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ABSTRACT

The genusof a knot or link can be de�ned via Seifert surfaces.
A Seifert surfaceof a knot or link is an orientedsurfacewhose
boundarycoincideswith that knot or link. Schematicimagesof
thesesurfacesare shown in every text book on knot theory, but
from theseit is hardto understandtheir shapeandstructure.In this
paperthevisualizationof suchsurfacesis discussed.A methodis
presentedto producedifferentstylesof surfacesfor knotsandlinks,
startingfrom the so-calledbraid representation.Also, it is shown
how closedorientedsurfacescanbegeneratedin which theknot is
embedded,suchthattheknotsubdividesthesurfaceinto two parts.
Theseclosedsurfacesprovideadirectvisualizationof thegenusof
aknot.
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1 I NTRODUCTI ON

To introducethetopic discussedin this paper, we startwith a puz-
zle. Considera trefoil, thesimplestknot (�g. 1). It is easyto de�ne
a surfacethat hasthis knot as its boundary:Take a strip, twist it
threetimes,andgluetheendstogether. If we try to color thesides
of the surfacedifferently, we seethat thereis somethingstrange.
The strip is a kind of Möbiusstrip, andcannotbe oriented,there
is only oneside. Thepuzzlenow is to de�ne anorientablesurface
thathasthetrefoil asits boundary.

Figure 1: Trefoil

A secondpuzzle.It is easyto embedatrefoil in aclosedsurface:
A trefoil is a so-calledtorus knot. However, this knot doesnot
divide the torusinto two parts,contraryto whatonemight expect
from local inspection.Canwe embedtheknot on a closedsurface,
suchthatit dividesthissurfaceinto two parts?

The�rst puzzlehasbeensolvedin 1930byFranklandPontrjagin
[6], whoshowedthatsuchasurfacecanbefoundfor any knot.
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Orientedsurfaceswhoseboundariesare a knot K are called
Seifertsurfacesof K, afterHerbertSeifert,who gave analgorithm
to constructsucha surfacefrom a diagramdescribingthe knot in
1934[12]. His algorithmis easyto understand,but this doesnot
hold for the geometricshapeof the resultingsurfaces. Texts on
knot theoryonly containschematicdrawings,from which it is hard
to capturewhat is going on. In the cited paper, Seifertalsointro-
ducedthenotionof thegenusof a knot astheminimal genusof a
Seifertsurface.Thepresentpaperis dedicatedto thevisualization
of Seifertsurfaces,aswell asthedirect visualizationof thegenus
of knots.

In section2 wegiveashortoverview of conceptsfrom topology
and knot theory. In section3 we give a solution for the second
puzzle:Weshow how aclosedsurfacecanbeconstructedin which
a knot is embedded,suchthatit dividesthesurfacein two parts.A
Seifertsurfaceconsistsof disksandbands,sucha closedsurface
consistsof spheresandtubes. In section4 we discusshow these
elementscanbe derived andpositionedfrom an abstractnotation
of a knot. In section5 we presenthow surfacescanbegenerated.
Examplesof resultsareshown in section6. Finally, in section7 the
resultsarediscussedandsuggestionsfor futurework aremade.

2 BACK GROUND

In this sectionwe informally enumeratea numberof de�nitions
andconceptsfrom topologyin generalandknot theoryin particu-
lar. We limit ourselvesto thoseresultsthataredirectly relevantfor
the work presentedhere. More informationcanbe found in sev-
eralbooks,andalsoon theWebmany resourcesareavailable.The
KnotBook[1] of Colin Adamsgivesaveryreadableandaccessible
introductionfor non-experts,moredepthcanbefoundin [10, 7, 8].

Knot theoristshave enumeratedknotsby meansof diagramsor
braidwords,with invariantslike thegenusfor distinguishingthem.
Resultscanbe found in the literatureandon the Web. The Knot
Atlasof Bar-Natanprovidesmany tablesof knotsandinvariants[2];
the KnotInfo table[9] of LivingstonandChawasa very valuable
resourcefor us.

2.1 Topology

Knot theoryis asub�eld of topology. Topologyis themathematical
studyof thepropertiesof objectsthatarepreservedthroughdefor-
mationsof objects.Two surfacesarehomotopicif eachonecanbe
continuouslydeformedinto the other. If this canbe donewithout
passingthe objectthroughitself, they arenot only homotopicbut
alsoisotopic. For instance,a torusis isotopic(andhencealsoho-
motopic)to a cupwith onehandle,andhomotopicto a tubein the
shapeof a trefoil.

Two surfacesarehomotopicwhenthreeconditionsaresatis�ed.
First of all, eitherboth shouldbe orientableor neither;secondly,
thenumberof boundarycomponentsmustbethesame;and�nally ,
theEulercharacteristicc mustbe thesame.TheEuler character-
istic c is aninvariantfor surfaces.Givenanarbitrary(but regular)
polygonalizationof a surface,c = V � E + F, with V thenumber
of vertices,E the numberof edges,and F the numberof faces.
Closedorientedsurfacesarehomotopicto a spherewith g handles
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Figure 2: Link diagrams

(or, equivalently, a donut with g holes). The numberg is called
the genusof the surface. The genusof surfaceswith boundaries
is de�ned to be equalto that of the surfacethat resultswhen all
boundariesare cappedoff with (topological)disks. For surfaces
with mboundariesc = 2� 2g� m.

2.2 Knot theory

Knot theorystudiesthepropertiesof mathematicalknotsandlinks.
A mathematicalknot is a tamelyembeddedclosedcurveembedded
in IR3. Herean embeddingof a closedcurve is called tameif it
canbe extendedto an embeddingof a tubearoundthe curve. A
link consistsof multiple components,eachof which is a knot. A
knot or link canbe continuouslydeformedas long as it doesnot
intersectitself. Theresultof sucha deformationis a knot isotopic
to the original one. Up to isotopy, a knot canbe representedby a
non-intersectingclosedpolyline (�nite sequenceof line segments
in three-space).

Knots and links are usually studiedusing projectionsor dia-
grams, suchas shown in �g. 2. One knot can be projectedin
many different ways, as an exampletwo different projectionsof
the trefoil areshown. A diagramconsistsof edgesandcrossings.
If an orientationis assignedto the knot, we seethat two different
typesof crossingsexist: right-handcrossingsandleft-handcross-
ings(�g. 3).

left-hand crossing       right-hand crossing

-1                                    +1

Figure 3: Two di�erent types of crossings

Somemain questionsin knot theoryarewhethertwo knotsare
the sameor not, and especiallyif a knot is equalto the unknot;
how many differentknotsdo exist (givenconstraints),andhow to
classifyknots.Oneapproachto this is to de�ne invariantsof knots.
A classiconeis theminimumnumberof crossingsin adiagramof a
knot;morepowerful anddistinctiveareso-calledknotpolynomials,
suchastheJonespolynomial[1].

2.3 Seifert surfaces

The genusof a knot, introducedby Seifert [12], is anotherclas-
sic invariant in knot theory. The Euler characteristicfor a 1-
dimensionalobjectis 0 whenappliedto aknot,hencethatdoesnot
leadto a distinction. Seifertthereforeuseda connected,oriented,
compactsurfacethathastheknotasits boundarytode�ne thegenus
of aknot. At �rst sight,it is surprisingthatsuchasurfaceexistsfor
any knot or link. Seifertshowedthatsucha surfacecanbederived
from a knot diagramusinga simplealgorithm. It consistsof four
steps(�g. 4). Firstof all, assignanorientationto thecomponentsof
theknot or link. Secondly, eliminateall crossings.At eachcross-
ing two strands(say, A andB) meet. A crossingis eliminatedby
cutting the strands,andconnectingthe incomingstrandof A with
the outgoingstrandof B, andvice versa. This givesa setof non-
intersecting(topological)circles,calledSeifertcircles. Thirdly, if
circlesarenestedin eachother, offsetthemin adirectionperpendic-
ularto thediagram.Fill in thecircles,giving disks.Finally, connect
thedisksusingtwistedbands.Eachbandcorrespondsto acrossing,
andhasonetwist, with orientationderivedfrom thecrossingtype.
A twist is a rotationoverplus(right-hand)or minus(left-hand)180
degrees.Theresultingsurfacesatis�estherequirements.Different
projectionsof theknot leadto differentsurfaces,possiblyalsowith
a differentgenus. The genusof a knot is de�ned as the minimal
genusof all surfaces(Seifertsurfaces)boundedby theknot.
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Figure 4: Seifert's algorithm: Assign orientation, eliminate crossings,
and add bands; shown for a knot and a crossing

2.4 Challenge

Texts on knot theory show �gures similar to �g. 4. From these
it is hard to understandthe shapeof the surface. One reasonis
thatsuchsurfacesarenot familiarandarerarelyencounteredin the
realworld. We have searchedtheliteratureandtheWeb,but could
not �nd satisfyingvisualizationsof Seifertsurfaces.TheKnotPlot
packageof RobertScharein[11] hasa very rich setof featuresand
is a delight to work (andplay) with, but eventhis hasno optionto
show Seifertsurfaces.We thereforefoundit achallengeto develop
a methodto visualizeSeifertsurfaces.Speci�cally, our aim wasto
enabletheviewerto interactively generateandview Seifertsurfaces
in 3D for arbitraryknotsandlinks in differentstyles.



Onepossibleroute to this is to considera Seifert surfaceasa
minimal surface(i.e., the surfacewith zero meancurvature,also
known as the soapbubble surface) using the knot as boundary.
However, this requiresthat a three-dimensionalknot is available.
Also, de�nition of a suitableinitial surfacemeshandthe iterative
calculationof the minimal surfacearenot easyto implementand
arecomputeintensive. Wethereforeoptedfor adifferentapproach.
Given an abstractnotationof a knot, derive the structureof the
Seifert surfaceand �nd a smoothgeometryin a quick anddeter-
ministicway.

2.5 Braid representation

To generateSeifertsurfacesfor arbitraryknotsandlinks, we need
ade�nition of theseknotsandlinks. Many differentnotationshave
beendeveloped,such as the Conway notation and the Dowker-
Thistlethwaitenotation. For our purposeswe found thebraid rep-
resentationto be very useful. Using this, several different styles
of surfacescaneasilybegenerated,andalso,thebraidrepresenta-
tion lendsitself well to experimentation.It doeshave its limitations
though,aswediscussin section6.

s1 s1s2
- 1 s2

- 1

1

2

3

Figure 5: Braid representation

A braidconsistsof a setof n strings,running(here)from a left
bar to a right bar (�g. 5). Stringsare allowed to cross,and the
patterncanbe encodedby enumeratingthe crossingsfrom left to
right. A crossingis denotedby s j

k , which meansthat stringsat
thek' th andk+ 1'th row aretwisted j times,wherej = 1 denotesa
right crossingand j = � 1 aleft crossing.Theclosureof thebraidis
de�nedby attachingtheleft barto theright bar, suchthatnofurther
crossingsareintroduced.In otherwords,weaddn extrastringsthat
connectthebeginningsandendsof stringsat thesamerow, without
furthercrossings.Every knot andlink canbede�ned asa braid. A
trefoil hasthebraid word s1s1s1 = s 3

1 , a �gure eightknot canbe
representedass1s � 1

2 s1s � 1
2 . An alternative notationfor braidsis

to useuppercaselettersfor right crossingsandlowercaselettersfor
left crossings,andwherethecharacterdenotesthestringseffected,
accordingto alphabeticorder. Hence,a trefoil is encodedby AAA,
anda �gure eight knot by AbAb. Furthermore,every braid word
de�nesaknotor a link, whichmakesthisrepresentationwell suited
for experimentation.

3 CL OSED SURFACES

Besidesvisualizationof Seifertsurfaces,anotheraim wasto make
thegenusof a knot 'more visible'. A trefoil or a �gure eightknot
hasgenus1, hencethe correspondingSeifert surfacesare homo-
topic to a toruswith a holein thesurface.Via a numberof stepsin
which theSeifertsurfaceis deformed,cut, andglued,this equiva-
lencecanbeshown, but this is not really intuitive. Closedsurfaces
are easierto understand,hencewe studiedhow a closedsurface
canbegeneratedthat containstheSeifertsurfaceasanembedded

subsurface. We call sucha surfacea closedSeifertsurface. The
following reasoningis straightforward,but we could not �nd it in
theliterature.

The standardapproachof topologistsis to cap off boundaries
(herethe m boundariesof the Seifert surface)with (topological)
disks. This doeslead to a surfacethat is homotopicto a closed
surface,but not isotopic. What we needhereto closethe surface
in a moredecentway, is an orientedsurfacethat hasthe m com-
ponentsof the link asboundary. But this is exactly the de�nition
of a Seifert surfaceitself, which leadsus immediatelyto a solu-
tion. Usinga physicalanalogy, thesolutionis to take two identical
Seifertsurfaces,glue themtogetherat the boundaries,andin�ate
the closedobject. This is shown in �g. 6 for a trefoil (which also
shows a possiblesolutionto thepuzzlesposedin theintroduction).
The Seifertsurfaceconsistshereof two disks,connectedby three
bands;theclosedSeifertsurfaceconsistsof two spheres,connected
by threetubes.Theknotsplitstheclosedsurfaceinto two parts.

Figure 6: In
ating two Seifert surfaces,glued together at their bound-
aries

Thegenusof a closedSeifertsurfacecanbedeterminedasfol-
lows. The Euler characteristicof a Seifert surface is cs = 2 �
2gs � m, with gs the genusand m the numberof componentsof
the knot. For the Euler characteristiccc of the closedsurfacewe
�nd cc = 2cs: The numberof vertices,facesandedgesdoubles,
but at theboundariesacertainnumberof edgesandthesamenum-
berof verticesdisappear. However, asV andE haveoppositesigns
in the de�nition of c , this doesnot in�uence the resultingvalue.
For a closedsurfacecc = 2� 2gc, with gc thegenusof theclosed
surface.This leadsto

gc = 2gs+ m� 1:

This gives us a direct way of �nding orientedclosedsurfacesin
whichto embedaknotor link of genusgs suchthattheknotdivides
it into two parts. For instance,for a trefoil or �gure eight knot a
genus2 surfacecanbeused(suchasadonutwith two holes,or two
spheresconnectedby threetubes),andin greatergenerality, for a
knot of onecomponenta donutwith twice thenumberof holesas
thegenuscanbeused.

4 STRUCTURE

In this sectionwe derive thestructureof theSeifertsurfaces,start-
ing from thebraidword. Theaim hereis to determinethenumber
of disks(or spheres)andtheir positionin space,andthebands(or
tubes),with the numberof twists and attachmentposition to the
disksasattributes. The disksarepositionedin 3D (x;y;z) space.
We take x andy in theplaneof thediagram,andz perpendicularto
the plane. Disks areparallel to the x;y plane. Eachdisk hastwo
sides,whichwedenotewith A andB. For eachdiskadecisionmust
bemadeif theA or B sideis positionedupwards.

Becauseof the regular structureof braids, various styles of
Seifertsurfacescaneasilybederivedfrom these.Fig. 7 shows four
stylesfor a �gure eightknot, usingellipsoidsandtubes.First, the
stackedstyle. If all closingstringsarepositionedin thedefaultway,



Figure 7: Figure eight knot in stacked, split, 
at, and reduced style

it is easyto seethattheSeifertcirclesareall nested.Hence,thecor-
respondingSeifertsurfaceconsistsof a stackof disks,whereeach
disk is connectedwith bandsto its neighbors(�g. 8). All diskshave
the A sidefacingupwards,their positionis (0;0; (i � 1)D), where
i is the index of the row to which the disk corresponds,andD a
distancebetweenthedisks.A nicegeometricrepresentationis ob-
tainedby subdividing eachdisk into k sectors,wherek is the total
numberof crossings,andconnectingsectorsof neighboringdisks
with bandswhenappropriate.Using a suitablesettingfor the ge-
ometry, anobjectsimilar to awedding-cake is generated.

Figure 8: Standard braid representation gives stacked disks

As avariationonthis,onesetof closingstringscanbepositioned
above, and the remainingset can be positionedbelow the braid.
Thisgivesthesplit style: two setsof stackeddisksin wedding-cake
style,wherethelowestdisksof eachsetareconnectedby bandsin
theplane.OnesethastheA sidefacingup, theothersethastheB
sideupwards. As an example,in �g. 9 two stringsarepositioned
above andone is positionedbelow the braid. We introducedthis
stylein orderto producefor instancetheSeifertsurfacethatresults
from thestandardprojectionof the�gure eightknot.

Figure 9: Split style

An alternative style, the �at style, is obtainedas follows. The
upperclosing string is positionedabove of the braid, the lowest
closingstring below the braid, andthe closingstringsin between
areput downward,pushedperpendicularto theplaneof thebraid.
Stringsof thelastkind introduceextracrossings.Theirnumbercan
beminimizedby carefullychoosingthepathof thestring(�g. 10).
From this lay-out of the strings,disks and bandscan be derived
usingSeifert's algorithm.Thusa setof non-nested,disjoint Seifert

circleswill beobtained,so they canbepositionedin a plane.The
structurecanbe constructedasfollows. Supposethat s j

k is the i-
th crossing.We addtwo disks,onewith A up (brown) at position
(iD;kD;0) andonewith B up(yellow) at (iD; (k+ 1)D;0). In other
words,ateachupperandlowertriangleof anoriginalcrossingdisks
are positioned. Next, vertical bandsare addedthat representthe
original crossings,with a twist accordingto the crossing.Finally,
horizontalbandsareaddedbetweendiskson thesamerow. If both
diskshavethesamesideup,no twistsareadded,otherwiseasingle
positive or negative twist is used,dependenton theorderof A and
B.

Figure 10: Flat style

The �at style is not particularlyinteresting,but this planarlay-
out can be simpli�ed further, giving the more attractive reduced
style. Several diskshave only two bandsattachedto them. Such
a disk canberemoved,andtheoriginal two bandscanbereplaced
by a singleband,with thenumberof twistsequalto thesumof the
numberof twistsof theoriginal bands.Applicationof this rule to
the �gure eightknot leadsto a simplestructureof two disks,con-
nectedby threebandswith 1;1 and� 3 twistsrespectively (�g. 11).
Sucha knot, with a Seifertsurfacethatconsistsof two disks,con-
nectedby parallel twistedbands,is known asa pretzelknot. The
trefoil is a (1;1;1) pretzelknot. The structureof the patternof

Figure 11: Reducedstyle

disksandbandscanbedescribedasa planargraph,with eachdisk
mappedto a vertex, eachbandto anedge,andeachholeto a face.
For theoptimal lay-outof suchgraphsa numberof algorithmsex-
ist [4]. We implementeda simplistic one (usinga trial-and-error
approach),which gave satisfactoryresultsfor thegraphsproduced
here.



5 GEOM ETRY

In theprevioussectionwehavediscussedhow to generatedisksand
bandsfrom a braidword,andhow to positionandorientthedisks.
Thenext stepis to produceasurfaceto visualizetheSeifertsurface
or thecorrespondingclosedsurface.We useellipsoidsasthebasic
shapefor disksandspheres,andcurvedcylinderswith anelliptical
cross-sectionfor thebandsandtubes.Theseareapproximatedwith
polygons.Furthermore,smoothingcanbeappliedto obtainamore
smoothsurface.

5.1 Ellipsoids

In standardposition,anellipsoidwith two axesof equallength(rep-
resentingasqueezedsphere)canbedescribedby

p(u) = (dcosucosv; dsinucosv; hsinv)=2;

with sphericalcoordinatesu = (u;v) 2 [� p;p) � [� p=2;p=2], and
with thediameterd andheighthasparameters.Obviously, settingd
closeto zerogivesadisk,settingd = h givesasphere.Theellipsoid
is subdividedinto ns sectors,whereeachsectorhasatmostonetube
attached.Considerone sucha sector(u;v) 2 [� U;U] � [� V;V],
whereU = p=ns andV = p=2. The top half (v 2 (0;V]) belongs
to eitherA or B, the bottompart belongsto the otherpart of the
surface. If no bandis attached,then this sectorcan be straight-
forwardly polygonizedwith a rectangularmesh. The verticesare
pi j = p(uR(i; j)) , with

uR(i; j) = (Ui=I ;V j=J)

and (i; j) 2 [� I ; I ] � [� J;J]. Obviously, the verticesat the poles
coincide. If a bandor tube is attached,a hole must be madein
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Figure 12: Sector of ellipsoid in (u;v) and (i; j) coordinates
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Figure 13: Upper right quadrant in (u;v) and (i; j) coordinates

this mesh,and somecareis requiredto make surethat this hole
conformswith theendof thetube.Thecross-sectionof bandsand
tubesis describedasanellipse,with width w andheightd. Obvi-
ously, settingw closeto 0 givesa band,settingw = d givesa tube.
Supposethat the attachmentpoint of the centerlineof the tube is
pA = p(uA). Typically, uA = 0, andvA is anoptionaloffset in the
directionof the polesto move the attachmentpoint closerto the
disk to which the othersideof the tubepoints. This wasusedfor

instancein �g. 6. Wemodeltheboundaryof theholein theellipsoid
in sphericalcoordinatesas

uB(s) = uA + (acossp=2; bsinsp=2);

with s 2 [0;4) (�g. 12). The lengthsof thesemi-axesa andb are
chosensuchthatthedistancesof p(uB(0)) andp(uB(1)) to p(uA),
measuredalong the surfaceof the ellipsoid, matchwith w=2 and
d=2 respectively. This hole is a perfectellipsein (u;v) space,and,
for our purposes,a goodenoughapproximationof anellipsein 3D
space.

Also, wede�ne arectangularholein themeshspace:(� i0; i0) �
(� j0; j0). Themeshhasto bewarpedsuchthattheinnerboundary
conformswith the hole in the ellipsoid, while the outerboundary
still conformswith the standardboundaryof the sector. We have
modeledthis asfollows. Considerthe upper-right quadrantof the
sector(�g. 13). We measurethepositionof a mesh-point(i; j) in a
kind of polarcoordinates(a ;b), whereb 2 [0;1] denotestheangle,
anda 2 [0;1] denotesif wearecloseto theinnerboundary(a = 0)
or theouterboundary(a = 1). Speci�cally, weuse

a i j = max(a i ;a j ) with

a i =
i � i0
I � i0

and a j =
j � j0
J � j0

;

and

bi; j =
�

j=L(i; j) if a i > a j
1� i=L(i; j) otherwise

with
L(i; j) = (1� a i j )( i0 + j0) + a i j (I + J):

If only theholehasto be takencareof, meshpointscanbe found
using

uC(i; j) = uA + ((a i ja+ (1� a i j )(U � ua)) cosbi jp=2;
(a i jb+ (1� a i j )(V � va))) sinbi jp=2):

To obtaina smoothtransitionfrom theinnerto theouterboundary,
we determinethe verticespi j = p(uH ) by blendingcircular and
rectangularcoordinatesvia

uH (i; j) = (1� h(a i j ))uC(i; j) + h(a i j )uR(i; j) with

h(t) = � 2t3 + 3t2:

Theblendingfunctionh(t) givesa smoothtransitionat thebound-
ariesbecauseh0(0) = 0 andh0(1) = 0. Theotherquadrantsaredealt
with similarly. A resultis shown in �g. 14.

Figure 14: Mesh of ellipsoid



5.2 Tubes

The tubesare also modeledvia a rectangularmeshof polygons.
Weuseameshci j ; i 2 [0::P� 1]; j 2 [0::Q], wherei runsaroundthe
crosssectionof thetube,and j alongthecenterline.Thecenterline
of a tube is modeledby useof a cubic Béziercurve [5]. Sucha
curve is givenby

b(t) = (1� t)3b0 + 3(1� t)2tb1 + 3(1� t)t2b2 + t3b3

with t 2 [0;1]. For b0 andb3 weusetheendpointsof thetube,i.e.,
theattachmentpointspA. Thecontrolpoint b1 is derivedfrom the
normaln0 on thesurfaceof theellipsoid

b1 = b0 + mn0=3jb3 � b0j

wherem(typically 1) canbe tunedto vary theoffsetof the tubes.
Theothercontrolpointb2 is de�ned similarly.

To generatethesurfaceof thetube,contoursmustberotatedand
interpolated.We usea Frenetframeasa naturalreferenceframe
alongthecenterline,givenby

f3(t) = b0=jb0j; f2(t) = f03=jf03j; f1(t) = f3 � f2:

A Frenetframeis unde�nedwhenthecurvatureis zero.Whenthe
controlpointsarecolinear, anarbitraryframecanbechoseninstead.
Whenlocally the curvatureis zero,the framecanrotateover 180
degrees,whichhasto becheckedandcorrectedfor.

Supposethatthestartcontourconsistsof asequenceof pointspi ;
with i = 0; � � � ;P� 1,suchthatp0 is locatedattheboundarybetween
theA andB partof thesurface,andwith a counterclockwiseorien-
tationwhenviewedfrom outsidetheellipsoid.HereP = 4i0 + 4j0.
The end contourwith points qi is de�ned similarly, also with P
points,exceptthatweassumehereaclockwiseorientation.Weuse
a rotatingframefor therotationof thecontour, givenby

g1(t) = cosf f1 � sinf f2
g2(t) = sinf f1 + cosf f2
g3(t) = f3

with
f = f (t) = (f 1 � f 0 + T2p)t + f 0:

Theoffsetf 0 is setsuchthatinitially g1 is alignedwith p0 � b0. We
measurethis initial offsetrelative to theFrenetframewith

f 0 = arctan
p�

0 � f2(0)
p�

0 � f1(0)

where
p�

0 = p0 � b0 � ((p0 � b0) � f3(0)) f3:

The �nal offset f 1 is de�ned similarly. The valueof T is chosen
suchthat the total rotation f (1) � f (0) matcheswith the desired
numberof twistsRof thetube,e.g.,

T = round
f 0 � f 1 + Rp

2p
:

Contoursare interpolatedin a local frame, using a cubic Bézier
splineagain, i.e.,

c�
i (t) = (1� t)3c�

i0 + 3(1� t)2tc�
i1 + 3(1� t)t2c�

i2 + t3c�
i3:

For c�
i0 we usestartcontourpoints,transformedby useof theg(0)

frame:

c�
i0 = (g1(0) � (pi � b0); g2(0) � (pi � b0); g3(0) � (pi � b0)) :

For c�
i3 theendcontourpointsareused:

c�
i3 = (g1(1) � (qi � b3); g2(1) � (qi � b3); g3(1) � (qi � b3)) :

For thecontoursin betweenweuseellipses:

c�
i1 = c�

i2 = (wcos2pi=P; dsin2pi=P; 0):

Thepointsof themeshof thetubearenow �nally givenby

ci j = b( j=Q) + (g1( j=Q); g2( j=Q); g3( j=Q)) � c�
i ( j=Q):

Figure15 shows the resultingmesh,for an extremecasewherea
thin ellipsoidis �tted with thick roundtubes.

Figure 15: Meshesof tubes

5.3 Smoothing

The precedingapproachgives ellipsoids and tubes. To obtain
smoothersurfaces,especiallysuch that the transitionsbetween
tubesand ellipsoidsare less pronounced,we use Catmull-Clark
subdivision [3]. Herea meshis recursively subdivided, wherein
eachsubdivision a facewith n sidesis subdividedinto n quadrilat-
erals. In eachsubdivision stepnew pointsareintroducedper face
andperedge.Thefacepointsaretheaverageof theface's original
vertices,edgepointsare the averageof the centerof the original
edgeandthe two new adjacentfacepoints. The original vertices
arereplacedwith

(q+ 2r + v(n� 3))=n

whereq is theaverageof thenew facepointsaroundthevertex, r is
theaverageof themidpointsof then edgesthatsharethevertex and
v is the original vertex. Furthermore,to obtainan even smoother
result, we implementedan option to smooththe surfaceinitially
withoutsubdivision. Here,in eachsteptheverticesof themeshare
averagedwith their neighboringfaceandedgepointsaccordingto
the Catmull-Clarkscheme.This smoothingprocessleadsto sur-
facesthat approachmoreor lessminimal surfaces. Oneproblem
is that the tubestendto becomethin, especiallywhentheoriginal
meshis coarseand multiple twists occur. For a straightcircular
tube,with P pointspercrosssection,Q crosssectionsandRtwists,
we canderive that eachsmoothingstepreducesthe radiuswith a
factor

r =
1
16

(8+ 3cosp+ 3cosq+ cos(p+ q) + cos(p� q))

with p = 2p=P andq = Rp=Q. A solutionto the thinning of the
tubesis simply to usea larger initial radiusfor the tubes,for in-
stanceby scalingthe radiuswith r � k whenk smoothingstepsare
used.

Usingtheseoptions,avarietyof versions,startingfrom thesame
geometrycanbegenerated(�g. 16). We implementedtheseby of-
feringtheuserachoicebetweenanexactandasmoothsurface,and
betweenacoarse,but fastmeshanda �ne mesh.



Figure 17: Hopf link (AA), link 41
2 (AAAA ), Whitehead link (AbAbb), and Borromean rings (AbAbAb), in stacked and reduced style

Figure 16: Detailed mesh, coarse mesh, coarse mesh subdivided,
coarse mesh smoothed and subdivided (with increaseddiameter)

5.4 Knot

It is convenientto have anexplicit representationof theknotor the
componentsof the link that correspondto the surfaces.Here,the
geometryof theknot is derivedfrom thesurfaces.Eachpolygonis
assignedtopartAorBof thesurface,componentsarefoundby trac-
ing edgesthat boundpolygonsthat belongto differentparts. The
knot is shown asatube.Optionally, anoffsetcanbespeci�ed,such
that the knot is shiftedperpendicularto the surfacein an outward
normaldirection. In �g. 7 we usedan offset of the radiusof the
tube,suchthattheknot touchesthesurface.Also, this is usefulfor
visualizingthe linking numberof theoffsetwith theoriginal knot,
a quantity that plays a role in knot invariantslike the Alexander
polynomial.

6 RESULTS

The methodpresentedhasbeenimplementedin an MS-Windows
application. The useris able to de�ne knotsand links (via spec-
i�cation of a braidword or by selectingonefrom a table),setthe
style,changegeometricandgraphicparameters,andview theresult
from all sides. All changescanbe viewed in real-time,provided
thattheresolutionof themeshis chosennot toohigh(i.e., lessthan
10,000polygons).Theapplicationis availablefor download[13].
Interactive viewing providesmuchbetterinsight in the 3D shape
thanwatchingstaticimages.Nevertheless,weshow somemoreex-
amplesof results. Figure17 shows a numberof links (generated
with the sameapproachas for knots), �g. 18 shows somemore

71 85

8563

Figure 18: Knot 71 (AAAAAAA ), 85 (AAAbAAAb ), and 63
(AAbAbb)

knots. It is interestingto seethat the Borromeanrings in stacked
stylehavesimilaritieswith thetrefoil (oneplateauis added)aswell
asthe �gure eightknot (alternatingup anddown bands).This ob-
servation canalsobe tracedbackin the braid words. As with the
trefoil, onepatternis repeatedthreetimes;while thesamepattern
(Ab) is usedasfor the�gure eightknot.

The 63 knot shown in �g. 18 hasmore crossingsthan in the
standarddiagram(9 vs. 6, see�gure 2). However, the genusis
minimal in the reducedstyleversion,andalso,this representation
looksmoresymmetricandaestheticallypleasing.

Unfortunately, the braid representationdoesnot alwaysyield a
minimalgenussurface.Consider�g. 19,whereknot51, alsoknown
as the cinquefoil knot, and the almostsimilar 61 knot are com-
pared. The knot 51 hasthe braid word AAAAA, the knot 61 has
thebraidword AABacBc. If we usethesebraidwordsto generate
Seifertsurfaces,we geta goodresultfor thecinquefoil knot. The



51 - diagram

61- diagram

51 - flat

61 - flat

61 - reduced61 - pretzel

Figure 19: 51 cinquefoil knot (AAAAA ) and 61 knot (AABacBc)

closedSeifertsurfacehasfour holes,whichmatcheswith its genus
2. However, thesurfacefor the61 knot alsohasfour holes.The61
hasgenus1, andto visualizethis, theshapeshouldhave two holes,
whichcanbeachievedby visualizingthe61 knotasa(5,-1,-1)pret-
zel knot. The �at style, closestto the original braid representa-
tion, is messy. Mergingbandsandeliminatingdisksgivesthemore
compactreducedrepresentation,but thesestepscannotreducethe
genus.

This limitation canbeexplainedin variousways.Themaindif-
ferencebetweentheupperpartsof 51 and61 is thatin theformerthe
strandsrun parallel,while in the latter their direction is opposite.
The braid notationexcels in representingparallel twistedstrands,
but cannotcompactlyrepresenttwistedstrandswith oppositedirec-
tions. Knots with many crossingsanda low genustypically have
twistedstrandswith oppositedirections,pretzelknotsarea good
exampleof these.

Thebraidrepresentationworkswell for diagramswith few cross-
ings, aswell asknotswith a (relatively) high genus. For tutorial
purposes,the �rst category is mostinteresting.Onceoneis famil-
iar with variousinstancesof theSeifertsurfacesof the trefoil, the
�gure eight,theHopf link andtheWhiteheadlink, thementalstep
from diagramsof morecomplex knotsto thecorrespondingSeifert
surfaceswill beeasy.

7 DI SCUSSI ON

We have presenteda methodfor the visualizationof Seifert sur-
faces,andhave introducedclosedSeifertsurfaces.Thesesurfaces
aregeneratedstartingfrom thebraid representation,several styles
canbeproduced,andby varyingparametersdifferentversionscan
beproduced.

In this�eld, oneanswergivesimmediatelyriseto new questions.
Someexamples.Weareinterestedin producingminimalgenussur-
facesfor knotsandlinks. We arecurrentlyworking on generating
Seifertsurfacesdirectly from the Dowker-Thistlethwaite notation,
suchthatfor alargerclassof knotsandlinks theSeifertsurfacewith
theminimalgenuscanbeobtained.Some�rst resultsareshown in

Figure 20: Knot 935 and 938

�g. 20. Whenthis canbe donefor all differentknots, tablesand
overviewsof Seifertsurfacescanbegeneratedautomatically.

We usedspheresand tubeshereas building blocks, but other
primitivesareconceivable. In �g. 20 we usedfor instanceT-joints
insteadof spheres. Direct generationof 'a donut with holes' is
on our wish list. Also, implicit surfacesandminimal surfacesare
interestingcandidatesfor describingthesurfaces.

Oneremainingpuzzleconcernsthemorphingof shapes.For in-
stancein �g. 7, all shapesareisotopic,but wewould like to exhibit
this via asmoothanimation.

Finally, so far we concentratedon visualizingSeifertsurfaces.
Thesesurfacesplay an importantrole in computinglinking num-
bers,�ux es, and circulationsfor spacecurves. Visualizing these
wouldbehelpful in awide rangeof applicationsrangingfrom knot
theoryto electromagnetismto �uid dynamics.

Onecouldaskwhatall this is goodfor. We admit thatour main
motivation wassimply curiosity abouttheseinterestingandhard-
to-picturesurfacesandthechallengeof developingmethodsto vi-
sualizethem.Nevertheless,theresultsareusefulfor knot theorists
to illustrateandexplain their work. Our �rst experiencewith using
thetool in acourseonknot theorywasverypositive in this respect.
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