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Chapter 7

Reversed trie intermediate ADFA

In this chapter, we maintain M as a trie corresponding to the reverse of the
words added so far. Formally, the invariant is

StructR(M) ≡ Is trie(M) ∧ L(M) = DR

The resulting ADFA accepts W R. Minimality of M is achieved by revers-
ing M (usually yielding a nondeterministic automaton) and determinizing
it. The reversal and determinization steps are combined in this chapter
into cleanupR. We will only present the procedures and examples — a full
derivation of this algorithm can be found in [Wat01f, Wat02a] and most
recently in [Wat02b], where an alternative derivation is given.

7.1 Procedure add wordR

As our specification, we get:

proc add wordR(inout (Q, δ, s, F ) : ADFA; in w : Σ∗)→
{ pre Is trie((Q, δ, s, F )) ∧ L = L((Q, δ, s, F )) }
(Q, δ, s, F ) : S7.1

{ post Is trie((Q, δ, s, F )) ∧ L((Q, δ, s, F )) = L ∪ {wR} }
corp

Given the specification of add wordT (in Chapter 4), if we assume that ar-
gument w can be reversed as a primitive operation (it can be done inO(|w|)
time and constant space), we implement add wordR as

proc add wordR(inout (Q, δ, s, F ) : ADFA; in w : Σ∗)→
{ pre Is trie((Q, δ, s, F )) ∧ L = L((Q, δ, s, F )) }
add wordT ((Q, δ, s, F ), wR)
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70 CHAPTER 7. REVERSED TRIE INTERMEDIATE ADFA

{ post Is trie((Q, δ, s, F )) ∧ L((Q, δ, s, F )) = L ∪ {wR} }
corp

Naturally, it would also be easy to specialize add wordT explicitly by ex-
panding its body.

7.2 Procedure cleanupR

We now require a minimization procedure with specification:

proc cleanupR(inout M : ADFA)→
{ pre Is trie(M) ∧ L = L(M) }
(Q, δ, s, F ) : S7.2

{ post L(M) = LR ∧ M ∈ MADFA }
corp

Without discussing the details (which are given extensively originally in
[Brz62a] and again in [Wat95c, Wat00b, Wat02a]), cleanupR can be imple-
mented by reversing M and determinizing the result using the automata
determinization (also known as the ‘subset construction’) algorithm (see
[HU79] for a detailed treatment of automata determinization).

7.3 An example

The reverse trie corresponding to he, her, had, head, hard, herd, here,
heard is
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This ADFA is minimal.

7.4 Time and space performance

As a simple variant of procedure add wordT (in Chapter 4), procedure
add wordR has the same running time and space, also yielding a trie of
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size O(
∑

w∈W
|w|). I conjecture that procedure cleanupR takes time and

space O(|M |). Assuming this conjecture, the construction and minimiza-
tion takes O(

∑
w∈W
|w|) space and time.

7.4.1 Improvements

The efficiency of this algorithm hinges on a good encoding of the ADFA

which is reversible — usually by storing the reversed transitions in ad-
dition to the forward transitions — and an efficient implementation of
the determinization algorithm. Aspects of efficient determinization im-
plementations are discussed in [JW96].

7.5 Commentary

This algorithm is a specialization (to acyclic DFAs) of Brzozowski’s DFA

minimization algorithm [Brz62a, Brz62b]. More recently, it is described in
[Wat00a, Wat02a]. Brzozowski’s minimization algorithm has an interest-
ing history, described in [Wat00b, Wat01a].



Chapter 10

Words by decreasing length:
minimizing depth layers

In this chapter, we derive a simple semi-incremental algorithm which, like
the one in Chapter 9, depends upon an ordering of the words to avoid the
relatively expensive cloning operation. The words are added in any order
of decreasing length. No confluence states are encountered while adding a
word w, and states below depth |w| are maintained pairwise inequivalent,
while those at or above depth |w| are not confluence states. As in Chap-
ter 9, this will enable us to use add wordT . Our first structural invariant is
StructD((Q, δ, s, F ), D) ≡

Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

∧ L = D

10.1 Procedure add wordD

Our starting point is

proc add wordD(inout (Q, δ, s, F ) : ADFA; in w : Σ∗)→
{ pre |w| ≤ Lminlen

∧ Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

∧ L = L }
(Q, δ, s, F ) : S10.1

{ post |w| = Lminlen

∧ Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

81



82 CHAPTER 10. MINIMIZING DEPTH LAYERS

∧ L = L ∪ {w} }
corp

Clearly, in S10.1 we can use add wordT .

proc add wordD(inout (Q, δ, s, F ) : ADFA; in w : Σ∗)→
{ pre |w| ≤ Lminlen

∧ Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

∧ L = L }
{ Intern PI (depth level>Lminlen

)
∧ Confl free(depth level≤Lminlen

)

∧ Confl free([s
w
;]) }

add wordT ((Q, δ, s, F ), w);
(Q, δ, s, F ) : S ′

10.1

{ post |w| = Lminlen

∧ Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

∧ L = L ∪ {w} }
corp

Given that the word-lengths are monotonically decreasing, while adding
w we are assured that no states deeper than |w| will be visited during fu-

ture word-adding operations. We can thus minimize all states p :
←−
Lminlen(p) >

|w| after adding w. Statement S ′
10.1 can be implemented naı̈vely, by exam-

ining all states, comparing their depth against |w|— though such a solu-
tion is costly.

proc add wordD(inout (Q, δ, s, F ) : ADFA; in w : Σ∗)→
{ pre |w| ≤ Lminlen

∧ Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

∧ L = L }
|[ var k : N

| { Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

∧ Confl free([s
w
;]) }

k := Lminlen;
add wordT ((Q, δ, s, F ), w);
as |w| < k →
|[ var p, q : State

| for p : p ∈ depth levelk →
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as 〈∃ q : q ∈ depth level>k : eq(p, q)〉 →
let q : q ∈ depth level>k ∧ eq(p, q);
merge(p, q)

sa

rof

]|
sa

]|
{ post |w| = Lminlen

∧ Intern PI (depth level>Lminlen
)

∧ Confl free(depth level≤Lminlen
)

∧ L = L ∪ {w} }
corp

10.2 Procedure cleanupD

Once the last word has been added, a final minimization step deals with
those states at depths less than Lminlen in:

proc cleanupD(inout (Q, δ, s, F ) : ADFA)→
{ pre StructD((Q, δ, s, F ), L) }
|[ var p, q : State

| for p : p ∈ depth level<Lminlen
→

as 〈∃ q : q ∈ Q : eq(p, q)〉 →
let q : q ∈ Q ∧ eq(p, q);
merge(p, q)

sa

rof

]|
{ post L = L ∧ (Q, δ, s, F ) ∈ MADFA }

corp

[ZZZ: Can I use eq ′ in this chapter?]

10.3 An example

Consider adding the words (using add wordW ) in the order heard, herd,
here, head, hard, her, had, he. After adding hard, we have
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Once her is added, we can minimize states at depths (3, 4] (depth 5 states,
namely state 5 itself, is trivially minimized already in this example). This
means that final states 5, 7, 8, 9, and 12 are combined, giving
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Subsequently, we see that states 4 and 11 can be merged, giving
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Finally, adding he gives
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This means that we can minimize states at depths (2, 3]. Initially, we merge
state 13 into state 5, giving
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We can then merge states 10 and 3
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Since this is already minimal, the final cleanupD step does not change the
automaton.

10.4 Time and space performance

Word set W can be sorted into some order of decreasing length in time and
space O(|W |). Procedure add wordD requires time and space |w| while
adding w. Finally, cleanupD takes time and space |M |.

10.4.1 Improvements

This algorithm is not particularly efficient, with add wordD containing a
repetition over states at a particular depth, the body of which includes
invocations of eq . I conjecture that there may well be a strengthening of
the invariant which would allow the use of eq ′, which is much more effi-
cient. More straightforward improvements are immediately possible, in-
cluding maintaining Lminlen in a global variable instead of recomputing it.
cleanupD can also be implemented to traverse the remaining states layer-
wise.

10.5 Commentary

The algorithm presented here is a new one, not previously appearing in
the literature.
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Chapter 11

Words by decreasing length:
minimizing semi-incrementally

In this chapter, we derive another algorithm which (as in Chapter 10) re-
lies on the words being added in an order of decreasing length. To avoid
the cloning operation (and therefore use add wordT ), we will maintain in-
variant StructW ((Q, δ, s, F ), D) ≡

Intern PI (Reach∗(F )) ∧ Confl free(Q− Reach∗(F )) ∧ L = D

[ZZZ: Explain this.]

11.1 Procedure add wordW

Our starting point is

proc add wordW (inout (Q, δ, s, F ) : ADFA; in w : Σ∗)→

{ pre |w| ≤
←−
Lminlen

∧ Intern PI (Reach∗(F )) ∧ Confl free(Q− Reach∗(F ))
∧ L = L
∧ F ′ = F }

(Q, δ, s, F ) : S11.1

{ post Intern PI (Reach∗(F )) ∧ Confl free(Q− Reach∗(F ))
∧ L = L ∪ {w} }

corp

After adding word w, we will have made state δ∗(s, w) final. Since we are
adding words in order of decreasing length, and will never pass through
state δ∗(s, w) again while adding another word, we can minimize states

89



90 CHAPTER 11. MINIMIZING SEMI-INCREMENTALLY

Reach∗(δ∗(s, w)), keeping in mind that states Reach∗(F − δ∗(s, w)) will al-
ready be minimized according to StructW .

Our first algorithm is

proc add wordW (inout (Q, δ, s, F ) : ADFA; in w : Σ∗)→

{ pre |w| ≤
←−
Lminlen

∧ Intern PI (Reach∗(F )) ∧ Confl free(Q− Reach∗(F ))
∧ L = L
∧ F ′ = F }

add wordT ((Q, δ, s, F ), w);
{ F = F ′ ∪ {δ∗(s, w)} }
(Q, δ, s, F ) : S ′

11.1

{ post Intern PI (Reach∗(F )) ∧ Confl free(Q− Reach∗(F ))
∧ L = L ∪ {w} }

corp

To implement S ′
11.1, we rewrite the first postcondition conjunct:

Intern PI (Reach∗(F )) ∧ Confl free(Q− Reach∗(F ))

≡ “ after add wordT invocation F = F ′ ∪ {δ∗(s, w)} ”

Intern PI (Reach∗(F ′ ∪ {δ∗(s, w)}))

∧ Confl free(Q− Reach∗(F ′ ∪ {δ∗(s, w)}))

≡ “ Reach∗(X ∪ Y ) = Reach∗(X) ∪ Reach∗(Y ) ”

Intern PI (Reach∗(F ′) ∪ Reach∗({δ∗(s, w)}))

∧ Confl free(Q− (Reach∗(F ′) ∪ Reach∗({δ∗(s, w)})))

11.2 Procedure cleanupW

11.3 An example

[ZZZ: Give some examples of Reach here.] Consider adding the words
(using add wordW ) in the order heard, herd, here, head, hard, her,
had, he. After adding hard, we have



11.3. AN EXAMPLE 91

4

7

9

11

12

0 1
h

2a

5

e

3r
d

6
a

10

r

d

8

r

d

d

e

While adding her, we make state 10 final, and subsequently merge states
11 and 12 in
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Finally, after adding he, we make state 5 final, and merge states 7, 9, and
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Continuing from this last ADFA, the cleanupW merges states 4 and 13 into
7, and then state 3 into 8 and finally state 2 into 6, giving the MADFA
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11.4 Time and space performance

Word set W can be sorted into an order of decreasing length in time and
space O(|W |). As is shown in [Wat98b, Wat03c], procedure add wordW

requires time and space |w| while adding w, and cleanupW takes time and
space |M |.

Word set W can be sorted into any order of decreasing length in time
O(|W |). In [Wat03c], further performance improvements are discussed.

11.4.1 Improvements

A simple implementation of this algorithm has proven to be efficient in
practice [Wat03c]. In that paper, several other optimizations are discussed.

11.5 Commentary

As mentioned in Chapter 1, this algorithm was actually accidentally de-
rived. It is presented in detail in [Wat98b] and in [Wat03c].
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