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ABSTRACT

The genusof a knot or link can be de ned via Seifert surfaces.

A Seifertsurface of a knot or link is an orientedsurface whose
boundarycoincideswith that knot or link. Schematidmagesof
thesesurfacesare shovn in every text book on knot theory but
from theset is hardto understandheir shapeandstructure.In this
paperthe visualizationof suchsurfacesis discussed A methodis
presentedo producdlifferentstylesof surfacesfor knotsandlinks,
startingfrom the so-calledbraid representationAlso, it is shavn
how closedorientedsurfacescanbe generatedn whichtheknotis
embeddedsuchthatthe knot subdvidesthe surfaceinto two parts.
Theseclosedsurfacesprovide a directvisualizationof the genusof
aknot.
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1 INTRODUCTION

To introducethe topic discussedn this paper we startwith a puz-
zle. Consideratrefoil, thesimplestknot( g. 1). It is easyto de ne
a surfacethat hasthis knot asits boundary: Take a strip, twist it
threetimes,andglue the endstogether If we try to color the sides

of the surfacedifferently we seethat thereis somethingstrange.

The strip is a kind of Mdbius strip, and cannotbe oriented,there
is only oneside. The puzzlenow is to de ne anorientablesurface
thathasthetrefoil asits boundary

Figure 1: Trefoll

A secondpuzzle.lt is easyto embedatrefoil in aclosedsurface:
A trefoil is a so-calledtorus knot. However, this knot doesnot
divide the torusinto two parts,contraryto what one might expect
from localinspection.Canwe embedthe knot on a closedsurface,
suchthatit dividesthis surfaceinto two parts?

The rst puzzlehasbeensolvedin 1930by FranklandPontrjagin
[6], who shavedthatsucha surfacecanbefoundfor ary knot.
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Oriented surfaceswhose boundariesare a knot K are called
Seifertsurfacesof K, after HerbertSeifert,who gave analgorithm
to constructsucha surfacefrom a diagramdescribingthe knot in
1934[12]. His algorithmis easyto understandbut this doesnot
hold for the geometricshapeof the resultingsurfaces. Texts on
knottheoryonly containschematidrawings,from whichit is hard
to capturewhatis goingon. In the cited paper Seifertalsointro-
ducedthe notion of the genusof a knot asthe minimal genusof a
Seifertsurface. The presenpaperis dedicatedo the visualization
of Seifertsurfaces,aswell asthe directvisualizationof the genus
of knots.

In section2 we give ashortoverview of conceptdrom topology
and knot theory In section3 we give a solution for the second
puzzle:We shav how a closedsurfacecanbe constructedn which
aknotis embeddedsuchthatit dividesthe surfacein two parts.A
Seifertsurfaceconsistsof disks and bands,sucha closedsurface
consistsof spheresandtubes. In section4 we discusshow these
elementscan be derived and positionedfrom an abstractnotation
of aknot. In section5 we presentow surfacescanbe generated.
Examplef resultsareshavn in section6. Finally, in section? the
resultsarediscusse@ndsuggestiongor futurework aremade.

2 BACKGROUND

In this sectionwe informally enumeratea numberof de nitions
andconceptdrom topologyin generalandknot theoryin particu-
lar. We limit ourselesto thoseresultsthataredirectly relevantfor
the work presentechere. More informationcanbe foundin sev-
eralbooks,andalsoon the Webmary resourcesreavailable. The
KnotBook[1] of Colin Adamsgivesavery readableandaccessible
introductionfor non-experts,moredepthcanbefoundin [10, 7, 8].

Knot theoristshave enumeratedknotsby meansof diagramsor
braidwords,with invariantslik e the genusfor distinguishinghem.
Resultscanbe found in the literatureand on the Weh The Knot
Atlasof Bar-Natanprovidesmary tablesof knotsandinvariantg2];
the Knotlnfo table[9] of Livingstonand Chawasa very valuable
resourcdor us.

2.1 Topology

Knottheoryis asub eld of topology Topologyis themathematical
studyof the propertiesof objectsthatarepreseredthroughdefor
mationsof objects.Two surfacesarehomotopidf eachonecanbe
continuouslydeformedinto the other If this canbe donewithout
passingthe objectthroughitself, they arenot only homotopicbut
alsoisotopic For instancea torusis isotopic (andhencealsoho-
motopic)to a cupwith onehandle,andhomotopicto atubein the
shapeof atrefoil.

Two surfacesarehomotopicwhenthreeconditionsaresatis ed.
First of all, eitherboth shouldbe orientableor neither; secondly
thenumberof boundarycomponentsnustbethesame;and nally,
the Euler characteristicc mustbethe same.The Euler character
istic ¢ is aninvariantfor surfaces.Givenanarbitrary(but regular)
polygonalizatiorof a surface,c =V E+ F, with V the number
of vertices,E the numberof edges,and F the numberof faces.
Closedorientedsurfacesarehomotopicto a spherewith g handles
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Figure 2: Link diagrams

(or, equivalently, a donutwith g holes). The numberg is called
the genusof the surface. The genusof surfaceswith boundaries
is de ned to be equalto that of the surfacethat resultswhenall

boundariesare cappedoff with (topological)disks. For surfaces
with mboundariex =2 2g m.

2.2 Knot theory

Knot theorystudiesthe propertiesof mathematicaknotsandlinks.
A mathematicaknotis atamelyembeddedlosedcurve embedded
in IR®. Here an embeddingof a closedcunwe is calledtameif it
canbe extendedto an embeddingof a tube aroundthe cune. A
link consistsof multiple componentseachof which is a knot. A
knot or link canbe continuouslydeformedaslong asit doesnot
intersectitself. Theresultof sucha deformationis a knot isotopic
to the original one. Up to isotofy, a knot canbe representedy a
non-intersectinglosedpolyline ( nite sequencef line segments
in three-space).

Knots and links are usually studied using projectionsor dia-
grams suchasshovn in g. 2. Oneknot canbe projectedin
mary differentways, as an exampletwo different projectionsof
the trefoil areshovn. A diagramconsistsof edgesandcrossings.
If an orientationis assignedo the knot, we seethat two different
typesof crossingsexist: right-handcrossingsandleft-handcross-

ings(g. 3).

left-hand crossng  right-hand crossing

Figure 3: Two di erent types of crossings

Somemain questionsn knot theoryarewhethertwo knotsare
the sameor not, and especiallyif a knot is equalto the unknot;
how mary differentknotsdo exist (given constraints)andhow to
classifyknots.Oneapproacho thisis to de ne invariantsof knots.
A classiconeis theminimumnumberof crossingsn adiagramof a
knot; morepowerful anddistinctive areso-callecknot polynomials,
suchasthe Jonesgpolynomial[1].

2.3 Seifert surfaces

The genusof a knot, introducedby Seifert[12], is anotherclas-
sic invariant in knot theory The Euler characteristicfor a 1-
dimensionabbjectis 0 whenappliedto a knot, hencethatdoesnot
leadto a distinction. Seifertthereforeuseda connectedpriented,
compacsurfacethathastheknotasits boundarnto de ne thegenus
of aknot. At rst sight,it is surprisingthatsucha surfaceexistsfor
ary knotor link. Seifertshovedthatsucha surfacecanbe derived
from a knot diagramusinga simplealgorithm. It consistsof four
stepq g. 4). Firstof all, assigranorientationto thecomponentsf
theknotor link. Secondlyeliminateall crossings.At eachcross-
ing two strands(say A andB) meet. A crossingis eliminatedby
cutting the strands and connectingthe incoming strandof A with
the outgoingstrandof B, andvice versa. This givesa setof non-
intersecting(topological)circles, called Seifertcircles. Thirdly, if
circlesarenestedn eachother offsetthemin adirectionperpendic-
ularto thediagram.Fill in thecircles,giving disks.Finally, connect
thedisksusingtwistedbands Eachbandcorrespondso acrossing,
andhasonetwist, with orientationderived from the crossingtype.
A twist is arotationover plus(right-hand)or minus(left-hand)180
degrees.Theresultingsurfacesatis esthe requirementsDifferent
projectionsof the knotleadto differentsurfacespossiblyalsowith
a differentgenus. The genusof a knot is de ned asthe minimal
genusof all surfaces(Seifertsurfaces)oundeddy theknot.
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Figure 4: Seifert's algorithm: Assign orientation, eliminate crossings,
and add bands; shown for a knot and a crossing

2.4 Challenge

Texts on knot theory shav gures similarto g. 4. Fromthese
it is hardto understandhe shapeof the surface. Onereasonis

thatsuchsurfacesarenotfamiliar andarerarelyencountereth the
realworld. We have searchedhe literatureandthe Web, but could
not nd satisfyingvisualizationsof Seifertsurfaces.The KnotPlot
packageof RobertSchareif11] hasaveryrich setof featuresand
is a delightto work (andplay) with, but eventhis hasno optionto

shav Seifertsurfaces We thereforefoundit a challengeto develop
amethodto visualizeSeifertsurfaces.Speci cally, our aim wasto

enabletheviewerto interactvely generatandview Seifertsurfaces
in 3D for arbitraryknotsandlinks in differentstyles.



One possiblerouteto this is to considera Seifertsurlaceasa
minimal surface (i.e., the surfacewith zero meancurvature, also
known as the soapbubble surface) using the knot as boundary
However, this requiresthat a three-dimensionaknot is available.
Also, de nition of a suitableinitial surfacemeshandthe iteratve
calculationof the minimal surfaceare not easyto implementand
arecomputentensive. We thereforeoptedfor a differentapproach.
Given an abstractnotation of a knot, derive the structureof the
Seifertsuriaceand nd a smoothgeometryin a quick and deter
ministic way.

2.5 Braid representation

To generateSeifertsurfacesfor arbitraryknotsandlinks, we need
ade nition of theseknotsandlinks. Many differentnotationshave
beendeveloped, such as the Conway notation and the Dowker
Thistlethwaite notation. For our purposesve found the braid rep-
resentatiorto be very useful. Using this, several different styles
of surfacescaneasilybe generatedandalso,the braid representa-
tion lendsitself well to experimentationlt doeshave its limitations
though,aswe discussn section6.

Figure 5: Braid representation

A braid consistsof a setof n strings,running (here)from a left
bar to aright bar (g. 5). Stringsare allowed to cross,and the
patterncanbe encodedby enumeratinghe crossingsfrom left to

right. A crossingis denotedby sd, which meansthat stringsat
thek'th andk+ 1'th row aretwisted j times,wherej = 1 denotesa
rightcrossingandj = 1aleft crossing.Theclosureof thebraidis
de ned by attachingheleft barto theright bar, suchthatno further
crossingsareintroduced.n otherwords,we addn extra stringsthat
connecthebeginningsandendsof stringsatthe samerow, without
furthercrossings Every knotandlink canbede ned asabraid. A
trefoil hasthe braid word s15151 = 513, a gure eightknotcanbe

representedss; s, 1s1s, 1. An alternatve notationfor braidsis
to useuppercastettersfor right crossingsandlowercasedettersfor
left crossingsandwherethe charactedenoteghe stringseffected,
accordingto alphabeticorder Hence atrefoil is encodedhy AAA
anda gure eightknot by AbAh Furthermoregvery braid word
de nesaknotoralink, which malesthis representatiowell suited
for experimentation.

3 CLOSED SURFACES

Besidesvisualizationof Seifertsurfacesanotheraim wasto malke
the genusof a knot 'more visible'. A trefoil or a gure eightknot
hasgenusl, hencethe correspondingSeifert surfacesare homo-
topicto atoruswith a holein the surface.Via a numberof stepsin
which the Seifertsurfaceis deformed cut, andglued, this equiva-
lencecanbe shavn, but thisis not really intuitive. Closedsurfaces
are easierto understandhencewe studiedhow a closedsurface
canbe generatedhat containsthe Seifertsurfaceasan embedded

subsuréce. We call sucha surfacea closedSeifertsurface. The
following reasonings straightforvard, but we could not nd it in
theliterature.

The standardapproachof topologistsis to cap off boundaries
(herethe m boundariesof the Seifert surface)with (topological)
disks. This doesleadto a surfacethatis homotopicto a closed
surface,but not isotopic. Whatwe needhereto closethe surface
in a moredecentway, is an orientedsurfacethat hasthe m com-
ponentsof the link asboundary But this is exactly the de nition
of a Seifertsurfaceitself, which leadsus immediatelyto a solu-
tion. Usinga physicalanalogy the solutionis to take two identical
Seifertsurfaces,glue themtogetherat the boundariesandin ate
the closedobject. Thisis shawvn in g. 6 for atrefoil (which also
shavs a possiblesolutionto the puzzlesposedn theintroduction).
The Seifertsurfaceconsistshereof two disks,connectedy three
bandstheclosedSeifertsurfaceconsistsof two spheresgonnected
by threetubes.Theknot splitsthe closedsurfaceinto two parts.

Figure 6: In ating two Seifert surfaces,glued together at their bound-
aries

The genusof a closedSeifertsurfacecanbe determinedasfol-

lows. The Euler characteristicof a Seifert surfaceis cg = 2
29s m, with gs the genusand m the numberof componentf
the knot. For the Euler characteristicc of the closedsurfacewe
nd cc = 2c¢s: The numberof vertices,facesand edgesdoubles,
but atthe boundaries certainnumberof edgesandthe samenum-
berof verticesdisappearHowever, asV andE have oppositesigns
in the de nition of ¢, this doesnot in uence the resultingvalue.
For aclosedsurfacecc = 2 2gc, with g¢ the genusof the closed
surface.Thisleadsto

gc=2gs+m L

This gives us a direct way of nding orientedclosedsurfacesin
whichto embedaknotor link of genugys suchthattheknotdivides
it into two parts. For instancefor a trefoil or gure eightknota
genus? surfacecanbeused(suchasadonutwith two holes,or two
spherexonnectedy threetubes),andin greatergenerality for a
knot of onecomponent donutwith twice the numberof holesas
thegenuscanbeused.

4 STRUCTURE

In this sectionwe derive the structureof the Seifertsurfaces start-
ing from the braidword. The aim hereis to determinethe number
of disks(or spheresandtheir positionin spaceandthe bands(or
tubes),with the numberof twists and attachmenpositionto the
disks asattributes. The disksare positionedin 3D (X;y;2) space.
We take x andy in the planeof the diagram,andz perpendiculato
the plane. Disks are parallelto the x;y plane. Eachdisk hastwo
sideswhichwe denotewith A andB. For eachdiskadecisionmust
bemadeif the A or B sideis positionedupwards.

Becauseof the regular structureof braids, various styles of
Seifertsurfacescaneasilybederivedfrom these Fig. 7 shavs four
stylesfor a gure eightknot, usingellipsoidsandtubes.First, the
stakedstyle. If all closingstringsarepositionedn thedefaultway,



Figure 7: Figure eight knot in stacked, split, at, and reduced style

it is easyto seethatthe Seifertcirclesareall nested Hence thecor-
respondingSeifertsurfaceconsistsof a stackof disks,whereeach
diskis connectedvith bandgo its neighborg g. 8). All diskshave
the A sidefacingupwards,their positionis (0;0;(i 1)D), where
i is the index of the row to which the disk correspondsandD a
distancebetweerthedisks. A nice geometricrepresentatiois ob-
tainedby subdviding eachdisk into k sectorswherek is the total
numberof crossingsand connectingsectorsof neighboringdisks
with bandswhenappropriate.Using a suitablesettingfor the ge-
ometry anobjectsimilarto awedding-cak is generated.
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Figure 8: Standard braid representation gives stacked disks

As avariationonthis, onesetof closingstringscanbepositioned
above, and the remainingset can be positionedbelown the braid.
This givesthesplit style: two setsof stacleddisksin wedding-cak
style,wherethelowestdisksof eachsetareconnectedy bandsin
the plane. Onesethasthe A sidefacingup, the othersethasthe B
sideupwards. As anexample,in g. 9 two stringsare positioned
above andoneis positionedbelov the braid. We introducedthis
stylein orderto producefor instancethe Seifertsurfacethatresults
from the standardrojectionof the gure eightknot.
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Figure 9: Split style

An alternatve style,the at style, is obtainedasfollows. The
upperclosing string is positionedabove of the braid, the lowest
closingstring below the braid, andthe closing stringsin between
areput downward, pushedperpendiculato the planeof the braid.
Stringsof thelastkind introduceextra crossingsTheir numbercan
be minimizedby carefully choosingthe pathof thestring( g. 10).
From this lay-out of the strings, disks and bandscan be derived
usingSeiferts algorithm. Thusa setof non-nesteddisjoint Seifert

circleswill be obtained sothey canbe positionedin a plane. The
structurecanbe constructedasfollows. Supposethatsli is thei-
th crossing.We addtwo disks,onewith A up (brown) at position
(iD; kD; 0) andonewith B up (yellow) at(iD;(k+ 1)D;0). In other
words,ateachupperandlowertriangleof anoriginal crossingdisks
are positioned. Next, vertical bandsare addedthat representhe
original crossingswith a twist accordingto the crossing. Finally,
horizontalbandsareaddedbetweerdiskson the samerow. If both
diskshave the samesideup, notwistsareadded ptherwisea single
positive or negative twist is used,dependenbn the orderof A and
B.
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Figure 10: Flat style

The at styleis not particularlyinteresting,but this planarlay-
out can be simpli ed further, giving the more attractve reduced
style. Several disks have only two bandsattachedo them. Such
adisk canberemored, andthe original two bandscanbe replaced
by a singleband,with the numberof twists equalto the sumof the
numberof twists of the original bands. Application of this rule to
the gure eightknotleadsto a simplestructureof two disks,con-
nectedby threebandswith 1;1and 3 twistsrespectiely (g. 11).
Suchaknot, with a Seifertsurfacethat consistsof two disks,con-
nectedby paralleltwisted bands,is known asa pretzelknot. The
trefoil is a (1;1;1) pretzelknot. The structureof the patternof

Figure 11: Reducedstyle

disksandbandscanbe describedhsa planargraph,with eachdisk
mappedo a vertex, eachbandto anedge,andeachholeto aface.
For the optimallay-out of suchgraphsa numberof algorithmsex-
ist [4]. We implementeda simplistic one (using a trial-and-error
approach)which gave satishctoryresultsfor the graphsproduced
here.



5 GEOMETRY

In theprevioussectionwe have discussedhow to generatalisksand
bandsfrom a braidword, andhow to positionandorientthe disks.
Thenext stepis to producea surfaceto visualizethe Seifertsurface
or the correspondinglosedsurface.We useellipsoidsasthe basic
shapéfor disksandspheresandcurved cylinderswith anelliptical

cross-sectiofor thebandsandtubes.Theseareapproximatedvith

polygons.Furthermoresmoothingcanbe appliedto obtainamore
smoothsurface.

5.1 Ellipsoids

In standargposition,anellipsoidwith two axesof equallength(rep-
resentinga squeezedphere)canbedescribedy

p(u) = (dcosucosy, dsinucosy, hsinv)=2;

with sphericakcoordinatesi= (uy;v) 2 [ p;p) [ p=2;p=2],and
with thediameteid andheighth asparametersObviously, settingd

closeto zerogivesadisk, settingd = h givesasphere Theellipsoid
is subdvidedinto ng sectorswhereeachsectothasatmostonetube
attached. Considerone sucha sector(u;v) 2 [ U;U] [ V;V],

whereU = p=ns andV = p=2. Thetop half (v2 (0;V]) belongs
to either A or B, the bottom part belongsto the other part of the
surface. If no bandis attachedthenthis sectorcan be straight-
forwardly polygonizedwith a rectangulamesh. The verticesare

pij = P(ur(i; j)), with
ur(i; j) = (Ui=;Vij=)

and(i;j)21[ 1511 [ J;J]. Obviously, the verticesat the poles
coincide. If a bandor tubeis attached,a hole mustbe madein
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Figure 12: Sectar of ellipsoid in (u;Vv) and (i; j) coordinates
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Figure 13: Upper right quadrant in (u;v) and (i; j) coordinates

this mesh,and somecareis requiredto make surethat this hole
conformswith the endof thetube. The cross-sectiof bandsand
tubesis describedasan ellipse, with width w andheightd. Obwi-
ously, settingw closeto 0 givesa band,settingw = d givesatube.
Supposehat the attachmenpoint of the centerlineof the tubeis
pa = p(ua). Typically, up = 0, andvy is anoptionaloffsetin the
direction of the polesto move the attachmenpoint closerto the
disk to which the otherside of the tube points. This wasusedfor

instancan g. 6. Wemodeltheboundaryof theholein theellipsoid
in sphericakoordinategs

ug(s) = ua+ (acossp=2; bsinsp=2);

with s2 [0;4) (g. 12). Thelengthsof the semi-axesa andb are
chosersuchthatthe distance®f p(ug(0)) andp(ug(1)) to p(ua),
measuredalong the surface of the ellipsoid, matchwith w=2 and
d=2 respectrely. This holeis a perfectellipsein (u;Vv) spaceand,
for our purposesa goodenoughapproximatiorof anellipsein 3D
space.

Also, we de ne arectangulaholein themeshspace( ig;ip)
(' jo:jo)- Themeshhasto bewarpedsuchthattheinnerboundary
conformswith the hole in the ellipsoid, while the outerboundary
still conformswith the standardboundaryof the sector We have
modeledthis asfollows. Considerthe upperright quadrantof the
sector( g. 13). We measuréhe positionof amesh-poin(i; j) in a
kind of polarcoordinate¢a; b), whereb 2 [0; 1] denotesheangle,
anda 2 [0; 1] denotesf we arecloseto theinnerboundary(a = 0)
or theouterboundary(a = 1). Speci cally, we use

ajj = maxaj;aj) with

) i o
T J— d L= .
aj o and a; T o
and
b = j=L(; ) if aj > aj
Ly 1 i=L(i;j) otherwise
with

L) = (1 aij)(iot jo) + aij(l + J):
If only the hole hasto be taken careof, meshpointscanbe found
using
((aija+ (1 ajj)(U ua)) coshijp=2;
(aijb+ (1 aij)(V va))) sinbijp=2):

uc(isj) = ua+

To obtaina smoothtransitionfrom theinnerto the outerboundary
we determinethe verticespjj = p(un) by blendingcircular and
rectangulacoordinatevia

un(i;j) = (1 h(aij)uc(i; j) + haij)ur(i; j) with
hit)= 23+ 3%
Theblendingfunctionh(t) givesa smoothtransitionat the bound-

ariesbecausé90) = 0 andhq1) = 0. Theotherquadrantsredealt
with similarly. A resultis shavnin g. 14.

Figure 14: Mesh of ellipsoid



5.2 Tubes

The tubesare also modeledvia a rectangulameshof polygons.
We useameshg;j;i 2 [0::P  1];j 2 [0::Q], wherei runsaroundthe
crosssectionof thetube,and j alongthe centerline.Thecenterline
of a tubeis modeledby useof a cubic Béziercurwe [5]. Sucha
cuneis givenby

b(t)= (1 t)3bg+ 3(1 t)%by+ 3(1 t)t?by+ t3b3

with t 2 [0; 1]. For bg andbz we usethe endpointsof thetube,i.e.,
theattachmenpointspa. Thecontrolpointb; is derived from the
normalng on the surfaceof theellipsoid

by = bg+ mMg=3jbz byj

wherem (typically 1) canbetunedto vary the offset of the tubes.
Theothercontrolpointb, is de ned similarly.

To generatehesurfaceof thetube,contoursmustberotatedand
interpolated. We usea Frenetframe as a naturalreferenceframe
alongthecenterline given by

fa(t) = b5bY; fa(t) = 5=t%; fr() = 3 fa:

A Frenetframeis unde nedwhenthe cunatureis zero. Whenthe
controlpointsarecolinear anarbitraryframecanbechoserinstead.
Whenlocally the curvatureis zero, the frame canrotateover 180
degreeswhich hasto bechecledandcorrectedor.
Supposéhatthestartcontourconsistof asequencef pointsp;;
withi=0; ;P 1,suchthatpgislocatedattheboundarybetween
the A andB partof the surface,andwith a counterclockwis@rien-
tationwhenviewedfrom outsidethe ellipsoid. HereP = 4ig+ 4jo.
The end contourwith points g; is de ned similarly, alsowith P
points,exceptthatwe assuménerea clockwiseorientation.We use
arotatingframefor therotationof the contour givenby

gi(t) = cosf fy sinf fy
g2(t) = sinf fy+ cosf fp
gs(t) = f3
with
f=f@t)=(f1 fo+ T2p)t+ fo:

Theoffsetf g is setsuchthatinitially g; is alignedwith pg bg. We
measurehisinitial offsetrelative to the Frenetframewith

f
fo= arctanw

Py f1(0)

where

Po=Po bo ((Po bo) f3(0)fs:
The nal offsetf is de ned similarly. Thevalueof T is chosen
suchthat the total rotationf (1) f (0) matcheswith the desired
numberof twistsR of thetube,e.g.,

T= roundm:
2p

Contoursare interpolatedin a local frame, using a cubic Bézier
splineagain,i.e.,

G(M)=(1 t)3co+3(1 t)%c+3(1 t)t3c,+ ticy:

For ¢,; we usestartcontourpoints,transformedy useof the g(0)
frame:
Po); 92(0) (pi

Cio = (92(0) (pi bo); 93(0) (pi bo)):

For ¢;5 theendcontourpointsareused:
Cz= (01(D) (di Dbz); g2(1) (a4 ba); g3(1) (ai ba)):
For thecontoursn betweenwe useellipses:
Ci1 = G = (wcos2pi=P, dsin2pi=P, 0):
The pointsof themeshof thetubearenow nally givenby
Gij = b(j=Q) + (91(j=Q); 92(j=Q); 93(j=Q)) ¢; (j=Q):

Figure 15 shows the resultingmesh,for an extremecasewherea
thin ellipsoidis tted with thick roundtubes.

Figure 15: Meshesof tubes

5.3 Smoothing

The precedingapproachgives ellipsoids and tubes. To obtain
smoothersurfaces, especially such that the transitionsbetween
tubesand ellipsoids are less pronouncedwe use Catmull-Clark
subdvision [3]. Herea meshis recursvely subdvided, wherein

eachsubdvision afacewith n sidesis subdvidedinto n quadrilat-
erals. In eachsubdvision stepnew pointsareintroducedperface
andperedge.Thefacepointsarethe averageof thefaces original
vertices,edgepoints are the averageof the centerof the original
edgeandthe two new adjacentfacepoints. The original vertices
arereplacedwith

(g+2r+v(n 3))=n

whereq is theaverageof thenew facepointsaroundthevertex, r is
theaverageof themidpointsof then edgegshatsharethevertex and
v is the original vertex. Furthermorefo obtainan even smoother
result, we implementedan option to smooththe surfaceinitially
without subdvision. Here,in eachsteptheverticesof the meshare
averagedwith their neighboringfaceandedgepointsaccordingto
the Catmull-Clarkscheme. This smoothingprocesdeadsto sur
facesthat approachmore or lessminimal surfaces. One problem
is thatthe tubestendto becomethin, especiallywhenthe original
meshis coarseand multiple twists occur For a straightcircular
tube,with P pointspercrosssection,Q crosssectionsandR twists,
we canderive that eachsmoothingstepreduceshe radiuswith a
factor

r= 1—16(8+ 3cosp+ 3cosg+ cogp+ g)+ coyp Q)

with p= 2p=P andq = Rp=Q. A solutionto the thinning of the
tubesis simply to usea larger initial radiusfor the tubes,for in-
stanceby scalingthe radiuswith r ¥ whenk smoothingstepsare
used.

Usingtheseoptions,avarietyof versionsstartingfrom thesame
geometrycanbegeneratedq g. 16). We implementedheseby of-
feringtheuserachoicebetweeranexactandasmoothsurface,and
betweer coarseput fastmeshanda ne mesh.



Figure 17: Hopf link (AA), link 4% (AAAA), Whitehead link (AbAbb), and Borromean rings (AbAbAb), in stacked and reduced style

Figure 16: Detailed mesh, coarse mesh, coarse mesh subdivided,
coarse mesh smoothed and subdivided (with increaseddiameter)

5.4 Knot

It is corvenientto have anexplicit representationf the knotor the
component®f the link that correspondo the surfaces. Here, the
geometryof theknotis derivedfrom the surfaces.Eachpolygonis

assignedo partA or B of thesurface,componentarefoundby trac-
ing edgesthat boundpolygonsthat belongto differentparts. The
knotis shavn asatube.Optionally, anoffsetcanbespeci ed,such
thatthe knot is shifted perpendiculato the surfacein an outward
normaldirection. In g. 7 we usedan offset of the radiusof the
tube,suchthatthe knottoucheghe surface.Also, this is usefulfor

visualizingthelinking numberof the offsetwith the original knot,

a quantity that plays a role in knot invariantslike the Alexander
polynomial.

6 RESULTS

The methodpresentechasbeenimplementedn an MS-Windows
application. The useris ableto de ne knotsandlinks (via spec-
i cation of a braid word or by selectingonefrom atable),setthe
style,changegeometricandgraphicparametersandview theresult
from all sides. All changescanbe viewed in real-time, provided
thattheresolutionof themeshis chosemottoo high (i.e., lessthan
10,000polygons). The applicationis availablefor download[13].
Interactve viewing provides much betterinsightin the 3D shape
thanwatchingstaticimages.Neverthelessywe shov somemoreex-
amplesof results. Figure 17 shavs a numberof links (generated
with the sameapproachasfor knots), g. 18 shawvs somemore

7 8;

6, 8;

Figure 18: Knot 7; (AAAAAAA), 85 (AAAbAAAb), and 63
(AAbADD)

knots. It is interestingto seethatthe Borromearringsin stacled
stylehave similaritieswith thetrefoil (oneplateaus added)aswell
asthe gure eightknot (alternatingup anddown bands).This ob-
senation canalsobe tracedbackin the braid words. As with the
trefoil, onepatternis repeatedhreetimes; while the samepattern
(Ab) is usedasfor the gure eightknot.

The 63 knot shavn in g. 18 hasmore crossingsthanin the
standarddiagram(9 vs. 6, see gure 2). However, the genusis
minimal in the reducedstyle version,andalso, this representation
looks moresymmetricandaestheticallypleasing.

Unfortunately the braid representationloesnot alwaysyield a
minimalgenussurface.Considerg. 19,whereknot54, alsoknown
as the cinquefoil knot, and the almostsimilar 6; knot are com-
pared. The knot 5; hasthe braid word AAAAA the knot 6; has
the braidword AABacBc If we usethesebraidwordsto generate
Seifertsurfaceswe geta goodresultfor the cinquefoil knot. The



5, - diagram 5, - flat
Jj
6,- diagram 6, - flat
[
6, - pretzel 6, - reduced

Figure 19: 5; cinquefoil knot (AAAAA) and 6; knot (AABacBc)

closedSeifertsurfacehasfour holes,which matcheswith its genus
2. However, the surfacefor the 61 knot alsohasfour holes. The 61
hasgenusl, andto visualizethis, the shapeshouldhave two holes,
which canbeachiezedby visualizingthe 6, knotasa(5,-1,-1)pret-
zel knot. The at style, closestto the original braid representa-
tion, is messy Merging bandsandeliminatingdisksgivesthemore
compactreducedrepresentatiorhut thesestepscannotreducethe
genus.

This limitation canbe explainedin variousways. The main dif-
ferencebetweertheupperpartsof 5; and6; isthatin theformerthe
strandsrun parallel, while in the latter their directionis opposite.
The braid notationexcelsin representingaralleltwisted strands,
but cannotcompactlyrepresentwistedstrandswith oppositedirec-
tions. Knots with mary crossingsanda low genustypically have
twisted strandswith oppositedirections,pretzelknots are a good
exampleof these.

Thebraidrepresentatioworkswell for diagramswith few cross-
ings, aswell asknotswith a (relatively) high genus. For tutorial
purposesthe rst cateyory is mostinteresting.Onceoneis famil-
iar with variousinstance®f the Seifertsurfacesof the trefoil, the
gure eight,the Hopf link andthe Whiteheadink, the mentalstep
from diagramsof morecomplex knotsto the correspondingeifert
surfaceswill beeasy

7 DiscussioN

We have presenteda methodfor the visualizationof Seifert sur

facesandhave introducedclosedSeifertsurfaces. Thesesurfaces
aregeneratedtartingfrom the braid representationseveral styles
canbe producedandby varying parameterslifferentversionscan
beproduced.

In this eld, oneanswemgivesimmediatelyriseto new questions.
Someexamples We areinterestedn producingminimal genussur
facesfor knotsandlinks. We arecurrentlyworking on generating
Seifertsurfacesdirectly from the Dowker-Thistlethwaite notation,
suchthatfor alargerclassof knotsandlinks the Seifertsurfacewith
theminimal genuscanbe obtained.Some rst resultsareshavn in

Figure 20: Knot 935 and 933

g. 20. Whenthis canbe donefor all differentknots, tablesand
overviews of Seifertsurfacescanbe generatedutomatically

We usedspheresand tubeshere as building blocks, but other
primitivesareconcevable.In g. 20 we usedfor instanceT-joints
insteadof spheres. Direct generationof 'a donutwith holes'is
on our wish list. Also, implicit surfacesand minimal surfacesare
interestingcandidatesor describinghe surfaces.

Oneremainingpuzzleconcernghe morphingof shapesFor in-
stancen g. 7, all shapesreisotopic,but we would lik e to exhibit
this via asmoothanimation.

Finally, so far we concentratedn visualizing Seifertsurfaces.
Thesesurfacesplay animportantrole in computinglinking num-
bers, ux es, and circulationsfor spacecurves. Visualizingthese
would be helpfulin awide rangeof applicationgangingfrom knot
theoryto electromagnetisrto uid dynamics.

Onecouldaskwhatall this is goodfor. We admitthatour main
motivation was simply curiosity abouttheseinterestingand hard-
to-picturesurfacesandthe challengeof developingmethodto vi-
sualizethem. Neverthelesstheresultsareusefulfor knot theorists
to illustrateandexplain theirwork. Our rst experiencewith using
thetool in acourseon knottheorywasvery positive in thisrespect.
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