the boundary that are not going to be re-

sampled (i.e., refined) in the refinement step is given by CB
J \ R̂. In other words

CB
J \ R̂ = {A ∈ CJ : A ∩B(f) 6= ∅, A /∈ PRUNEDJ(π̂p

l ) ∀l ∈ {0, . . . , d}} .
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Assume now that J is large enough, so that the detectability condition holds.

We know that for each cell in CB
J equation (3.24) holds for at least one of the

shifted RDPs. Therefore we can construct a decomposition

CB
J = CB

J,0 ∪ CB
J,1 ∪ · · · ∪ CB

J,d ,

where CB
J,l are disjoint and (3.24) holds for all the cells of CB

J,l, with respect

to shifted RDPs in the lth coordinate (Notice that many such decompositions

might exist, but for our purposes we just need to consider one of them). A

simple constructive way of building this decomposition is the following: Define

CB
J,0 as all the cells in CB

J for which (3.24) holds with l = 0. Then define CB
J,1 as

all the cells in CB
J \CB

J,0 for which (3.24) holds with l = 1, and so on. Using such
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a decomposition we have the following result

E[‖f̂p
l,J − fJ‖2] ≥ E

∫ S
A∈CB

J,l
\ bRA(A,l)

(
f̂p

l,J(x)− fJ(x)
)2

dx



= E

∫ S
A∈CB

J,l
\ bRA(A,l)

(
f̂p

l (x)− fJ(x)
)2

dx



= E

∫ S
A∈CB

J,l
\ bRA(A,l)

(
fJ(x)− E[f̂p

l (x)|π̂p
l ]
)2

dx

+

E

∫ S
A∈CB

J,l
\ bRA(A,l)

(
f̂p

l (x)− E[f̂p
l (x)|π̂p

l ]
)2

dx



≥ E

∫ S
A∈CB

J,l
\ bRA(A,l)

(
fJ(x)− E[f̂p

l (x)|π̂p
l ]
)2

dx


≥ E

[∣∣∣CB
J,l \ R̂

∣∣∣]C∗ 2−dJ .

Using Lemma 6 we conclude that E
[∣∣∣CB

J,l \ R̂
∣∣∣] ≤ 2(2d−1)J log n′

n′
1

C∗ , and therefore

E
[∣∣∣CB

J \ R̂
∣∣∣] ≤ (d + 1)2(2d−1)J log n′

n′
1

Cb(f)
. The maximum error we incur in our

final estimate by erroneously not detecting certain pieces of the boundary is
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bounded above by

E

∫ S
A∈CB

J
\ bRA

(
f̂ACTIVE(x)− f(x)

)2

dx


= E

∫ S
A∈CB

J
\ bRA

(
f̂p

0 (x)− f(x)
)2

dx


= E

∫ S
A∈CB

J
\ bRA

(
f(x)− E[f̂p

0 (x)]
)2

dx

+

E

∫ S
A∈CB

J
\ bRA

(
f̂p

0 (x)− E[f̂p
0 (x)]

)2

dx


≤ E

[∣∣∣CB
J \ R̂

∣∣∣]M22−dJ + const(β,M, σ2)
2(d−1)J log n′

n′

≤ const(β,M, σ2, C∗)
2(d−1)J log n′

n′
,

where const(β,M, σ2, C∗) > 0, and const(β,M, σ2) > 0 comes from Lemma 6.

The first equality comes simply from (3.23), the definition of the active estima-

tor.

We conclude that the error incurred by failing to detect the boundary has the

same contribution for the total error of the estimator as the error away from

the boundary, analyzed in (i).

(iii) - In the regions that are going to be refined, that is, the regions in R̂, we collect

further samples and apply the estimator described in Section 3.4.1. Assume for

now that we have O(2(d−1)J) elements in R̂. This is proved in Lemma 7 below.
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We collect a total of L
∆
= n′/|R̂| samples in each element of R̂. The error

incurred by f̂ r
A, the refinement estimator for set A ∈ R̂, is upper-bounded by

const(β,M, σ2)

(
logL

L

)1/d

2−dJ ,

where const(β,M, σ2) > 0 comes from Theorem 9. Therefore the error of the

estimator over ∪A∈ bRA is upper-bounded by

const

(
logL

L

)1/d

2−dJ |R̂| .

To compute the total error incurred by f̂ACTIVE we just have to sum the contri-

butions of (i), (ii) and (iii), and therefore we get

E
[
‖f̂ACTIVE − f‖2

]
≤ const(β,M, σ2, C∗)

((
logL

L

)1/d

2−dJ |R̂|+ 2(d−1)J log n′

n′

)
, (3.39)

with const(β,M, σ2, C∗) > 0. Assuming now that |R̂| = O(2(d−1)J) we can balance

the two terms in the above expression by choosing

J =

⌈
d− 1

(d− 1)2 + d
log(n′/ log(n′))

⌉
,

yielding the desired result.

As mentioned before, we need to show that the number of partition sets requiring
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refinement is not very large. Namely, with high probability |R̂| = O(2(d−1)J). This

ensures that there are enough samples in each one of these partition sets to properly

perform the refinement step. Without loss of generality, it suffices to analyze the

number of elements in PRUNEDJ(π̂p
0). We will denote this estimator by π̂ to ease the

notation.

Lemma 7. Let π̂ be the partition estimated according to (3.20). Let π∗J be the partition

adapted to the boundary, according to Lemma 5 (recall that this cannot computed from

the data). Then with high probability the number of elements of π̂ is comparable with

the number of elements of π∗J , namely

Pr(|π̂| > 2|π∗J |) ≤ 1/n ,

for n sufficiently large.

From this lemma we conclude that, with high probability, the number of cells

to be refined is actually O(2(d−1)J) and so all the analysis done before holds, with

probability 1− 1/n, concluding the proof of Theorem 11. �

Proof of Lemma 7: First note that the number of elements in π̂ is equal to (2d−1)k+1

for k ∈ N0, due to the dyadic structure of the partitions. We begin by bounding the
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probability that π̂ has certain number of elements.

Pr
(
|π̂| = (2d − 1)k + 1

)
= Pr

 ⋃
π:|π|=(2d−1)k+1

{π̂ = π}


≤

∑
π:|π|=(2d−1)k+1

Pr (π̂ = π)

≤ #(k) · max
π:|π|=(2d−1)k+1

Pr (π̂ = π) , (3.40)

where #(k) is the number of partitions with (2d − 1)k + 1 elements. A very crude

upper-bound on #(k) is
(
2dJ

k

)
. This is obtained noticing that an RDP with (2d−1)k+1

elements is constructed by doing k splits of the trivial RDP (as in the formal rules

for the construction of RDPs).

To bound Pr(π̂ = π) recall Lemma 5. Let π be an arbitrary RDP (with maximum

depth J) such that |π| = (2d − 1)k + 1. There is another partition π′ that can be

constructed from π by aggregation, adapted to the boundary and such that

|π′| ≤ min
(
|π|, (2d − 1)C2(d−1)J + 1

)
,

where C > 0 comes from Lemma 5. If k ≤ C2(d−1)J we upper bound Pr(π̂ = π)

trivially by one. If k > C2(d−1)J notice that π and π′ are nested and π � π′. To

bound Pr(π̂ = π) we will bound the probability that the estimation strategy chooses π

against π′. For a fixed partition the choice of model corresponds simply to a projection

onto a linear space (recall (3.17)). We choose π against π′ if the difference between

the squared errors of the model fits for π and π′ is greater then the difference of the
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respective penalty terms (recall (3.18), (3.19), and (3.20)). Noting again that π � π′

(that is π is nested inside π′) the difference between the squared errors is a χ2 random

variable, with |π| − |π′| degrees of freedom, and so

Pr(π̂ = π) ≤

Pr

(
U(2d−1)(k−C2(d−1)J ) > λ

(
2d log 2

2d − 1
+ log(2n′ + 1)

)
(2d − 1)(k − C2(d−1)J)

)
,

where U(2d−1)(k−C2(d−1)J ) is a χ2 random variable with (2d − 1)(k − C2(d−1)J) degrees

of freedom. Noting that
(

2d log 2
2d−1

+ log(2n′ + 1)
)
≥ log n′ we can write the following

simpler bound

Pr(π̂ = π) ≤ Pr
(
U(2d−1)(k−C2(d−1)J ) > λ log n′(2d − 1)(k − C2(d−1)J)

)
.

In [51] Laurent and Massart state the following lemma (Lemma 1): If Uq is χ2 dis-

tributed with q degrees of freedom then, for s > 0

Pr(Uq ≥ q + s
√

2q + s2) ≤ e−s2/2 .

Take q = (2d− 1)(k−C2(d−1)J) and q+ s
√

2q+ s2 = λ log n′ q, and assume n is large
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enough so that λ log n′ ≥ 1/2. After some manipulation we conclude that

Pr(π̂ = π) ≤ exp
(
−q

2

(
λ log n′ −

√
2λ log n′ − 1

))
= exp

(
−(2d − 1)(k − C2(d−1)J)

1

2

(
λ log n′ −

√
2λ log n′ − 1

))
.

We can now ask for a bound on the probability that the number of elements

of π̂ exceeds some value. In particular we are going to bound the probability that

the chosen partition has approximately twice more leafs than the optimal partition,

adapted clairvoyantly to the boundary set. Concretely, we are going to bound

ζ
∆
= Pr(|π̂| ≥ (2d − 1)2C2(d−1)J + 1) .

Using (3.40) we have

ζ ≤
∞∑

k=2C2(d−1)J

{(
2dJ

k

)
exp

(
−(2d − 1)(k − C2(d−1)J)

1

2

(
λ log n′ −

√
2λ log n′ − 1

))}
.

Let N
∆
= 2dJ and recall the definition of J in (3.21). It is clear that λ log n′ ≥

c0 logN , for a suitable constant c0 > 0. Then

ζ ≤
∞∑

k=2CN
d−1

d

{(
N

k

)

exp

(
−(2d − 1)(k − CN

d−1
d )

1

2

(
c0 logN −

√
2c0 logN − 1

))}
.
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For N large the logN term dominates the
√

logN term, and so, for ε > 0 and N

sufficiently large we have

ζ ≤
∞∑

k=2CN
d−1

d

(
N

k

)
exp

(
−(2d − 1)(k − CN

d−1
d )

c0
2

logN(1− ε)
)

≤
∞∑

k=2CN
d−1

d

Nk

k!
N−(2d−1)(k−CN

d−1
d )

c0
2

(1−ε) .

Now we use the fact that k! grows much faster than an exponential, namely, for N

sufficiently large we have k! > Nαk for some α > 0. Take α such that 1− α − (2d −

1) c0
2
(1− ε) < 0. Then, for N sufficiently large

ζ ≤
∞∑

k=2CN
d−1

d

NkN−αkN−(2d−1)(k−CN
d−1

d )
c0
2

(1−ε)

≤
∞∑

k=2CN
d−1

d

N (1−α−(2d−1)c0(1−ε))kN (2d−1)CN
d−1

d
c0
2

(1−ε)

=
N (1−α−(2d−1)c0(1−ε))2CN

d−1
d

1−N−1
N (2d−1)CN

d−1
d

c0
2

(1−ε)

=
N

N − 1
N (1−α− 1

2
(2d−1)

c0
2

(1−ε))2CN
d−1

d ≤ N−γ ,

where γ is arbitrarily large, provided α is chosen appropriately, and so ζ < 1/n for

large enough n. �

3.6.7 Sketch Proof of Theorem 12

The main idea of the proof is to construct the multi-step approach iteratively,

composing a single step with a multiple step estimator. Let αK denote the rate
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exponent of a K-step algorithm, that is

E[‖f̂ (K)
n − f‖2] ≤ O

((
n

log n

)αK
)
.

We construct a (K + 1)-step algorithm by using a first step in all identical with the

one in Theorem 11, but restricting the maximum RDP depth to JK . The second

“step” of this algorithm is going to be the K-step methodology already developed.

Therefore we are going to obtain an equation similar to (3.39), but now we can take

into account the performance of the K-stage method.

E
[
‖f̂ (K+1)

n − f‖2
]
≤ O

((
L

logL

)αK

2−dJK |R̂|+ 2(d−1)JK log n′

n′

)
, (3.41)

where L ∼ n/|R̂| and O(|R̂|) = 2(d−1)JK . Balancing the terms in the above expression

yields

JK =

⌈
1 + αK

(d− 1)(1 + αK) + 1
log(n/ log n)

⌉
.

Plugging this back into equation (3.41) yields the recursion

αK+1 = − 1

(d− 1)(1 + αK) + 1
,
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where α1 = −1/d. The above recursion has a closed-form solution given by

αK =


− 1

d−1+1/K
, if d = 2

− 1
d−1+ d−2

(d−1)K−1

, if d > 2

,

concluding the proof. �
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Chapter 4

Coarse-to-Fine Learning of Piecewise Constant

Functions

In this chapter we address the problem of estimation of piecewise constant func-

tions with smooth boundaries. Although we work in a passive learning setting we use

essentially the same ideas as in Chapter 3 to construct a greedy algorithm for sequen-

tial, coarse-to-fine estimation, with significant computational savings over traditional

methods. Accurate detection and localization of the boundary is the key aspect of

these kinds of problems. In general, algorithms capable of achieving optimal per-

formance require exhaustive searches over large dictionaries that grow exponentially

with the dimension of the observation domain. The computational burden of the

search hinders the use of such techniques in practice and is the main motivation for

the development of faster methodologies. We consider a sequential, coarse-to-fine ap-

proach that involves first examining the data on a coarse grid, and then refining the

analysis and approximation in regions of interest. The estimators involve an almost

linear-time (in two dimensions) sequential search over the dictionary, and converge at

the same near-optimal rate as estimators based on exhaustive searches. Specifically,
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for two dimensions, the proposed algorithm requires O(n7/6) operations for an n-pixel

image, much less than the traditional wedgelet approaches, which require O(n11/6)

operations.

4.1 Introduction

The dimensionality of signals is often lower than the ambient observation space.

For example, a pure sinusoidal process occupies a one-dimensional linear subspace.

Linear subspace models and subspace identification techniques have played a major

role in modern signal processing. However, in many cases the signal space may be

a subset of the observation space that is not a linear subspace, and most likely can

be modeled as a lower-dimensional manifold embedded in the observation space. A

simple example of this phenomenon occurs in the analysis of images. For example,

consider a binary image composed of a “white” region and a “black” region sepa-

rated by a smooth boundary. This image is simply a one-dimensional curve (the

boundary) embedded in the two-dimensional image space. Note that the collection

of such images is not a linear subspace of the observation space (e.g., the average

of two such images is not a binary image). Estimating or coding these images in-

volves identifying or learning the boundary. Several investigators have proposed new

basis functions or dictionaries for describing (d − 1)-dimensional manifolds embed-

ded in d-dimensional spaces (for d=2,3), including wedgelet/beamlet dictionaries and

curvelet frames [35, 52, 53]. While promising, the dictionaries are overcomplete and
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learning procedures based on those can be quite computationally demanding to im-

plement. This computational hurdle motivates the methodologies presented here. We

consider sequential, coarse-to-fine learning strategies. The basic idea is to first ex-

amine the data on a coarse grid, and then refine the analysis and approximation in

regions predicted near the boundary. By carefully examining the approximation and

estimation error tradeoffs in each step, we show that piecewise constant images with

smooth boundaries can be optimally recovered through a sequential process in almost

linear-time (in two dimensions), yielding significant computational savings.

Note that the main idea exploited here is very similar to the one of the previous

chapter: use a stepwise approach, where in the first step we determine a perceived

location of the boundary, and in the second step we refine our estimate near that

perceived location. The main difference is that we do not collect any extra samples in

that second step; instead we are choosing where to perform more exhaustive computa-

tion (more beneficial near the boundary). The analysis of proposed methods is quite

similar to the one presented in detail in Chapter 3, therefore here we present solely

“light-weight” proofs and proof sketches. It is important to note that the observa-

tion model and error metrics are significantly different than the ones in the previous

chapter.
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4.2 Problem Formulation

Consider a function f defined on the d-dimensional hypercube [0, 1]d ⊆ Rd (assume

d ≥ 2). The function consists of constant regions separated by (d − 1)-dimensional

boundaries, that is, these are functions satisfying Definition 4 on page 76. We further

assume these boundaries are locally Hölder smooth with parameter 2 (for example,

twice continuously differentiable curves). In other words these boundaries are lo-

cally well-approximated by a d − 1 dimensional hyperplane. In two dimensions this

corresponds to the class of functions studied in [35], and an example is shown in

Figure 4.1(a). We do not observe the function f directly, but only samples which

have been corrupted by noise. Consider a partition of the unit hypercube into n sub-

hypercubes of sidelength n−1/d (assume without loss of generality that n is a power

of d). Denote each hypercube by V (i), i ∈ {1, . . . , n}. In Figure 4.1(a) this proce-

dure is shown for d = 2. Each one of these “small” sub-hypercubes corresponds to a

voxel, and these determine the finest resolution we consider. This initial partition can

be generated by a recursive dyadic partition (recall the acronym RDP). First divide

the domain into 2d sub-hypercubes of equal size. Repeat this process again on each

sub-hypercube. Proceeding in this fashion 1/d log2 n times yields the initial partition.

This gives rise to a complete RDP with 1/n leafs (the original domain is divided into

n cells). The RDP process can be represented with a rooted tree structure: the root

node corresponds to the entire domain (i.e., the unit hypercube), their children nodes

correspond to the 2d sub-hypercubes, and so on.
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(a) (b)

Case 3 Error

(c) (d)

Figure 4.1: Example boundary estimation problem. (a) Initial RDP used in traditional
piecewise linear methods. (b) Initial coarse-resolution RDP used in the preview step. (c)
Partition generated in a preview step. Note the example of a Case 3 error. (d) Final
partition generated during the refinement step, using shifted partitions.

For each voxel we associate the value θ(i),

θ(i) =
1

Vol(V (i))

∫
V (i)

f ,

the average of f over the voxel V (i), where i ∈ {1, . . . , n} and Vol(V (i)) denotes

the volume of V (i). We do not observe the value of each voxel directly, but instead

only a noisy corrupted version. Our measurements, x(i), are samples of the field
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θ(i) corrupted by additive white Gaussian noise with variance σ2, that is, x(i) ∼

N (θ(i), σ2), where we assume that all measurements are statistically independent.

Given these measurements we want to estimate the voxel values θ(i) accurately.

Let Θ = {θ(i)}i and x = {x(i)}i. Let θ̂x(i) be the estimate for the value of voxel

i (in what follows we drop the dependence on x for the ease of notation). Define

Θ̂ = {θ̂(i)}i. The measure of performance considered is the Mean Square Error

(MSE), defined as

MSE(Θ̂,Θ)
∆
= E

[
1

n

n∑
i=1

(
θ(i)− θ̂(i)

)2
]
. (4.1)

4.3 Maximum Penalized Likelihood Estimators

Under the assumption that f is a piecewise constant function it is known that,

for any reasonable estimator Θ̂, as the number of voxels n increases the MSE (4.1)

decreases. For piecewise constant functions on [0, 1]d separated by (d−1)-dimensional

Hölder-2 boundaries, the MSE decays no faster than O(n−2/(d+1)), the minimax lower

bound [34]. This lower bound is shown to be optimal for a class of boundary frag-

ments, as the ones considered in Chapter 2.

It turns out that it is possible to nearly achieve the optimal rates above using

maximum penalized likelihood techniques. This is accomplished using the same tech-

niques as described in Chapter 3. Let Πn be the class of all possible RDPs (with leafs

at depths no larger than 1/d log2 n). Recall that for each π ∈ Πn, there is an associ-
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ated tree structure (generally of non-uniform depth corresponding to the non-uniform

resolution of most RDPs). The leafs of each tree represent dyadic (side-length equal

to a power of 2) hypercube regions of the associated partition. Consider a certain

RDP π, and define the estimator of the field on each leaf of the partition to be the

least-squares fit of a wedgelet to the measurements in the corresponding hypercube.

In d dimensions, a wedgelet fit consists of a (d−1)-dimensional hyperplane separating

a hypercube into two regions and a constant fit to the data in each region. Let Θ̂(π)

denote a model of the field (based on the least-squares model fits on each cell of π).

The empirical measure of performance is the sum-of-squared errors between Θ̂(π) and

the data:

R
(
Θ̂(π),x

)
=
∑(

θ̂(π)(i)− x(i)
)2

.

For fixed partition π, the choice of Θ̂(π) that minimizes R(Θ̂(π),x) is simply given by

the least-squares fits on each square, as discussed above. Now define the complexity

penalized estimator as

Θ̂ = arg min
Θ̃π :π∈Πn

R
(
Θ̃π,x

)
+ 2σ2λ|π| log n , (4.2)

where |π| denotes the number of hypercubes in the partition π and λ is constant

which will be defined later. This optimization can be solved using a bottom-up

pruning algorithm [47, 52]. It has the further advantage that upper bounds on the

estimation error can be established using several recent information-theoretic results,
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most notably the Li-Barron bound [54] and its generalizations [55]. These are oracle

bounds, similar to the ones used in the previews chapter, although more adequate to

the deterministic sampling framework used here. Specifically, if λ is chosen so that

the dictionary of estimators satisfies the Kraft inequality,

∑
Θ̃π :π∈Πn

exp(−λ|π| log n) ≤ 1 ,

then

MSE(Θ̂,Θ) ≤ min
Θ̃π :π∈Πn

2

n
R
(
Θ̃,Θ

)
+

8σ2λ|π| log n

n
. (4.3)

For the remainder of the chapter assume that f has Hölder-2 (d− 1)-dimensional

smooth boundaries. For this class of functions it is known that the minimax MSE

rate is bounded below by O(n−2/(d+1)). It can be shown that solving the optimiza-

tion in (4.2) yields a partition which balances the approximation error and estima-

tion error terms in the bound on the MSE in (4.3), resulting in a final bound of

O
(
(log n/n)−2/(d+1)

)
.

The main challenge associated with such methods involves the optimization in

(4.2). In general, the algorithms needed to achieve the performance rates described

above must exhaustively examine all models in each of the candidate partitions

π ∈ Πn. For example, in the two-dimensional wedgelet case, the number of wedgelet

models required depends on the δ-resolution of the wedgelet analysis, which deter-

mines the approximation accuracy [35]. Specifically, for a hypercube of sidelength `
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the number of wedgelet models that must be evaluated is O(`/δ)2 (and each eval-

uation requires O(n`2) operations). Wedgelet analysis nearly achieves the minimax

performance rate for the class of images under consideration when δ ∼ n−2/3. Since

wedgelet approximations must be calculated for each candidate partition π ∈ Πn, a

total of O(n4/3) wedgelet fits must be computed [35], resulting in an overall com-

putational complexity of O(n7/3). This can be improved slightly by noting that the

evaluation of the wedgelet models can be done in a incremental fashion, where each

wedgelet model fit is evaluated using previously evaluated models; this means that

for a given hypercube of sidelength `, after the first wedgelet fit is calculated, each

successive wedgelet fit can be calculated in O(
√
n`) operations as opposed to O(n`2)

operations. Taking this into account yields an overall computational complexity of

O(n11/6), which is prohibitive in practice.

4.4 Coarse-to-Fine Estimation

The heavy computational complexity of the above techniques motivates the ap-

proach presented here. In the constant regions of function f , the piecewise constant

approximation estimates perform well. The task that limits the rates of convergence

of the MSE is the estimation of f in the vicinity of the boundaries. This a similar

behavior we observed in Chapter 3, and so we can proceed in an analogous fashion,

where the main idea is to perform the estimation task in a sequential, coarse-to-fine

fashion: In the first step (termed the preview step), a coarse estimation of the function
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is performed, using only piecewise constant approximations, as an attempt to identify

the approximate location of the boundary. In a second step (termed the refinement

step) we perform a wedgelet boundary fit in areas that were identified as possible

boundary regions. If the preview step is effective then we will perform wedgelet fits

(which are computationally demanding) only in the regions were they are needed,

instead of applying and testing them throughout the entire domain.

In the remainder of this section, we show that this method nearly achieves the

minimax performance rate of O(n−2/(d+1)) and requires significantly fewer computa-

tional resources than wedgelet methods based on exhaustive dictionary searches. In

the following we are going to omit the logarithmic factors to make the presentation

lighter.

4.4.1 Error Analysis

In the first step, the preview step, we start with an uniform RDP with nγ voxels,

γ < 1, as shown in Figure 4.1(b). We generate an estimator by pruning this RDP,

as shown in Figure 4.1(c), and decorating each leaf with a constant model. Let

Vc(i) denote the voxels corresponding to this uniform RDP with nγ leafs (we will

refer to this as the coarse resolution, as opposed to the fine resolution uniform RDP,

which has a total of n voxels). Note that each coarse resolution voxel contains n1−γ

measurements. For each of these coarse resolution voxels let xc(i) be the average of
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the measurements falling into Vc(i), therefore

xc(i) ∼ N (θc(i), n
−(1−γ)σ2) ,

where {xc(i)}i are statistically independent and

θc(i) =
1

n1−γ

∑
j:V (j)⊆Vc(i)

θ(i) .

We can evaluate the mean squared error at the coarse resolution, and it is given by

MSEc
∆
= E

[
1

nγ

n∑
i=1

(θc(i)− θ̂c(i))
2

]
(4.4)

= O(n−(1−γ)(nγ)−1/d)

= O(n−1+γ d−1
d ) . (4.5)

This can be derived by noting that the variance of each xc(i) is n−(1−γ)σ2 and the MSE

of the piecewise constant estimator at the coarse resolution decays like O((nγ)−1/d),

for unit variance noise.

Denote the pruned RDP at coarse resolution by RDPc. In the refinement step

we consider a piecewise linear fit on the leafs of RDPc that were not pruned (i.e.,

the leafs of RDPc that are at the deepest level), keeping all the other leafs unaltered,

as shown in Figure 4.1(d). The main reasoning is that with very high probability

(this is made precise below) most voxels at the coarse resolution that do not intersect
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the boundary are going to be pruned, so we can use the unpruned voxels as a good

indication for the presence of a boundary.

In the following we evaluate the asymptotic behavior of the MSE at the fine

resolution for the two step procedure. Our analysis makes repeated use of the fact

that the number of coarse voxels intersecting the boundary is O(nγ d−1
d ) (this follows

from the assumption that the boundary as box-counting dimension d− 1). For each

leaf in the pruned RDPc we consider three situations, and analyze the impact on the

overall MSE:

Case 1: Leafs of RDPc that do not intersect the boundary: In this case, averaging

the observations in contiguous regions is optimal and so the MSE at the fine resolution

behaves like (4.5). Therefore these leafs contribute O(n−1+γ d−1
d ) to the fine resolution

MSE. This dictates our choice of γ; by choosing γ = d
d+1

we obtain the desired MSE

rate of O(n−2/(d+1)).

Case 2: Leafs of RDPc that were not pruned: For the regions corresponding

the these leafs we perform a wedgelet fit (the refinement step) and the MSE decays

exactly as if we were doing wedgelet fits everywhere. Therefore these leafs contribute

O(n−2/(d+1)) to the fine resolution MSE.

Case 3: Leafs of RDPc that were pruned, but intersect the boundary: This sce-

nario corresponds to a case were a voxel intersecting the boundary was somehow

“erroneously” pruned to a larger leaf. Therefore this leaf is approximated with a con-

stant, but contains a fragment of the boundary. For a large enough resolution n the
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function f in the hypercube corresponding to this leaf is composed of two constant

regions. Because the voxel containing the boundary was pruned, we know that the

volume of one of the two constant regions is small with respect to the total volume of

the leaf hypercube, and behaves like O(n−1/2+γ/2) (this follows from the fact that the

squared bias at the coarse resolution in bounded by (4.5)). This yields an average bias

squared at the fine resolution of order O(n−1/2+γ(1/2−1/d)). Setting γ = d
d+1

(which

is necessary to bound the Case 1 error) does not result in the desired fine resolution

MSE rate of O(n−2/(d+1)).

We propose a technique that overcomes this difficulty while incurring only minimal

extra computational cost. Recall that, for high enough resolution, the function f in

the hypercube corresponding to a pruned leaf is composed of two constant regions.

Case 3 errors occur when the boundary of the two regions is closely aligned with one

of the dyadic splits of the RDP. An example Case 3 error is depicted in Figure 4.1(c).

The basic idea is then to perform various preview stages, just like in the active learning

algorithm of Chapter 3. We compute d+1 preview estimators, one as described above,

and the remaining d using shifted partitions (by one coarse voxel) in each of the d

coordinates. This ensures that the boundary is “felt” in one of the preview steps, and

therefore detected with high probability. It is highly probable that a voxel erroneously

pruned in one of the preview stages is not pruned in another preview stage. In the

refinement step we perform a wedgelet fit to any coarse resolution voxel that was left

unpruned in at least one of the preview estimators.
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4.4.2 Computational Complexity

We will describe here the computational complexity associated with the two-

dimensional case, which is also studied in the simulation section; the extension to

d dimensions is straightforward. First, recall that wedgelets are fit in all leafs of

RDPc which were not pruned, and since γ = 2/3, each of these hypercubes has side-

length ` = n−1/3 and contains n1/3 pixels. Because δ ∼ n−2/3, (`/δ)2 ∼ n2/3 wedgelet

fits are evaluated at each of these leafs. Since there are O(n1/3) such leafs, a total

of O(n) wedgelet fits must be calculated, resulting in an overall computational com-

plexity of O(n4/3). Note that the complexity can be reduced to O(n7/6) operations by

calculating wedgelet fits incrementally, as described above. Thus this coarse-to-fine

approach is significantly faster that the traditional wedgelet analysis method.

Remarks: It is important to mention that the above analysis is solely a sketch,

but all the results shown here can be made entirely formal. In particular using the a

concept similar to Definition 5 on page 100 one can formally justify that the multiple

preview estimators suffice to control the Case 3 error. Also one can show that only

regions near the boundary are going to be refined, that is, we are going to perform

only O(n1/3) wedgelet fits. This is shown using essentially Lemma 7 on page 137.

Finally we note that slightly better performance can be attained by modifying the

algorithm: Run the preview estimators using RDPs supported on n voxel (instead

of nγ voxels), and refine regions corresponding to leafs of the preview RDPs that are

at depths not shallower than γ/d log2 n. This will guarantee that the boundary can

157



be detected more accurately, without increasing significantly the number of regions

falsely detected as boundary.

4.5 Simulations

We demonstrate the effectiveness of the proposed method using the Shepp-Logan

phantom brain image, commonly used in medical imaging simulations. The n noisy

measurements, arranged on a 256 × 256 grid, are displayed in Figure 4.2(a); in this

example, σ2 = 0.001 and the mean pixel value is 0.15. For this simulation, the

penalization weights are chosen according to the theory in 4.3. Under this scenario,

nγ = 2564/3, and so the preview step is initialized with an RDP of 4096 4× 4 coarse

resolution squares. The preview partition in Figure 4.2(b) demonstrates how the

initial Haar estimate does not prune the initial coarse resolution squares in regions

near the boundaries; after the preview step pruning, the initial coarse resolution RDP

of 4096 squares has been pruned back to a nonuniform RDP with only 1199 4 × 4

squares remaining after using the procedure described in Section 4.4.

The final estimate after the refinement step is displayed in Figure 4.2(c); recall

that this requires O(n4/3) operations to compute. This estimate can be compared to

a standard wedgelet decomposition, as seen in Figure 4.2(d). This requires O(n7/3)

operations; i.e., a factor of O(n) more operations than the proposed method. These

estimates were calculated on a 667 MHz PowerPC G4 with 768 MB of memory running

Mac OS 10.2.8; on this machine, the standard wedgelet estimate was computed in
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(a) (b)

(c) (d)

Figure 4.2: Shepp-Logan phantom. (a) 256 × 256 noisy measurements, σ2 = 0.001,
MSE = 0.0115. (b) preview partition. (c) Shepp-Logan phantom estimate formed by
fitting one wedgelet or constant to each of the unpruned squares from the preview step;
MSE = 0.000504. (d) Shepp-Logan phantom estimate using standard wedgelet, MSE =
0.00163.

665 seconds and the coarse-to-fine estimate was computed in 37.4 seconds. This is an

excellent example of how the proposed method performs as well as a standard wedgelet

estimate in terms of both MSE and visual quality with significant computational

savings.
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4.6 Final Remarks

This chapter showed that ideas similar to the ones of active learning can be used to

construct sound greedy algorithms with provable performance. We study in particular

the estimation of piecewise constant functions, where the different constant regions

are separated by Hölder-2 smooth boundaries. Techniques for estimation in this class

were previously developed by Donoho [35]. In this work we build on the class of

models described in [35], but instead of performing a computationally demanding

search over a large dictionary of models, we proceed in a sequential fashion, using a

two step process, where in the first step we select a subset of image models, and in

the second step we make a final model selection. While this is a greedy procedure,

it has desirable features, such as low computational cost, and provable asymptotical

optimality. Furthermore these gains are evident in simulation studies, where the

proposed algorithm leads to a significant reduction in computation time.

The ideas developed in this chapter can possibly be generalized to different con-

texts, where choosing when and where to compute can lead to significant savings. For

example, in problems of fluid dynamics it would be extremely relevant to unevenly

allocate computational resources depending on the region (a region where cavitation

occurs requires significantly more computational effort to ensure accurate results).

Another interesting, albeit very hard, question pertains to lower bound computa-

tional complexity: given a statistical problem for which there is an optimal solution

(e.g., an algorithm that achieves the optimal performance rate) can one characterize
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the computational complexity of any algorithm achieving that optimal performance,

in particular characterize the computational complexity of the “fastest” algorithm?

These questions are beyond the scope of this thesis, but nevertheless interesting to

consider in the future.
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Chapter 5

Compressive versus Active Sampling

Compressive Sampling (CS), or Compressed Sensing, has generated a tremendous

amount of excitement in the signal processing community. Compressive sampling,

which involves non-traditional samples in the form of randomized projections, can

capture most of the salient information in a signal with a relatively small number of

samples, often far fewer samples than required using traditional sampling schemes.

Active sampling (AS), also referred to as adaptive sampling, uses information gleaned

from previous observations (e.g., feedback) to focus the sampling process. In this

chapter we compare the theoretical performance of compressive and active sampling

in noisy conditions, and we show that for certain classes of piecewise constant signals

and high SNR regimes both CS and AS are near-optimal. This result is remarkable

since it shows that compressive sampling, which is non-adaptive/passive sampling,

cannot be significantly outperformed by other methods (including active sampling

procedures), even in the presence of modest noise.
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5.1 Introduction

Compressive Sampling (CS), also called Compressed Sensing, has generated a

tremendous amount of excitement in the signal processing community. CS involves

taking non-traditional samples in the form of randomized projections, such as random

binary, Gaussian, or Fourier projection vectors. Specifically, the samples of a signal

vector f ∈ Rn are inner products of the form

yj = φT (j)f , j = 1, . . . , k ,

where {φ(j)} are random vectors (e.g., normalized n-vectors comprised of i.i.d. binary

or Gaussian random variables). Recent theoretical results indicate that extremely

accurate signal reconstructions are possible from a relatively small number of noiseless

random projections [56,57] when the signal f has some structure, for example f has

a sparse representation in some basis. These results have been extended to show that

many signals can be very accurately recovered from random projections contaminated

with noise [50], in many cases much more accurately than possible using conventional

sampling methods. More recently, similar results were confirmed using alternative

analysis techniques [58]. Despite these encouraging results, there is a significant gap

between the performance bounds for the noiseless and noisy scenarios. This yields

pessimistic bounds in regimes where the SNR is high.

As described in Chapters 2 and 3 Active Sampling (AS), also known as adaptive
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sampling, involves sequential sampling schemes that use information gleaned from

previous observations to guide the sampling process. It was shown in those chapters

and references therein that adaptively selecting samples in order to learn a target

function can outperform conventional sampling schemes. In particular, it was shown

that active sampling can be used to recover certain classes of one-dimensional piece-

wise constant functions in noise with an error that decays exponentially fast in the

number of samples taken (see also [23]). This is significantly faster than conventional

(uniform) sampling schemes whose errors converge at a much slower polynomial rate,

with or without noise present. Similarly encouraging results have been obtained

for the recovery of multidimensional piecewise constant functions, in which case AS

achieves the optimal minimax-rate among all possible sampling schemes.

The optimality of active sampling for recovering piecewise constant functions from

noisy samples suggests an intriguing question. Can non-adaptive/passive CS perform

comparatively as well as AS in such situations? This chapter provides an affirmative

answer to this question. This is remarkable since it provides evidence that compres-

sive sampling, which is non-adaptive, cannot be significantly outperformed by other

methods (including every possible adaptive point sampling procedure) for high SNR

regimes. The results hold only for certain classes of piecewise constant functions, but

this is a quite rich family of signals that has many interesting potential applications,

particularly in image processing. These results provide some understanding about

the gap between existing error bounds for CS in the noiseless [56, 57] and noisy sce-
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narios [50,58]. Our results may also serve as a starting point for investigations of the

optimality of CS in more general signal spaces.

5.2 Compressive and Active Sampling

We focus our attention on classes of piecewise constant functions in one or more

dimensions. For illustration, consider the piecewise constant image depicted in Fig-

ure 5.1 on the next page. This image belongs to the so-called “boundary fragment”

class [34], also called the “horizon” image class [35]. It consists of two constant re-

gions (valued +1 and −1 for our purposes) separated by a one-dimensional curve

with functional form y = g(x); i.e., the vertical coordinate of the boundary, y, is

determined by a smooth function, g, of the horizontal coordinate, x.

Our primary concern is how well one can recover the original image in Figure 5.1(a)

from noisy samples, such as the noisy pixel samples depicted in Fig. 5.1(b). We assume

that the boundary function g is Lipschitz smooth with parameter L > 0, that is

|g(x1)− g(x2)| ≤ L|x1 − x2| ,

for all x1, x2 ∈ [0, 1]. In this case it is known that standard wavelet denoising methods

can reconstruct the image from k uniformly spaced and noisy pixel samples with a

mean square error of O(k−1/2), and that no estimation procedure based on these sam-

ples can perform significantly better (that is k−1/2 is the minimax rate) [34]. However,

if one allows the possibility of taking pixel samples in an adaptive fashion, sequen-
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(a) (b)

Figure 5.1: Example of an 1024 × 1024 pixel image from the boundary fragment class
(image (a)); and a 32× 32 pixel noisy image with σ = 0.15 (image (b)).

tially monitoring the sample values and carefully “focusing-in” on the boundary re-

gion which dominates the overall error, then it is possible to achieve a rate of O(k−1),

which is the best possible error rate among all adaptive and non-adaptive sampling

schemes and estimation procedures [36]. In other words, active pixel sampling can

produce vastly superior image reconstructions with far fewer samples than conven-

tional uniform sampling schemes, simply because most of the samples are wasteful ;

in conventional schemes most samples are far away from the boundary.

The main result of this chapter, stated formally in the theorem below, shows that

non-adaptive CS can have a performance that is similar to the one of AS. Before

stating the theorem we define the following piecewise constant function classes. First

consider a space of one-dimensional n-point signals f = (f1, . . . , fn),

F1 = {f : fi = −1{i ≤ θ}+ 1{i > θ}, θ ∈ {0, . . . , n}} ,
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where 1{·} denotes the indicator function. The vectors in F1 correspond to step

functions. For two-dimensional images, consider the following class of n×n arrays f

F2 = {f : fi,j = 2 · 1{j/n ≤ g(i/n)} − 1, g ∈ Lip(L)}

where Lip(L) denotes the space of one-dimensional Lipschitz (boundary) functions

on [0, 1] (i.e., functions satisfying |g(x)− g(y)| ≤ L|x− y| for all x, y ∈ [0, 1]). Higher

dimensional analogs of F2 are constructed in an analogous fashion from d− 1 dimen-

sional Lipschitz boundary functions (e.g., see Chapter 2). We begin by stating the

result for d = 1.

Theorem 14. Suppose that f ∈ F1 and assume that we take k ≤ n samples of the

form

yj = φT (j)f + wj, j = 1, . . . , k ,

where {φ(j)} are normalized Rademacher random vectors (n-vectors with entries that

are i.i.d. random variables taking values ±1/
√
n with equal probability), and {wj} are

i.i.d. Gaussian random variables with zero mean and variance σ2, and independent of

{φ(j)}. A function estimate f̂k can be derived from {yj,φ(j)} satisfying the following

mean square error bounds.

E
[
n−1‖f − f̂k‖2

]
≤ 4n[α(n, σ2)]k ,
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where 0 < α(n, σ2) < 1, namely

α(n, σ2) = max

{
e−

1
2nσ2 ,

1

2
+

1

2
e−

2
nσ2

}
.

Note that the error bound decays exponentially fast with the number of samples,

far faster than the k−1 rate one usually encounters in parametric estimation (which

typically considers only non-adaptive sampling). As far as the optimality of the error

decay rate is concerned, first consider the one-dimensional case. We know from [23]

that the exponential decay of the expected error in the number of samples k is the best

one can hope for. This claim comes from results in information theory: estimation of

θ, the step location, can be viewed as a communication problem where we transmit

θ through an additive white Gaussian noise channel. Due to the noise in the channel

the probability of error can only decay exponentially with the number of channel

transmissions (equivalent to the number of samples or random projections). However,

it may be possible to improve the value of α governing the exponential decay in our

bound, even in the passive scenario.

For the multi-dimensional setting we do not consider “pure” projection samples,

but instead Rademacher projection taken for various “columns” of the image. This

methodology is still non-adaptive, and allows us to use the results obtained for the

one-dimensional setting. We state the observation model for the two dimensional

case, for simplicity.
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Theorem 15. Suppose that f ∈ F2. Let f̃ l
∆
= {fi,l, i ∈ {1 : n}} be the lth column of

f . Assume that we take k ≤ nd samples of the form

yj,lj = φT (j)f̃ lj
+ wj, j = 1, . . . , k ,

where {φ(j)} are Rademacher random vectors, and {wj} are i.i.d. Gaussian random

variables with zero mean and variance σ2, and independent of {φ(j)}. In the above

lj ∈ {1, . . . , n} are going to be carefully chosen to yield the result below (see proof

for details). A function estimate f̂k can be derived from {yj,φ(j), lj} satisfying the

following mean square error bound.

E
[
n−d‖f − f̂k‖2

]
≤ C(n, L, σ2) k−1/(d−1) ,

where 0 < C(n, L, σ2) ≤ 6(L+ 1)(1 + nσ2) log n , for n ≥ 4.

For the multi-dimensional setting the bound of the theorem is dramatically dif-

ferent than the bounds obtained using estimation-theoretic techniques, like in [50],

where the mean squared error is bounded by a constant (independent of k and n)

times k−1/d log n. The new bound is equal to a constant times k−1/(d−1) log n for small

values of σ2 (i.e., σ2 ∼ 1/n). The above theorem, together with the results in [23,36],

indicates that in the high SNR regime the performance of CS is comparable with the

performance of the best active pixel sampling technique. Moreover, it is known that

the k−1/(d−1) decay rate is the minimax optimal rate [20, 36], implying that no other
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active or passive sampling scheme and estimation procedure can significantly improve

on AS or CS under these conditions. Furthermore, in the next section we describe a

relatively simple Bayesian procedure for constructing f̂k from the noisy compressive

samples.

5.3 Signal Reconstruction Algorithm

First we consider the reconstruction problem for the one-dimensional class F1.

Each element f ∈ F1 is parameterized by θ ∈ {0, . . . , n}, that is f ≡ f(θ). The

basic reconstruction algorithm used is the maximum likelihood estimator of θ. For

analysis purposes it is convenient to formulate the algorithm in a Bayesian way: Let

p(j)
∆
= {p0(j), . . . , pn(j)} parameterize the posterior after j measurements, that is

Pr(θ = l|y1, . . . , yj,φ(1), . . .φ(j))
∆
= pl(j) .

We start with a uniform prior on θ, that is, pl(0) = 1/(n + 1) for all l ∈ {0, . . . , n}.

Whenever we get a new measurement we update the posterior using Bayes rule. This

amounts simply to multiplication by the likelihood of the measurement (because

{wi}j
i=1 are all independent) followed by a normalization, therefore

pl(j + 1) =
pl(j) exp

(
− 1

2σ2
u

(
yj+1 − φT (j + 1)f(l)

))2

∑n
m=0 pm(j) exp

(
− 1

2σ2
u

(
yj+1 − φT (j + 1)f(m)

))2 ,
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where σ2
u = 2σ2 for reasons stated in the next section. We consider the maximum a

posteriori (MAP) estimator

θ̂k
∆
= arg max

l
pl(k) .

Note that the outcome of the estimator does not depend on σ2
u as long as σ2

u > 0.

Finally our estimate of f is simply f̂k
∆
= f(θ̂k).

For the multidimensional classes Fd, d > 1, it suffices to note that the multidi-

mensional signals of interest can be interpreted as a collection of one-dimensional step

function signals from the class F1. For example, in the two-dimensional case, such

as that depicted in Fig. 5.1, each column of the image matrix is a one-dimensional

signal in F1. Thus, we can apply the one-dimensional CS and reconstruction process

on image columns separately (although this procedure might not be entirely adequate

if the total number of samples is very small, i.e., k � n). Details of the method

are provided in the proof below. Conversion of the multi-dimensional problem into a

series of one-dimensional problems is a standard technique in the analysis of signal

models in this class, and it is carefully detailed in Chapter 2. Note that the samples

are still completely non-adaptive, however this CS scheme differs slightly from other

CS proposals in multiple dimensions in which the random projections are taken over

the entire array [50,56,57], rather than column by column.
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5.4 Proof of Theorem 14

The proof of Theorem 14 employs an analysis technique similar in spirit to one

used by Burnashev and Zigangirov [23], and detailed in Appendix A. First define

Mθ(j) =
1− pθ(j)

pθ(j)
, and Nθ(j + 1) =

Mθ(j + 1)

Mθ(j)
.

Noticing that
∑n

l=0 pl(j) = 1 we have

Pr(θ̂(k) 6= θ) ≤ Pr

(
pθ(k) <

1

2

)
= Pr(Mθ(k) > 1)

≤ E[Mθ(k)] ,

where the last inequality follows from Markov inequality. The definition of Mθ(j) is

chosen to get more leverage out of Markov’s inequality (akin to Chernoff bounding

techniques). Now we proceed by conditioning

E[Mθ(k)] = E[Mθ(k − 1)Nθ(k)]

= E [Mθ(k − 1)E[Nθ(k)|p(k − 1)]]

...

= Mθ(0)E
[
E[Nθ(1)|p(0)]× · · · × E[Nθ(k)|p(k − 1)]

]
≤ Mθ(0)

{
max

j∈{0,...,k−1}
max
p(j)

E[Nθ(j + 1)|p(j)]

}k

.

The remainder of the proof entails upper bounding E[Nθ(j + 1)|p(j)]. Plugging
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in the definitions we get

E[Nθ(j + 1)|p(j)] =
1

1− pθ(j)

∑
m6=θ

pm(j)E

e
− 1

2σ2
u
(yj+1−φT (j+1)f(m))

2

e
− 1

2σ2
u

(yj+1−φT (j+1)f(θ))2

 .

To evaluate the above summation we consider two separate cases: (i) m < θ; (ii)

m > θ. After some tedious but straightforward algebra we conclude that

E

e
− 1

2σ2
u
(yj+1−φT (j+1)f(m))

2

e
− 1

2σ2
u
(yj+1−φT (j+1)f(θ))

2

 =

E

exp

−2

(
1

σ2
u

− σ2

σ4
u

) max(m,θ)∑
t=min(m,θ)+1

φt(j + 1)2

 .

The above expression is minimized when σ2
u = 2σ2, justifying our choice for σ2

u.

Although it is not easy to compute the above expectations for general values of m

and θ, it is relatively easy to conclude that those are largest when |m − θ| = 1 or

|m− θ| = 2, therefore

E

e
− 1

2σ2
u
(yj+1−φT (j+1)f(m))

2

e
− 1

2σ2
u
(yj+1−φT (j+1)f(θ))

2

 ≤ max

{
e−

1
2nσ2 ,

1

2
+

1

2
e−

2
nσ2

}
∆
= α(n, σ2) .

Consequently E[Nθ(j + 1)|p(j)] ≤ α(n, σ2) and therefore

Pr(θ̂(k) 6= θ) ≤ n [α(n, σ2)]k .

A bound on the expected error then follows trivially, by considering a worst case
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scenario when θ̂ 6= θ,

E
[
n−1‖f̂k − f‖2

]
≤ 4n [α(n, σ2)]k .

If instead of compressive samples we used carefully chosen adaptive point samples

(using ideas similar to the ones in [23]) then we would get bounds with the same

structure, but instead of α(n, σ2) the exponent would be 1/2 + 1/2 e−1/(2σ2). �

5.5 Proof of Theorem 15

For the multidimensional classes Fd, d > 1, again note that the multidimensional

signals of interest can be interpreted as a collection of one-dimensional step function

signals from the class F1. Furthermore, we know from standard approximation theory

that any Lipschitz function can be reasonably approximated by a piecewise constant

function. These two observations along with the results for the one-dimensional case

suffice to prove the general results for d > 1.

Let us first consider the two-dimensional case. Let ḡm be the best piecewise

constant fit to g on m equal-width intervals. Then |g− ḡm| ≤ Lm−1 by the Lipschitz

assumption. We can estimate the levels of ḡm using the one-dimensional CS method

described previously, considering projections over image columns. We will consider

m columns of the image, therefore using k/m samples per column. Putting all these
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facts together yields the bound

E
[
n−2‖f − f̂k‖2

]
≤ L

1

m
+ 4nαk/m(n, σ2) . (5.1)

To minimize this bound we simply have to choose

m = k log(α(n, σ2))/ log(L/(−4nk log(α(n, σ2))))

∼ k log(α−1(n, σ2))/ log(nk) ,

and therefore E
[
n−2‖f − f̂k‖2

]
≤ C(n, L, σ2)k−1, where C(n, L, σ2) can be com-

puted using the value of m given above into the bound (5.1). The analysis and

reasoning in the higher dimensional cases is analogous, and one can easily verify that

taking k samples leads to a bound on the reconstruction error of C(n, L, σ2)k−1/(d−1),

where

C(n, L, σ2) = L
log(4nk1/(d−1))

− logα(n, σ2)
+ 1 ≤ 6(L+ 1)(1 + nσ2) log n .

�

5.6 Experiments

To illustrate the theory and method developed here, we consider the problem of

reconstructing the 1024× 1024 boundary fragment image f depicted in Figure 5.1(a)
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(a) Conventional pixel sampling (b) Adaptive pixel sampling
k=1024, MSE=0.1471 k=1024, MSE = 0.0336

(c) Compressive sampling (d) Compressive sampling
k=1024, MSE = 0.0359 k=256, MSE = 0.1431

Figure 5.2: Reconstructions of image in Fig. 5.1(a) based on k noisy samples with σ = 0.15.

from a limited number of noisy samples. We compare conventional (non-adaptive)

pixel sampling, adaptive pixel sampling, and compressive sampling, with a Gaussian

noise of standard deviation σ = 0.15 added to the samples in each case (equivalent

to the noise level depicted in Figure 5.1(b)). In the experimental results depicted in

Figure 5.2(a–c) we compare the methods using k = 1024 samples in each case. For the

conventional pixel sampling case we subsample the original image on a 32× 32 pixel

lattice and add noise, resulting in the data depicted in Fig. 5.1(b). To reconstruct

the image from the noisy pixel samples, we simply compute the maximum likelihood
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estimate in each column, using the fact that it is known that the noiseless column is

one of 32 possible step functions. The resulting reconstruction is shown in Fig. 5.2(a).

In the adaptive sampling case, 128 uniformly spaced columns are selected and 8

adaptive pixel samples are taken in each column based on the method in [23]. The

resulting reconstruction is shown in Fig. 5.2(b). Similarly, the compressive sampling is

carried out by selecting 128 columns and taking 8 random projection samples in each

column. The resulting reconstruction is shown in Fig. 5.2(c). As expected from our

theory, compressive sampling and adaptive pixel sampling perform similarly, and both

significantly outperform conventional pixel sampling. In Fig. 5.2(d) we present the

results of compressed sensing using even fewer samples, namely only k = 256 random

projections, split among 32 uniformly spaced columns and 8 random projections per

column. The result is quite impressive since we get about the same performance as

conventional pixel sampling, but with four times fewer samples.

The results depicted in Fig. 5.2 are representative of the performance comparison

of the three methods at different sampling rates k and similar noise levels. Notice that

the noise level in the simulation is relatively high, much larger than one might expect

based on the upper bounds given by our theoretical analysis. This shows that our

bounds (for CS in particular) are somewhat loose, and that even better performance

than they predict can be expected in practice. The reason for this may be that our

error bounds were derived from bounds on the probability of deciding on the wrong

changepoint in each column, not the expected squared error directly. In practice
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mistakes in the decision process often identify changepoints in the near vicinity of the

true changepoint, leading to relatively small square errors.

5.7 Final Remarks

The theory and method presented here demonstrate that for certain classes of

piecewise constant signals, compressive sampling is as effective as active sampling,

provided the SNR is sufficiently high. This is a significant step forward in our un-

derstanding of compressive sampling, since previous results only demonstrated the

optimality of compressive sampling in noiseless conditions. The method of reconstruc-

tion employed in our work differs markedly from the usual reconstruction strategies

employed in compressive sampling (based on l1 minimization techniques). Although

this chapter only addresses signals in special classes it nevertheless indicates promis-

ing avenues for compressed sampling. There are several natural questions that arise:

can active and compressive sampling be combined to improve further the potential

of each one of them? Can the results of this chapter be extended for larger and

more complex signal classes? While these remain unanswered we have pursued some

ideas of adaptive compressive sampling, where instead of fully-random projections

we use projections vectors that change shape as the estimation process goes along,

focussing their “attention” at the relevant parts of the signal. Unfortunately analysis

and design of such methodologies is quite challenging and relatively little is known

at this point. It is interesting to point out that the analysis techniques used here can
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also be applied in different contexts, in particular hypotheses testing using random

projection samples [50].
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Chapter 6

Concluding Remarks

In this thesis it is shown that active learning can dramatically improve perfor-

mance, compared to commonly used passive learning techniques. This particularly

true when the target of the learning process are concepts consisting mainly of spa-

tially concentrated features. Although the potential gains of active learning seem very

intuitive, there was a lack of understanding of its limitations. This thesis contributes

to that understanding by clarifying in a general way when does active learning help,

and how much does it help.

There are still many open questions regarding active learning, in particular good

“recipes” for the construction of realistic and general active learning algorithms are

still unknown. The work presented here is extremely relevant to assess the “goodness”

of proposed algorithms: an algorithm under scrutiny can be applied to the settings

described in Chapter 2 and its performance be compared with the performance of a

minimax optimal algorithm (which we characterized). The outcomes of such experi-

ments provide some guidance for the algorithm designer. This thesis opens up many

avenues for future research, some of which are listed below.
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Adaptive Sampling using Multi-Scale Methods: In Chapter 3 we saw

how multiscale methods can be leveraged into simple active learning algorithms, with

provable performance. These have actually been used is a practical setting for imaging

using ballistic laser techniques [1], where very promising results were observed (see

Figure 6.1). The key idea of the methods presented in Chapter 3 is to use spatially

adaptive estimation procedures to effectively detect the regions where estimation is

hard, and therefore extra sampling can be helpful. Other active learning methods,

similar to the one described, can be devised in such a way that they perform as well as

passive methods, but can lead into significant performance gains under most practical

scenarios. From a theoretical analysis standpoint it is relatively easy to design and

guarantee that these methods perform as well as passive learning. It is significantly

harder to show that they perform better then passive methods, as it is patent from

the extent of the proofs in Chapter 3. One possible two-step algorithm is based on

wavelet thresholding ideas: in a first step we distribute samples in a uniform way over

the domain, collect the corresponding observations and fit a wavelet-based model to

this data. Large coefficients at finer resolutions indicate the presence of boundaries or

complex features, and the regions corresponding to the support of the those wavelet

basis functions are good candidates for resampling in a second step. In the second

step we collect further samples in the perceived regions of interest and using all the

data collected fit a wavelet-based model. If the procedure is carefully constructed one

can guarantee that the extra sampling is not going to “confuse” the estimate, and
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(a) (b)

(c) (d)

Figure 6.1: Adaptive sampling using ballistic laser imaging: (a) Estimate obtained scan-
ning a turbid medium (with a small circular target) on a regular 128 × 128 grid (16384
passive samples). (b) Estimate through passive learning, using 32× 32 samples (1024 pas-
sive samples). (c) Estimate through active learning using 984 samples. (d) Sample locations
used in the active learning procedure (see [1] for details).

can only improve it.

Adaptive Compressive Sampling: In the concluding remarks of Chapter 5

it is pointed out that adaptive compressive sampling procedures can possibly be de-

vised. This can be of interest for imaging methods where one can do projective

measurements, but not necessarily in the form of randomized projections. A re-

cent project that might benefit from these ideas is the “single-pixel” camera (see
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http://www.dsp.ece.rice.edu/cs/cscamera/). The main idea there is to have a

imaging device the uses a single-pixel sensing element. The observations are made

using a micro-mirror device projecting the image under observation into that single

sensing element. Such an architecture is very promising for hyper-spectral imag-

ing, where it is hard to construct and accommodate multiple sensing elements able

to span a large part of the electromagnetic spectrum. So far the imaging methods

used hinged on compressive sensing ideas, therefore using non-adaptive randomized

projections. If instead one adapts the projections based on previews observations it

might be possible to improve significantly the performance of these special imaging

systems. We have done some progress towards this goal, using some insights put for-

ward in Chapter 5. If talking about estimation of a sparse vector one can “shape” the

projection vectors using the posterior probability information. If done carefully this

ensures that as more measurements are collected the measurement projection is going

to focus on the significant coefficients, and ignore the other entries (that contribute

mostly with noise). Although the procedure is very intuitive, it is hard to guarantee

even consistency of the estimate.

Classification and Selective Sampling: In the introductory chapter we made

reference to alternative sampling paradigms, in particular a paradigm called selective

sampling, where the learner is provided with a sequence of unlabeled examples and

for each example he can decide whether or not to collect the corresponding label.

Although it is possible to study this paradigm under the classical statistical learning
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framework, described in Chapter 2, the online learning setting might be more ade-

quate. In the classical statistical learning framework we consider a training data set,

use it to learn a inference rule, and assess the performance against the Bayes classifier,

that is, the best classification rule given the knowledge of the underlying model. In

the online learning setting on the other hand one uses the same training set to assess

the performance: the goal is to minimize the cumulative training error in the training

data: When confronted with a new training example (a pair feature vector/label) one

evaluates how the current inference rule performs on the new example, before using

the corresponding label to update the rule. The advantage of this paradigm is that

even with very few assumptions made about the relationship between features and

labels it is possible to provide meaningful performance guarantees.

We describe here an idea being currently pursued, cast in the sequence prediction

setting, namely prediction with expert advise. The ideas described here can be imme-

diately applied to classification problems simply by incorporating side information.

Assume you are trying to predict a binary sequence {yt}n
t=1 (e.g., rain or shine today)

and have access to N experts (e.g., forecasts from different news sources). Formally

we denote the sequence of outcomes to be predicted by y1, . . . , yn and the expert

advice by fi,t, where this denotes the advise expert i provides at time t. For each

round t = 1, . . . , n

1. The environment chooses outcome yt and expert advice {fi,t}N
i=1. The expert

advice is revealed to the forecaster.
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2. The forecaster makes a prediction p̂t

3. The forecaster decides whether or not to have yt revealed. Let Zt be the indi-

cator of that decision (1 if yt is revealed and 0 otherwise).

4. A loss `(p̂t, yt) is incurred by the forecaster and a loss `(fi,t, yt) is incurred by

expert i.

The main goal is to analyze the performance of the forecaster, namely upperbound

E[L̂n]− min
i=1,...,N

Li,n ,

where L̂n =
∑n

t=1 `(p̂t, yt) and Li,n =
∑n

t=1 `(fi,t, yt). In the above the expectation

pertains the random choices made by the algorithm. The question we are interested is:

is it possible to construct an algorithm that is adaptive, in the sense that it can take

advantage of extra structure of the sequence if it is present, collecting few outcomes,

but do almost as well as a methodology that collects all the outcomes? Assume we

are using the zero-one loss (that is, `(y1, y2) = 1{y1 6= y2}). We propose an algorithm

that is a slight variation of the exponential weighted average method (a excellent

overview of these methods is available in [5]). Namely at time t expert i has a weight

wi,t associated with it (with wi,0 = 1 for all i). The weight update rule has the form

wi,t = exp

(
−η

t∑
j=1

`(fi,j, yj)Zj

)
.
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Let Wt =
∑N

i=1wi,t and define the prediction rule

p̂t =



f1,t w.p. w1,t−1/Wt−1

f2,t w.p. w2,t−1/Wt−1

...

fN,t w.p. wN,t−1/Wt−1

. (6.1)

In words, we choose the ith expert prediction with probability wi,t−1/Wt−1. Finally we

need to define the sampling decision variable Zt. This is a Bernoulli random variable

with parameter depending on the weights {wi,t−1}N
i=1 and the expert decision at time

t {fi,t}N
i=1. Based on the analysis of a simple scenario and empirical evidence we

propose the following sampling strategy. Define

A0,t =

∑
i:fi,t=0wi,t−1

Wt−1

,

and A1,t = 1−A0,t. Now take Zt = Ber(p(A0,t)). A choice that seems to work well is

p(A0,t) = − 1

log2(min(A0,t, 1− A0,t))
=

1

1− log2(1− |2A0,t − 1|)
. (6.2)

There are several questions that beg for an answer:

1. Do such method performs “as well” as a method that collects all the outcomes.

For such a method E[L̂n] − mini=1,...,N Li,n ≤ log(N)/η + ηn/8, by using es-

sentially the result in theorem 2.2 of [5]. Taking η = 2
√

2(logN)/n yields
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E[L̂n]−mini=1,...,N Li,n ≤
√

2n logN , which is essentially the best possible bound

without further assumptions.

2. Is it possible to devise a method that can perform almost as well as a “passive”

method (that collects all outcomes), or on the contrary can we come up with a

sequence that “defeats” such approaches?

Empirically it seems that the answer to both questions is affirmative. When using

this algorithm in the settings of Chapter 2 we observe empirically that (with a careful

choice of experts) it achieves the minimax lower bounds predicted, and even more

desirably it gives us an adaptive procedure (recall the final remarks of Chapter 2),

therefore we do not need to know the noise margin in advance. Furthermore this

methodology can be made practical and realistic in many settings.

There are several reasons behind the choice in (6.2), most of them empirical, but

it is possible to build a justification from the analysis of a simple scenario. Suppose

there is an expert that predicts the outcome sequence without errors. In such a

scenario it makes sense to use the above algorithm with η = ∞, since if an expert

makes a mistake we can discard it without much concern (with η = ∞ the weight

vector wt is binary, and indicates which experts agree with the sequence up to time

t). We will consider a modification of the algorithm, namely consider the majority

vote prediction rule

p̂t = 1{A1,t > 1/2} . (6.3)
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This prediction rule is not randomized and can be shown to be worthless if no

prefect expert exists (any deterministic prediction rule will make at least n/2 errors

in a worst case scenario). It can easily be shown that if all the samples are collected,

that is Zt = 1 for all t then

E[L̂(N)
n ] ≤ dlog2Ne ,

where the superscript (N) explicitly indicates the dependence on the number of ex-

perts (this result is valid under both prediction rules (6.1) and (6.3)). We showed

that

Theorem 16. Let L̂
(N)
n =

∑n
i=1 `(p̂t, yt), where p̂t is given by (6.3). Then

n∑
i=1

E[`(p̂t, yt)|{yj, fi,j}i∈{1,...,N},j∈{1,...,t}] ≤ log2N .

Consequently

E[L̂(N)
n ] ≤ log2N .

This indicates that the proposed algorithm is doing as well as one collecting all

the outcomes. Furthermore the above bound is tight and one cannot be improved.

The proof of the theorem goes by finite induction, and we do not know yet how to

generalize it when no perfect experts exist. Finally we would like to point out that the

ideas behind exponentially weighted prediction with experts are intimately related to

boosting, which can also be used to devise active learning algorithms, such as in [4].

We are currently investigating ways of making these boosting algorithms theoretically
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sound, as well as practical and realistic.
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Appendix A

The Burnashev-Zigangirov Algorithm

In this appendix we present formally the Burnashev-Zigangirov algorithm and

characterize its performance. In what follows we use the symbol ⊕ to denote the sum

modulo two, that is, the exclusive or operation. For convenience some of the notation

is slightly different then in the rest of the thesis, in particular the noise variables Uj

are Bernoulli with parameter p(j), with 0 ≤ p(j) ≤ p (c was used in Chapter 2 instead

of p). We also use the term “posterior” probability in a rather loose way, since this

is somehow an approximate posterior probability. The algorithm and observation

details are shown in Figure A.1. We have the following remarkable result.

Theorem 17 (Burnashev-Ziganzirov 1973).

sup
θ∗∈[0,1]

Pr(θ∗ /∈ În) ≤ 1− t

t

(
1− p

2(1− α)
+

p

2α

)n

.

Remarks: The above theorem shows that, even under noisy assumptions, there

is a dramatic improvement in performance if one allows adaptive sampling strategies.

Although the bounds display the exponential error decay behavior, also present in the
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Initialization: Let t > 0 be such that m
∆= t−1 ∈ N. Define the posterior after j measure-

ments as pj : [0, 1] → R,

pj(x) =
m∑

i=1

ai(j)1Ii
(x) ,

where I1 = [0, t] and Ii = (t(i− 1), ti], for i ∈ {2, . . . , t−1}. The collection {Ii} is a partition
of the interval [0, 1]. Initialize this posterior taking ai(0) = t. The posterior is completely
characterized by a(j) = {a1(j), . . . , am(j)}, and that

∑m
i=1 ai(j) = 1.

1 - Sample Selection: To preserve the parametric structure of the posterior we take samples
at the interval subdivision points. Define k(j) such that

k(j)−1∑
i=1

ai(j) ≤ 1/2,

k(j)∑
i=1

ai(j) > 1/2 .

Note that k(j) ∈ {1, . . . ,m}. Select Xj+1 among {t(k(j) − 1), tk(j)} by flipping a coin,
choosing the first point with probability π1(j) and the second point with probability π2(j) =
1− π1(j), where π1(j)

∆= τ2(j)/(τ1(j) + τ2(j)) and

τ1(j)
∆=

m∑
i=k(j)

ai(j)−
k(j)−1∑

i=1

ai(j) , τ2(j)
∆=

k(j)∑
i=1

ai(j)−
m∑

i=k(j)+1

ai(j) .

2 - Noisy Observation: Observe Yj+1 = 1{Xj+1 ≥ θ∗}⊕Uj+1, where the random variables Uj

are independent Bernoulli random variables with parameters p(j).

3 - Update posterior: Update the posterior function after collecting the measurement Yj+1,
through the application of Bayes rule (for the application of Bayes rule we “assume” the
Bernoulli random variable Uj+1 to have parameter 0 ≤ α < 1/2 instead of p(j)). Let β = 1−α.
Note that Xj+1 = tk, k ∈ N and define τ =

∑k
i=1 ai(j)−

∑m
i=k+1 ai(j). For i ≤ k we have

ai(j + 1) = ai(j)

{
2α

1−τ(β−α) if Yj+1 = 0
2β

1+τ(β−α) if Yj+1 = 1
,

and for i > k

ai(j + 1) = ai(j)

{
2β

1−τ(β−α) if Yj+1 = 0
2α

1+τ(β−α) if Yj+1 = 1
,

4 - Final estimate: Repeat steps 1,2 and 3 until n samples are collected. The final confi-
dence interval În is given by the bin of the posterior that has the largest value. Define
î

∆= arg maxi∈{1,...,m} ai(n). Then

În
∆= Ibi .

Figure A.1: The Burnashev-Zigangirov (BZ) algorithm.
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noiseless scenario, the exponent depends on the noise parameter p. Finally, we note

that although this result was derived for a particular noise model the result is appli-

cable to other noise models. This can be done either by processing the observations,

using a thresholding operator, or by modifying the likelihood structure (according to

the noise model) in the proof of the Theorem.

The proof of Theorem 17 is extremely elegant and is presented below. The ideas

in the proof can be used in various other contexts where feedback is present.

Proof of Theorem 17. For the proof we rely on the notation in the algorithm given in

Figure A.1. In particular recall that the unit interval is divided into subintervals of

width t, ai(j) denotes the posterior probability that the changepoint θ∗ is located in

the i-th subinterval after the j-th sample.

Our first step is to construct an upper bound for the probability Pr(θ∗ /∈ În). Let

θ∗ be fixed, but arbitrary, and define k∗ to be the index of the bin containing θ∗, that

is θ∗ ∈ Ik∗ . Define

M∗(j) =
1− ak∗(j)

ak∗(j)
,

and

N∗(j + 1) =
M∗(j + 1)

M∗(j)
=
ak∗(j)(1− ak∗(j + 1))

ak∗(j + 1)(1− ak∗(j))
.

The reasoning behind these definitions is made clear later. For now, notice thatM∗(j)
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is a decreasing function of ak∗(j). We have

Pr(θ∗ /∈ În) ≤ Pr(ak∗(j) < 1/2)

= Pr(M∗(n) > 1)

≤ E[M∗(n)] ,

where the last step follows from Markov’s inequality. The definition of M∗(j) above is

meant to get more leverage out of Markov’s inequality, in a similar spirit of Chernoff

bounding techniques. Using the definition of N∗(j) and some conditioning we get

E[M∗(n)] = E[M∗(n− 1)N∗(n)]

= E [E[M∗(n− 1)N∗(n)|a(n− 1)]]

= E [M∗(n− 1)E[N∗(n)|a(n− 1)]]

...

= M∗(0)E [E[N∗(1)|a(0)] · · ·E[N∗(n)|a(n− 1)]]

≤ M∗(0)

{
max

j∈{0,...,n−1}
max
a(j)

E[N∗(j + 1)|a(j)]

}n

. (A.1)

The rest of the proof consists of showing that E[N∗(j + 1)|aj ] ≤ 1 − ε, for some

ε > 0. Before proceeding we make some remarks about the above technique. Note

that M∗(j) measures how much mass is on the bin containing θ∗ (if M∗(j) = 0 all

the mass in our posterior is in the bin containing θ, the least error scenario). The
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ratio N∗(j) is a measure of the improvement (in terms of concentrating the posterior

around the bin containing θ∗) by sampling at Xj and observing Yj. This is strictly

less than one when an improvement is made. The bound (A.1) above is therefore

only useful if, no matter what happened in the past, a measurement made with the

proposed algorithm always leads on average to a performance improvement. This is

the case with a variety of other useful myopic algorithms.

To study E[N∗(j + 1)|a(j)] we are going to consider three particular cases: (i)

k(j) = k∗; (ii) k(j) > k∗; and (iii) k(j) < k∗. Let β = 1 − α, q = 1 − p, and

q(j) = 1− p(j). After tedious but straightforward algebra we conclude that

N∗(j + 1) =


1+(β−α)x

2β
, with probability q(j)

1−(β−α)x
2α

, with probability p(j)

,

where we have for the three different cases

(i)

x =


τ1(j)−ak∗ (j)

1−ak∗ (j)
, if Xj+1 = t(k(j)− 1)

τ2(j)−ak∗ (j)
1−ak∗ (j)

, if Xj+1 = tk(j)

(ii)

x =


− τ1(j)+ak∗ (j)

1−ak∗ (j)
, if Xj+1 = t(k(j)− 1)

τ2(j)−ak∗ (j)
1−ak∗ (j)

, if Xj+1 = tk(j)
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(iii)

x =


τ1(j)−ak∗ (j)

1−ak∗ (j)
, if Xj+1 = t(k(j)− 1)

− τ2(j)+ak∗ (j)
1−ak∗ (j)

, if Xj+1 = tk(j)

Note that 0 ≤ τ1(j) ≤ 1 and 0 < τ2(j) ≤ 1, therefore |x| ≤ 1. To ease the notation

define

g(x, j) =
q(j)

2β
(1 + (β − α)x) +

p(j)

2α
(1− (β − α)x)

=
q(j)

2β
+
p(j)

2α
+

(
q(j)

2β
− p(j)

2α

)
(β − α)x .

It can be easily checked that g(x, j) is an increasing function. Using this definition

we have

(i)

E[N∗(j + 1)|a(j)]

= π1(j)g

(
τ1(j)− ak∗(j)

1− ak∗(j)
, j

)
+ π2(j)g

(
τ2(j)− ak∗(j)

1− ak∗(j)
, j

)

(ii)

E[N∗(j + 1)|a(j)]

= π1(j)g

(
−τ1(j) + ak∗(j)

1− ak∗(j)
, j

)
+ π2(j)g

(
τ2(j)− ak∗(j)

1− ak∗(j)
, j

)
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(iii)

E[N∗(j + 1)|a(j)]

= π1(j)g

(
τ1(j)− ak∗(j)

1− ak∗(j)
, j

)
+ π2(j)g

(
−τ2(j) + ak∗(j)

1− ak∗(j)
, j

)

Consider first cases (ii) and (iii). Note that (τ−a)/(1−a) ≤ τ and −(τ+a)/(1−a) <

−τ for all 0 < a < 1. Therefore, for case (ii) we have

E[N∗(j + 1)|a(j)] ≤ π1(j)g(−τ1(j), j) + π2(j)g(τ2(j), j)

=
q(j)

2β
+
p(j)

2α
+

(
q(j)

2β
− p(j)

2α

)
(β − α)(−π1(j)τ1 + π2(j)τ2)

=
q(j)

2β
+
p(j)

2α
≤ q

2β
+

p

2α
.

Analogously, for case (iii)

E[N∗(j + 1)|a(j)] ≤ π1(j)g(τ1(j), j) + π2(j)g(−τ2(j), j)

=
q(j)

2β
+
p(j)

2α
+

(
q(j)

2β
− p(j)

2α

)
(β − α)(π1(j)τ1 − π2(j)τ2)

=
q(j)

2β
+
p(j)

2α
≤ q

2β
+

p

2α
.

Finally, for case (i) a we need to proceed in a slightly different way. Begin by noticing
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that τ1(j) + τ2(j) = 2ak(j)(j) = 2ak∗(j). Then

E[N∗(j + 1)|a(j)]

= π1(j)g

(
τ1(j)− ak∗(j)

1− ak∗(j)
, j

)
+ π2(j)g

(
−τ1(j)− ak∗(j)

1− ak∗(j)
, j

)
=

q(j)

2β
+
p(j)

2α
+

(
q(j)

2β
− p(j)

2α

)
(β − α)

τ1 − ak∗(j)

1− ak∗(j)
(π1(j)− π2(j))

=
q(j)

2β
+
p(j)

2α
+

(
q(j)

2β
− p(j)

2α

)
(β − α)

τ1 − ak∗(j)

1− ak∗(j)

τ2(j) + τ1(j)

τ1(j) + τ2(j)

=
q(j)

2β
+
p(j)

2α
+

(
q(j)

2β
− p(j)

2α

)
(β − α)

τ1 − ak∗(j)

1− ak∗(j)

2ak∗(j)− 2τ1(j)

τ1(j) + τ2(j)

≤ q(j)

2β
+
p(j)

2α
≤ q

2β
+

p

2α
.

Plugging in the above results into (A.1) yields

Pr(|θ̂n − θ| > t) ≤ 1− t

t

(
q

2β
+

p

2α

)n

,

since M∗(0) = (1− t)/t. �
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and L. Schumaker, Eds. 1997, pp. 35–50, Vanderbilt University Press.

[39] M. Crouse, R. Nowak, and R. Baraniuk, “Wavelet-based statistical signal pro-
cessing using markov models,” IEEE Transactions on Signal Processing, vol. 46,
no. 4, pp. 886–902, 1998.

[40] K. Falconer, Fractal Geometry: Mathematical Foundations and Applications,
John Wiley & Sons, 1st edition, 1990.

[41] I. A. Ibragimov and R. Z. Has’minskii, Statistical Estimation - Asymptotic The-
ory, Springer-Verlag, 1981.

[42] I. A. Ibragimov and R. Z. Khas’minskii, “On sequential estimation of the location
parameter for families of distributions with discontinuous densities,” Theory of
Probability and its Applications, vol. XIX, no. 4, pp. 669–682, 1974.

200



[43] Charles J. Stone, “Optimal rates of convergence for nonparametric estimators,”
The Annals of Statistics, vol. 8, no. 6, pp. 1348–1360, 1980.

[44] A. R. Barron, “Complexity regularization with application to artificial neural
networks,” in Nonparametric Functional Estimation and Related Topics. 1991,
pp. 561–576, Kluwer Academic Publishers.

[45] M. Wegkamp, “Model selection in nonparametric regression,” The Annals of
Statistics, vol. 31, no. 1, pp. 252–273, 2003.

[46] T. M. Cover and J. A. Thomas, Elements of Information Theory, John Wiley
& Sons, Inc., New York, 1991.

[47] L. Breiman, J. Friedman, R. Olshen, and C. J. Stone, Classification and Regres-
sion Trees, Wadsworth, Belmont, CA, 1983.

[48] A. R. Barron, “Information theory and the risk of bayes procedures,” in Bayesian
Statistics 6: Information-Theorectic Characterization of Bayes Performance and
the Choice of Priors in Parametric and Non-parametric Problems. 1999, Oxford
University Press.

[49] C. Craig, “On the tchebychef inequality of bernstein,” The Annals of Statistics,
vol. 4, no. 2, pp. 94–102, 1933.

[50] J. Haupt and R. Nowak, “Signal reconstruction from noisy random projections,”
IEEE Transactions on Information Theory, vol. 52, no. 9, pp. 4036–4048, 2006.

[51] B. Laurent and P. Massard, “Adaptive estimation of a quadratic functional by
model selection,” The Annals of Statistics, vol. 28, no. 5, pp. 1302–1338, 2000.

[52] E. Candès and D. Donoho, “Curvelets: A surprisingly effective nonadaptive
representation for objects with edges,” in Curve and Surface Desing, L. L. Schu-
maker et al. (eds), Vanderbilt University Press, Nashville, TN., 2000.

[53] D. Donoho and X. Huo, “Beamlets and multiscale image analysis,” Tech.
Rep., Stanford University, 2001, Available at http://www-stat.stanford.edu/

~donoho/reports.html.

[54] Q. Li and A. Barron, Advances in Neural Information Processing Systems 12,
chapter Mixture Density Estimation, MIT Press, 2000.

[55] Eric D. Kolaczyk and Robert D. Nowak, “Multiscale likelihood analysis and
complexity penalized estimation,” Annals of Statistics, vol. 32, no. 2, pp. 500–
527, 2004.

[56] E. J. Candès and Terence Tao, “Near-optimal signal recovery from random
projections: Universal encoding strategies?,” IEEE Transactions on Information
Theory, vol. 52, no. 12, pp. 5406–5425, 2006.

201



[57] D. Donoho, “Compressed sensing,” Tech. Rep., Stanford, 2004.

[58] E. J. Candès and T. Tao, “The dantzig selector: statistical estimation when p
is much larger than n.,” to appear in The Annals of Statistics, 2007.

202


