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Abstract

A binary puzzle is a Sudoku-like puzzle consisting of a square array where each
entry consists of a zero, a one, or a blank. Let n ≥ 4 be an even integer. A solved
binary puzzle is an n×n binary array that satisfies the following conditions: (1)
no three consecutive ones and no three consecutive zeros in each row and each
column; (2) the number of ones and zeros must be equal in each row and in each
column; (3) there are no repeated rows and no repeated columns. We outline
several mathematical problems related to the binary puzzle in [4]. We refer to [2]
for further results on the rate of constrained arrays based on the binary puzzle.

This paper discusses the Boolean satisfiability (SAT) problem related to bi-
nary puzzles. A binary puzzle can be represented as an instance of a SAT prob-
lem. Each of the three constraints above is expressed by its equivalent logical
expression. De Biasi showed that this puzzle is NP-complete [5]. We notice that
there is one main drawback using this technique: the exponential blowing up in
the conversion, both in the conversion to a SAT problem and also in the conver-
sion from the SAT problem into a CNF [3]. The aim of this research is to create
an algorithm that will result in a polynomial size CNF in terms of the size of
the puzzle. In doing so, we apply the Tseytin transformation and a recursive
formula for the second constraint.

1 Binary puzzle

The game of Binary puzzle is a one person board game where the player has to put a
bit 1 or 0 in a partially filled array such that

1. No three consecutive ones and also no three consecutive zeros in each row and
each column,

2. Every row and column is balanced, that is the number of ones and zeros must be
equal in each row and in each column,

3. No repeated rows and no repeated columns are allowed.

The constraints above imply that the number of rows and the number of columns are
even, and we will consider only the case that these numbers are the same. An example
of an initial puzzle can be seen in the Figure 1 and the solution is given in the Figure
2.
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Figure 1: Unsolved Puzzle
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Figure 2: Solved Puzzle

2 Binary puzzle as SAT problem

Let Γ be a logical formula, that is a grammatical correct expression in a set of binary
variables, the constants 0 and 1, and the operations ¬ (negation), ∧ (conjunction), ∨
(disjunction), and ⊕ (exclusive or). The satisfiability (SAT) problem is the problem
to find an assignment to all variables such that Γ is true. We call a literal a binary
variable or its negation and a clause a disjunction of a finite set of literals. If Γ consists
only of a conjunction of clauses, we say that Γ is in the Conjunctive Normal Form
(CNF).

Recall that each cell in the solved binary puzzle can only take the values ‘0’ and
‘1’. Hence we can represent the puzzle as an array of binary variables, where false
corresponds to ‘0’ and true to ‘1’. We can express each condition in terms of a logical
expression. After representing the puzzle in the form of a expression, we use the SAT
solver to solve the puzzle. But, since many SAT solving algorithms often assume that
the proposition is in the CNF, it is necessary to convert our expression into the CNF.
However, conversion to the CNF can lead to an exponential blow up of the formula. It
is also known that the complexity of converting a formula into the CNF in general is
NP-hard [8].

2.1 The 1st constraint

To illustrate the derivation of the first constraint, let x1, x2, x3 be any three consecutive
cells. There will be no three consecutive ones and zeros if and only if the following
expression is true (x1 ∨ x2 ∨ x3) ∧ (¬x1 ∨ ¬x2 ∨ ¬x3).

Now, suppose we have an 2m×2m array in the variables xij. The array satisfies the
first condition, that there are no three consecutive ones and also no three consecutive
zeros in each row and each column, if and only if the expression below is true:(

2m∧
i=1

{
2m−2∧
k=1

([
k+2∨
j=k

xij

]
∧

[
k+2∨
j=k

¬xij

])})
∧

(
2m∧
j=1

{
2m−2∧
k=1

([
k+2∨
i=k

xij

]
∧

[
k+2∨
i=k

¬xij

])})
.

This formula of the first constraint is already in CNF. Moreover, each three consec-
utive cells have two clauses with three literals in each clause. Since there are 4m vector



and every vector has 2m− 2 three consecutive cells, we have 8m(2m− 2) clauses, and
each clause has 3 literals.

2.2 The 2nd constraint

For satisfying the second constraint, that is the balancedness of a vector of length 2m,
every m + 1 cells must have at least one 1 and one 0. In other words, the following
formula must be true for every possible way of selecting m + 1 cells:(

m+1∨
k=1

xk

)
∧

(
m+1∨
k=1

¬xk

)
.

Hence, for a whole puzzle, the following expression must be true 2m∧
j=1

 ∧
1≤i1<···<im+1≤2m

(
m+1∨
k=1

xikj

) ∧
2m∧

i=1

 ∧
1≤j1<···<jm+1≤2m

(
m+1∨
k=1

xijk

)∧
 2m∧

j=1

 ∧
1≤i1<···<im+1≤2m

(
m+1∨
k=1

¬xikj

) ∧
2m∧

i=1

 ∧
1≤j1<···<jm+1≤2m

(
m+1∨
k=1

¬xijk

) .

Since for each row or column we need to check every m + 1 cells from 2m cells for
both symbols 0 and 1, the complexity of this expression grows as 8m

(
2m
m+1

)
which is

exponential in m. This also implies that there are 8m
(

2m
m+1

)
clauses, where each clause

has m + 1 literals.
An alternative polynomial expression for the satisfiability of the second constraint

can be obtained as follows: Let x = (x1, . . . , x2m) be a row or column of the puz-
zle and let y = (y1, . . . , yp) be the binary representation of the weight of x, that is
wt(x) =

∑p
i=1 yi2

i−1. Let b = (b1, . . . , bl) be the binary representation of m. So

m =
∑l

i=1 bi2
i−1. The second constraint is satisfied if p = l and bi = yi for all i .

Our next step is to find a polynomial algorithm to compute the weight of x. The
idea is that we iteratively sum the vector x from length 1 up to length n. In doing so,
we need a temporary variable for storing the memory of the summation. Moreover,
since we are working with formulas and variables, we need to store all the memory.

We will illustrate this by doing the addition of two integers m and n in 2-ary rep-
resentation, a = (a1, . . . , al) and b = (a1, . . . , bl) respectively, where m =

∑l
i=1 ai2

i−1,

and n =
∑l

i=1 bi2
i−1. Then let c = (c1, . . . , cl) be the representation of m + n, that

means m+n =
∑l

i=1 ci2
i−1. Here we assume that m and n have the same length of the

binary representation and moreover that al = bl = 0. Let t = (t1, . . . , tl) be the mem-
ory variable for calculating c, such that t1 = 0 and ti+1 = (ai ∧ bi)⊕ (ai ∧ ti)⊕ (bi ∧ ti).
Then ci = ai ⊕ bi ⊕ ti.

In our case, since we sum a vector recursively, it is easier to store the calculation in
a matrix. Let n = 2m and l = dlog2(n+ 1)e. Let Z be an n× l matrix with entries zij
and let T be an n× l matrix with entries tij. Here T serves as a memory variable and
the i-th row of Z is the binary representation of the weight of (x1, . . . , xi). Hence the
last row of Z is the binary representation of wt(x).



Then the definitions of zij and tij are given as follows.

zij =


x1 if i = j = 1

zi−1,1 ⊕ xi if i > 1 and j = 1

zi−1,j ⊕ tij if i > 1 and j > 1

0 elsewhere,

tij =


0 if i = 1 or j = 1

xi ∧ zi−1,1 if i > 1 and j = 2

ti,j−1 ∧ zi−1,j−1 if i > 1 and j > 2.

Hence, the second constraint is satisfied if the following equation znj = bj is satisfied
for all j and for all columns and for all rows.

One drawback of this construction is that the formula is not in CNF. We proceed
with the Tseytin transformation since it will give an exponential blow up if we convert
it using the logical equivalence rules, such as the double negation law, De Morgan’s law,
and the distributive law. The idea of Tseytin transformation is to make a CNF from
Boolean formula by introducing some fresh variables representing a clause subformula
[9, 7]. With this approach, the transformation will output a formula whose size is linear
in terms of the input formula. For example, the 2-variable x, y and OR operator with
the Tseytin variable z gives the following CNF, which has 3 clauses.

(¬z ∨ x ∨ y) ∧ (z ∨ ¬x) ∧ (z ∨ ¬y).

For simplicity, we only show the transformation of the first and second part of zij.
Since zij = x1 for i = j = 1, we will get (¬z11 ∨ x1)∧ (z11 ∨ ¬x1) for the first part. For
the second part, that is zi1 = zi−1,1 ⊕ xi, will be transformed into

(¬zi1 ∨ ¬zi−1,1 ∨ ¬xi) ∧ (zi1 ∨ zi−1,1 ∨ ¬xi) ∧ (zi1 ∨ ¬zi−1,1 ∧ xi) ∧ (¬zi1 ∨ zi−1,1 ∨ xi) .

Now, we determine the size of the formula in CNF. Each row and each column will
produce two matrices Z and T of size n× l. From the definition of zij, since the most
expensive transformation is ⊕, each cell will have at most 4 clauses and each clause will
have at most 3 literals. From the definition of tij, each cell will have at most 3 clauses
and each clause will have at most 3 literals. Hence for a single vector, we have at most
7nl clauses where each clause has at most 3 literals. Enumerating for all columns and
rows, we will have at most 14ln2 clauses where each clause has at most 3 literals. So
this recursive construction has polynomial complexity in space.

2.3 The 3rd constraint

The last constraint is straightforward. Suppose we have two vector x and y with length
2m. Since x must be different with y, then the following formula must be satisfied:

¬
2m∧
i=1

[(xi ∧ yi) ∨ (¬xi ∧ ¬yi)] .

The satisfiability of the third condition, that every two rows and every two columns



must be distinct, is given by( ∧
1≤j1<j2≤2m

{
¬

2m∧
i=1

[(xij1 ∧ xij2) ∨ (¬xij1 ∧ ¬xij2)]

})
∧( ∧

1≤i1<i2≤2m

{
¬

2m∧
j=1

[(xi1j ∧ xi2j) ∨ (¬xi1j ∧ ¬xi2j)]

})
.

The easiest way to make a CNF from this expression is by using the following
procedure. Suppose we want to check the ith and jth column, x and y respectively.
Then we can enumerate all 22m combinations of

∨2m
i=1(xi∨yi) . Hence we have 2·22m

(
2m
2

)
clauses where each clause has 4m literals for the third constraint. One can see that
this will blow up exponentially in terms of m. One way to overcome this is by using
the Tseytin transformation which is briefly explained in [3]. In this section, we will
give more detail for the transformation.

We will now illustrate the Tseytin transformation of the third constraint only for
the columns, that is the first part of the expression:( ∧

1≤j1<j2≤2m

{
¬

2m∧
i=1

[(xij1 ∧ xij2) ∨ (¬xij1 ∧ ¬xij2)]

})
.

Since the outer operator is already in conjunction, we only need to transform the inner
part, {

¬
2m∧
i=1

[(xij1 ∧ xij2) ∨ (¬xij1 ∧ ¬xij2)]

}
.

We define the Tseytin variable ai, bi, ci for i = 1, . . . , 2m, and d as follow.

ai = xij1 ∧ xij2 ,

bi = ¬xij1 ∧ ¬xij2 ,

ci = ai ∨ bi,

d = ¬
m∧
i=1

ci.

Each transformation for the equations having ai, bi, and ci as the Tseytin variable
will produce three clauses for each i. Enumerating for all transformations in ai, bi, and
ci for i = 1, . . . , 2m, we have 3 · 3 · 2m clauses. Meanwhile, the CNF of d = ¬

∧m
i=1 ci is(

¬d ∨
2m∨
i=1

¬ci

)
∧

(
2m∧
i=1

(ci ∨ d)

)
,

and it has 2m + 1 clauses. Therefore, we have 20m + 1 clause for the transformation
of the inner part. Hence the CNF transformation of the third constraint will have
2
(
2m
2

)
(20m + 1) clauses and each clause will have at most 2m + 1 literals.

2.4 Experiment and conclusion

From the CNF derivation of the constraints, we conclude that each constraint has a
polynomial size in CNF as a function of the puzzle size. For the first constraint, we
have 8m(2m− 1) clauses and each clause has 3 literals.



Table 1: Comparison of the number of literals.

m Polynomial formula Exponential formula
2 4572 1824
3 17634 24768
4 52152 238912
5 117750 1894560
6 233268 13243680
7 419874 84840224
8 713328 509908608
9 1123830 2919287520

Table 2: Comparison of execution time (in seconds) for each method.

Size Exp. formula Exp. form. for 2nd cons. SMT Polynomial formula
Pre-comp. Solver Pre-comp. Solver Pre-comp. Solver Pre-comp. Solver

4× 4 0.02 0.00 0.18 0.001 0.002 0.012 0.29 0.001
6× 6 0.14 0.02 0.66 0.003 0.003 0.013 0.89 0.002
8× 8 1.45 0.10 1.59 0.01 0.004 0.013 2.28 0.005

10× 10 10.80 0.69 3.24 0.02 0.006 0.015 4.21 0.007
12× 12 81.87 4.67 6.09 0.08 0.009 0.019 7.01 0.011
14× 14 - - 10.74 0.32 0.010 0.020 10.81 0.016
16× 16 - - 19.42 1.43 0.015 0.023 16.79 0.027
18× 18 - - 45.33 6.56 0.015 0.027 23.35 0.035

For the second constraint, the trivial exponential formula has 8m
(

2m
m+1

)
clauses

where each clause has m + 1 literals. Meanwhile, the recursive polynomial formula
with the Tseytin transformation has at most 14 · (2m)2 log2(2m) clauses and each
clause has m + 1 literals. For small m, the trivial formula will have less literals than
the recursive formula, but as soon as m ≥ 5, the recursive formula has the advantage
over the trivial formula in the number of literals.

For the third constraint, we also have two version in the CNF, the trivial exponential
formula where it has 2 · 22m

(
2m
2

)
clauses and each clause has 4m literals, and the

polynomial CNF from the Tseytin transformation which has 2
(
2m
2

)
(20m + 1) clauses

where each clause has 4m literals. Here the polynomial CNF will have smaller number
of literals if m ≥ 3.

For the whole puzzle, the comparison of the number of the CNF literals is shown
in Table 1. For brevity, we only compare up to m = 9.

We also did a simulation in solving a binary puzzle with various sizes. In this
puzzle, around 70% of the cells were blank. We measure the computation time which
is shown in Table 2. The dash in the table means that the computer is running out of
memory.

For each case, we do 18 experiments, and then take the average timing. The result
for the polynomial formula is shown in the last column of the Table 2. Here we only
show the timing up to m = 9, but the largest puzzle we had solved so far using the
polynomial formula is 34 × 34 with the pre-computation time equal to 159.65 second
and the solver time is equal to 0.186 second. As a comparison, we show the result from
our previous work in the second column [3] and the third column [1]. The result in the
third column is acquired by applying satisfiability modulo theory (SMT) to solve the
puzzle.



The experiment has been done under 64 bit Debian 8, with hardware specification:
Intel(R) Core(TM) i7-4700MQ CPU @ 2.40GHz, 10GB RAM. The software used for
the experiment is SageMath 7.5.1 as the wrapper and front-end programming language,
CryptoMiniSat 2 for the SAT solver, and Yices 2.5 for the SMT solver.
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