Run lengths of control charts for correlated output of

feedback processes

Alessandro Di Bucchianico

TUE / EURANDOM

Joint work in progress with J. van Zante, J.T.M. Wijnen and J. Praagman

Workshop Change Point Problems and SPC Leiden December 14, 1998

Outline

• Practical problem

• Statistical model

• Run lengths of Shewhart control charts

• Run lengths of CUSUM control charts

• Topics under investigation

Sputter process for optical discs

Zt Xt−b Yt Ut

feedback loop process

Yt = ideal thickness tellurium layer Zt = disturbance Ut = actual thickness tellurium layer Xt = feedback (MMSE controller)

Simple statistical model

Yt = μ + g Xt−b Ut = μ + g Xt−b + Zt Zt = φ Zt−1 + at, where

• at ∼ NID(0, σ2a ).

• Xt is MMSE feedback controller

• g is the gain (known)

• b is the delay time (known)

• Ut is observed

Typical values of model parameters

• b = 1

• X0 = 1.82

• φ = −.25

• g = 16.6

• μ = 30.2; shifts of size 0.17

• σa = 0.17

Simulation

SPC and APC

Two different approaches to process control: SPC (Statistical Process Control):

• originated in parts industry • developed by statisticians • process monitoring by hypothesis testing APC (Automatic Process Control):

• originated in process industry • developed by control engineers • process adjustment by estimation

Integration of SPC and APC

Advantage SPC: detects special causes Disadvantage SPC: not all special causes can be eliminated Advantage APC: direct compensation instead of interrupting process Disadvantage APC: does not give insight in process / overcompensation Box and Kramer (1992) suggest to combine SPC and APC:

use control charts on feedback system Statistical problem: control charts for correlated data

General statistical model Yt = μ + g Xt−b Ut = μ + g Xt−b + Zt Φ(B) Zt = Θ(B) at, where Φ(B) = 1 − φ1 B − φ2 B2 − . . . φp Bp and Θ(B) = 1 − θ1 B − θ2 B2 − . . . θq Bq (B is backward shift operator: Bk at := at−k). Assumption: roots of Φ and Θ outside unit circle. Hence, Zt = Γ(B) at = � �1 − ∞� i=1 γi Bi � � at, and at = Ξ(B) Zt = � �1 − ∞� i=1 ξi Bi � � Zt,

Controller Xt

Causal linear filter Xt on error terms at: Xt = ∞� j=0 cj at−j = � � ∞� j=0 cj Bj � � at

Note: at are not observed: rewrite in terms of observed Ut:

Xt = ∞� j=0 cj Bj 1 − b−1� j=1 γj Bj + ∞� j=b ( g cj−b − γj ) Bj Ut

Special case: cj = γb+j/g leads to MMSE control

Influence of shift in mean

Assumption: persistent change of mean of disturbance Zt occurs at time c and has size δ

Ut = � �1 − b−1� j=1 γj Bj + ∞� j=b ( g cj−b − γj ) Bj � � . (Ξ(B) δ I[t ≥ c] + at)

Recall: at = Ξ(B) Zt Special case: cj = γb+j/g leads to MMSE control, hence Ut = � �1 − b−1� j=1 γj Bj � � (Ξ(B) δ I[t ≥ c] + at)

Vulnerability of MMSE

Special case white noise disturbance: Ξ(B) = 1, hence Xt = 0

In general: Zt = Γ(B) at implies mean of Yt equals � �1 + Ξ(B) ∞� j=0 γb+j Bb+j � � δ I[t ≥ c]

Mean converges to (1 − ξ1 − ξ2 − · · · ) (1 − γ1 − · · · − γb−1) δ

Roots Ξ(B), hence mean disturbance unless γ1 + · · · + γb−1 = 1 Conclusion: in general, MMSE control cannot compensate for persistent change of mean

Lag b = 1 versus b > 1

If b = 1, then Ut = at, hence uncorrelated If b > 1, then Ut correlated. Solution:

When no shift: eU_t(1) = Zt − ^Zt(t − 1) = at. When shift: eU_t(1) = Ξ(B) δ I[t ≥ c] + at. This is identical to expression for Ut when b = 1. Chart et instead of Ut when b > 1

Control charts

Use control chart to signal if feedback cannot cope with disturbance.

In-control run length: false alarm rate Out-of-control run length: power to detect process disturbances Several types of control charts available:

• Shewhart charts • CUSUM charts • . . .

Problem: how do control charts perform when applied to correlated data?

Shewhart chart

Upper control limit : E Ut + 3 √ Var Ut = 3 σa

Centre line : E Ut = 0

Lower control limit : E Ut−3 √ Var Ut = −3 σa

0

3σa

−3σa

Run length of Shewhart chart for b = 1 pk+1 = P (|Uc+k| > 3 σa) P (RLout ≥ j) = j−1� i=1 (1 − pi) for j = 2, . . .

P (z) := ∞� j=1 P (RLout = j) zj

~P (z) := ∞� j=1 P (RLout ≥ j) zj Then

P (z) = 1 + z − 1 z ~P (z) EX = P ′(1) = ~P (1) Var(X) = 2 ~P ′(1) − ~P (1) − ( ~P (1))2.

Run length of Shewhart chart: b = 1 and AR(p)-disturbances

pk+1 = 1 − F ( 3 − (1 − ξ1 − · · · − ξk) δ σa )

+ F ( −3 − (1 − ξ1 − · · · − ξk) δ σa ) .

For AR(p) processes (i.e., Φ(B)Zt = at), Ξ is polynomial → pk = pp+1 for k ≥ p + 1.

ARLout(AR(p)) = 1+ p� j=1 j� i=1 (1−pi)+ �p+1 i=1 (1 − pi) pp+1 Similar but more complicated expression for variance of run length.

This simplifies approach of Longnecker and Ryan (1992).

Contour plot for AR(2) processes

Contour plot of standard deviation of run length almost identical!

Run length of Shewhart chart:

b = 1 and MMSE feedback

ARLout = 1 + ∞� j=1 j� i=1 (1 − pi) Fix n and assume plow ≤ pk ≤ pup for k > n. Substitute inequality in general formula for ARLout: 1 + n−1� j=1 j� i=1 (1 − pi) + �n i=1 (1 − pi) pup ≤ ARLout ≤ 1 + n−1� j=1 j� i=1 (1 − pi) + �n i=1 (1 − pi) plow Similar but more complicated formula for variance of run length.

Bounds converge to true ARL, but how to find plow and pup?

Bounds for MA(1)-model

pk+1 = 1 − F ( 3 − (1 − ξ1 − · · · − ξk) δ σa )

+ F ( −3 − (1 − ξ1 − · · · − ξk) δ σa ) .

Zt = (1 − θ B) at σ2z = (1 + θ2) σ2a . ξk = −θk 1 − |θ|k+1 1 − θ ≤ 1 + θ + · · · + θk ≤ 1 + |θ|k+1 1 − θ .

Bounds are positive and monotone in k. Hence, we can bound pk.

Bounds for ARMA(1,1)-model (1 − φ B) Zt = (1 − θ B) at σ2z = 1 + θ2 − 2φθ 1 − φ2 σ2a . ξk = (φ − θ) θk−1

1 − φ − |φ − θ| |θ|k 1 − θ ≤ 1 − (φ − θ) ( 1 + θ + · · · + θk−1 ) ≤ 1 − φ + |φ − θ| |θ|k 1 − θ .

Lower bound is positive for large k.

Bounds are positive and monotone in k. Hence, we can bound pk.

CUSUM charts

SH(t) = max(0, Ut − K + SH(t − 1)) SL(t) = max(0, −Ut − K + SL(t − 1)) SH(0) = SL(0) = 0,

K = δ/2 for uncorrelated data

Suggestion (cf. Runger et al. (1995)): K = δ 2 � �1 − ∞� i=1 ξi � �

Run lengths can be expressed as (numerical)solutions of integral equations.

Topics under investigation

• non-stationary disturbances (ARIMA etc.)

• run lengths when parameters are estimated

• other control charts, like EWMA charts, cuscore, . . .

• other feedback controllers

• wavelets to decorrelate data

References

Box, G. and Kramer, T. (1992), “Statistical Process Monitoring and Feedback Adjustment- A Discussion,” Technometrics, 34, pp. 251– 285.

Harris, T.J. and Ross, W.H. (1991), “Statistical Process Control Procedures for Correlated Observations,” The Canadian Journal of Chemical Engineering, 69, pp. 48–57.

Longnecker, M.T. and Ryan, T.P. (1992), “Charting Correlated Process Data,” Texas A&M University Department of Statistics Technical Report No. 166.

Runger, G.C., Willemain, T.R., and Prabhu, S. (1995), “Average Run Lengths for CUSUM Control Charts Applied to Residuals,” Communications in Statistics Theory and Methods, 24, pp. 273–282.

References: continued

Tucker, W.T., Faltin, F.W., and Vander Wiel, S.A. (1993), “Algorithmic Statistical Process Control: An Elaboration,” Technometrics, 35, pp. 363–375.

Vander Wiel, S.A., Tucker, W.T., Faltin, F.W., and Doganaksoy, N. (1992), “Algorithmic Statistical Process Control: Concepts and an Application,” Technometrics, 34, pp. 286–297.

Wardell, D.G., Moskowitz, H., and Plante, R.D. (1994), “Run-Length Distributions for Special- Cause Control Charts for Correlated Processes,” Technometrics, 36, pp. 3–17.