
 1 

Contents 
Contents.............................................................................................................................. 1 
1 Introduction................................................................................................................. 4 

1.1 Background information..................................................................................... 4 
1.2 IOI terminology and process............................................................................... 4 

1.2.1 Quality......................................................................................................... 5 
1.2.2 The grading process.................................................................................... 5 

1.3 Objectives ........................................................................................................... 6 
1.4 Methodology....................................................................................................... 6 
1.5 Overview............................................................................................................. 7 

2 Median ........................................................................................................................ 8 
2.1 Task description.................................................................................................. 8 

2.1.1 Problem description.................................................................................... 8 
2.1.2 Library......................................................................................................... 8 
2.1.3 Experimentation.......................................................................................... 9 
2.1.4 Example...................................................................................................... 9 
2.1.5 Constraints................................................................................................ 10 

2.2 Notation............................................................................................................. 10 
2.2.1 Definitions................................................................................................. 10 

2.3 Analysis............................................................................................................. 20 
2.4 Taxonomy derived ............................................................................................ 31 

2.4.1 Root – Elimination of non median objects ............................................... 32 
2.4.2 EE – Singleton elimination....................................................................... 35 
2.4.3 EESS – Single side selection .................................................................... 36 
2.4.4 EEDS – Dual sides selection..................................................................... 38 
2.4.5 PE – Pair elimination................................................................................ 42 
2.4.6 SE – Set elimination.................................................................................. 44 
2.4.7 SEC – Complete partitioning.................................................................... 47 
2.4.8 SEP – Partial partitioning.......................................................................... 49 
2.4.9 Selecting pivots for SE.............................................................................. 51 

2.5 Representing a set of labels............................................................................... 52 
2.5.1 Set ............................................................................................................. 52 
2.5.2 List ............................................................................................................ 53 
2.5.3 Heap.......................................................................................................... 54 
2.5.4 2D-List ...................................................................................................... 55 
2.5.5 qD-List ...................................................................................................... 56 
2.5.6 More data structures.................................................................................. 56 
2.5.7 Data structures using the Med3 operation ................................................ 56 
2.5.8 Searching in a data structure..................................................................... 57 

2.6 Taxonomy not derived...................................................................................... 57 
2.6.1 Counting.................................................................................................... 57 
2.6.2 Sweeping and testing the pivots................................................................ 58 
2.6.3 Sweeping and partitioning the candidates over the pivots........................ 59 
2.6.4 Bubble search............................................................................................ 60 

2.7 Standard solutions............................................................................................. 60 



 2 

2.8 Global optimizations......................................................................................... 62 
2.9 Taxonomy summarized..................................................................................... 62 
2.10 Overview of algorithms.................................................................................... 63 
2.11 Verification....................................................................................................... 65 

2.11.1 Method 0................................................................................................... 65 
2.11.2 Method 1................................................................................................... 66 
2.11.3 Method 2................................................................................................... 66 
2.11.4 Method 3................................................................................................... 68 
2.11.5 Method 4................................................................................................... 73 
2.11.6 Grading before our verification ................................................................ 73 
2.11.7 Grading after our verification ................................................................... 73 

2.12 Conclusion ........................................................................................................ 76 
3 Phidias....................................................................................................................... 78 

3.1 Task description................................................................................................ 78 
3.1.1 Problem description.................................................................................. 78 
3.1.2 Input .......................................................................................................... 78 
3.1.3 Output ....................................................................................................... 79 
3.1.4 Constraints................................................................................................ 79 
3.1.5 Example.................................................................................................... 79 

3.2 Solution............................................................................................................. 79 
3.2.1 Specification ............................................................................................. 80 
3.2.2 Recurrence equation.................................................................................. 81 
3.2.3 Optimizations............................................................................................ 82 
3.2.4 Recursive implementation ........................................................................ 96 
3.2.5 Taxonomy ................................................................................................. 98 
3.2.6 Computational complexity...................................................................... 100 

3.3 Verification..................................................................................................... 102 
3.3.1 Overview IOI score................................................................................. 103 
3.3.2 New test cases......................................................................................... 104 
3.3.3 Overview new test cases score................................................................ 113 

3.4 Various notes .................................................................................................. 117 
3.4.1 Recurrence equations.............................................................................. 117 
3.4.2 Extensive case analysis........................................................................... 118 
3.4.3 Diagonal traversal ................................................................................... 119 
3.4.4 Maximum total usable area..................................................................... 119 
3.4.5 Tricks...................................................................................................... 119 
3.4.6 Readability .............................................................................................. 120 
3.4.7 Trying to be safe..................................................................................... 120 
3.4.8 Obsolete fragments................................................................................. 120 
3.4.9 Heuristic method..................................................................................... 120 
3.4.10 Guessing.................................................................................................. 121 
3.4.11 Backtracking........................................................................................... 121 
3.4.12 Resize...................................................................................................... 121 
3.4.13 Timeout ................................................................................................... 122 
3.4.14 Efficiency................................................................................................ 122 

3.5 Suggestions for alternatives............................................................................ 122 



 3 

3.5.1 Method M0 Answer unknown in combination with strict grading......... 123 
3.5.2 Method M1 Transposed test case............................................................ 123 
3.5.3 Method M2 How to generate a test case set ........................................... 124 
3.5.4 Method M3 Acceptance test ................................................................... 124 
3.5.5 Method M4 Distribute test cases............................................................. 124 
3.5.6 Method M5 Sub test cases...................................................................... 124 
3.5.7 Method M6 Unusable desired plates....................................................... 124 
3.5.8 Method M7 Simplify the task ................................................................. 125 

3.6 Conclusion ...................................................................................................... 125 
4 Conclusion .............................................................................................................. 127 
5 Literature................................................................................................................. 129 
6 Appendix................................................................................................................. 130 

6.1 Median appendix............................................................................................. 130 
6.1.1 References............................................................................................... 130 
6.1.2 Mathematical background....................................................................... 131 

6.2 Phidias appendix ............................................................................................. 133 
6.2.1 Appendix A ............................................................................................. 133 
6.2.2 Appendix B ............................................................................................. 134 



 4 

1 Introduction 
This is my master thesis written for the master degree in computing science (informatics) 
at the Technische Universiteit Eindhoven (TUE). 

1.1 Background information 
The International Olympiads in Informatics (IOI) is one of five International Science 
Olympiads and is organized every year in a different country. The IOI is a competition in 
the discipline of informatics (computing science) for senior pupils at secondary schools 
all over the world. In the summer of 2005 the contest was held in Poland with 276 
contestants from 72 countries. Although there are many social and cultural aspects to the 
IOI contest we only focus to the core aspect which is the algorithmic problem solving 
itself. 
 
The contest takes 2 days in which the contestants have to solve 6 problems. Each day 
there are 3 problems to be solved in a period of 5 hours. Problems are stated in a task 
description. Solving a problem requires a contestant to submit an executable (and since 
2001 the source code) that solves the stated problem. Although the problems are 
algorithmic in nature, it is also required that contestants implement their algorithms in 
one of the allowed programming languages; i.e. Pascal, C or C++. For that purpose each 
contestant is provided with a computer and program development tools. The contestants 
work alone (not in a team) and are isolated from the outside world. 
 
The IOI Competition Rules [4] cover the complete “Competition Procedures”  and 
“Judging Procedures” . They vary slightly from year to year, but since 1994 the grading of 
the submitted programs is done automatically using a number of test cases. Whenever 
efficiency plays a role there are grading points for inefficient (correct) solutions.  

1.2 IOI terminology and process 
We borrow the following terminology fro the IOI contest. 
 
Task: A task is the task description that is handed out to the contestants on the 

day of the contest. This is also sometimes called the problem or the 
assignment. 

 
Submission: This is what is submitted by a contestant to the IOI committee as a 

solution to the given task. This is also sometimes called the solution or the 
program. Typically the submission is an executable or the source code. 
Although it was not required to submit the source code for the Median 
task we used it anyway as if it was a part of the submission whenever we 
needed the source code as they where collected after the contest. 

 
Grading: The grading of a submission is the process that leads to a score between 0 

and 100 points indicating the quality (see below) of the submission.  
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1.2.1 Quality 
From the IOI rules, one can infer that within the IOI contest, the quality of a submission 
is measured by the functional correctness of the program and its time and memory 
efficiency. A program is functionally correct if it solves the given task disregarding any 
time and memory limits. This means it must solve in principle any input case that 
satisfies the input specification given in the task description. An efficient program stays 
within the stated boundaries. There are several boundaries, e.g. memory and execution 
time, but programs are also limited in e.g. executing other processes or accessing 
secondary storage (disk).  
 
The IOI chose to use correctness and efficiency as quality criteria. These criteria allow 
for (some) automated testing. No other criteria are used in the grading; e.g. readability, 
modularity, maintainability and robustness. 

1.2.2 The grading process  
Before the contest takes place, the IOI committee prepares the test cases that will be used 
for grading. There is a fixed number of test cases per task, typically in the range from 10 
to 25. All these test cases satisfy the precondition stated in the task description and are 
unknown to the contestants. Contestants’  programs need not handle other cases. For each 
task, the committee also determines in advance the maximum amount of execution time 
and the maximum amount of memory that a submission is allowed to use to solve a test 
case. For every test case that is solved correctly the contestant gets 100 / #TestCases 
points. The total score then is the sum of the scores for the test cases solved correctly 
within the time and memory limits.  
 
First the source is compiled (until IOI 2000, the contestants had to do this themselves). If 
it fails to compile, a contestant gets zero points. If it compiles successfully the grading 
continues. For every test case, the submission is executed and if it solves the test case 
correctly and it does not generate runtime errors or a timeout or violates any of the other 
stated boundaries, it gets the score for the test case otherwise it gets zero points. (Note 
that at IOI 2005, this process was further refined, but that was after we conducted our 
research). 
 
The “size”  (complexity) of the test cases varies to award points to submissions 
“proportional”  to the efficiency of the submission. The test cases are selected to test the 
correctness and the efficiency. The choice of the “size”  of a test case might also be 
related to the programming languages supported in the contest. For example, assume 
there is a trivial algorithm with time complexity ( )2O N  and an “ intended”  ( )O N  

algorithm. Then the upper bound on N and the time limit are set such that the intended 
solution can solve the “hardest”  cases within the limits but the trivial algorithm cannot. If 
the trivial algorithm (when implemented correctly) is to be rewarded with 30 points, then 
6 out of 20 test cases will use a value for N that is small enough to allow the trivial 
algorithm to solve those cases within the time limit of the task. The other test cases will 
then use values of N that are significantly larger, to stay away from the grey crossover 
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area, because implementation details and choice of programming language should not 
affect the result. 

1.3 Objectives 
Winning a contest is for many people a challenge. It takes preparation and determination 
to succeed. It is the responsibility of the organization that the contest is judged fairly and 
rewarded correctly. 
 
A task description together with the competition rules defines what the correctness of the 
algorithm is and what the required worst case efficiency is. The source code represents 
the requested algorithm. Proving correctness automatically is infeasible. The program is 
wrong when it fails a test case; correctness is never proven using only a limited set of test 
cases. The efficiency assessed by testing is not the abstract (“big O” ) computational 
complexity. There is memory efficiency; i.e. the amount of memory used to solve a test 
case. And there is time efficiency; i.e. the runtime needed to solve a test case. The 
maximum runtime and memory limit are enforced. The use of test cases only tests 
“specific case”  efficiency not best, average or worst case efficiency. 
 
Of course, software engineers know that test cases never suffice to prove correctness, i.e. 
a test case can only be used to show the incorrectness. Also, test cases cannot prove that a 
program fulfills the efficiency requirements, i.e. a test case can only be used to show the 
inefficiency of a program, but not to show its worst case, average case, or best case 
efficiency. 
 
In view of these limitations, it is reasonable to ask how well the grading process of the 
IOI has worked in practice. There is no previous data available to support the quality of 
the IOI grading. We shall show that the effect of only using test cases is of great 
influence to the overall grading. 
 
We want to find out whether the following situations have occurred in the IOI: 
 

·  A incorrect submissions with (close to) 100% score 
·  Two functionally correct submissions, where one algorithm has a worst case 

performance better than another algorithm but receiving a lower score. 
·  A functionally correct efficient algorithm does not score 100% 
·  A functionally correct inefficient algorithm scoring 100% 

1.4 Methodology 
We decided to investigate the quality of IOI grading by studying a few IOI tasks together 
with all submissions and their IOI scores. 
 
We selected the Median task from the year 2000 and the Phidias task from 2004. We 
chose the Median task because there exists some literature [1], there is a rich variety of 
solutions possible and it is a reactive task. We choose Phidias because we wanted a recent 
task, and had it the best score at IOI 2004 (from the scores, it appeared to be a relatively 
easy task). The Phidias task was not reactive. 



 7 

 
We assess the quality of the IOI grading process by testing and analyzing the submissions 
in various new ways. We then regraded the submissions ourselves and compared the 
results with the grading from the IOI.  
 
As an aid to our analysis, we constructed an algorithm taxonomy for each task. Such a 
taxonomy captures relationships between algorithms, e.g. in correctness arguments or in 
structure. We started by constructing a taxonomy based on the solutions provided by the 
organizers. Then we classified the submissions with respect to this taxonomy. Whenever 
the taxonomy did not yet accommodate the algorithm, we extended the taxonomy. The 
taxonomies try to cover most of the submissions. Our goal is to cover the submitted 
solutions and not necessarily all possible solutions.  
 
Algorithm taxonomies are useful in their own right, because they provide a framework 
for deciding on the relative merit of the algorithms. In that way, a taxonomy can be used 
to decide on intended scores for (correctly implemented) algorithms. The taxonomy may 
also help in classifying common errors and how to rate them. For these reasons, we have 
paid considerable attention to the construction of the taxonomies. 
 
Hopefully the conclusions stated in this report will help improve the quality of grading in 
the IOI contest. The presented taxonomies should help us better understand the 
submissions. The derivation of the taxonomies hopefully leads to a better understanding 
of the complexity of building taxonomies in general.  

1.5 Overview 
In chapter 2 the Median task is analyzed and in chapter 3 the analysis of the Phidias task 
is presented. Both chapters might be red independently although both share a same 
overall structure. The chapters start with a small introduction, followed by the task 
description, followed by analysis and verification, followed by a conclusion. Chapter 4 
contains the overall conclusion. 
 
We are aware of the small difference in writing style between chapter 2 and 3. The 
numbering in chapter 3 is different from chapter 2. Also we have not been consistent with 
emphasizing the difference between programming variables and logical variables with a 
different font wherever inconsistent the context should clarify what is meant. 
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2 Median 
This chapter deals with the IOI 2000 Median problem. The article “Finding the Median 
under IOI Conditions”  [1] is used as a starting point.  
 
The median is a reactive task. The difference with regular tasks is that the task involves a 
dialog between the algorithm and its environment. The first reactive task was introduced 
at IOI 1995. Games such as Master Mind fall in this category. The input data, such as the 
secret code in Master Mind, is indirectly available through the environment, which offers 
a limited set of operations. The median offers in a same way input data that can only be 
accessed using a library. The library enables the algorithm to access the data in a very 
limited way. This will be further explained in the task description. 
 
In paragraph 1 the IOI 2000 Median task description is given. In paragraph 2 we develop 
some notation to analyze the Median task. In paragraph 3 we analyze the Median task. In 
paragraph 4 we derive a taxonomy of solutions for the Median task. In paragraph 5 
several data structures to represent a set of labels are discussed. In paragraph 6 we 
mention a few more solutions that where not easily described using the derivation in 
paragraph 5. Paragraph 7 describes how to using standard median finding algorithms. 
Paragraph 8 follows with a discussion off some global optimizations. Paragraph 9 
summarizes derived solutions in a taxonomy. Paragraph 10 follows with an overview of 
different algorithms that can be constructed from the taxonomy. In paragraph 11 presents 
the verification of grading of the Median task. Paragraph 12 ends this chapter with the 
conclusion. 

2.1 Task description 
The task description is taken from the IOI 2000 task description [2]; some minor editing 
took place. It contains the problem description, input and output specification, additional 
constraints and an example. 
 
Begin of Quoted Task Descr iption 

2.1.1 Problem description 
A new space experiment involves N objects, labeled from 1 to N. It is known that N is 
odd. Each object has a distinct but unknown strength expressed by a natural number. For 
each strength Y, it holds that 1 Y N£ £ . The object with median strength is the object X 
such that there are equally many objects having smaller strength than X as there are 
objects having greater strength than X. You are to write a program that determines the 
object with median strength. Unfortunately, the only way to compare the strengths is by a 
device that, given three distinct objects, determines the object with median strength 
among the three objects. 

2.1.2 Library 
You are given a library named device with three operations: 
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·  GetN, to be called once at the beginning without arguments; it returns the value of 
N. 

·  Med3, called with three distinct object labels as arguments; it returns the label of 
the object with median (middle) strength. 

·  Answer, to be called once at the end, with one object label as argument; it reports 
the label of object X with median strength and properly ends the execution of your 
program. 

 
The library device produces two text files: MEDIAN.OUT and MEDIAN.LOG. The first 
line of file MEDIAN.OUT contains one integer: the label of the object passed to the 
library in the call to Answer. The second line will contain one integer: the number of 
calls to Med3 that have been performed by your program. The dialogue between your 
program and the library is recorded in the file MEDIAN.LOG. 
 
Instruction for Pascal programmers: 

Include the uses statement given below in the source code. 
 
uses devi ce;  

 
Instructions for C/C++ programmers: 

Use the include statement given below in the source code, create a project 
MEDIAN.PRJ and add the files MEDIAN.C (MEDIAN.CPP) and DEVICE.OBJ 
into this project. 
 
#i nc l ude “ devi ce. h”  

2.1.3 Experimentation  
You can experiment with the library by creating a text file DEVICE.IN. The file must 
contain two lines. The first line must contain one integer: the number of objects N. The 
second line must contain the integers from 1 to N in some order: the i-th integer is the 
strength of the object with label i. 

2.1.4 Example 
DEVI CE. I N 
5 
2 5 4 3 1 

 
The file DEVICE.IN above describes an input with 5 objects and strengths as below: 
 
Label 1 2 3 4 5 
Strength 2 5 4 3 1 

 
Here is a correct sequence of 5 library calls: 
 

1. GetN (in Pascal) or GetN() (in C/C++) returns 5. 
2. Med3(1,2,3) returns 3. 
3. Med3(3,4,1) returns 4. 
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4. Med3(4,2,5) returns 4. 
5. Answer(4) 

2.1.5 Constraints 
·  For the number of objects N we have 5 1499N£ £  and N is odd. 
·  For the object labels i, we have 1 i N£ £ . 
·  For the object strengths Y, we have 1 Y N£ £  and all strengths are distinct. 
·  Pascal library file name: device.tpu 
·  Pascal function and procedure declarations: 

f unct i on Get N:  i nt eger ;  
f unct i on Med3( x,  y ,  z :  i nt eger ) :  i nt eger ;  
pr ocedur e Answer ( m:  i nt eger ) ;  

·  C/C++ library file names: device.h, device.obj (use large memory model) 
·  C/C++ function headers: 

i nt  Get N( voi d) ;  
i nt  Med3( i nt  x,  i nt  y ,  i nt  z) ;  
voi d Answer ( i nt  m) ;  

·  No more than 7777 calls of function Med3 are allowed per run. 
·  Your program must not read or write any files. 

End of Quoted Task Descr iption 

2.2 Notation 
In this section we develop some notation to analyze the problem.  

2.2.1 Definitions 
This paragraph contains an overview of the assumptions and definitions used in the rest 
of the chapter. 
 
Assumption – The number of objects N 

5 1499 mod2 1N N NÎ Ù £ £ Ù =�  
 
Definition – Object labels �  

[ ]1..NÍ Ù =� � �  

 

Note: �  is a totally ordered set. We only need object labels to identify the objects. The 

object labels themselves do not necessarily have to be a total order. The only required 
property is: # N=� . 
 
Definition – Strength function s 

The strength of an object is given by the function s. 
 

:s ® Ù =� � � �  
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Note: The function s is not known to the contestants. The range of s (i.e. � ) could be any 

totally orderable set e.g. �  or a set of strings. 

 
Assumption – Strength function s is injective (i.e. all strengths are distinct) 

( ), : , : . .i j i j si s j i j" Î = � =� �  

 
Note: Because s is an injective function # #£� � . 
 
Definition – Order ing relation s<  on �  

For all ,i j Î �  
 

. .si j si s j< º <  
 
Note: The relation s<  is irreflexive, antisymmetric and transitive and trichotomous and 
therefore a total order. 
 
Definition – Order ing relation s£  on �  

For all ,i j Î �  
 

. .si j si s j£ º £  
 
Note: The relation s£  is reflexive, antisymmetric, transitive and comparable (total) and 
therefore a total order. 
 
Proper ties – Order ing relations 

For all ,i j Î �  
 

·  s si j i j i j£ º < Ú =  

·  s si j i j i j< º £ Ù ¹  

·  ( )s si j j iØ < º £  

·  ( )s si j j iØ £ º <  
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Definition – Minimum par tial function ( )min :s ®� ��  

For V VÍ Ù ¹ Æ�  
 

( )min . : : min .s s sV V i i V V iÎ Ù " Î £  

 
Note: ( ) ( )min . min . min . min .s s s sV W V WÈ = È   if V W¹ ÆÙ ¹ Æ 

 
Definition – Maximum partial function ( )max :s ®� ��  

For V VÍ Ù ¹ Æ�  
 

( )max . : : max .s s sV V i i V i VÎ Ù " Î £  

 
Note: ( ) ( )max . max . max . max .s s s sV W V WÈ = È   if V W¹ ÆÙ ¹ Æ 

 
Definition – Generalized order ing relation s<  on �  

For all ,V W Í �  
 

( ), : :s sV W v w v V w W v w< º " Î Ù Î <  

 
Note: 
 

·  sV V V< º = Æ 

·  s WÆ<  

·  sV < Æ 

·  sÆ< Æ 

·  max . min .s s s sV W V W< º <   if V W¹ ÆÙ ¹ Æ 
 
The generalized relation s<  is transitive. 
 
Definition – Generalized order ing relation s£  on �  
 
For all ,V W Í �  
 

( ), : :s sV W v w v V w W v w£ º " Î Ù Î £  
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Note: 
 

·  # 1sV V V£ º £  

·  s WÆ£  

·  sV £ Æ 

·  sÆ£ Æ 

·  max . min .s s s sV W V W£ º £   if V W¹ ÆÙ ¹ Æ 
 
The generalized relation s£  is transitive. 
 
Proper ties – Generalized order ing relations  
 
For all ,V W Í �  
 

·  s sV W V W V W£ � < Ú Ç ¹ Æ 

·  s sV W V W V W< º £ Ù Ç = Æ 

·  ( ) ( ), : :s sV W v w v V w W w vØ £ º $ Î Ù Î <  

·  ( ) ( ), : :s sV W v w v V w W w vØ < º $ Î Ù Î £  

 
Definition – Median par tial function ( )med :s ®� ��  

 
For # mod2 1V VÍ Ù =�  
 

{ } { }med . # : : med . # : : med .s s s s sV V i i V i V i i V V iÎ Ù Î < = Î <  

 
Note: { } { }# : : med . # : : med . # div 2s s s si i V i V i i V V i VÎ < = Î < =  

 
Proper ty – The median of set V of 3 objects using meds 

Assume: { }, , # 3 med .sV a b c V V b V= Ù Í Ù = Ù =�  

 

{ }
( ) ( )

med .

definition med # 3
s

s

s s s s

b V

V

a b c c b a

=

º Ù =

< < Ú < <
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Note: There is a “dual”  property for which we assume: med .sb V¹  
 

( )

( ) ( )( )
{ }

( ) ( )

med .

med .

Properties - Ordering relations 

s

s

s s s s

s s s s

b V

b V

a b c c b a

b a b c c b a b

¹

º

Ø =

º

Ø < < Ú < <

º

£ Ù £ Ú £ Ù £

 

 
Definition – Median par tial function 3Med3: ®� �  

For { } { }, , # , , 3a b c a b cÍ Ù =�  

 
{ }Med3. . . med . , ,sabc a b c=  

 
Note: Med3. . .abc is also written as ( )Med3 , ,a b c  which is the operation that is available 

through the library as a function call. 
 
Proper ty – The median of set V of 3 objects using Med3 

Assume: { }, , # 3 Med3. . .V a b c V V b abc= Ù Í Ù = Ù =�  

 

( ) ( )

Med3. . .

s s s s

b abc

a b c c b a

=

º

< < Ú < <

 

 
Definition – For  all bÎ �  the “ on opposite sides”  relation b� �  on � � 

For all , ,a b cÎ �  
 

( ) ( )s s s sa b c a b c c b aº < < Ú < <� �  

 
Note: 
 

·  falsea b c º� �  if a b=  
·  falsea b c º� �  if b c=  
·  falsea b c º� �  if a c=  
·  a b c c b aº� � � �  
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·  ( )a b c c b d a b dÙ � Ø� � � � � �    

·  { }med . , ,sb a b c a b c= º � �   if { }# , , 3a b c =  

·  { }{ } { }{ }# : , : 0 # : , : 0s sa b c i i a c i b i i a c b iº Î < ¹ Ù Î < ¹� �  

 
For all bÎ �  the “on opposite sides” relation b� �  is irreflexive, symmetric and 
intransitive. 
 
Proof: intransitivity of “on opposite sides”  
 

{ }
( ) ( )

{ }
( ) ( )

definition

distributivity

s s s s s s s s

s s s s s s s s

a b c c b d

a b c c b a c b d d b c

a b c d b c c b a c b d

Ù

º

< < Ú < < Ù < < Ú < <

º

< < Ù < < Ú < < Ù < <

� � � �

 

{ }
( ) ( )

{ }
( ) ( )

{ }
( ) ( )

calculus

calculus

calculus

s s s s s s

s s s s

s s s s

a b b c d b c b b a b d

a b d b b a b d

a b d b b a b d

º

< Ù < Ù < Ú < Ù < Ù <

�

< Ù < Ú < Ù <

�

£ Ù £ Ú £ Ù £

 

{ }
( ) ( )

{ }
( ) ( )
{ }
( )
{ }
( )

distributivity

De Morgan

De Morgan

definition

s s s s

s s s s

s s s s

b a d b b d a b

a b d d b a

a b d d b a

a b d

º

£ Ú £ Ù £ Ú £

º

Ø < < ÙØ < <

º

Ø < < Ú < <

º

Ø � �
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Proper ty – A proper ty of “ on opposite sides“  

For all , , ,a b c d Î �  
 

( ) ( )
{ }

( ) ( )

( ) ( )

distributivity

s s s s s s s s

s s s s s s s s

s s s s s s

a b c b c d

a b c c b a b c d d c b

a b c b c d c b a d c b

a b c d d c b a

Ù

º

< < Ú < < Ù < < Ú < <

º

< < Ù < < Ú < < Ù < <

º

< < < Ú < < <

� � � �

 

 
Note: 
 

·  a b c b c d a b d a c dÙ � Ù� � � � � � � �  
·  a b d b c d a b c a c dÙ � Ù� � � � � � � �  

 
Corollary – Extremes and “ on opposite sides”  

·  { },s sa b c a b c b c< Ù � <� �  

·  { }, s sb c a a b c c b< Ù � <� �  

·  { } { }min . , , min . , ,s sa a b c a b c b c d b b c d= Ù Ù � =� � � �  

·  { } { }max . , , max . , ,s sa a b c a b c b c d b b c d= Ù Ù � =� � � �  

 
Proof: { } { }min . , , min . , ,s sa a b c a b c b c d b b c d= Ù Ù � =� � � �  

 
{ }

{ }
( ) ( )

{ }
( ) ( )

{ }
( ) ( )

{ }
{ }

min . , ,

definitions of min  and  and 

min . , ,

s

s

s s s s s s s s s s

s

s s s s s s s s

s

s s s s s s

s s

s

a a b c a b c b c d

a b c b c d

a b a c a b c c b a b c d d c b

a b

a b a c a b c b c d d c b

b c

a b a c a b c b c d

b c b d

b b c d

= Ù Ù

º

£ Ù £ Ù < < Ú < < Ù < < Ú < <

º £

£ Ù £ Ù < < Ù < < Ú < <

º <

£ Ù £ Ù < < Ù < <

� < Ù <

=

� � � �

� � � �
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Proof: { } { }max . , , max . , ,s sa a b c a b c b c d b b c d= Ù Ù � =� � � �  

 
Similar to { } { }min . , , min . , ,s sa a b c a b c b c d b b c d= Ù Ù � =� � � �  

 
Definition – For  all bÎ �  the “ on the same side”  relation b� �  on � � 

For all ,a cÎ � � 
 

( ) ( )s s s sa b c a b c b b a b cº £ Ù £ Ú £ Ù £� �  

 
Note: 
 

·  truea b c º� �  if a b=  
·  truea b c º� �  if b c=  
·  truea b c º� �  if a c=  
·  a b c c b aº� � � �   
·  a b c c b d a b dÙ �� � � � � �  
·  { }med . , ,sb a b c a b c¹ º � �  

·  { }{ } { }{ }# : , : 0 # : , : 0s sa b c i i a c i b i i a c b iº Î £ = Ú Î £ =� �  

 
For all bÎ �  the “on the same side”  relation b� �  is reflexive, symmetric and transitive 
and therefore an equivalence relation. 
 
Corollary – ( )a b c a b cØ º� � � �  

( )
{ }
( )
{ }
( ) ( )
{ }

( ) ( )
{ }

( ) ( )
{ }

definition

De Morgan

De Morgan

distributivity

definition

s s s s

s s s s

s s s s

s s s s

a b c

a b c c b a

a b c c b a

b a c b b c a b

b a b c a b c b

a b c

Ø

º

Ø < < Ú < <

º

Ø < < ÙØ < <

º

£ Ú £ Ù £ Ú £

º

£ Ù £ Ú £ Ù £

º

� �

� �

 

 



 18 

Corollary – a b c b a c a c b� Ù� � � � � �  

Proof: 
 

{ }
( ) ( )

{ }
( ) ( )( ) ( ) ( )( )
{ }

definition

calculus

defintion

s s s s

s s s s s s s s

a b c

a b c c b a

b a c a a b a c a c b c c a c b

b a c a c b

º

< < Ú < <

�

£ Ù £ Ú £ Ù £ Ù £ Ù £ Ú £ Ù £

º

Ù

� �

� � � �  
Corollary – ( )a b c b a c a c b a b a c b cÜ Ù Ù ¹ Ù ¹ Ù ¹� � � � � �  

Proof:  
 

{ }
( ) ( )

{ }
( ) ( )( ) ( ) ( )( )
{ }

definition

calculus 

defintion

s s s s

s s s s s s s s

a b c

a b c c b a

a b a c b c

b a c a a b a c a c b c c a c b

b a c a c b

º

< < Ú < <

Ü ¹ Ù ¹ Ù ¹

£ Ù £ Ú £ Ù £ Ù £ Ù £ Ú £ Ù £

º

Ù

� �

� � � �

 

 
Corollary – a b c a b d b d c b dÙ Ù ¹ �� � � � � �  

Proving is left to the reader. 
 
Definition – For  all B Í �  the generalized “ on opposite sides”  relation B� �  on � � 

For all ,A C Í � � 
 

( ) ( )s s s sA B C A B C C B Aº < < Ú < <� �  

 
Note: 
 

·  falseA B C º� �    if A B B= Ù ¹ Æ 
·  falseA B C º� �    if B C B= Ù ¹ Æ 
·  falseA B C º� �    if A C A B C= Ù ¹ ÆÙ ¹ ÆÙ ¹ Æ 
·  trueA B C º� �    if A C A B C= Ù = ÆÙ ¹ ÆÙ = Æ 
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·  trueA B C º� �    if B = Æ 
·  s sA B C B C C Bº < Ú <� �   if A B C= ÆÙ ¹ ÆÙ ¹ Æ 

·  s sA B C A B B Aº < Ú <� �   if A B C¹ ÆÙ ¹ ÆÙ = Æ 

·  trueA B C º� �    if A B C= ÆÙ ¹ ÆÙ = Æ 
·  A B C C B Aº� � � �  
·  ( )A B C C B D A B DÙ � Ø� � � � � �  if A B C D¹ ÆÙ ¹ ÆÙ ¹ ÆÙ ¹ Æ 

·  { } { }# # # : : # : :s sA B C A C i i A C i B i i A C B iÙ = � Î È < = Î È <� �  

 
For all B Í �  the generalized “on opposite sides”  relation B� �  is symmetric. On 
nonempty sets it also is irreflexive and intransitive. 
 
Definition – For  all B Í �  the generalized “ on the same side”  relation B� �  on � � 

For all ,A C Í � � 
 

( ) ( )s s s sA B C A B C B B A B Cº £ Ù £ Ú £ Ù £� �  

 
Note: 
 

·  ( )s s sA B C B B C B B Cº £ Ù £ Ú £� �  if A B A B C= Ù ¹ ÆÙ ¹ ÆÙ ¹ Æ 

·  ( )s s sA B C A C C A C Cº £ Ú £ Ù £� �   if B C A B C= Ù ¹ ÆÙ ¹ ÆÙ ¹ Æ 

·  s sA B C A B B Aº £ Ú £� �   if A C A B C= Ù ¹ ÆÙ ¹ ÆÙ ¹ Æ 

·  A B C C B Aº� � � �  
·  A B C C B D A B DÙ �� � � � � �  if C ¹ Æ 
·  s sA B C C B B Cº £ Ú £� �    if A = Æ 

·  trueA B C º� �     if B = Æ 
·  s sA B C A B B Aº £ Ú £� �    if C = Æ 

·  trueA B C º� �     if A C= ÆÙ = Æ 
·  { } { }# : : 0 # : : 0s sA B C i i A C i B i i A C B iº Î È £ = Ú Î È £ =� �  

·  ( ) ( )s sA B C A C B B A Cº È £ Ú £ È� �  

 
For all B Í �  the generalized “on the same side”  relation B� � is symmetric but not 
anymore reflexive and transitive. For C ¹ Æ it is also transitive. 
 
Corollary –“ Generalized”  A B C B A C A C B� Ù� � � � � �  and 

B A C A C B A B A C B C A B CÙ Ù Ç ¹ ÆÙ Ç ¹ ÆÙ Ç ¹ Æ�� � � � � �  

Proving is left to the reader.  
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Corollary - ( )# # med . med .s sA B C A C A B C BÙ = � È È =� �   

We give only a draft of the proof. 
 
For all , ,A B C BÍ Ù ¹ Æ�  
 

·  

{ } { }

( )

# : : # : :

med . med .

s s

s s

i i A C i B i i A C B i

A B C B

Î È £ = Î È £

�

È È =

 

 

·  

{ } { }

{ } { }

# : : # : :

# : : # : :

s s

s s

i i A C i B i i A C B i

i i A C i B i i A C B i

Î È < = Î È <

�

Î È £ = Î È £

 

 

·  

{ } { }

# #

# : : # : :s s

A B C A C

i i A C i B i i A C B i

Ù =

�

Î È < = Î È <

� �

 

 
Specification – MEDIAN 

| [  var   

     m:  � ;  

 |  m : = “ The l abel  of  t he obj ect  wi t h medi an st r engt h”  

   {  med .sm = �  }  

] |  

2.3 Analysis 
In this paragraph we analyze the Median task. 
 
We consider an accepted submission to be incorrect if the solutions on some input: 
 

·  does not terminate 
·  gives a, possibly non-existing, label as answer that is not “ the label of the object 

with median strength” 
·  somehow guesses the answer, that is, the answer was not uniquely determined by 

the invoked Med3 calls and their results 
 
Violation of the upper bound on Med3 calls does not make a program incorrect. It is not 
efficient enough. So we ignore the upper bound for the moment. 
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Introduction – Permutation p 

:p ®� �  
 
A permutation :p ®� �  is introduced. Permutation p helps solving the problem of 
finding the label of the object with median strength. Now find a permutation such that 

( )2 div . Np  is the label of the object with median strength. 
 
Specification – Median (p)  

A refinement of the Median specification with permutation p 
 
| [  var   

     m:  � ;  

     p:  ar r ay �  of  � ;  {  p i s a per mut at i on of  �  }  

 |  p : = “ a per mut at i on of  L”  {  a r andom or  i dent i t y  per mut at i on }  

 ;  {  ( ), : , : . .i j i j i j p i p j" Î Ù ¹ ¹�  }   

   “ per mut e p”   

 ;  {  ( ). div 2 med .Sp N = �  }  

   m : = p. ( N di v  2)  

   {  med .Sm= �  }  

] |  
 
Then we have to figure out how to “ per mut e p” ? 
 
Calculation – An equivalent post condition for “ per mut e p”  

( )
{ }
( ) ( ){ } ( ){ }
{ }

( ){ } ( ){ }
{ }

( ){ }

s

.  div 2 med .

definition of med

.  div 2 # : : .  div 2 # : : .  div 2

 is a permutation of 

# : : .  div 2 # : : .  div 2

 is a permutation of 

# : 0 : . .  div 2 #

s

s s

s s

s

p N

p N i i i p N i i p N i

p

i i i p N i i p N i

p

i i N p i p N

=

º

Î Ù Î < = Î <

º

Î < = Î <

º

£ < < =

� �

� � �

�

� � �

�

( ){ }
{ }

( ){ } ( ){ }

: 0 : .  div 2 .

antisymmetry

# : 0 : . .  div 2 # : 0 : .  div 2 . div 2

s

s

s s

i i N p N pi

i i N p i p N i i N p N pi N

£ < <

º <

£ < < = £ < < =

 

 
There are 3 ways to permute p  such that ( ).  div 2p N  is the label of the object with 

median strength. 
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·  Order p  such that: 

 
( )

( )

, , : 0 : . . .

, , : 0 : . . .

s s

s s

i j k i j k N pi p j p k

i j k i j k N p k p j p i

" £ < < < < <

Ú

" £ < < < < <

 

 
·  Split p  such that: 

 

( )( )

( )( )

, : 0 div 2 : . . div 2 .

, : 0 div 2 : . . div 2 .

s s

s s

i k i N k N p i p N p k

i k i N k N p k p N p i

" £ < < < < <

Ú

" £ < < < < <

 

 
·  Pair p  such that  

 
( ) ( )

( ) ( )

. . div 2 . 1

: 0 div 2 :

. 1 . div 2 .

s s

s s

p i p N p N i

i i N

p N i p N p i

� �< < - -
� �
" £ < Ú� �

� �- - < <� �

 

 
We rewrite these 3 predicates in equivalent predicates. 
 
Equivalent predicates for the order p  predicate: 
 

( )

( )

: 0 : . . .

: 0 : . . .

s s

s s

i i j k N p i p j p k

i i j k N p k p j p i

" £ < < < < <

Ú

" £ < < < < <

 

{ }
( )

( )

stransitivity 

: 0 : . .

: 0 : . .

s

s

i i j N p i p j

i i j N p j p i

º <

" £ < < <

Ú

" £ < < <

 

{ }
( )( )

( )( )

stransitivity 

: 0 : . 1 .

: 0 : . . 1

s

s

i i N p i p i

i i N p i p i

º <

" < < - <

Ú

" < < < -
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{ }
( ) ( )( )

( ) ( )( )
{ }

( ) ( )( )

( ) ( )( )

stransitivity 

: 0 1: . 1 . . 1

: 0 1: . 1 . . 1

1

:1 : . 2 . 1 .

:1 : . . 1 . 2

s s

s s

s s

s s

i i N p i p i p i

i i N p i p i p i

i i

i i N p i p i p i

i i N p i p i p i

º <

" < < - - < < +

Ú

" < < - + < < -

º ® -

" < < - < - <

Ú

" < < < - < -

 

 
Written using “on opposite sides”  notation: 
 

( )

( )
{ }

( )
{ }

( )

s

: 0 : . . .

: 0 : . . .

transitivity 

: 0 : . . . . . .

definition . . .

: 0 : . . .

s s

s s

s s s s

i i j k N p i p j p k

i i j k N p k p j p i

i i j k N p i p j p k p k p j p i

p i p j p k

i i j k N p i p j p k

" £ < < < < <

Ú

" £ < < < < <

º <

" £ < < < < < Ú < <

º

" £ < < <

� �

� �

 

 
 

( ) ( )( )

( ) ( )( )
{ }

( ) ( ) ( ) ( )( )
( ) ( ){ }

( ) ( )( )

s

: 0 1: . 1 . . 1

: 0 1: . 1 . . 1

transitivity 

: 0 1: . 1 . . 1 . 1 . . 1

definition . 1 . . 1

: 0 1: . 1 . . 1

s s

s s

s s s s

i i N p i p i p i

i i N p i p i p i

i i N p i p i p i p i p i p i

p i p i p i

i i N p i p i p i

" < < - - < < +

Ú

" < < - + < < -

º <

" < < - - < < + Ú + < < -

º - +

" < < - - +

� �

� �
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( ) ( )( )

( ) ( )( )
{ }

( ) ( ) ( ) ( )( )
( ) ( ){ }

( ) ( )( )

s

:1 : . 2 . 1 .

:1 : . . 1 . 2

transitivity 

:1 : . 2 . 1 . . . 1 . 2

definition . 2 . 1 .

:1 : . 2 . 1 .

s s

s s

s s s s

i i N p i p i p i

i i N p i p i p i

i i N p i p i p i p i p i p i

p i p i p i

i i N p i p i p i

" < < - < - <

Ú

" < < < - < -

º <

" < < - < - < Ú < - < -

º - -

" < < - -

� �

� �

 

 
Equivalent predicates for the split p  predicate: 
 

( )( )

( )( )
{ }

( ) ( )( )

( ) ( )( )

, : 0 div 2 : . . div 2 .

, : 0 div 2 : . . div 2 .

transitivity 

: 0 div 2 : . . div 2 . 1

: 0 div 2 : . 1 . div 2 .

s s

s s

s

s s

s s

i k i N k N p i p N p k

i k i N k N p k p N p i

i i N p i p N p N i

i i N p N i p N p i

" £ < < < < <

Ú

" £ < < < < <

º <

" £ < < < - -

Ú

" £ < - - < <

 

 
Written using “on opposite sides”  notation: 
 

( )( )

( )( )
{ }

( )

( )
( ){ }

s

, : 0 div 2 : . . div 2 .

, : 0 div 2 : . . div 2 .

transitivity 

. . div 2 .

, : 0 div 2 :

. . div 2 .

definition . . div 2 .

, : 0 div 2 :

s s

s s

s s

s s

i k i N k N p i p N p k

i k i N k N p k p N p i

p i p N p k

i k i N k N

p k p N p i

p i p N p k

i k i N k N p

" £ < < < < <

Ú

" £ < < < < <

º <

� �< <
� �
" £ < < < Ú� �

� �< <� �

º

" £ < < <

� �

( )( ). . div2 .i p N p k� �
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Written using “on opposite sides”  and “on same sides”  notation: 
 

( ) ( )( )

( ) ( )( )

: 0 div2: . . div2 . 1

: 0 div2: . 1 . div2 .

s s

s s

i i N p i p N p N i

i i N p N i p N p i

" £ < < < - -

Ú

" £ < - - < <

 

{ }
( ) ( )( )

( ) ( )( )

( ) ( ) ( )( )

: 0 div2: . . div2 . 1

: 0 div2: . 1 . div2 .

: 0 div2: . 1 . div2 .

i i N p i p N p N i

i i N p i p N pi

i i N p N i p N p N i

º

" £ < - -

Ù

" < < -

Ù

" < < - - -

� �

� �

� �

 

{ }
( ) ( )

( ) ( )( )

( ) ( )( )

( ) ( ) ( )( )

.0 . div2 . 1

: 0 div2: . . div2 . 1

: 0 div2: . 1 . div2 .

: 0 div2: . 1 . div2 .

p p N p N

i i N p i p N p N i

i i N p i p N pi

i i N p N i p N p N i

º

-

Ù

" < < - -

Ù

" < < -

Ù

" < < - - -

� �

� �

� �

� �

 

{ }
( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

.0 . div2 . 1

. . div2 . 1

: 0 div2: . 1 . div2 .

. 1 . div2 .

p p N p N

pi p N p N i

i i N p i p N p i

p N i p N p N i

º

-

Ù

� �- -
� �

Ù� �
� �" < < -� �
� �Ù
� �� �- - -� �

� �

� �

� �

� �

 

{ }
( ) ( )

( ) ( )

( ) ( ) ( )

.0 . div 2 . 1

. 1 . div 2 .

: 0 div 2:

. 1 . div 2 .

p p N p N

p i p N p i

i i N

p N i p N p N i

º

-

Ù

� �-
� �
" < < Ù� �

� �- - -� �

� �

� �

� �
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Equivalent predicates for the pair p  predicate (using “on opposite sides”  notation): 
 

( ) ( )

( ) ( )
( ) ( ){ }

( ) ( )( )

. . div 2 . 1

: 0 div 2:

. 1 . div 2 .

definition . . div 2 . 1

: 0 div 2: . . div 2 . 1

s s

s s

p i p N p N i

i i N

p N i p N p i

p i p N p N i

i i N p i p N p N i

� �< < - -
� �
" £ < Ú� �

� �- - < <� �

º - -

" £ < - -

� �

� �

 

 
These 3 ways are correct because they imply the previously calculated equivalent post 
condition of “ per mut e p”  which is: 
 

( ){ } ( ){ }# : 0 : . .  div 2 # : 0 : .  div 2 . div2s si i N p i p N i i N p N pi N£ < < = £ < < =  

 
To see this we write down the 3 implications. 
 
An ordered permutation: 
 

( )( )

( )( )
{ }

( ){ } ( ){ }

: 0 : . 1 .

: 0 : . . 1

transitivity

# : 0 : . .  div 2 # : 0 : .  div 2 . div 2

s

s

s

s s

i i N p i p i

i i N p i p i

i i N p i p N i i N p N pi N

" < < - <

Ú

" < < < -

� <

£ < < = £ < < =

 

 
A split permutation: 
 

( ) ( )( )

( ) ( )( )
{ }

( ){ } ( ){ }

: 0 div2: . . div2 . 1

: 0 div2: . 1 . div2 .

# connection

# : 0 : . .  div 2 # : 0 : .  div 2 . div2

s s

s s

s s

i i N p i p N p N i

i i N p N i p N p i

i i N p i p N i i N p N pi N

" £ < < < - -

Ú

" £ < - - < <

� " -

£ < < = £ < < =
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A pair permutation: 
 

( ) ( )

( ) ( )
{ }

( ){ } ( ){ }

. . div2 . 1

: 0 div2:

. 1 . div2 .

#connection

# : 0 : . .  div 2 # : 0 : .  div 2 . div2

s s

s s

s s

pi p N p N i

i i N

p N i p N pi

i i N p i p N i i N p N pi N

� �< < - -
� �
" £ < Ú� �

� �- - < <� �
� " -

£ < < = £ < < =

 

 
Next follows a little summary (using the “on opposite sides”  relation) of the 3 ways to 
permute p  such that ( )2 div . Np  is the label of the object with median strength.  
 

·  Order p  such that  
 

( ): 0 : . . .i i j k N p i p j p k" £ < < < � �  

 
·  Split p  such that  

 

( )( ), : 0 div2 : . . div2 .i k i N k N pi p N p k" £ < < < � �  

 
·  Pair p  such that 

 

( ) ( )( ): 0 div2: . . div2 . 1i i N pi p N p N i" £ < - -� �  

 
There are ( )!1-N  permutations of p  that have ( )2 div . Np  as the label of the object with 
median strength. These permutations are called validated. 
 
These 3 ways identify 4 collections of possible permutations of p. 

 
·  ordered p 
·  split p 
·  paired p 
·  validated p 

 
Where ordered is a special kind of split and split is a special kind of paired and paired is 
a special kind of validated.  
 

·    ordered p split p�  
·    split p paired p�  
·    paired p validated p�  
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The sizes of the 4 collections depend on the number of labels N. 
 
The ordered  collection contains only 2  possible permutations. 

The split  collection contains ( )( )2
2 div 2 !N  possible permutations. 

The paired  collection contains ( )( )2div22 div 2 !N N  possible permutations. 

The validated  collection contains ( )1 !N -  possible permutations. 

The input collection from which one item (permutation) is taken as input to the program 
consists of !N  possible permutations. 
 
Example – The 4 collections for  3N =  

Assume: { }, , # 3 medV a b c V V b V= Ù Í Ù = Ù =�  

 
The input collection consists of ! 3! 6N = =  permutations: 
 
( ) ( ) ( ) ( ) ( ) ( ){ }, , , , , , , , , , , , , , , , ,a b c a c b b a c b c a c a b c b a  

 
All other collections contain 2 possible permutations: { },s s s sa b c c b a< < < <  

 
Example – The 4 collection for  N = 5 

Assume: { }, , , , # 5 medV a b c d e V V c V= Ù Í Ù = Ù =�  

 
The input collection consists of ! 5! 120N = =  permutations: 
 
( ) ( ){ }, , , , ,..., , , , ,a b c d e e d c b a  

 
The ordered  collection contains 2  permutations: 
 

,s s s s

s s s s

a b c d e

e d c b a

< < < <� 	

 �

< < < <� 

 

 

Thesplit  collection contains 
2

5 1
2 ! 8

2
� �-� � =� �� �
� �� �

 permutations: 

 
, ,

, ,

, ,

,

s s s s s s s s

s s s s s s s s

s s s s s s s s

s s s s s s s s

a b c d e a b c e d

b a c d e b a c e d

d e c a b d e c b a

e d c a b e d c b a

< < < < < < < <� 	
� �< < < < < < < <� �

 �

< < < < < < < <� �
� �< < < < < < < <� 
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The paired collection contains 
25 1

2 5 1
2 ! 16

2

- � �-� � =� �� �
� �� �

 permutations: 

 
, , , ,

, , , ,

, , , ,

, ,

s s s s s s s s s s s s s s s s

s s s s s s s s s s s s s s s s

s s s s s s s s s s s s s s s s

s s s s s s s s s

a b c d e a b c e d a d c b e a e c b d

b a c d e b a c e d b d c a e b e c a d

d a c e b d b c e a d e c a b d e c b a

e a c d b e b c d a e d

< < < < < < < < < < < < < < < <

< < < < < < < < < < < < < < < <

< < < < < < < < < < < < < < < <

< < < < < < < < < ,s s s s s s sc a b e d c b a

� 	
� �
� �

 �
� �
� �< < < < < < <� 


 

 
The validated  collection contains ( )5 1 ! 24- =  permutations: 

 
, , ,

, , ,

, , ,

, , ,

, ,

s s s s s s s s s s s s

s s s s s s s s s s s s

s s s s s s s s s s s s

s s s s s s s s s s s s

s s s s s s s s s

a b c d e a b c e d a d c b e

a d c e b a e c b d a e c d b

b a c d e b a c e d b d c a e

b d c e a b e c a d b e c d a

d a c b e d a c e b d b

< < < < < < < < < < < <

< < < < < < < < < < < <

< < < < < < < < < < < <

< < < < < < < < < < < <

< < < < < < < < < ,

, , ,

, , ,

, ,

s s s

s s s s s s s s s s s s

s s s s s s s s s s s s

s s s s s s s s s s s s

c a e

d b c e a d e c a b d e c b a

e a c b d e a c d b e b c a d

e b c d a e d c a b e d c b a

� 	
� �
� �
� �
� �
� �

 �

< < <� �
� �< < < < < < < < < < < <
� �

< < < < < < < < < < < <� �
� �< < < < < < < < < < < <� 


 

 
It is easy i.e. ( )O N  to verify using Med3 if one of the predicates ordered, split, paired 

or validated holds. Note that finding the median is possible in ( )O N  [5 p.94]. Once the 

median is known generating a split p becomes linear also and therefore also generating a 
pair p. Sorting is known to be ( )( )logO N N .  

 
Suppose verification of a given permutation is required. Permutations may be verified by 
one of the following programs. 
 

 R ordered pº  
 
| [  var   
     i ,  j :  i nt eger ;  
     b:  bool ean;  
 |  i  : = 2 
   j  : = N 
   whi l e not  ( i  = j )  do  
     i f  Med3( p[ i  – 2] ,  p[ i  – 1] ,  p[ i ] )  = p[ i  – 1]  t hen 
       i  : = i  + 1 
     el se 
       j  : = i  
   {  R º  (  i  = N )  }   
] |  
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 R split pº  

 
| [  var   
     i ,  j :  i nt eger ;  
|  i  : = 0 
  j  : = N di v  2  
  i f  Med3( p[ 0] ,  p[ j ] ,  p[ N – 1] )  = p[ j ]  t hen 
    i  : = i  + 1 
  el se 
    j  : = i  
  whi l e not  ( i  = j )  do  
    i f  not  ( Med3( p[ i  -  1] ,  p[ j ] ,  p[ i ] )  = p[ j ] )   
       and  
       not  ( Med3( p[ N – i  -  1] ,  p[ j ] ,  p[ N – i ] )  = p[ j ] )   

    t hen {  p[ i  -  1]  �  p[ j ]  �  p[ i ]  Ù p[ N – i  -  1]  �  p[ j ]  �  p[ N – i ]  }  
      i  : = i  + 1 
    el se 
      j  : = i  
  {  R º  (  i  = N di v  2 )  }   
] |  
 

 R pair pº  
 
| [  var   
     i ,  j :  i nt eger ;  
 |  i  : = 0 
   j  : = N di v  2 
   whi l e not  ( i  = j )  do 
     i f  Med3( p[ i ] ,  p[ j ] ,  p[ N – i  – 1] )  = p[ j ]  t hen 
       i  : = i  + 1 
     el se  
       j  : = i  
   {  R º  ( i  = N di v  2)  }  
] |  
 

 R validated pº  
 
| [  var   

     V,  W:  set  of  � ;  

     v ,  w:  � ;  

 |  V,  W : = Æ,  �  – {  m }  

   v  : Î  W 
   V,  W : = V È {  v  } ,  W – {  v  }  
   whi l e not  ( W = Æ)  do 
   begi n 
     w : Î  W 
     W : = W – { w}  
     i f  not  ( Med3( v,  m,  w)  = m)  t hen  

       {  v  �  m �  w }  
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       V : = V È {  w }  
   end 

   {  R º  (  #V = #�  di v  2 )  }   

] |  

2.4 Taxonomy derived 
In this paragraph we derive a taxonomy of solutions for the Median task.  
 
Every taxonomy starts from a common starting point. As common in mathematics this is 
called the root of the tree. Our starting point is given by the IOI 2000 Median task 
description. Summarized the task description is: find “ the label of the object with median 
strength”  and clearly we have to find this label in the given set of labels. 
 
The complement/dual version of this task description is: eliminate “ the labels of the 
objects with non median strength” from the given set of labels.  
 
We start at the root of all algorithms that eliminate non median objects and build the 
taxonomy where each node (or leaf) contains an abstract algorithm. Every algorithm is 
more specific than its parent. 
 
First we introduce two additional definitions: 
 
Definition – For  all bÎ �  the “ pairs over  b with”  relation b� �  on � � 

For all ,A C Í �  
 

( )( )( ):  is a bijection : : :  A b C A C f f A C a a A a b f aº Ç = ÆÙ $ ® " Î� � � �  

 
Set A pairs over b with set C if and only if A CÇ = Æ and there exists a bijection f 
between sets A and C such that for all a AÎ  we have ( )a b f a� � . Note that for empty 

sets A and C this holds. 
 
Also: 
 

·  A b C C b Aº� � � �  
·  { }( )medsA b C b A b C� = È È� �  

·  # #A b C A C� =� �  
 
The next definition is a generalization of the previous definition. 
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Definition – For  all bÎ �  the relation ~ ~b  on �  

For all ,A C Í �  
 

{ }( )~ ~ , : :A b C P Q P A Q C P b Q A P b C Qº $ Í Ù Í Ù - -� � � �  

 
Some properties: 
 

·  ~ ~ ~ ~A b C C b Aº  
·  { }( )~ ~ : :A b C Q Q C A b Q b C Qº $ Í ÙÆ -� � � �  if # #A C£  

·  ~ ~A m C A C� Ç = Æ 
·  ~ ~ # div2A m C A N� £  
·  { } ~ ~A b C A b C�� �  

·  ~ ~A b C A b C�� �  
·  ~ ~ # #A b C A C A b CÙ = � � �  

 
We use this complement/dual description as the root of the taxonomy and label the root 
with “Elimination of non median objects”. 

2.4.1 Root – Elimination of non median objects 
The root of the taxonomy is an algorithm that finds the median by elimination of non 
median objects. 
 
The label of the object with median strength is always referred to by a “ghost”  variable 
m, i.e. med .sm= � . 
 
The root algorithm is based on 3 sets A, B and C for which there are 4 invariants: 
 

·  Invariant 1: # # #A B C N+ + =  where #N = �  
·  Invariant 2: A B CÈ È = �  
·  Invariant 3: m BÎ  
·  Invariant 4: ~ ~A m C  

 
From invariant 1 and 2 we have the corollary: 
 

A B A C B CÇ = ÆÙ Ç = ÆÙ Ç = Æ 
 
The variant function: # 1B -  
 
The root algorithm is given by: 
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var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi nat i on }  
whi l e not  ( #B = 1)  do 
begi n 
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
The assignment of set X and Y is feasible because:  
 

{ } { }( ){ }
( )

~ ~

# 1 : : ~ ~ ~ ~

, : , : ~ ~

A m C

B b b B A b m C A m C b

X Y X Y B X Y A X m C Y

� > � $ Î È Ú È

$ Í Ù È ¹ Æ È È

 

 
Progress is made because X YÈ ¹ Æ 
 
All invariants are maintained (correctness): 
 
Invariant 1  

 Trivial 
 
Invariant 2 

 Trivial 
 
Invariant 3 

( )
{ }~ ~

true

m B X Y

m B A X m C Y m X Y

Î - È

º Î Ù È È � Ï È  

 
Invariant 4 

Assignment of set X and Y does not invalidate invariant 4. 
 

The assignment A,  C : = A È X,  C È Y should not invalidate invariant 4 and because 
we do not know m we have to find some condition from which we may conclude 

~ ~A X m C YÈ È . 
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There are two cases 
 

1. A P C Q= Ù =  

2. ( )A P C QØ = Ù =  

 
1. A P C Q= Ù =  
 

{ }
( ) ( ) ( ) { } ( )( )

{ }
{ }

~ ~

definition ~ ~

, : :

A X m C Y

m

P Q P A X Q C Y P m Q A X P m C Y Q

P A Q C

X m Y A m C

È È

º

$ Í È Ù Í È Ù È - È -

Ü = Ù =

Ù

� � � �

� � � �
 
 
2. ( )A P C QØ = Ù =  

 

{ }
( ) ( ) ( ) { } ( )( )

( ) ( ){ }
( ) { } ( )

~ ~

definition ~ ~

, : :

 and  for which  

A X m C Y

m

P Q P A X Q C Y P m Q A X P m C Y Q

P A X Q C Y P m Q

A X P m C Y Q

È È

º

$ Í È Ù Í È Ù È - È -

Ü Í È Í È

È - È -

� � � �

� �

� �

 
{ }

( )

( )

calculus

1
: # # :

2

1
: # # :

2

N
M M M C A X P M C Q

N
M M M A A P M C Y Q

Ü

+� �$ Í Ù £ + È - -� �
� �
Ù

+� �$ Í Ù £ + - È -� �
� �

� �

� �

�

�
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{ }

( )

( )

( )

1
: # # :

2

1
: # # :

2

first quantor
 

second quantor

1
: # # :

2

1
: # # :

2

A B C

N
M M A B C M C A X P M C Q

N
M M A B C M A A P M C Y Q

X M
A M C M

Y M

N
M M B X M C A X P M C Q

N
M M B Y M A A P

º = È È

+� �$ Í È È Ù £ + È - -� �
� �
Ù

+� �$ Í È È Ù £ + - È -� �
� �

� Ë 	�
º Ë Ù Ë Ù
 
 �

Ë�� 

+� �$ Í - Ù £ + È - -� �

� �
Ù

+
$ Í - Ù £ + -

� �

� �

� �

�

( )M C Y Q� �È -� �
� �

� �

 

 
We call this the root condition. 
 
We distinguish three possibilities to assign set X and Y and remove them from B such that 

~ ~A X m C YÈ È : 
 

·  Remove one singleton X or Y 
·  Remove two singletons X and Y 
·  Remove two sets X  and Y 

2.4.2 EE – Singleton elimination 

We remove one singleton at a time from set B this means that ( )# 1X YÈ =  

 
Because # div2A N X= � = Æ and # div2C N Y= � = Æ the algorithm is: 
 
var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi ni at i on }  
whi l e not  ( #B = 1)  do 
begi n 
  i f  #A = N di v  2 t hen  
    X,  Y :  Æ,  Y Í  B Ù #Y = 1 Ù A ~ m ~ C È Y 
  el se i f  #C = N di v 2 t hen 
    X,  Y :  X Í  B Ù #X = 1 Ù A È X ~ m ~ C,  Æ 
  el se 
    X,  Y :  X,  Y Í  B Ù #( X È Y)  = 1 Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
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There are now two possibilities to select an X or Y such that ~ ~A X m C YÈ È : 
 

·  Single side selection i.e. choose always X or always Y  
·  Dual side selection i.e. choose X or Y  

2.4.3 EESS – Single side selection 
We remove one element on a fixed side of the median m. Without loss of generality we 
prefer this to be set X where possible. 
 
The algorithm then is: 
  
var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi nat i on }  
whi l e not  ( #B = 1)  do 
begi n 
  i f  #A = N di v  2 t hen  
    X,  Y :  Æ,  Y Í  B Ù #Y = 1 Ù A ~ m ~ C È Y 
  el se 
    X,  Y :  X Í  B Ù #X = 1 Ù A È X ~ m ~ C,  Æ 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
Note: # div 2A N=  is stable so we move this part to postprocessing as is shown below.  
 
var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi nat i on }  
whi l e not  ( ( #B = 1 or  ( #A = N di v  2) )  do 
begi n 
  X,  Y :  X Í  B Ù #X = 1 Ù A È X ~ m ~ C,  Æ 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  Post pr ocessi ng }  
whi l e not  ( #B = 1)  do 
begi n 
  X,  Y :  Æ,  Y Í  B Ù #Y = 1 Ù A ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
During elimination, topology tells us that C = Æ; therefore we use the root condition 
with P Q= ÆÙ = Æ to find an appropriate condition from which we conclude 

~ ~A X m C YÈ È . 



 37 

 
The root condition then is: 
 

1
: # :

2
N

M M B X M A X M
+� �$ Í - Ù £ È Æ� �

� �
� �  

 
During postprocessing we (also) use the root condition with P Q= ÆÙ = Æ to find an 
appropriate condition from which we conclude ~ ~A X m C YÈ È . 
 
The root condition then is: 
 

1
: # # :

2
N

M M B Y M A A M C Y
+� �$ Í - Ù £ + È� �

� �
� �  

 
Example 

In general we need a structure S that gives us set M, X and Y. We define a structure S on 

set B to be a sorted list M such that 
# # if 1
# # if Y2

M A XN
M C

+ = Æ�+
£ 


+ = Æ�
 and a set of unsorted 

elements containing set B without the sorted elements. Before we start the elimination we 

have to do some preprocessing to initialize S such that 
1

#
2

N
M

+
= . During the 

initialization # 0A =  and # 0C = .  
 
The algorithm then is: 
 
var   
  A,  B,  C,  M,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  Pr epr ocessi ng }  
M :  M Í  B Ù #M = ( N + 1)  /  2 
{  El i mi nat i on }  
whi l e not  ( #A = N di v  2)  do 
begi n 
  X,  Y :  X Í  B Ù #X = 1 Ù A È X ~ m ~ C,  Æ 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  Post pr ocessi ng }  
whi l e not  ( #B = 1)  do 
begi n 
  X,  Y :  Æ,  Y Í  B Ù #Y = 1 Ù A ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
This reduces to a more detailed version as is shown below. 
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var   
  a,  b,  c :  i nt eger ;  
  S[ 0. . a) :  A;  
  S[ a. . b) :  B sor t ed par t ;  
  S[ b. . c) :  C;  
  S[ c. . N) :  B unsor t ed par t ;  
 
a,  b,  c  : = 0,  0,  0 
{  Pr epr ocessi ng }  
b : = 2;  
whi l e not  ( b – a = ( N + 1)  di v  2)  do 
begi n 
  i nser t  S[ c]  i nt o S[ a. . b)  
  b,  c  : = b + 1,  c  + 1 
end;  
{  El i mi nat i on }  
whi l e not  ( a = N di v 2)  do 
begi n 
  i nser t  S[ c]  i nt o S[ a. . b)  
  b,  c  : = b + 1,  c  + 1 
  {  X,  M,  Y = S[ a] ,  S[ a + 1. . b) ,  Æ }  
  a : = a + 1 {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
end;  
{  ? c = N :  b – a = ( N + 1)  /  2 and a = ( N – 1)  /  2 ����  b = N ����  c = N }  
{  Post pr ocessi ng }  
whi l e not  ( b – a = 1)  do 
begi n 
  {  X,  M,  Y = Æ,  S[ p. . q – 1) ,  S[ q -  1]  }  
  Dec( b)  {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
end;  
{  m = S[ a. . b)  }  

2.4.4 EEDS – Dual sides selection 
We remove one element not fixed to a side of the median m. 
 
The algorithm then is: 
 
var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi nat i on }  
whi l e not  ( #B = 1)  do 
begi n 
  i f  #A = N di v  2 t hen  
    X,  Y : = Æ,  Y Í  B Ù #Y = 1 Ù A ~ m ~ C È Y 
  el se i f  #C = N di v 2 t hen 
    X,  Y :  X Í  B Ù #X = 1 Ù A È X ~ m ~ C,  Æ 
  el se 
    X,  Y :  X,  Y Í  B Ù #( X È Y)  = 1 Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
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Note: # div2 # div2A N C N= Ú =  is stable so we move this part to postprocessing as is 
shown below. 
 
var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi nat i on }  
whi l e not  ( ( #B = 1)  or  ( #A = N di v  2)  or  ( #C = N di v  2) )  do 
begi n 
  X,  Y :  X,  Y Í  B Ù #( X È Y)  = 1 Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  Post pr ocessi ng }  
whi l e not  ( #B = 1)  do 
begi n 
  i f  #A = N di v  2 t hen  
    X,  Y :  Æ,  Y Í  B Ù #Y = 1 Ù A ~ m ~ C È Y 
  el se {  #C = N di v  2 }  
    X,  Y :  X Í  B Ù #X = 1 Ù A È X ~ m ~ C,  Æ 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end 
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
During elimination we use the root condition with P Q= ÆÙ = Æ to find an appropriate 
condition from which we conclude ~ ~A X m C YÈ È . This means that if a singleton 
set Z is removed from set B it has to be known whether Z is X or Z is Y.  
 
The root condition then is: 
 

1
: # # :

2

1
: # # :

2

N
M M B X M C A X M C

N
M M B Y M A A M C Y
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During postprocessing we (also) use the root condition with P Q= ÆÙ = Æ to find an 
appropriate condition from which we conclude ~ ~A X m C YÈ È  
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The root condition then is: 
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During postprocessing if 
1

#
2

N
A

-
=  this reduces to: 
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During postprocessing if 
1

#
2

N
C

-
=  this reduces to: 
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Example 

In general we need a structure S that gives us set M, X and Y. We define a structure S on 

set B to be a sorted list M such that 
# # if 1
# # if Y2

M A XN
M C

+ = Æ�+
£ 


+ = Æ�
 and a set of unsorted 

elements containing set B without the sorted elements. Before we start the elimination we 

have to do some preprocessing to initialize S such that 
1

#
2

N
M

+
= during the 

initialization # 0A =  and # 0C = . 
 
The algorithm then is: 
 
var   
  A,  B,  C,  M,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  Pr epr ocessi ng }  
M :  M Í  B Ù #M = ( N + 1)  /  2 
{  El i mi nat i on }  
whi l e not  ( ( #A = N di v  2)  or  ( #C = N di v  2) )  do 
begi n 
  X,  Y :  X,  Y Í  B Ù #( X È Y)  = 1 Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  Post pr ocessi ng }  
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whi l e not  ( #B = 1)  do 
begi n 
  i f  #A = N di v  2 t hen  
    X,  Y :  Æ,  Y Í  B Ù #Y = 1 Ù A ~ m ~ C È Y 
  el se {  #C = N di v  2 }  
    X,  Y :  X Í  B Ù #X = 1 Ù A È X ~ m ~ C,  Æ 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end 
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
This reduces to a more detailed version as is shown below. 
 
var   
  a,  b,  c :  i nt eger ;  
  S[ 0. . a) :  A;  
  S[ a. . b) :  B sor t ed par t ;  
  S[ b. . c) :  C;  
  S[ c. . N) :  B unsor t ed par t ;  
 
a,  b,  c  : = 0,  0,  0 
{  Pr epr ocessi ng }  
b : = 2;  
whi l e not  ( b – a = ( N + 1)  di v  2)  do 
begi n 
  i nser t  S[ c]  i nt o S[ a. . b)  
  b,  c  : = b + 1,  c  + 1 
end;  
{  El i mi nat i on }  
whi l e not  ( ( a = N di v  2)  or  ( c  – b = N di v  2) )  do 
begi n 
  i f  Mi n( #A,  #C)  + #M = ( N + 1)  /  2 t hen 
  begi n 
    i nser t  S[ c]  i nt o S[ a. . b)  
    b,  c : = b + 1,  c + 1 
  end 
  choose 
    {  X,  M,  Y = S[ a] ,  S[ a + 1. . b) ,  Æ }  
    a : = a + 1 {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
  or  
    {  X,  M,  Y = Æ,  S[ a. . b -  1) ,  S[ b – 1]  }  
    b : = b – 1 {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
end;  
{  ? c = N :  . . .  }  
{  Post pr ocessi ng }  
whi l e not  ( b – a = 1)  do 
begi n 
  i f  #A = N di v  2 t hen 
    {  X,  M,  Y = Æ,  S[ a. . b – 1) ,  S[ b – 1]  }  
    b : = b – 1 {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
  el se {  #C = N di v  2 t hen }  
    {  X,  M,  Y = S[ a] ,  S[ a + 1,  b) ,  Æ }  
    a : = a + 1 {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
end;  
{  m = S[ a. . b)  }  
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2.4.5 PE – Pair elimination 
The two singletons form a pair; that is why it this is called PE to distinguish it from SE, 
the set elimination discussed later. 
 

We remove two singletons X and Y such that { }~ ~A X m C YÈ È  and # 1X =  and 

# 1Y = . 
 
The algorithm then is: 
 
var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi nat i on }  
whi l e not  ( #B = 1)  do 
begi n 
  X,  Y :  X,  Y Í  B Ù #X = 1 Ù #Y = 1 Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
During elimination topology tells us that # #A C=  therefore we use the root condition 
with P A Q C= Ù =  to find an appropriate condition from which we conclude 

~ ~A X m C YÈ È . 
 
The root condition then is: 
 

{ }X m Y� �  

 
For which is we calculate  
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Example 

In general we need a structure S that gives us set M, X and Y. We define a structure S on 

set B to be a sorted list M such that 
# 1

#
2

B
M

-
£  and a set of unsorted elements 

containing set B without the sorted elements. Before we start the elimination we have to 

do some preprocessing to initialize S such that 
1

#
2

N
M

+
=  (actually 

1
#

2
N

M
-

=  note 

that there is already one element inside set M that is either X or Y then one is inserted 
during elimination and 2 are removed). 
 
The algorithm then is: 
 
var   
  A,  B,  C,  M,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  Pr epr ocessi ng }  
M :  M Í  B Ù #M = ( N + 1)  /  2 
{  El i mi nat i on }  
whi l e not  ( #B = 1)  do 
begi n 
  X,  Y :  X,  Y Í  B Ù #X = 1 Ù #Y = 1 Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
This reduces to a more detailed version as is shown below. 
 
var   
  a,  b,  c :  i nt eger ;  
  S[ 0. . a) :  A;  
  S[ a. . b) :  B sor t ed;  
  S[ b. . c) :  C;  
  S[ c. . N) :  B unsor t ed;  
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a,  b,  c  : = 0,  0,  0 
{  Pr epr ocessi ng }  
b : = 2;  
whi l e not  ( b – a = ( N + 1)  di v  2)  do 
begi n 
  i nser t  S[ c]  i nt o S[ a. . b)  
  b,  c  : = b + 1,  c  + 1 
end;  
{  El i mi nat i on }  
whi l e not  ( b -  a = 1)  do 
begi n 
  i nser t  S[ c]  i nt o S[ a. . b)  
  b,  c  : = b + 1,  c  + 1 
  {  X,  M,  Y : = S[ a] ,  S[ a + 1. . b -  1) ,  S[ b – 1]  }  
  a,  b : = a + 1,  b – 1 {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
end;  
{  ? c = N :  t opol ogy }  
{  m = S[ a. . b)  }  

2.4.6 SE – Set elimination 

We remove two sets X and Y such that { }~ ~A X m C YÈ È . 

 
The algorithm then is: 
 
var   
  A,  B,  C,  X,  Y:  set  of  L;  
 
A,  B,  C : = Æ,  { 1,  . . . ,  N} ,  Æ 
{  El i mi ni at i on }  
whi l e not  ( #B = 1)  do 
begi n 
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
During elimination we use the root condition with a set P and Q from a previous state for 
which we know that P m Q� �  to find an appropriate condition from which we conclude 

~ ~A X m C YÈ È . 
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The root condition then is: 
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For which we calculate: 
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The root condition for set elimination is: 
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Of course we can always take P Q= ÆÙ = Æ but we can do better by selecting a larger 
set P and Q. This is possible if during the elimination somehow set A and C have the 
same size. We then have to “remember”  set A and C and take this as set P and Q. 
 
The algorithm then is: 
 
var   
  A,  B,  C,  P,  Q,  X,  Y:  set  of  L;  
 
A,  B,  C,  P,  Q : = Æ,  { 1,  . . . ,  N} ,  Æ,  Æ,  Æ 
{  El i mi ni at i on }  
whi l e not  ( #B = 1)  do 
begi n 
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
  i f  #A = #C t hen P,  Q : = A,  C 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
Example  

In general we need a structure S that gives us set M, X and Y. We define a structure S on 

set B to be a partition M such that if A P C Q= Ù =  then 
# 1

#
2

B
M

-
£  and if not then 

1 1
# # # #

2 2
N N

M A M C
+ +

£ + Ù £ +  and a set of unpartitioned elements containing set 

B without the partitioned elements.  
 
The algorithm then is: 
 
var   
  A,  B,  C,  M,  P,  Q,  X,  Y:  set  of  L;  
 
A,  B,  C,  P,  Q : = Æ,  { 1,  . . . ,  N} ,  Æ,  Æ,  Æ 
{  El i mi nat i on }  
whi l e not  ( #B = 1)  do 
begi n 
  {  Par t i t i on set  B such t hat  X È Y ¹  Æ }  
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y 
  i f  #A = #C t hen P,  Q : = A,  C 
end;  
{  m Î  B Ù #B = 1 �  B = {  m }  }  
 
This reduces to a more detailed version as is shown below. 
 
var   
  a,  b,  c ,  p,  q,  x ,  y :  i nt eger ;  
  S[ 0. . p) :  P;  
  S[ p. . a) :  A;  {  i . e.  A wi t hout  P } ;  
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  S[ a. . b) :  B par t i t i oned par t ;  
  S[ b. . q) :  C;  {  i . e.  C wi t hout  Q } ;  
  S[ q. . c) :  Q;  
  S[ c. . N) :  B unpar t i t i oned par t ;  
 
a,  b,  c ,  p,  q,  x ,  y  : = 0,  0,  0,  0,  0,  0,  0 
{  El i mi nat i on }  
whi l e not  ( ( b -  a = 1)  and ( c = N) )  do 
begi n 
  {  Par t i t i on set  B such t hat  X È Y ¹  Æ }   
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  {  X,  M,  Y,  B unpar t i t i oned = S[ a. . x) ,  S[ x. . y) ,  S[ y. . b) ,  S[ c. . N)  }  
  a,  b : = x,  y {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
  i f  #A = #C t hen P,  Q : = A,  C 
end;  
{  m = S[ a. . b)  }  
 
This is rewritten moving the unpartitioned part closer to the partitioned segment as is 
shown below. 
 
var   
  a,  b,  c ,  p,  q,  x ,  y :  i nt eger ;  
  S[ 0. . p) :  P;  
  S[ p. . a) :  A;  {  i . e.  A wi t hout  P } ;  
  S[ a. . x) :  X;  
  S[ x. . b) :  Par t i oned par t ;  
  S[ b. . y) ;  Unpar t i oned par t ;  
  S[ y. . c) :  Y;   
  S[ c. . q) :  C;  {  i . e.  C wi t hout  Q } ;  
  S[ q. . N) :  Q;  
 
a,  b,  c ,  p,  q,  x ,  y  : = 0,  0,  N,  0,  N,  0,  N;  
{  El i mi nat i on }  
whi l e not  ( c  -  a = 1)  do 
begi n 
  {  Par t i t i on set  B such t hat  X È Y ¹  Æ }   
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  {  X,  M,  B unpar t i oned,  Y : = S[ a. . x) ,  S[ x. . b) ,  S[ b. . y)  S[ y. . c)  }  
  a,  c  : = x,  y {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
  i f  #A = #C t hen P,  Q : = A,  C 
end;  
{  m = S[ a. . c)  }  
 
There are now two possibilities: 
 

·  Completely partition set B 
·  Partially partition of set B  

2.4.7 SEC – Complete partitioning  
Completely partition set B  
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The algorithm then is: 
 
var   
  a,  b,  c ,  p,  q,  x ,  y :  i nt eger ;  
  S[ 0. . p) :  P;  
  S[ p. . a) :  A;  {  i . e.  A wi t hout  P } ;  
  S[ a. . x) :  X;  
  S[ x. . b) :  Par t i oned;  
  S[ b. . y) ;  Unpar t i oned;  
  S[ y. . c) :  Y;   
  S[ c. . q) :  C;  (  i . e.  C wi t hout  Q } ;  
  S[ q. . N) :  Q;  
 
a,  b,  c ,  p,  q,  x ,  y  : = 0,  0,  N,  0,  N,  0,  N;  
{  El i mi nat i on }  
whi l e not  ( c  -  a = 1)  do 
begi n 
  {  Par t i t i on set  B }   
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  {  X,  M,  B unpar t i oned,  Y : = S[ a. . x) ,  S[ x. . b) ,  S[ b. . y)  S[ y. . c)  }  
  a,  b,  c  : = x,  x,  y {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
  i f  #A = #C t hen P,  Q : = A,  C 
end;  
{  m = S[ a. . c)  }  
 
Example 

The example from SE reduces to SEC, a more detailed version, as is shown below. 
 
var   
  a,  b,  c ,  p,  q,  x ,  y :  i nt eger ;  
  S[ 0. . p) :  P;  
  S[ p. . a) :  A;  {  i . e.  A wi t hout  P } ;  
  S[ a. . x) :  X;  
  S[ x. . b) :  Par t i oned;  
  S[ b. . y) ;  Unpar t i oned;  
  S[ y. . c) :  Y;   
  S[ c. . q) :  C;  {  i . e.  C wi t hout  Q } ;  
  S[ q. . N) :  Q;  
 
a,  b,  c ,  p,  q,  x ,  y  : = 0,  0,  N,  0,  N,  0,  N;  
{  El i mi nat i on }  
whi l e not  ( c  -  a = 1)  do 
begi n 
  {  Par t i t i on set  B }  
  h0,  b,  h1 : = a,  a + 1,  c – 1 
  i f  not  ( #A = #C)  t hen 
    {  A È C ¹  Æ }  
    i f  a = 0 t hen  
      {  C ¹  Æ }  
      i f  not  ( Med3( S[ h0] ,  S[ h1] ,  S[ q – 1] )  = S[ h1] )  t hen 
        Swap( S[ h0] ,  S[ h1] )  
    el se  
      {  A ¹  Æ )   
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      i f  not  ( Med3( S[ p] ,  S[ h0] ,  S[ h1] )  = S[ h0] )  t hen 
        Swap( S[ h0] ,  S[ h1] )  
  {  S[ a. . h0) [ h0] [ h0 + 1. . b) [ h1] [ h1 + 1. . c)  }  
  whi l e not  ( b = h1)  do 
  begi n 
    case Med3( h0,  h1,  b)  of  
      h0:  S[ h0. . b]  : = S[ b] [ h0. . b) ;  h0,  b : = h0 + 1,  b + 1;  
      h1:  S[ b. . h1]  : = S( b. . h1] [ b] ;  h1 : = h1 -  1 
       b:  b : = b + 1;  
    end 
  end 
  i f  N di v  2 < h0 t hen  
    y : = h0;  
  el se i f  N di v  2 = h0 t hen 
    x : = h0;  
    y : = h0 + 1;  
  el se i f  N di v  2 < h1 t hen 
    x : = h0 + 1;  
    y : = h1;  
  el se i f  N di v  2 = k t hen 
    x : = h1;  
    y : = h1 + 1;  
  el se {  k  < N di v  2 }  t hen 
    x : = h1 + 1;  
  {  S[ a. . x)  �  S[ x. . y)  �  s[ y . . c)  }  

  {  S[ a. . x)  �  m �  s [ y . . c)  }  

  {  X,  M,  Y : = S[ a. . x) ,  S[ x. . y) ,  S[ y. . c)  }  
  {  A È X ~ m ~ C È X }  
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  a,  b,  c  : = x,  x,  y {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
  i f  #A = #C t hen P,  Q : = A,  C 
end;  
{  m = S[ a. . c)  }  

2.4.8 SEP – Partial partitioning 
Partially partition set B 
Here we drop the i f  #A = #C t hen P,  Q : = A,  C for clarity. 
 
Note that SEC might be seen as the best case of SEP 
 
var   
  a,  b,  c ,  x ,  y :  i nt eger ;  
  S[ 0. . a) :  A;  
  S[ a. . x) :  X;  
  S[ x. . b) :  Par t i oned {  M } ;  
  S[ b. . y) ;  Unpar t i oned {  B – X M Y } ;  
  S[ y. . c) :  Y;   
  S[ c. . N) :  C;  
 
a,  b,  c ,  x ,  y  : = 0,  0,  N,  0,  N;  
{  El i mi nat i on }  
whi l e not  ( c  -  a = 1)  do 
begi n 
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  {  Par t i t i on set  B }   
  {  X,  M,  B – X M Y,  Y : = S[ a. . x) ,  S[ x. . b) ,  S[ b. . y) ,  S[ y. . c)  }  
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  a,  b,  c  : = x,  x,  y {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
end;  
{  m = S[ a. . c)  }  
 
Example 

The example from SE reduces to SEP, a more detailed version, as is shown below. 
Here we need some minor preprocessing to get the two extremes. 
 
var   
  a,  b,  c ,  x ,  y :  i nt eger ;  
  S[ 0. . a) :  A;  
  S[ a. . x) :  X;  
  S[ x. . b) :  Par t i oned {  M } ;  
  S[ b. . y) ;  Unpar t i oned {  B – X M Y } ;  
  S[ y. . c) :  Y;   
  S[ c. . N) :  Q;  
 
{  Pr epr ocessi ng }  
h0 : = 0 
h1 : = 1  
f or  i  : = 2 t o N -  1 do 
  case Med3( S[ h0] ,  S[ h1] ,  S[ i ] )  of  
    0:  h0 : = i ;  
    1:  h1 : = i ;  
    2:  ;  
  end;  
i f  not  ( h0 < h1)  t hen 
    Swap( h0,  h1) ;  
PushOut si de( s,  0,  h0,  h1,  N) ;  
a,  b,  c ,  x ,  y  : = 1,  2,  N -  1,  1,  N -  1;  
{  El i mi nat i on }  
whi l e not  ( c  -  a = 1)  do 
begi n 
  {  Par t i t i on set  B }  
  h0,  b,  h1 : = a,  a + 1,  c – 1 
  i f  not  ( Med3( S[ 0] ,  S[ h0] ,  S[ h1] )  = S[ h0] )  t hen 
     Swap( S[ h0] ,  S[ h1] )  
  {  S[ a. . h0) [ h0] [ h0 + 1. . b) [ h1] [ h1 + 1. . c)  }  
  whi l e not   
  (  
    ( b = h1)   
    or   
    ( N di v  2 < h0)   
    or   
    ( h1 < N di v  2)   
    or   
    ( ( h0 + ( h1 – b)  < N di v  2)  and ( N di v 2 < h1 – ( h1 – b) ) )   
  )  
  do 
  begi n 
    case Med3( h0,  h1,  b)  of  
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      h0:  S[ h0. . b]  : = S[ b] [ h0. . b) ;  h0,  b : = h0 + 1,  b + 1;  
      h1:  S[ b. . h1]  : = S( b. . h1] [ b] ;  h1 : = h1 -  1 
       b:  b : = b + 1;  
    end 
  end 
  i f  N di v  2 < h0 t hen  
    S[ h0. . h1) ,  h0 : = S[ b. . h1) [ h0. . b) ,  h0 + ( h1 – b) ;  
    y : = h0;   
  el se i f  N di v  2 = h0 t hen 
    x : = h0;  
    y : = h0 + 1;  
  el se i f  N di v  2 < h1 t hen 
    x : = h0 + 1;  
    y : = h1;  
  el se i f  N di v  2 = h1 t hen 
    x : = h1;  
    y : = h1 + 1;  
  el se {  h1 < N di v  2 }  t hen 
    S[ b. . h1] ,  h1 : = S[ h1] [ b. . h1) ,  b 
    x : = h1 + 1;  
  {  S[ a. . x)  �  m �  s [ y . . c)  }  

  {  X,  M,  Y : = S[ a. . x) ,  S[ x. . y) ,  S[ y. . c)  }  
  {  A È X ~ m ~ C È X }  
  X,  Y :  X,  Y Í  B Ù X È Y ¹  Æ Ù A È X ~ m ~ C È Y 
  a,  b,  c  : = x,  x,  y {  A,  B,  C : = A È X,  B – ( X È Y) ,  C È Y }  
end;  
{  m = S[ a. . c)  }  

2.4.9 Selecting pivots for SE 
Set elimination requires us to select two pivots to perform a partitioning of labels. One 
might consider different methods to select the pivots labeled hi and hj such that hi < hj 
e.g.: 
 

·  Straddled pivots 
i.e. on a segment [i..j) use hi = i and hj = j – 1 

·  First pivots  
i.e. on a segment [i..j) use hi = i and hj = i + 1 

·  Proportional pivots  
i.e. on a segment [i..j) use hi = (2×i + (j – 1)) div 3 and hj = (i + 2×j) div 3 

·  Random pivots  
i.e. on a segment [i..j) use hi = i + Random(j – i) and hj = i + Random(j – i) 

 
Note: 0 £ Random(x) < x 
 
Although there seems to be some kind of performance difference the worst case, average 
case and best case performance is always the same. To ensure the average case 
performance one should use random pivots. However sometimes proportional pivots are 
preferred. 
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2.5 Representing a set of labels 
The algorithms in the taxonomy are based on operations that are applied to sets of labels. 
The operations that are applied to the sets are supported by different data structures. We 
shall discuss several data structures that are useful for the different algorithms. 
 
We require a data structure with the following operations: 
 

·  Build (N elements) 
·  Insert (1 element) 
·  RemoveTop  
·  ReplaceTop 
·  RemoveBottom 
·  ReplaceBottom 

 
Here top and bottom refer to the extreme objects because the notion of minimum and 
maximum object are interchangeable we prefer the notion of a top and bottom. 
 
These operations are support by a (double ended) priority queue which might be 
implemented by a heap, a sorted list or just a set. Each different implementation has 
different performance characteristics.  
 
Note: in this paragraph N is not the number of labels in the Median task but the number 
of labels that have to be stored in the data structure i.e. the size of the set. 

2.5.1 Set 
The set is a data structure implemented using an array s such that it only represents the 
labels without any structure: ( ), : : . .i j i j si s j" ® ¹  here i j®  means i and j are indices 

in the array such that i different from j, i j i j® º ¹  
 
The set has characteristics as given in the table below. 
 
Build O(1) 
Insert O(1)  
RemoveTop O(N) 
ReplaceTop O(N) 
RemoveBottom O(N) 
ReplaceBottom O(N) 
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An Hasse diagram of a set data structure is given below. 
 

1 2 3 4 5

 

2.5.2 List 
The list is a data structure implemented using an array s such that it is either an ascending 
list (i.e. minimum is first index and maximum is last index) or a descending list (i.e. 
maximum is first index and minimum is last index):  
( ) ( ), : : . . , : : . .i j i j si s j i j i j s j si" ® < Ú " ® <  here i j®  means i and j are indices in 

the array such that i precedes j, 1i j i j® º = -  
 
The list has characteristics as given in the table below. 
 
Build O(N×Log(N)) 
Insert O(Log(N)) 
RemoveTop O(1) 
ReplaceTop O(Log(N)) 
RemoveBottom O(1) 
ReplaceBottom O(Log(N)) 
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A Hasse diagram of a list data structure is given below. 
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2.5.3 Heap 
The heap is a data structure implemented using an array s such that it is either a minimum 
heap (i.e. minimum on top) or a maximum heap (i.e. maximum on top): 
( ) ( ), : : . . , : : . .i j i j si s j i j i j s j si" ® < Ú " ® <  here i j®  means i and j are indices in 

the array such that i is the parent of j. For a binary heap we have: ( )1 div2i j i j® º = -  

 
The heap has characteristics as given in the table below. 
 
Build O(N)  
Insert O(Log(N)) 
RemoveTop O(Log(N)) 
ReplaceTop O(Log(N)) 
RemoveBottom O(N) 
ReplaceBottom O(N) 
 
A heap might be d-heap where d is the number of children then ( )1 divi j i j d® º = - . 

A list might also be recognized as a linear d-heap (d = 1) but then performance degrades. 
Usually a binary heap (d = 2) is used although performance of a ternary heap (d = 3) is 
slightly better [6]. 
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A Hasse diagram of a heap data structure is given below. 
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2.5.4 2D-List 
The 2D-list is a list of (sub) lists. All sub lists are disjoint. A list might also be recognized 
as a 2D-list where the sub lists contain only one item. This structure is more advanced 
than just a list and is not easily implemented using an array. See the article [1] for further 
details on implementation.  
 
A Hasse diagram of a 2D-list data structure is given below. 
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2.5.5 qD-List 
The qD-list is a list of (q – 1)D-lists. This is a generalization of the 2D-list. All (q – 1)D-
lists are disjoint. This structure is even more advanced than the 2D-list. 
 
A Hasse diagram of a qD-list (q = 3) data structure is given below. 
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2.5.6 More data structures 
There are many more different data structures possible that represents a set, such as: 
 
Priority queues: 
 

·  Binomial heap 
·  Fibonacci heap 
·  qD-heap (a heap of (q – 1)D-heaps where 1D-heap is just a heap) 

 
Double ended priority queues: 
 

·  Min-Max heap 
·  Interval heap 
·  Deap 
·  Twin heap 

2.5.7 Data structures using the Med3 operation 
The mentioned implementation characteristics are general characteristics based on a 
binary comparator £, but improvements exist due to the ternary nature of the Med3 
operation. The operations of the data structures might be implemented using the Med3 
function directly to improve performance, although for some of them this seems rather 
complicated. Therefore a comparator function Smaller is introduced (as explained later) 
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that uses the extreme objects to compare two labels. However the insert operation of the 
list data structure is easy to be implemented using a linear search O(N), a binary search 
O(Log2(N)) or ternary search O(Log3(N)). Here the ternary search is an improvement 
over the standard binary search. The standard binary search gives rise to the O(N×Log(N)) 
performance of the Insert operation for the list data structure. 
 
Another optimization by using the Med3 operation directly is available for the set data 
structure. That is we are able to remove both extremes the Top and Bottom in O(N).  

2.5.8 Searching in a data structure 
If we want to replace or insert an element we need to search for the position where we 
have to put the new element. Perhaps there exists some optimal search functions for the 
heap and 2D-list versions of the data structures but we only investigate the list data 
structure. 
 
There are 3 methods of searching that have different performance: 
 
Linear O(N) 
Binary O(Log2(N)) 
Ternary O(Log3(N)) 
 
A linear search in a list data structure for a position might either start at the top or the 
bottom of the list. A ReplaceTop that uses a linear search that starts at the top is on 
average better then a linear search that starts at the bottom, though worst case 
performance of both cases are the same. The article [1] does not recognize this being used 
for the method which is in [1] called half list linear insertion sort (LISH). 
 
A generalization of this idea is that an algorithm uses information about already deleted 
labels. There are some (unfortunately incorrect) submissions of the Median task that 
applied this idea. Normally the search for a position assumes that all positions have equal 
probability, but the information about already deleted labels changes these possibilities 
and makes it possible to reduce the number of Med3 calls even further. We did not 
investigate this in depth, but a simulation for ternary search showed that average case 
efficiency was improved although worst case performance degraded. A counterexample 
that shows worst case performance will degrade for ternary search is easy; always 
continue the search in the part that contains the most labels. 

2.6 Taxonomy not derived 
We discovered some methods to solve the Median task that are not easily described using 
the derived taxonomy. We mention them in this paragraph and add them directly. 

2.6.1 Counting 
If we count the number of times an object is the median of 3 objects, then we know that 
the median of all objects is a unique and determinable number of times the median of 3 
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objects. We use a code similar to the code fragment below. We use as body the statement 
I nc( Count [ Med3( a,  b,  c) ] )  and we have always a b a c b c¹ Ù ¹ Ù ¹  
 
f or  a : = 1 t o N do 
  f or  b : = 1 t o N do 
    f or  c  : = 1 t o N do 
      Body( a,  b,  c) ;  
f or  m : = 1 t o N do 
   i f  Count [ m]  = 6 *  ( N di v  2)  *  ( N di v  2)  t hen 
     Answer ( m) ;  

Code fragment 2-1 All tr iples 

 
This method of finding the median is not discussed in article [1]. 
 
Note that we might stop counting if we are sure that all three labels in the body statement 
cannot be incremented enough to become the median. Without this optimization we have 
worst case performance. 
 
These counting methods could be classified as pair elimination of non median objects. 
Counting then is preprocessing. 
 
Name Count[m] = Loop Invar iant Number of Med3  

Calls 
N  

Triples1 
 

2
1

6
2

N -� �×� �
� �

 
 3 23 2N N N- × + ×  

( ) ( )1 2N N N× - × -  

19 

Triples2a 
 

2
1

3
2

N -� �×� �
� �

 
b < c ( ) ( )1 2

2

N N N× - × -
 

25 

Triples2b 
 

2
1

3
2

N -� �×� �
� �

 
a < b ( ) ( )1 2

2

N N N× - × -
 

25 

Triples3 
 

2
1

2
N -� �

� �
� �

 
a < b Ù b < c ( ) ( )1 2

6

N N N× - × -
 

37 

Triples4a 
 

( )2
1

1
2

N
N

-
- Ú  

a = 1 Ù a < b 
 
a = 1 Ù a ¹  b �  a < b 

( ) ( )1 2N N- × -  89 

Triples4b 
 

2
1 1

2 2
N N- -� �Ú� �

� �
 

a = 1 Ù a < b Ù b < c 
 
a = 1 Ù a ¹  b �  a < b 

( ) ( )1 2

2

N N- × -
 

125 

Table 2-1 Counting 

2.6.2 Sweeping and testing the pivots 
Another possibility which also uses a counting technique is to test whether a label is the 
median. This testing is done by sweeping over c and counting the answers. We use a code 
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similar to the code fragment below. We use as body the statement I nc( Count [ Med3( a,  
b,  c) ] )  and we have always a b a c b c¹ Ù ¹ Ù ¹ . 
 
f or  a : = 1 t o N do 
  f or  b : = 1 t o N do 
    Count [ a]  : = 0;  
    Count [ b]  : = 0;  
    f or  c  : = 1 t o N do 
      Body( a,  b,  c) ;  
    i f  Count [ a]  = N di v 2 t hen 
      Answer ( a) ;  
    i f  Count [ b]  = N di v 2 t hen 
      Answer ( b) ;  

Code fragment 2-2 Sweeping and testing the pivots 

 
These testing methods could be classified as set elimination methods: repetitively test 
whether a label is m and then if we know m we select the corresponding set X and Y. 
 
Name Count[m] = Loop Invar iant Number of Med3 

Calls (worst case) 
N 

Triples5 
 

1
2

N -
 

Topology �  a = 1 ( ) ( )1 2N N- × -  89 

Triples6 
 

2
1

2
N -� �

� �
� �

 
b < c ( ) ( )1 2

2

N N N× - × -
 

25 

Triples7 
 

1
2

N -
 

b = N + 1 – a ( ) ( )1 2

2

N N- × -
 

125 

Table 2-2 Sweeping 

 
Additional explanation to table above: 
 

Triples5: Test if label 1 (one) or b is median 
Triples6: Test if label a is median 
Triples7: Test if label a or b is median  

2.6.3 Sweeping and partitioning the candidates over the pivots 
If we look at Triples7 we notice that there is information lost. Every sweep also partitions 
the labels and tells us which are still valid candidates for m and which are not. The next 
pair we choose as a and b in Triples7 should only be a pair of valid candidates. These 
partitioning methods could be classified as set elimination methods. 
 
Additionally if we change a and b during the sweep such that we maximize the size of 
one of the 3 partitions and keep the other 2 empty we detect an a and b that are not 
median before the sweep completes. If we maximize the middle partition then a and b are 
a pair and it looks like a pair elimination scheme but it only is a special case of set 
elimination where the sets are forming a pair. 
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2.6.4 Bubble search 
This paragraph is called Bubble search as the method described below resembles very 
much the bubble sort algorithm. The method uses a code similar to the fragment below. 
The code eventually terminates with m at p[N div 2]. 
 
i  : = 0;  
Count  : = 0;  
whi l e not  ( Count  = N di v  2)  do 
begi n 
  case Med3( p[ i ] ,  p[ N di v  2] ,  p[ N – i  -  1] )  of  
    p[ i ] :          Swap( p[ i ] ,  p[ N di v  2] ) ;  
                  Count  : = 1;   
    p[ N di v 2] :    Count  : = Count  + 1;  
    p[ N – i  – 1] :  Swap( p[ N di v  2] ,  p[ N – i  -  1] ) ;  
                  Count  : = 1 
  end;  
  i  : = ( i  + 1)  mod ( N di v  2)  
end;  
Answer ( p[ N di v 2] )  

Code fragment 2-3 Bubble search 

 
This code fragment repeatedly swaps an element with element [ ]div2p N . Code must 

terminate as the pair [ ] [ ]( ), 1p i p N i- -  can only become wider i.e. 

[ ] [ ]( )1Abs Strength p N i Strength p i� � � �- - -� � � �  increases with at least one for every 

swap. Eventually this must end as there is only a finite number of labels of finite strength. 

Simulations showed that for a cyclic sweep over i this method has ( )O N N  average 

case complexity (which is different from the bubble sort average case complexity) and 
the worst case complexity is ( )2O N . 

 
This method could be classified as a set elimination method: repetitively test whether a 
label is m and then if we know m we select the corresponding set X and Y. 

2.7 Standard solutions 
We might solve the problem of finding the median by reverting to any of the standard 
median finding algorithms based on binary comparison. For this to work we only need to 
reproduce the relational operators (i.e. £s, ³ s, <s, >s and =s). We shall only reproduce the 
<s operator here as the others are derivates of it. With the given Med3 operation we are 
able to find the extreme objects but it is impossible to determine which is the stronger or 
weaker of the two objects. If we have an extreme object we use it to create the <s 
operator. However because of the impossibility to determine the stronger from the 
weaker, we might select one and just assume it is the weaker and use it to create the <s 
operator. Then if we selected the wrong one, we have only have created the >s operator 
which is not a problem for finding the median as it only inverts the order of the labels. 
Therefore we create a smaller function that returns lmin <s lmax º  i <s j which only 



 61 

returns whether or not the order of i and j is equal to the order of the extremes lmin and 
lmax. Note that lmin <s lmax once used cannot be changed i.e. we have to keep the 
assumed order fixed during execution.  
 
The GetExtremas procedure given below gets the two extremas of a[i..j): 
 
pr ocedur e Get Ext r emes( a:  ar r ay of  i nt eger ;  i ,  j :  i nt eger ;  var  x ,  y :  
i nt eger  }  
{  pr e:  i  + 2 £ j  }  
{  post :  ( f or  al l  k  :  i  £ k < j  Ù a[ k]  ¹  y  Ù a[ k]  ¹  x  :  x  �  a[ k ]  �  y  )  }   
var  
  k :  i nt eger ;  
begi n 
  x  : = a[ i ] ;  
  y  : = a[ i  + 1] ;  
  k  : = i  + 2;  
  whi l e not  ( k = j )  do 
  begi n 
    case Med3( x,  y ,  a[ k] )  of  
      x :  x  : = a[ k] ;  
      y :  y  : = a[ k] ;  
      a[ k ] :  ;  
    end 
  i nc( k) ;  
  end;  
end;  
 
Once the extremes are known, we are able to compare two elements i and j with the 
smaller function given below using the two extremes lmin and lmax which are found 
calling Get Ext r emes( a,  0,  N,  l mi n,  l max) ,  where a is an array of all the labels. 
Finding the extremes requires initially N – 2 calls of Med3. As we cannot distinguish 
between the real minimum and the real maximum we choose lmin to be our least strong 
element. (Note that lmax is not really necessary for implementing the smaller function). 
 
f unct i on Smal l er ( i ,  j :  i nt eger ) :  bool ean;  
{  Gl obal  decl ar ed and i ni t i al i zed:  l mi n and l max }  
{  pr e:  not  ( i  = j )  }  
{  r et :  l mi n <s l max º  i  <s j  }  
begi n 
  Smal l er  : = Med3( l mi n,  i ,  j )  = i ;  
end;  
 
A generalization of the smaller function exists using just two labels. We choose two 
distinct labels lmin and lmax and define that lmin to be the least of the two labels. This 
generalization is using two Med3 calls and is outperformed by the above fragment after 

2N -  calls. 
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f unct i on Smal l er ( i ,  j :  i nt eger ) :  bool ean;  
{  Gl obal  decl ar ed and i ni t i al i zed:  l mi n and l max  
  pr e:  not  ( i  = j )  
  r et :  l mi n <s l max º  i  <s j  }  
begi n 
  Smal l er  : =  
    not  ( ( Med3( l mi n,  l max,  i )  = l mi n)  = ( Med3( l mi n,  i ,  j )  = i ) )  
end;  

2.8 Global optimizations 
We can always randomize input to ensure average case complexity. This might perhaps 
be forbidden in future IOI contests although some deterministic (every time the same) 
scrambling of the input shall probably always be possible.  
 
One obvious method is to remember previous made Med3 calls. This is very interesting 
for data structures that often call Med3 with the same parameters. But then a general 
optimization is to keep track of all Med3 calls and the transitive closure of all these calls. 
Then for every new call to Med3 we first check the transitive closure to see if we do not 
already know the answer. There are all kinds of methods (data structures) to keep track of 
(part of) this transitive closure, e.g. a sorted list or a heap keep track of some of the Med3 
calls and parts of the transitive closure. Of course we are not asked to sort a list or build a 
heap, all we want is the median. This extra information (stored in the data structure) has 
an overhead in Med3 calls. We should therefore use a data structure for which the 
overhead is not too big such that it helps us find the median in the end cheaper. Of course 
we could keep track of the entire transitive closure, but then we would still have to make 
a decision on which are the next labels to be used in the next Med3 call. This is easy in 
sorting, as we choose ternary pivots for the insertion sort for example. To do a “choose 
the best pivot”  on the entire transitive closure is not easy. First we need to know how to 
define the best choice. The best choice on first thought seems to be the one that 
maximizes the size of the transitive closure (defined by the number of Med3 calls for 
which the answer is known) but this entire transitive closure is not what we are interested 
in. It is going to give us the most information, but in the in the end we are not interested 
in this information. So this information gets somehow outdated during the process. So we 
have to find a weight function that takes this outdated information into account also. The 
zoom list insertion sort (see paragraph 2.10) is for example one that clearly shows 
outdated information; i.e. outdated information are the labels that get removed from the 
sorted list. Also the partitioning algorithm shows outdated information. If we find the 
best weight function possible, we will end up with something that is the best median 
finding algorithm possible. This is known to be a linear algorithm. Although there are 
linear algorithms available, it is not currently known what the best linear algorithm is. 
Also the linear algorithms available are in practice (average case) easily outperformed by 
expected linear time algorithms such as the ternary partitioning find solutions. 

2.9 Taxonomy summarized 
First the taxonomy is shown for the derived solutions presented in section 2.4. And then 
the taxonomy is augmented starting at “No Root”  with the solutions that did not originate 
from “Root” . 
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Root - Elimination of non median objects 

·  EE – Singleton elimination 
o EESS – Single side selection 
o EEDS – Dual sides selection 

·  PE – Pair elimination 
·  SE – Set elimination 

o SEC – Complete partitioning 
o SEP – Partial partitioning 

No Root 
·  Counting 
·  Sweeping 

o Testing the pivots 
o Partitioning the candidates 

·  Bubble search 
 

2.10 Overview of algorithms 
Although we are quite interested in the taxonomy for the different representations of a 
set, it is not of our concern here. The set representations are only needed to diversify the 
taxonomy. Every derived solution is able to use any of the representations of a set leading 
to a manifold of possible programs. We shall give an overview of only named solutions 
in article [1]. Additionally new names for new solutions are introduced. 
 
Name in ar ticle Der ived solution Data structure used 

for  representation of 
set M 

Note 

OPE 
Onion Peeling 
Elimination 

PE Set Too many 
elements in set 
M.  

LISF 
Linear Insertion 
Sort using Full 
List 

EESS / EEDS / PE / 
SEC  

List with linear search Too many 
elements in set M 

LISH 
Linear Insertion 
Sort using Half 
list 

EESS List with linear search  

LISZ 
Linear Insertion 
Sort using Zoom 
list 

PE List with linear search  
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BISF 
Binary Insertion 
Sort using Full 
list 

EESS / EEDS / PE / 
SEC 

List with binary search Too many 
elements in set M 

BISH 
Binary Insertion 
Sort using Half 
list 

EESS List with binary search  

BISZ 
Binary Insertion 
Sort using Zoom 
list 

EEDS List with binary search  

TISF 
Ternary 
Insertion Sort 
using Full list 

EESS / EEDS / PE / 
SEC 

List with ternary 
search 

Too many 
elements in set M 

TISH 
Ternary 
Insertion Sort 
using Half list 

EESS List with ternary 
search 

 

TISZ 
Ternary 
Insertion Sort 
using Zoom list 

EEDS List with ternary 
search 

 

TPFS 
Ternary 
Partitioning Find 
using Straddled 
pivots 

SEC   

TPFF 
Ternary 
Partitioning Find 
using First 
pivots 

SEC   

TPFP 
Ternary 
Partitioning Find 
using 
Proportional 
pivots 

SEC   

TPFR 
Ternary 
Partitioning Find 
using Random 
pivots 

SEC   
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2LHH 
2D-List 
implementation 
of Half-Heap 
algorithm 

EESS 2D-List  

QLHH 
qD-List 
implementation 
of Half-Heap 
algorithm 

EESS qD-List  

Table 2-3 Overview of Algor ihms 

 
The full list solutions are not “optimal” : they do too much preprocessing and because of 
that, it can be classified as either EESS, EEDS, PE or SEC. A list of all labels might very 
easily be reduced using pair elimination or set elimination, which then have only worst 
case complexity of O(1). This is something which is not easily described by our 

taxonomy. We need a list of at least 
1

2
N -

 elements to make sure the root condition 

holds, but we just take all elements. So preprocessing might be reduced. 
 
Although it seems logical to have only just enough preprocessing as in the LISZ, it is not 
evident whether in general reducing preprocessing to a minimum does improve overall 
performance.  
 
Additional algorithm(s): 
 
OPEH – Like OPE this is PE but it is initialized with exactly (N + 1) div 2 elements. 
Then repeatedly a new element is added and the extremes are removed. Eventually this 
reduces the set to one element, i.e. the median. While the complexity of the OPE 

algorithm is 
2

1
2

N -� �
� �
� �

 The complexity of OPEH is: 
( )( )1 1

8

N N- +
, it works up to 

249N =  within the budget of 7777 Med3 calls. 

2.11 Verification 
In total we have applied five methods for verification of the grading of the submissions. 
The verification of the grading is based on (not necessarily automatic) re-grading of the 
submissions ourselves. The methods speak about testing a submission instead of 
verification of the grading of a submission. 

2.11.1 Method 0 
First we made an inspection of the programs. We filtered out any obviously useless 
programs. This is done by first checking if a submission contains an executable. Secondly 
programs that did not behave properly were filtered out. Programs that do not behave 
properly include programs that e.g.: 
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·  do not access the input device 
·  do not give an answer 
·  take too many system resources (timeout, memory) 
·  produce errors like division by zero  
·  write to disk 
·  take too many calls to Med3 
·  have a corrupted log file 

 
Then we have developed three automatic methods to verify submissions. And another 
method to find counterexamples for flawed solutions. 

2.11.2 Method 1 
First we generate a test case. This test case should not be too large (we used N £ 11), 
because all !N  permutations are verified. Then the submitted program is used to solve 
the case. The MEDIAN.LOG containing all Med3 calls and the answer then is used to 
verify the submitted solution in the following verification process. 
  
The verification process determines all permutations of the test case that are consistent 
with the results of the Med3 calls logged in MEDIAN.LOG. All these consistent 
permutations should have the same median label as the original test case. If this median 
label differs from the median label in the original test case then the submitted program is 
flawed. 
 
As an example consider the following (incorrect) program: 
 
Answer ( Med3( 1,  2,  3) )  
 
A test case with N = 5 is 1, 3, 5, 2, 4. The contestant only calls Med3(1, 2, 3) and answers 
2. This is correct as label 2 has strength 3.  
 
Then we use the consistent permutated input 1, 2, 4, 3, 5. The contestant would have 
asked again Med3(1, 2, 3) and answers again 2. This is incorrect as label 2 has strength 2.  

2.11.3 Method 2 
This method is the successor of method 1 and has been developed after method 1 was 
used. It is an improvement of method 1 and works for bigger N (we used N £ 177). 
 
The description of this method requires the notion of a dual set as follows. 
 
Definition – Dual set 

Given a set S of label pairs the dual set T is a set of label pairs such that: 
 

( ) ( ) ( )( ), : , : , ,i j i j i j S j i T" Î ´ Î Û Î� �  
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The description of this method requires also the notion of a consistent set. 
 
Definition – Consistent set 

A consistent set of label pairs is a set that does not contain both ( ),i j  and ( ),j i .  

 
Note: the intersection of a consistent set with its dual set is empty 
 
For this method we first generate a test case and let the submitted solution solve it. Then 
using the MEDIAN.LOG file we verify the submitted solution. The verification process 
derives all possible labels that might be the median given this log file. A correct solution 
would only have one possible label as median left. Deriving all possible labels that might 
be the median is described next. 
 
We maintain a partition of the set of all label pairs into consistent subsets. The partition is 
closed under taking the dual, i.e. the dual of every set in the partition is also in the 
partition. We start with a the set of all singletons. Every singleton is unique and contains 
a pair ( ),i j . There are initially exactly 2N  singletons (pairs). If a set contains ( ),i j  then 

for this set si j<  holds. There is a set for which si i<  holds but this is not important 
right now. 
  
Every Med3 call might be written as: Med3(a, b, c) = b this means that either 
a b b c< Ù <  or c b b a< Ù <  holds. Every time a Med3 call with Med3(a, b, c) = b is 
made we merge the set that contains ( ),a b  with the set that contains ( ),b c . We also 

merge the set that contains ( ),b a  with the set that contains( ),c b  which is the dual set. 

 
If for any a, b and c we know that ( ),a b  and ( ),b c are in the same set then ( ),a c  has to 

be in that same set also. So we have to merge the set that contains ( ),a c  with the set that 

contains ( ),a b  and ( ),b c . This is called taking the transitive closure. 

 
Now we discard all singleton sets. We end up with x transitive closed sets of label pairs. 
These x sets include the dual sets (so x is an even number). If we take either a set or the 
dual set then there are / 22x  combinations possible. We generate all / 2 12x -  combinations 
(and forget about all / 2 12x -  dual combinations) and for every consistent combination (see 
this combination as one big set) the labels that are possibly the median are aggregated. A 
label is possibly the median if it is not for sure not the median. And it is for sure not the 
median if it has more than N div 2 objects that are stronger or weaker. This is countable 
because we know exactly which labels are stronger and weaker in the consistent 
combination. At the end if we aggregated more than one label the program is flawed. 
 
Method 2 is a generalization of method 1. Although we do not give a proof, method 2 
detects all flawed solutions detected with method 1. 
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2.11.4 Method 3 
Classification based on the source code of the submitted solutions takes a lot of time and 
is not always easy. Method 3 is a tool that helps us to classify the submitted solutions. 
The tool analyses the log file to generate three different pictures. To classify the solution 
we compare the pictures with solutions that are known to be correct. In each picture, 
every horizontal line represents a call to Med3(a, b, c) with result d. The first call to 
Med3 is drawn on the topmost line and every following call on the next line down. In the 
left-hand side picture, the column of a pixel corresponds with the strengths of the labels 
a, b and c in the Med3 call. In the middle picture, the position corresponds with the labels 
a, b and c of the Med3 call. The right-hand side picture displays the difference in the 
strength of the labels a, b, and c with the strength of the result d of the Med3 call (the 
centre is d, zero difference).  
 
Summarized, the pictures display: 
 

·  Strength(a), Strength(b), Strength(c) 
·  a, b, c 
·  Strength(a) – Strength(d), Strength(b) – Strength(d), Strength(c) – Strength(d) 

 
We shall give a few examples and explain the pictures.  
 
If the middle screen looks scrambled this is because the submitted solution first 
randomizes the input to ensure an average case performance. This can be descrambled 
using the fact that a serious solution usually takes one label at a time. So if we take the 
labels in the order of appearance in the MEDIAN.LOG file the scrambled picture can be 
restored. For example the input is 1, 2, 3, 4, 5 and scrambled this is 3, 4, 1, 2, 5. The 
program calls Med3(3, 4, 1), Med3(3, 1, 2) and Med3(4, 2, 5) then we know the 
scrambled version was 3, 4, 1, 2, 5 so we take the inverse to descramble. See for example 
RUS-03 test case 5 the scrambled and descrambled version as displayed below.  
 

Figure 1 Scrambled and descrambled (RUS-03) 
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The OPE algorithm generates the following screen. The left-hand side picture shows 
elimination of extremes, the middle picture shows the sweeping over the elements in 
search for the extremes.  
 

 
Figure 2 OPE 

 
The OPEH algorithm generates the following screen. The left-hand side picture shows 
elimination of extremes, the middle picture shows the sweeping over the elements in 
search for the extremes. 
 

 
Figure 3 OPEH 

 
The LISF algorithm generates the following screen. The left-hand side picture shows the 
linear search for the insertion position, the middle picture shows taking a new element. 
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The parabolic shape shows that it takes more Med3 calls for every new element to be 
inserted. 
 

 
Figure 4 L ISF 

 
The BISH algorithm generates the following screen. The left-hand side picture shows the 
binary search for the insertion position in a half list, the middle picture shows taking a 
new element. 
 

 
Figure 5 BISH 
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The TISZ algorithm generates the following screen. The left-hand side picture shows the 
ternary search for the insertion position in a zoom list, the middle picture shows taking a 
new element. 
 

 
Figure 6 TISZ 

 
The PE - ternary insertion sort algorithm that looks almost the same but uses the 
optimized pivot selection as described in section 2.5.8 is displayed below. 
 

 
Figure 7 PE using advanced pivot 
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The TPFP algorithm generates the following screen. The left-hand side picture shows 
partitioning of the strengths, the middle picture shows sweeping over the elements 
partitioning the objects. 
 

 
Figure 8 TPFP 

 
The Bubble search algorithm generates the following screen. 
 

 
Figure 9 Bubble Search 

 
There are many pictures. We have a picture for every log file (i.e. every test case). 
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2.11.5 Method 4 
If a program is flawed we would like to have a counterexample. Method 4 provides a tool 
that searches for such an input. It generates a number of random input data. A submitted 
solution then is used to solve the generated data. If the submitted solution gives a wrong 
answer the counterexample is displayed.  

2.11.6 Grading before our verification 
All the submitted solutions have been evaluated against 10 test cases by the IOI Host 
Scientific Committee. For every correct answer within the constraints a contestant earns 
10 points. 
 
In total there are 274 contestants, of which only 226 made an attempt to solve the 
problem. There are 17 contestants that did not submit an executable leaving us with 209 
source submissions. We shall use 209 as the total number of submissions. 
 
The frequency distribution of the score based on the IOI test cases is: 
 
Score 100 90 80 70 60 50 40 30 20 10 0 
#Contestants 24 6 3 3 16 5 11 16 15 59 51 

Table 2-4 Frequency distr ibution based on IOI  test cases (before ver ification). 

2.11.7 Grading after our verification 
We first filtered out 34 contestants that had bad submissions as described by method 0. 
We then generated a test case and used method 1 to filter out 64 flawed submissions. 
Then again we generated a second test case and filtered out 6 more flawed submissions 
leaving us with 105 submissions.  
 
The first test case we used is: 2, 8, 3, 5, 10, 11, 6, 9, 1, 4, 7 
The second test case we used is:  5, 6, 9, 10, 11, 8, 3, 2, 4, 1, 7 
 
Then we did a thorough verification. We applied method 2 with case 2 to every 
submission. Inspected suspicious code manually and sometimes used method 2 with 
another auxiliary test case. For the manual inspection we used method 3 and method 4. 
Using this we found the 17 more flawed submissions and we are left with 88 
(supposedly) correct submissions. 
 
We assign to all flawed submissions a zero score. The supposedly correct submissions get 
the score that they got from the IOI grading process. This leads to the following score 
distribution: 
 
Score 100 90 80 70 60 50 40 30 20 10 0 
#Contestants 24 6 1 1 15 2 8 14 5 12 121 

Table 2-5 Frequency distr ibution after  verficition. 
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Then we used method 3 and a manual inspection to find out exactly what the supposedly 
correct solutions did and classified the 88 submissions as given below. There remains 
however one class label TISX that does not solve the problem correctly and even scores 
100 points. This will be addressed later. 
 
Algor ithm class Number of solutions that survived all filters. 
2LHH 2 
BISF 17 
BISZ 3 
BPFP 2 
BPFR 3 
BUBBLE 2 
BUBBLER 1 
LISF 1 
OPE 4 
QSORT 3 
TISF  14 
TISX (is a flawed solution) 7 
TISZ 3 
TPFF 2 
TPFR 13 
TRIPLES 11 
Total 88 

Table 2-6 Median task submsion algor ithm distr ibution. 

 
Note: 1 of the 2LHH submissions is not from a contestant and is stored somehow in the 
data from contestant TKM-01 and might be discarded. Our statistics did not deal with this 
contamination. The total score of TKM-01 is only 280. 
 
The TISX class is a ternary insertion sort class that tries to improve selection of pivots as 
described in paragraph 2.5.8. Of course we cannot be sure whether or not the contestants 
knew about this optimization. They probably did not and implemented the TISZ 
algorithm wrong. This was discovered using method 3 as the left-hand side graphic 
looked strange as displayed below. We investigated this and found that this solution is 
flawed. There are 7 submissions in this class of which 6 score 100 points and 1 scores 70 
points. 
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Figure 10 A flawed solution scor ing 100 points (CHN2-04) 

 
Now the final score distribution is: 
 
Score 100 90 80 70 60 50 40 30 20 10 0 
#Contestants 18 6 1 0 15 2 8 14 5 12 128 

Table 2-7 Frequency distr ibution based after  (final) ver ification  

 
The total score from the IOI 2000 committee is 6410. The total score from us is 4380. 
This is 32% lower. The average score drops from 31 to 21. To give a more qualitative 
judgment about the changes in the grading we will use the number of inversions. First the 
definition of inversions is given below. 
 
Definition – Inversion 

Given a permutation p the number of inversions is ( )# , : : . .i j i j p i p j> <  

 
If we rank the 209 contestants based only on the median score and count the number of 
inversions between the IOI median score and our median score then there are 4471 
inversions. This is 21% as there are maximum (209 × 208) / 2 = 21736 inversions. 
 
If we replace the IOI median score with our median score and count the number of 
inversions in the ranking of the total score the ranking of the 274 contestants contains 
9825 inversions. This is 26% as there are maximum (274 × 273) / 2 = 37401 inversions 
possible. We also have some changes in the medal list:  
 

·  3 gold medal winners would get a silver medal 
·  3 silver medal winners would get a gold medal 
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·  3 bronze medal winners would get a silver medal 
·  4 bronze medal winners would get no medal 
·  4 none medal winners would get a bronze medal 

 
Note that we cannot compare inversions of the total score with inversions of the median 
score. For example if we set all median scores to zero this does not change the median 
score ranking (zero inversions) but it does change the total score ranking (many 
inversions). 

2.12 Conclusion 
The taxonomy is not exhaustive. Building the taxonomy is not easy. There are many 
different approaches leading to the same solution of which there might be different 
implementations. We started with analyzing a lot of implementations and building the 
taxonomy. On this path we discovered ourselves various new solutions that helped us to 
consolidate the taxonomy to what it is now. Simple solutions helped us restructure the 
taxonomy. The taxonomy that we have at hand now enables us to classify all IOI 2000 
submissions. 
 
There is one note that we would like to make here. The EE, PE and SE might be seen as 
single ended priority queues, double ended priority queues and partitioning methods. 
Although this was initially not clear to us, we expect that it will lead to almost the same 
taxonomy. 
 
Although the taxonomy that is derived was originated from the Median task it might very 
well be the basis for the taxonomy of median finding algorithms in general.  
 
It would be nice to have a toolkit containing a generic algorithm that represents the 
algorithms from this taxonomy selected by only setting a few parameters. See appendix 
6.1 for some references to source code. 
 
There are flawed submissions that solve test cases. It is even possible for a flawed 
solution to get 100 points see for example CHN2-04, CAN-02 see the TISX class of 
algorithms discussed in 2.11.7. We cannot prove correctness by using test cases. Even for 
well specified problems as given at the IOI contest, correctness is not proven by 
successfully solving a set of test cases. Improving the test cases is not always an option; 
the TISX algorithms class might always stay undetected especially if a randomization of 
the input is used.  
 
If we verify correctness by inspecting the code we need written (mathematical) 
argumentation from the contestants. For example, a bubble search solution as used by 
DEN-03 is probably only intuitively assumed correct. The hard question there is why 
does it terminate? 
 
The task description refers to correctness on a worst case scenario, i.e. maximum number 
of Med3 calls for every possible input. This is not tested it is only average case that is 
tested and not even that, average case is also a claim about all possible cases. Especially 



 77 

the randomization of the input results in average case behavior. Also the partitioning 
algorithms are worse case ( )2O N  but they are the only real candidate for successfully 

solving all test cases.  
 
Building the taxonomy of solutions for a task is very time consuming, but it might be 
very helpful to have an informal taxonomy that is used for grading the submissions. 
 
What one has to do with partial correct, i.e. the flawed submissions, is not always clear. 
Grading flawed submissions is perhaps even harder. How do we define an order on 
flawed submissions? The CHN2-04 solution (a TISX class algorithm) gets too many 
points. Are flawed submissions design errors or are they coding errors. We require more 
than only the source code to tell this. 
 
There are many points earned by submissions that are flawed. In total there are 6410 
points given during the IOI for the median task. We think that only 4380 should have 
been given in total. This should clearly indicate that something should change. 
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3 Phidias 
This chapter deals with the IOI 2004 Phidias problem. This chapter contains the task 
description, a derivation of a solution and several optimizations and an analysis of the 
submissions of the contestants. 
 
We have decided to audit the Phidias 2004 IOI task, because we wanted to do something 
recent and something for which all sources where available. As all sources have been 
submitted in 2004 this was the logical year to choose from. We wanted a task that has 
been well done; we are not interested in hacks. When everything is going wrong it is very 
hard to analyze the sources. So the code should be simple and short. Phidias has been 
selected because a correct solution is easy to implement as it requires only a few lines of 
code. 

3.1 Task description 
The task description is taken from the IOI 2004 task description [7]; some minor editing 
took place. It contains the problem description, input and output specification, additional 
constraints and an example.  
 
Begin of Quoted Task Descr iption 

3.1.1 Problem description 
Famous ancient Greek sculptor Phidias is making preparations to build another 
marvelous monument. For this purpose he needs rectangular marble plates of 
sizes: .1 .1h w´ , .2 .2h w´ , …, . .h N w N´  
Recently, Phidias has received a large rectangular marble slab. He wants to cut the slab to 
obtain plates of the desired sizes. Any piece of marble (the slab or the plates cut from it) 
can be cut either horizontally or vertically into two rectangular plates with integral widths 
and heights, cutting completely through that piece. This is the only way to cut pieces and 
pieces cannot be joined together. Since the marble has a pattern on it, the plates cannot be 
rotated: i.e. if Phidias cuts a plate of sizeA B´ , then it cannot be used as a plate of 
sizeB A´  unlessA B= . He can make zero or more plates of each desired size. A marble 
plate is wasted if it is not of any of the desired sizes after all cuts are completed. Phidias 
wonders how to cut the initial slab so that as little of it as possible will be wasted.  
Your task is to write a program that, given the size of the original slab and the desired 
plate sizes, calculates the minimum total area of the original slab that must be wasted. 

3.1.2 Input 
The input file name is phidias.in. The first line of input contains two integers: first W, the 
width of the original slab, and then H, the height of the original slab. The second line 
contains one integer N, the number of desired plate sizes. The following N lines contain 
the desired plate sizes. Each of these lines contains two integers: first the width .wi and 
then the height .hi of that desired plate size, 1 i N£ £  
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3.1.3 Output 
The output file name is phidias.out. The file is to contain one line with a single integer: 
the minimum total area of the original slab that must be wasted. 

3.1.4 Constraints 
In all inputs, 1 600W£ £ , 1 600H£ £ , 1 200N£ £ , 1 .wi W£ £  and 1 .hi W£ £ . 
Additionally, in 50% of the inputs, W �  20, H �  20 and N �  5. 

3.1.5 Example 
As an example, assume that in the figure below the height of the original slab is 11 and 
the width of the original slab is 21, and the desired plate sizes are 4 × 10, 2 × 6, 5 × 7 and 
10 × 15. The minimum possible area wasted is 10 (the gray areas). The figure shows one 
sequence of cuts with total waste area of size 10. 
 
                     
                     
                     
                     
                     
                     
                     
                     
                     
                     
                     

 
The corresponding input and output is given in the table below. 
 

phi di as. i n phi di as. out  
21 11 
4 
10 4 
6 2 
7 5 
15 10 

10 
 

 
 
End of Quoted Task Descr iption 

3.2 Solution 
Next a solution is derived. First a formal input and output specification is distilled, 
followed by a solution derived from a recurrence equation based on dynamic 
programming (DP) with both an iterative and a recursive implementation.  
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Note that notation in the implementation is slightly different from the notation of the 
documentation. These differences are summarized in Table 3-1 below. 
 
Documentation Implementation 
H Hei ght  

W Wi dt h 

h.i h[ i ]  

w.i w[ i ]  

Table 3-1 

 
The differences are rather straightforward and are mostly due to characteristics of syntax 
of the Pascal language. 

3.2.1 Specification 
In order to derive a solution, a formal input and output specification are given. Only 
requirements that are essential to the problem are specified. Efficiency requirements 
although essential, are not specified in the input (and neither the output) specification. An 
efficient solution is always pursued. 
 
For later usage the definition of Plates, the set of desired plates, is given by: 
 

{ }. . |1Plates hn wn n N= ´ £ £  

Definition 3-1 

 
The formal input specification as given by the task description is formalized by: 
 

( )1 600 1 600 1 200 , : :1 1H W N h w h w Plates h H w W£ £ Ù £ £ Ù £ £ Ù " ´ Î £ £ Ù £ £  

Specification 3-1 

 
The upper bounds in Specification 3-1 will be discarded, because they are not essential to 
find a solution. The upper bounds are only needed for performance considerations. 
Instead of Specification 3-1 the input specification is given by: 
 

( )1 1 1 , : :1 1H W N h w h w Plates h w£ Ù £ Ù £ Ù " ´ Î £ Ù £  

Specification 3-2 

 
For later usage the definition of . .M i j , the minimum total area that must be wasted for a 
i j´  slab, is given by:  
 

. .M i j  = “ the minimum total area that must be wasted for a i j´  slab”  

Definition 3-2 
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Definition 3-2 is not a formal specification it is formalized later by a recurrence equation. 
 
A specification of the requested output is then given by:  
 

. .M H W  

Specification 3-3 

 

3.2.2 Recurrence equation 
To formalize Definition 3-2 a recurrence equation is given. This recurrence equation is 
based on the idea that there are three cases to be distinguished:  
 

·  not cutting a slab at all 
·  cutting a slab vertically 
·  cutting a slab horizontally  

 
The definition of . .mi j , the total area wasted for a i j´  slab that is not cut, which is 
either zero or i j×  depending whether or not the slab fits one of the desired plates, is 
given by: 
 

0 if 
. .

if 

i j Plates
mi j

i j i j Plates

´ Î�
= 


× ´ Ï�
 

Equation 3-1 

 
The phrase “cutting completely through that piece” is directing the solution towards a 
recurrence equation that specifies . .M i j  to be the sum of the wasted areas of two smaller 
slabs. The cut is either horizontal or vertical. Because this sum should be minimized the 
recurrence equation takes the minimum over all possible sums, i.e. all possible cuts. This 
is shown by Equation 3-2 below where the first term is . .mi j  which stands for not cutting 
at all, the second term are all horizontal cuts and the third term are all vertical cuts.  
 

( )( )

( )( )

. .

min

min :1 : . . . .. .

min

min :1 : . . . .

mi j

k k i M k j M i k jM i j

k k j M i k M i j k

�
�
�
� £ < + -= 

�
�

£ < + -��

 

Equation 3-2 

 
Note that a straightforward recursive implementation of Equation 3-2 is inefficient 
because of duplication of effort.  
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To avoid duplication of effort a global variable M, a 2–dimensional array, is used to store 
intermediate results. Because the “min”  operator is idempotent, M is initialized with m as 
shown in Code fragment 3-1 below. 
 
f or  i  : = 1 t o Hei ght  do 
  f or  j  : = 1 t o Wi dt h do 
    M[ i ,  j ]  : = i  *  j ;  
f or  i  : = 1 t o N do 
  M[ h[ i ] ,  w[ i ] ]  : = 0 

Code fragment 3-1 

 
The post condition of Code fragment 3-1 is given by: 
 

( ), :1 1 : . .i j i H j W mi j" £ £ Ù £ £ =M[ i , j ]  

 
An iterative implementation of recurrence Equation 3-1 is shown in Code fragment 3-2 
below. The loop has to fill in the matrix in the correct order, i.e. the loops have to keep 
the invariant: 
 

( )©, ©:1 © © © 1 © : . ©. ©i j i i j j i i j j M i j" £ < Ù = Ú = Ù £ < M[ i ' , j ' ] =  

Invar iant 3-1 

 
f or  i  : = 1 t o Hei ght  do 
  f or  j  : = 1 t o Wi dt h do 
  begi n 
    f or  k  : = 1 t o i  -  1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  – k,  j ] ) ;  
    f or  k  : = 1 t o j  -  1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  – k] )  
  end 

Code fragment 3-2 

 
See Phidias0 in Phidias appendix A, for a complete implementation. 

3.2.3 Optimizations 
There are 3 optimizations possible, reducing the number of evaluations of . .M i j , 
represented in Code fragment 3-2 with “M[ i ,  j ]  : = Mi n( …) ” . Although these 
optimizations are mutually independent and possible at the same time, our explanation of 
optimization III assumes optimization II is applied and optimization II assumes 
optimization I is applied. 
 
These optimizations are not always necessary to get 100 points in the IOI contest. 
Optimization I is the only one which is sometimes necessary to improve the recursive 
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implementation; see for example LKA03 scoring 60 points. We give an overview of 
possible optimizations and show their correctness. 
 
These optimizations are developed in a number of small steps. To proof correctness of 
these optimizations some properties are needed. 
 
A slab cannot generate negative waste. This is shown by: 
 

( ), :1 1 : 0 . .i j i j M i j" £ Ù £ £  

Proper ty 3-1 

 
Proof of Property 3-1: 
 
This is a proof by induction on a point wise order for i j´  as defined by: 
 

© © © ©i j i j i i j j´ £ ´ º £ Ù £  

Definition 3-3 

 
Base case: 1 1i j= Ù = : 
 

{ }

{ }

0 .1.1

Definition of  and empty domains

0 .1.1

Definition of 

true

M

M

m

m

£

º

£

º

 

 
The induction hypothesis (IH) to complete the proof: 
 

( ) ( )( )©, ©: 1 © © © 1 © : 0 . ©. ©i j i i j j i i j j M i j" £ < Ù = Ú = Ù £ < £  
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Cases: 1 1i j< Ù <  
 

{ }

( )( )
( )( )

{ }

( )( )
( )( )

0 . .

Definition of 

0 . .

©:1 © : 0 . ©. . ©.

©:1 © : 0 . . © . . ©

Definition of  

true

©:1 © : 0 . ©. 0 . ©.

©:1 © : 0 . . © 0 . . ©

 and 1 © 1 © 1 ©

M i j

M

mi j

i i i M i j M i i j

j j j M i j M i j j

m

i i i M i j M i i j

j j j M i j M i j j

IH i i i i i j

£

º

£

Ù " £ < £ + -

Ù " £ < £ + -

Ü

Ù " £ < £ Ù £ -

Ù " £ < £ Ù £ -

º £ < Ù £ - < Ù £ <{ }1 ©

true

j j j jÙ £ - <

 

 
A slab cannot generate more waste than its total area. This is shown by: 
 

( ), :1 1 : . .i j i j M i j i j" £ Ù £ £ ×  

Proper ty 3-2 

 
Proof of Property 3-2: 
 

{ }

{ }

. .

Definition of  and property of min

. .

Definition of 

M i j

M

mi j

m

i j

£

£

×

 

 
A slab that is exactly the size of one of the desired plates generates zero waste. This is 
shown by:  
 

( ), : : . . 0h w h w Plates M h w" ´ Î =  

Proper ty 3-3 
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Proof of Property 3-3: 
 

, :h w h w Plates" ´ Î : 
 

{ }

( )( )

( )( )
{ }

( )( )

( )( )
( ){ }

. .

Definition of 

. .

min

min :1 : . . . .

min

min :1 : . . . .

0

min

min :1 : . . . .

min

min :1 : . . . .

Property 1: , :1 1 : 0 . .

0

M h w

M

mh w

k k i M k j M i k j

k k j M i k M i j k

h w Plates

k k i M k j M i k j

k k j M i k M i j k

i j i j M i j

=

£ < + -

£ < + -

= ´ Î

£ < + -

£ < + -

= " £ Ù £ £
 

 
Equation 3-2 is now rewritten by distributing the min-quantors over the selection of . .mi j  
such that it is always zero whenever i j Plates´ Î  and if not it is at most i j×  as is shown 
by: 
 

( )( )

( )( )

0 if 

.

min
. . min :1 : . . . . if 

min

min :1 : . . . .

i j Plates

i j

M i j k k i M k j M i k j i j Plates

k k j M i k M i j k

´ Î�
�

	�
��� �= 
 �£ < + - ´ Ï��
��
��

£ < + - �� 
�

 

Equation 3-3 

 

3.2.3.1 Optimization I  
This optimization reduces the number of evaluations of . .M i j . It shows that a cut of a 
slab has a mirror-cut on the opposite side resulting in the same waste. 
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For later usage, the definition of R.i.j.k is given by: 
 

( ). . . . . . .Ri j k M k j M i k j= + -  

Definition 3-4 

 
The commutative property of the “+”  operator induces the following property of R: 
 

( ). . . . . .Ri j k Ri j i k= -  

Proper ty 3-4 

 
Proof of Property 3-4: 
 

{ }
( )

{ }
( )

{ }
( ) ( )( )

{ }
( ) ( )( )

{ }
( )

. . .

definition of 

. . . .

commutativity of +

. . . .

calculus

. . . .

calculus

. . . .

definition of 

. . .

Ri j k

R

M k j M i k j

M i k j M k j

M i k j M i i k j

M i k j M i i k j

R

Ri j i k

º

+ -

º

- +

º

- + - +

º

- + - -

º

-

 

 
Reduction of the k range is shown in Property 3-5. 
 

( ) ( )( ), :1 1 : min :1 : . . . min :1 : . . .i j i N j N k k i Ri j k k k i k Ri j k" £ £ Ù £ £ £ < = £ £ -  

Proper ty 3-5 
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Proof of Property 3-5: 
 

, :1 1 :i j i N j N" £ £ Ù £ £  
 

( )
{ }

( ) ( )( )
{ }

( ) ( )
{ }

min :1 : .

calculus, case analysis

min : 1 : .

min idempotent, domain split

min :1 : . min min : : .

dummy change: in second quantification, : -

min :1 : .

k k k i Rk

k k k i k i k k k i Rk

k k k i k Rk k i k k k i Rk

k i k

k k k i k R

£ Ù <

=

£ Ù £ - Ú - £ Ù <

=

£ Ù £ - - £ Ù <

= =

£ Ù £ -( ) ( ) ( )( )
{ }

( ) ( )( )
( ){ }

( ) ( )
{ }

( )

min min : : .

calculus

min :1 : . min min : 1 : .

commutativity  and . .

min :1 : . min min :1 : .

min idempotent

min :1 : .

k k i i k i k i k i R i k

k k k i k Rk k k i k k R i k

Rk R i k

k k k i k Rk k k k i k Rk

k k k i k Rk

- - £ - Ù - < -

=

£ Ù £ - £ - Ù £ -

= Ù = -

£ Ù £ - £ Ù £ -

=

£ Ù £ -  
 
In a similar way the definition of S.i.j.k given in Definition 3-5 below leads to reduction 
of the k range as shown in Property 3-6 also below. 
 

( ). . . . . . .Si j k M i k M i j k= + -  

Definition 3-5 

 

( ) ( )( ), :1 1 : min :1 : . . . min :1 : . . .i j i N j N k k j Si j k k k j k Si j k" £ £ Ù £ £ £ < = £ £ -  

Proper ty 3-6 
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Equation 3-3 can be changed using Property 3-5 and Property 3-6, as is shown in 
Equation 3-4. By this change the implementation is optimized  
 

( )( )

( )( )

0 if 

.

min
. . min :1 : . . . . if 

min

min :1 : . . . .

i j Plates

i j

M i j k k i k M k j M i k j i j Plates

k k j k M i k M i j k

´ Î�
�

	�
��� �= 
 �£ £ - + - ´ Ï��
��
��

£ £ - + - �� 
�

 

Equation 3-4 

 
Equation 3-4 can be rewritten using the integer division “div”  operator as shown in 
Equation 3-5. 
 

( )( )

( )( )

0 if 

.

min
. . min :1 div 2: . . . . if 

min

min :1 div2: . . . .

i j Plates

i j

M i j k k i M k j M i k j i j Plates

k k j M i k M i j k

´ Î�
�

	�
��� �= 
 �£ £ + - ´ Ï��
��
��

£ £ + - �� 
�

 

Equation 3-5 

 
The following derivation shows equality between these two alternatives. 
 

{ }

{ }

calculus

2

,

div2

x y x

x y

x y

x y

£ -

º

£

º Î

£

�
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An implementation of Equation 3-5 is shown in Code fragment 3-3. 
 
f or  i  : = 1 t o Hei ght  do 
  f or  j  : = 1 t o Wi dt h do 
  begi n 
    f or  k  : = 1 t o i  di v 2 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  – k,  j ] ) ;  
    f or  k  : = 1 t o j  di v 2 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  – k] )  
  end 

Code fragment 3-3 

 
See Phidias1 in Phidias appendix A, for a complete implementation. 

3.2.3.2 Optimization I  balanced 
When the dummy change in the proof of Property 3-5 is applied to the first quantification 
the results is: 
 

( )
{ }

( )
{ }

( )( )

min :1 : .

dual of proof of property 5

min : : .

below

min : 1 div 2 : .

k k i Rk

k i k k k i Rk

k i k k i Rk

£ <

=

- £ Ù <

=

+ £ Ù <

 

 
Used above: 
 

{ }

{ }
( )

calculus

2

,

1 div2

x y y

x y

x y

x y

- £

º

£

º Î

+ £

�
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A straightforward implementation, like Code fragment 3-4, is almost the same as Code 
fragment 3-3 the only difference is the order in which the cuttings are made. Although 
when used in combination with Optimization III this turns out to be on average a faster 
solution. Worst case the performance remains equal. Why exactly this is faster is beyond 
the scope. Hint: It’s faster because it starts with a more balanced way of cutting the slabs. 
 
f or  i  : = 1 t o Hei ght  do 
  f or  j  : = 1 t o Wi dt h do 
  begi n 
    f or  k  : = ( i  + 1)  di v  2 t o ( i  – 1)  do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  – k,  j ] ) ;  
    f or  k  : = ( j  + 1)  di v  2 t o ( j  – 1)  do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  – k] )  
  end 

Code fragment 3-4 

 
This can also be implemented with decreasing loops as following: 
 
f or  i  : = 1 t o Hei ght  do 
  f or  j  : = 1 t o Wi dt h do 
  begi n 
    f or  k  : = i  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  – k,  j ] ) ;  
    f or  k  : = j  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  – k] )  
  end 

Code fragment 3-5 

 
All the examples use this optimization. 

3.2.3.3 Optimization I I  
This optimization also reduces the number of evaluations of . .M i j . When a i j´  slab is 
too small to be used it is not cut any further. 
  
A slab that is too small to be used generates maximal waste. This is shown by: 
 

( )( )( ), : , : : : . .i j h w h w Plates h w i j M i j i j" " ´ Î Ø ´ £ ´ = ×  

Proper ty 3-7 

 
But also if it is possible to cut a desired plate from a slab the waste is not maximal:  
 

( )( )( ), : , : : : . .i j h w h w Plates h w i j M i j i j" $ ´ Î ´ £ ´ < ×  

Proper ty 3-8 

 
Note: the domain is the negation of the domain of Property 3-7. 
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Deriving for the domain of Property 3-7: 
 

( )( )
{ }

( )( )
{ }

( )
{ }

( )
{ }

( )
{ }

, : :

Definition pointwise order

, : :

De Morgan

, : :

Implication

, : :

Trading

, : :

min  connection

min , :

h w h w Plates h w i j

h w h w Plates h i w j

h w h w Plates h i w j

h w h w Plates h i w j

h w h w Plates h i w j

h w h

" ´ Î Ø ´ £ ´

º

" ´ Î Ø £ Ù £

º

" ´ Î > Ú >

º

" ´ Î £ � >

º

" ´ Î Ù £ >

º " -

´( )
{ }

:

Definition .  below

.

w Plates h i w j

P i

P i j

Î Ù £ >

º

>

 

 
Alternatively: 
 

( )( )
{ }

( )( )
{ }

( )
{ }

( )
{ }

( )
{ }

, : :

Definition pointwise order

, : :

De Morgan

, : :

Implication

, : :

Trading

, : :

min  connection

min , :

h w h w Plates h w i j

h w h w Plates h i w j

h w h w Plates h i w j

h w h w Plates w j h i

h w h w Plates w j h i

h w h

" ´ Î Ø ´ £ ´

º

" ´ Î Ø £ Ù £

º

" ´ Î > Ú >

º

" ´ Î £ � >

º

" ´ Î Ù £ >

º " -

´( )
{ }

:

Definition Q.  below

.

w Plates w j h i

j

Q j i

Î Ù £ >

º

>
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Therefore:  
 

. .P i j Q j i> º >  

Proper ty 3-9 

 
Now definition of .Pi  and .Q j  are introduced: 
 

( )
( )

. min , : :

. min , : :

P i h w h w Plates h i w

Q j h w h w Plates w j h

= ´ Î Ù £

= ´ Î Ù £
 

Definition 3-6 

 
Property 3-7 is now rewritten: 
 

( ), : . : . .i j P i j M i j i j" > = ×  

Proper ty 3-10 

 
The calculation of P  is shown in Code fragment 3-6 below. Initialization of P  is done 
by setting Plates = Æ, such that ( ), :1 1 : .i j i H j W Pi j" £ £ Ù £ £ > , i.e. 

( ):1 : . 1i i H Pi W" £ £ = + . Note that 

( ) ( ). . 1 min min , : :P i P i h w h w Plates h i w= - ´ Î Ù =  for 2 i H£ £  and that 

( ).1 min , : 1:P h w h w Plates h w= ´ Î Ù =  so to calculate P  we first calculate all 

( ). min , : :P i h w h w Plates h i w= ´ Î Ù =  and then apply ( ). . 1 min .P i P i P i= -  to all .Pi  

for 2 i H£ £ . Note that Q is not (yet) required and only used here to keep it symmetric. 
 
f or  i  : = 1 t o Hei ght  do 
  P[ i ]  = Wi dt h + 1;  
f or  i  : = 1 t o Wi dt h do 
  Q[ i ]  = Hei ght  + 1;  
f or  i  : = 1 t o N do 
begi n 
  Q[ w[ i ] ]  : = Mi n( Q[ w[ i ] ] ,  h[ i ] ) ;  
  P[ h[ i ] ]  : = Mi n( P[ h[ i ] ] ,  w[ i ] ) ;  
end;  
f or  i  : = 1 t o Hei ght  do 
  P[ i ]  : = Mi n( P[ i  – 1] ,  P[ i ] )  
f or  i  : = 1 t o Wi dt h do 
  Q[ i ]  : = Mi n( Q[ i  – 1] ,  Q[ i ] )  

Code fragment 3-6 
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Equation 3-5 can be changed using Property 3-10, as is shown in Equation 3-6. By this 
change the implementation is optimized. 
 

( )( )

( )( )

0 if 

min

min :1 div 2: . . . .. . if .

min

min :1 div2: . . . .

if .

i j Plates

i j

k k i M k j M i k jM i j i j Plates Pi j

k k j M i k M i j k

i j i j Plates Pi j

´ Î�
� × 	�

��
��� �£ £ + -= ´ Ï Ù £
 �

� �
� �

£ £ + -� �
�
× ´ Ï Ù >��

 

Equation 3-6 

 
The implementation then is: 
 
f or  i  : = 1 t o Hei ght  do 
  f or  j  : = P[ i ]  t o Wi dt h do 
  begi n 
    f or  k  : = i  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  – k,  j ] ) ;  
    f or  k  : = j  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  – k] )  
  end 

Code fragment 3-7 

 
From Property 3-9 we have ( ): . : .i QW i Pi W" > >  and ( ): . : .j P H j Q j H" > >  from 

which follows: ( ): . : . .i i QW M i j i j" < = ×  and ( ): . : . .j j P H M i j i j" < = × . To keep track 

of the value of .QW  and .P H  we introduce the definition of Hmin  and Wmin , the 
minimum of the values of h  and w filtered for usable plates: 
 

.

.

Hmin QW

Wmin P H

=

=
 

Definition 3-7 

 
The calculation of P , Q , Wmin  and Hmin  is shown in Code fragment 3-8 below. 
Initialization of P  and Q is done by setting Plates = Æ, such that 

( ), :1 1 : .i j i H j W Pi j" £ £ Ù £ £ > , i.e. ( ):1 : . 1i i H Pi W" £ £ = + . Note that 

( ) ( ). . 1 min min , : :P i P i h w h w Plates h i w= - ´ Î Ù =  for 2 i H£ £  and that 

( ).1 min , : 1:P h w h w Plates h w= ´ Î Ù =  so to calculate P  we first calculate all 

( ). min , : :P i h w h w Plates h i w= ´ Î Ù =  and then apply ( ). . 1 min .P i P i P i= -  to all .Pi  
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for Hmin i H< £ . Start at 1i Hmin= +  because ( ):1 : .i i Hmin Pi W" £ < >  and 

( ). min , : :P Hmin h w h w Plates h Hmin w= ´ Î Ù = . Note that Q is not (yet) required and 

only used here to keep it symmetric. 
 
f or  i  : = 1 t o Hei ght  do 
  P[ i ]  = Wi dt h + 1;  
f or  i  : = 1 t o Wi dt h do 
  Q[ i ]  = Hei ght  + 1;  
Hmi n : = Hei ght  + 1;  
Wmi n : = Wi dt h + 1;  
f or  i  : = 1 t o N do 
begi n 
  i f  w[ i ]  £ Wi dt h t hen  
    Hmi n : = Mi n( Hmi n,  h[ i ] ) ;  
  Q[ w[ i ] ]  : = Mi n( Q[ w[ i ] ] ,  h[ i ] ) ;  
  i f  h[ i ]  £ Hei ght  t hen  
    Wmi n : = Mi n( Wmi n,  w[ i ] ) ;  
  P[ h[ i ] ]  : = Mi n( P[ h[ i ] ] ,  w[ i ] ) ;  
end;  
f or  i  : = ( Hmi n + 1)  t o Hei ght  do 
  P[ i ]  : = Mi n( P[ i  – 1] ,  P[ i ] )  
f or  i  : = ( Wmi n + 1)  t o Wi dt h do 
  Q[ i ]  : = Mi n( Q[ i  – 1] ,  Q[ i ] )  

Code fragment 3-8 

 
The implementation then is: 
 
f or  i  : = Hmi n t o Hei ght  do 
  f or  j  : = P[ i ]  t o Wi dt h do 
  begi n 
    f or  k  : = i  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  – k,  j ] ) ;  
    f or  k  : = j  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  – k] )  
  end 

Code fragment 3-9 

 
See Phidias2 in Phidias appendix A, for a complete implementation. 
 
There is a little simplification to this optimization. It is still an optimization but not as 
good. 
 
The domain of Property 3-7 is strengthened: 
 

( ), : : . .i j i Hmin j Wmin M i j i j" < Ú < = ×  

Proper ty 3-11 
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Proof of Property 3-11:  
 
We show that both: .i Hmin Pi j< � >  for 1 j W£ £  and .j Wmin Pi j< � >  for 
1 i H£ £  from which we conclude Property 3-11 
 

{ }

{ }

definition of 

.

property 9

.

.

i Hmin

Hmin

i QW

Pi W

j W

Pi j

<

º

<

º

>

� £

>

 

{ }

{ }

{ }

definition of 

.

property 9

.

.

property 9

.

j Wmin

Wmin

j P H

Q j H

i H

Q j i

P i j

<

º

<

º

>

� £

>

º

>

 

 
Equation 3-5 can be changed using Property 3-11, as is shown in Equation 3-7. By this 
change the implementation is optimized, i.e. the number of repetitions of the loop body is 
reduced. 
 

( )( )

( )( )

( )

( )

0 if 

min

min :1 div 2: . . . .. . if 

min

min :1 div 2: . . . .

if 

i j Plates

i j

k k i M k j M i k jM i j i j Plates Hmin i Wmin j

k k j M i k M i j k

i j i j Plates i Hmin i Wmin

� ´ Î
�

× 	�
��
��� �£ £ + -= ´ Ï Ù £ Ù £
 �

� �
� �

£ £ + -� �
�
× ´ Ï Ù < Ú <��

 

Equation 3-7 

 
An implementation of Equation 3-7 is shown in Code fragment 3-10. 
 
f or  i  : = Hmi n t o Hei ght  do 
  f or  j  : = Wmi n t o Wi dt h do 
  begi n 
    f or  k  : = i  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  -  k,  j ] ) ;  
    f or  k  : = j  di v  2 downt o 1 do 
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  -  k] )  
  end 

Code fragment 3-10 



 96 

 
See Phidias2a in Phidias appendix A, for a complete implementation. 
 

3.2.3.4 Optimization I I I  
This optimization also reduces the number of evaluations of . .M i j . A i j´  slab is not cut 
any further when it is generates zero waste because of Property 3-1. 
 
Then the body is implemented as shown below: 
 
k : = i  di v  2;  
whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( k  = 0) )  do 
begi n 
  M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  -  k ,  j ] ) ;  
  k  : = k -  1 
end;  
k  : = j  di v  2;  
whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( k  = 0) )  do 
begi n 
  M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k]  + M[ i ,  j  -  k ] ) ;  
  k  : = k -  1 
end;  

Code fragment 3-11 

 
See Phidias3 in Phidias appendix A, for a complete implementation. 

3.2.4 Recursive implementation 
A recurrence equation leads easily to a recursive solution as shown in Code fragment 
3-13. The recursive implementation also uses M to avoid recalculation. Note that the 
implementation of the guard “WASTE_UNKNOWN” requires some properties to be 
changed.  
 
The constant _WASTE UNKNOWN  must be a value that is never the minimal waste, e.g. 
choose: _ 1WASTE UNKNOWN = -   When using optimization II the choice of 

_WASTE UNKNOWN i j= ×  is also possible because of Property 3-8. 
 
See Phidias4 in Phidias appendix A, for a complete implementation. 
 
A different approach is also possible using an additional Boolean variable with an 
additional invariant but requires more memory. 
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Code fragment 3-12 below shows the initialization of variable M for this recursive 
solution. 
 
f or  i  : = 1 t o H do 
  f or  j  : = 1 t o W do 
    M[ i ,  j ]  : = WASTE_UNKNOWN;  
f or  n : = 1 t o N do 
  M[ H[ n] ,  W[ n] ]  : = 0 

Code fragment 3-12 

 
A recursive implementation is shown in Code fragment 3-13. 
 
f unct i on Recur s i ve( i ,  j :  i nt eger ) :  i nt eger ;  
var  
  k ,  kmax:  i nt eger ;  
begi n 
  i f  M[ i ,  j ]  = WASTE_UNKNOWN t hen 
  begi n 
    M[ i ,  j ]  : = i  *  j ;  
    i f  ( P[ i ]  <= j )  t hen 
    begi n 
      k  : = i  di v  2;  
      whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( k  = 0) )  do 
      begi n 
        M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  Recur si ve( k,  j )  + Recur si ve( i  -  k,  j ) ) ;  
        k  : = k -  1 
      end;  
      k  : = j  di v  2;  
      whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( k  = 0) )  do 
      begi n 
        M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  Recur si ve( i ,  k)  + Recur si ve( i ,  j  – k) ) ;  
        k  : = k -  1 
      end;  
    end;  
  end;  
  Recur si ve : = M[ i ,  j ] ;  
end;  

Code fragment 3-13 

 
In general a recursive implementation needs not always calculate every entry of the 
matrix where as an iterative solution does. Therefore a recursive implementation might 
sometimes be preferred over a DP solution. Although the recursive implementation has 
some advantages the DP solution is sometimes faster because it does not need to 
administrate return points and parameters of every recursive function call. 
 
Because of the symmetry of a case with its transposed case, i.e. all (including the 
original) i j´  slabs are transposed to j i´  slabs; the behavior of the program, i.e. the 
trace of calculated entries of M, on both cases is expected to be the same. But because the 
code first cuts horizontally and then vertically this symmetry is broken and the transposed 
case can have a completely different trace. This is even clearer in the recursive version 



 98 

where the calculated matrix M is not the same in both cases; before this comparison the 
matrix M of the transposed case has to be transposed (back) and then both do not have to 
be the same. 
 
Initialization of M is not required when .Pi j>  but then for every access to M[ i ,  j ]  a 
additional check is needed to verify if .P i j> . This possibility is not explored any further 
in depth. Recursively this is easily implemented, see implementation Phidias5 in 
appendix A for details. 
 
Iterative this is also possible by rewriting the k-loop into several parts, derivation is 
beyond the scope and we only give the code below. Note that we now really need Q  to 
calculate .k i Q j= - . 
 
f or  i  : = Hmi n t o Hei ght  do 
  f or  j  : = P[ i ]  t o Wi dt h do 
  begi n 
    k : = i  di v 2;  {  k  <= i  -  k  }  
    whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( Q[ j ]  > k) )  do 
    begi n {  Q[ j ]  <= k <= i  -  k  }   
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ k,  j ]  + M[ i  -  k,  j ] ) ;  
      k  : = k  -  1 
    end;  
    i f  Q[ j ]  > i  -  k  t hen 
      k  : = i  -  Q[ j ] ;  
    whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( k  = 0) )  do 
    begi n {  Q[ j ]  <= i  -  k  }  
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  k  *  j  + M[ i  -  k ,  j ] ) ;  
      k  : = k  -  1 
    end;  
    k : = j  di v 2;  {  k  <= j  -  k  }  
    whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( P[ i ]  > k) )  do 
    begi n {  P[ i ]  <= k <= j  -  k  }  
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  M[ i ,  k ]  + M[ i ,  j  -  k] ) ;  
      k  : = k  -  1 
    end;  
    i f  P[ i ]  > j  -  k   t hen 
      k  : = j  -  P[ i ] ;  
    whi l e not  ( ( M[ i ,  j ]  = 0)  or  ( k  = 0) )  do 
    begi n {  P[ i ]  <= j  -  k  }  
      M[ i ,  j ]  : = Mi n( M[ i ,  j ] ,  i  *  k + M[ i ,  j  -  k ] ) ;  
      k  : = k  -  1 
    end 
  end 

Code fragment 3-14 

 

3.2.5 Taxonomy 
We summarize the correct solutions presented in section 3.2 with a taxonomy given 
below. The taxonomy tree starts at 0. The numbers refer to sub trees such that a complete 
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taxonomy is created by following all numbers. The IOI committee has to determine a 
score for every path. 
 

 
Figure 11 Taxonomy of solutions for  Phidias. 
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3.2.6 Computational complexity 
The definition of . .T i j , the computation complexity for a i j´  slab, is the number of 
steps that is required to calculate . .M i j  when evaluated naively by recursion as defined 
by Equation 3-2, is given below where a and b with 0 0a b< Ù <  are appropriate 
constants. 
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Because we need a lower bound this reduces to: 
 

2. . 2i jT i j a + -³ ×  
 
From which follows: 2. . 2H WT H W a + -³  and this is clearly exponential. Assumed is that 
the evaluation of . .mi j  is constant. Memory usage then is H W× . If this assumption does 
not hold the computational complexity is even worse though still exponential. The worst 
case to check if a slab is required is linear; i.e. N .   
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The dynamic programming implementation drastically improves the computational 
complexity for which we have a different definition of the computational complexity, 

. .T i j . 
 
Using an iterative DP implementation the calculation of entry i j´  requires . .t i j  steps to 
of M  as given by:  
 

( ) ( ). . 2 1 2 1 1t i j i j= - + - + +1 

 
Reading twice the 1j -  elements in row i  plus reading twice 1i -  elements in column j  
plus the evaluation of . .mi j  plus writing the result in . .M i j . 
 
Calculation of . .M i j  requires that all entries . ©. ©M i j  are calculated for © ©i j i j´ £ ´  and 
therefore the computational complexity is given by: 
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From which follows: ( ). .T H W H W H W= × × +  This is cubic. The evaluation of . .mi j  is 

assumed to be constant. Memory usage is H W× . 

3.3 Verification 
In this section, we take a closer look at the scores of the programs that were submitted by 
the contestants for task Phidias at IOI 2004. We will show that the scores at IOI 2004 for 
this task were flattered, because the test data used for grading were not designed with 
sufficient care. 
 
The design of the test data for the IOI 2004 competition tasks was guided by a new set of 
principles, specifically stated for IOI 2004 (see: [8]). Of particular importance are the 2nd 
and 3rd principle, which we quote here: 
 

2. For each task, half of the test inputs used for grading the submitted programs will 
focus on "testing for correctness". These inputs will be based on "small" cases 
only. What is considered "small" will be stated explicitly in the task description. 
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These constraints will be referred to as 50%-constraints [...], to distinguish them 
from the regular constraints (or 100%-constraints) on inputs. 

3. The other half of the test inputs will focus on "testing for efficiency". The "size" 
of these cases is chosen to distinguish the efficiency for a range of algorithm 
classes specific to that task. 

 
Task Phidias was graded using 20 test cases, of which 10 were "small" with 20W £ , 

20H £ , 5N £ . Unfortunately, there are no further design details available for the 20 test 
cases. The test cases themselves, as well as the scores of the contestants on these cases 
have been made available for our research. 
 
We first summarize the results as they were obtained at IOI 2004. Next, we present 10 
new test cases specifically focused on correctness. They were designed to cover special 
cases and to detect certain common errors. With these new test cases, we have 
reevaluated the submitted programs, giving rise to new (lower) scores. 

3.3.1 Overview IOI score 
All the (final) submitted solutions have been evaluated against 20 test cases by the IOI 
Host Scientific Committee. For every correct answer a contestants earns 5 points. 
 
The frequency distribution of the score based on the IOI test cases is: 
 
Score 100 95 90 85 80 75 70 65 60 55 50 
#Contestants 77 12 6 9 1 5 12 6 15 9 19 
 
Score 45 40 35 30 25 20 15 10 5 0 
#Contestants 4 8 7 22 5 2 3 7 7 60 

Table 3-2 Frequency distr ibution based on IOI  test cases 

 
The total score of the above frequency distribution: 15895. 
 
The IOI 2004 used 20 test cases the first 10 test cases are the small cases as described in 
the task descriptions constraints. Examples of cuts of the small cases are in Appendix B. 
Though no evidence is present, these small test cases appear to be hand made. It is 
unknown to us why specifically these are selected. There is no description available what 
a given test case is intended to test. We think that the other larger test cases probably are 
random generated. 
 
The frequency distribution of the score based on the first 10 small test cases: 
 
Score 50 45 40 35 30 25 20 15 10 5 0 
#Contestants 163 4 12 9 3 7 1 5 25 7 58 

Table 3-3 Frequency distr ibution based on first 10 small IOI  test cases 
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For correctness verification we wanted to design 10 new test cases specifically focused 
on detecting various common errors. To do this we have inspected the submitted source 
codes. First we have discarded the submissions that gave a wrong answer on one or more 
of first 10 IOI test cases; a timeout or a bad signal is not considered a wrong answer here. 
This is done because we think that from these really bad solutions we could not learn 
something. Then there are 167 remaining submissions from which we inspected 
thoroughly the submitted source codes. We also inspected some of the other solutions 
randomly. After inspecting the submitted source codes we designed 10 new test cases 
specially to detect/trigger certain errors. 

3.3.2 New test cases 
Next follows the description of the 10 new test cases; the input and output files and an 
example of cuts that results in the minimal waste for the given test case. The first five 
cases represent small boundary cases which we believe should be included in a good test 
case set and which were not in the IOI test case set. Wasted area is gray. 

3.3.2.1 Test case a 
One desired plate that exactly fits the slab. An example of a contestant that fails this test 
case is NLD03.  
 
Input file and output file: 
 
a. i n a. out  
2 2 
1 
2 2 

0 
 

 
A correct cut: 
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3.3.2.2 Test case b 
One vertical cut. 
  
Input file and output file: 
 
b. i n b. out  
4 4 
1 
2 4 

0 

 
A correct cut: 
 
    
    
    
    

3.3.2.3 Test case c 
One horizontal cut. 
 
Input file and output file: 
  
c. i n c . out  
4 4 
1 
4 2 

0 

 
A correct cut: 
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3.3.2.4 Test case d 
A horizontal and a vertical cut. 
 
Input file and output file: 
 
d. i n d. out  
4 4 
1 
2 2 

0 

 
A correct cut: 
 
    
    
    
    

3.3.2.5 Test case e 
A horizontal and vertical cut off center. 
 
Input file and output file: 
 
e. i n e. out  
5 5 
4 
2 2 
3 2 
2 3 
3 3 

0 

 
A correct cut: 
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3.3.2.6 Test case f 
This test case fools a common made mistake where the 3 × 3 grayed area is taken twice. 
When it goes wrong it answers waste zero which is obvious wrong. An example of a 
contestant that fails this test case is GBR04. 
 
The corresponding flawed recurrence equation is: 
 

( ) ( ) ( ) ( )( ). . . . min min :1 : . . . . . . . . . .M i j mi j n n N M hn wn M i hn j M i j wn= £ < + - + -  

 
And this is what a flawed cutting looks like: 
 
          
          
          
          
          
          
          
          
          
          
 
Input file and output file: 
 
f . i n f . out  
10 10 
3 
10 3 
3 10 
7 7 

10 

 
A correct cut: 
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3.3.2.7 Test case g 
This test case fools a backtracking solution that incorrectly does not cut completely 
through the slab. (See: ZAF03). It finds the wrong solution: 
 
       
       
       
       
       
       
       
 
Input file and output file: 
 
g. i n g. out  
7 7 
3 
2 5 
5 2 
3 3 

9 

 
A correct cut: 
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3.3.2.8 Test case h 
Only cutting on the sizes of a plate is not a correct solution. It is unclear whether or not 
the solutions that have this mistake thought of it as an optimization to the correct 
equation or that they started off with the wrong equation. An example of a contestant that 
did this is BRA03 who is, scoring 100 points. 
 
The first cut is on width 6 which is clearly not the width of any of the desired plates.  
 
The corresponding flawed recurrence equation: 
 

( ) ( )( )

( ) ( )( )( )

. .

min

min :1 . : . . . . . .. .
min

min :1 . : . . . . . .

mi j

n n N hn i M hn j M i hn jM i j

n n N wn j M i wn M i j wn

�
�
�
� £ £ Ù < + -= 

�
�
� £ £ Ù < + -�

 

 
Input file and output file: 
 
h. i n h. out  
41 7 
4 
2 2 
3 5 
5 3 
7 4 

0 

 
A correct cut: 
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Later it seemed possible to create a test case that is small enough to fit the additional 
constraints as given by the task description; i.e. 20 20H W£ Ù £ . 
 
We are not sure if there is a smaller case possible. 
 
And this is what a flawed cutting looks like: 
 
              
              
              
              
              
              
              
 
Input file and output file: 
 
h2. i n h2. out  
14 7 
4 
3 2 
4 3 
5 4 
2 5 

0 

 
A correct cut: 
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3.3.2.9 Test case i 
Only cutting on multitudes of the sizes of a plate is not a correct solution. The first cut is 
on width 14 which is clearly not the multitude of the width of any of the desired plates. 
There is no good example of a contestant who did this. 
  
We would expect that if for a solution case h (the previous one) fails it should fail also on 
this case. This is not the other way around as 6 (the first cut of test case h) is a multitude 
of 2. Of course this assumes that there are no other flaws in a solution other than intended 
flaws that make case h go wrong and case i correct. This assumption is clearly wrong 
according to MEX02. 
 
The corresponding flawed recurrence equation: 
 

( ) ( )( )

( ) ( )( )( )

. .

min

min :1 1 . : . . . . . .. .
min

min :1 1 . : . . . . . .

mi j

n n N hn i M hn j M i hn jM i j

n n N wn j M i wn M i j wn

a a a

a a a

�
�
�
� £ £ Ù £ × < × + - ×= 

�
�
� £ £ Ù £ × < × + - ×�

 

 
Input file and output file: 
 
i . i n i . out  
35 7 
8 
4 2 
10 2 
5 5 
9 5 
6 3 
15 3 
9 4 
12 4 

0 

 
A correct cut: 
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3.3.2.10 Test case j  
A required slab is placed in the corner of the original slab and two cuts are made on the 
edge of the required slab. Cutting off in two direction at once such that we end up with 3 
pieces (a, b, c) as shown by the following two possibilities.  
 
First a vertical cut and then horizontal: 
 

a a a c c c 
a a a c c c 
a a a c c c 
b b b c c c 
b b b c c c 

 
First a horizontal cut and then a vertical cut: 
 

a a a c c c 
a a a c c c 
a a a c c c 
b b b b b b 
b b b b b b 

 
The corresponding flawed recurrence equation: 
 

( ) ( ) ( )( )

( ) ( ) ( )( )

( )( )

( )( )

. .

min

min :1 . . : . . . . . . .

min

min :1 . . : . . . . . . .. .

min

min :1 . . : . . .

min

min :1 . . : . . .

mi j

n n N hn i wn j M i hn wn M i j wn
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n n N hn i wn j M i hn j

�
�
�
� £ £ Ù < Ù < - + -
�
�
� £ £ Ù < Ù < - + -= 
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�
� £ £ Ù < Ù = -�

 

 
When implemented exactly as given by this recurrence equation the cases that fail are 
cases h and i and not this case. We used this case before we realized the connection 
between with cases h and i; HRV02 is detected by this case and not by case h and case i. 
 



 113 

Input file and output file: 
 
j . i n j . out  
6 5 
2 
2 2 
3 3 

0 

 
A correct cut: 
 
      
      
      
      
      
 

3.3.3 Overview new test cases score 
A frequency distribution of the score of these new test cases is:  
 
Score 50 45 40 35 30 25 20 15 10 5 0 
#Contestants 98 8 85 26 6 8 1 1 0 12 49 

Table 3-4 Frequency distr ibution based on the 10 new test cases 

 
This new distribution clearly differs from the previous frequency distribution. These 10 
new test cases are not within the constraints of the small cases, as described in the task 
description. But it was not possible to detect certain correctness errors with smaller cases. 
 
It is unreasonable to give points to flawed solutions. For example if a solution only fails 
test case h it should not get 45 points like HKG04. Mostly there are errors that are only 
detected by a certain test case and because the new test cases all test for something else 
we have to adopt a stricter grading rule as given below. 
 

“ If a solution fails on a test case of the given test case set it is flawed and receives zero 
score for the task.”  

Definition 3-8 Str ict grading rule 

 
The strict grading rule assumes only a flawed solution for those solutions that really give 
a wrong answer not a timeout or bad signal. 
 
Discarding the time limit requires sometimes a manual verification of the correctness; i.e. 
when it takes “ too long”  we check the code manually to see what goes wrong and when it 
is incorrect it gets zero score. The results might therefore not be completely automatically 
repeatable. Also because we are likely to have different hardware, this time limit is not 
really interesting. Also because the score remains at best the same it is not a problem. 



 114 

 
The frequency distribution based on 10 new test cases with strict grading rule applied 
base on these 10 cases is: 
 
Score 50 45 40 35 30 25 20 15 10 5 0 
#Contestants 98 0 0 0 0 0 0 0 0 0 196 

Table 3-5 Frequency distr ibution based on 10 new test cases with str ict grading rule applied based on 
these 10 cases. 

 
This stricter grading rule is also applied to the IOI test case set. If it fails one of the first 
10 test cases it gets zero points otherwise the score remains. We take only the first 10 
because these should always be correct even when a solution is not efficient enough. 
 
The frequency distribution of the IOI test case set with stricter grading rule applied now 
becomes: 
 
Score 100 95 90 85 80 75 70 65 60 55 50 
#Contestants 77 12 5 9 1 5 12 6 12 6 19 
 
Score 45 40 35 30 25 20 15 10 5 0 
#Contestants 1 1 0 0 1 0 0 0 0 127 

Table 3-6 Frequency distr ibution based on IOI  test cases with str ict grading rule applied based on 
the first 10 test cases. 

 
The total score of the above frequency distribution: 13850 
 
To verify the IOI grading of the submission we used the 10 new test cases to test for 
correctness and give zero points to flawed solutions and otherwise we give the score of 
the IOI. The frequency distribution then is: 
 
Score 100 95 90 85 80 75 70 65 60 55 50 
#Contestants 49 10 0 8 0 4 7 3 11 4 1 
 
Score 45 40 35 30 25 20 15 10 5 0 
#Contestants 0 0 0 0 0 0 0 0 0 197 

Table 3-7 Frequency distr ibution based on the IOI  test cases with str ict grading rule applied based 
on the 10 new test cases. 

 
The total score of the above frequency distribution: 8445 
 
All solutions that pass the 10 new test cases run again the 20 original test cases without 
time limit. To run them again we changed the included “ timeexec”  function to return 
always zero. It appears that 4 solutions are also wrong and therefore get zero score. This 



 115 

is done to check if our new test case set is good enough. As it seems we only missed 4 
cases that appear correct but are not really correct. 
 
ID Fails test case 
RUS02 20 
BRA04 12 14 15 16 17 19 
SGP04 humanly unreadable and causes execution failures 
TUN03 11 12 17 18 19 20 
 
The frequency distribution minus the 4 false positives then is: 
 
Score 100 95 90 85 80 75 70 65 60 55 50 
#Contestants 49 10 0 8 0 4 6 3 10 4 0 
 
Score 45 40 35 30 25 20 15 10 5 0 
#Contestants 0 0 0 0 0 0 0 0 0 200 

Table 3-8 Frequency distr ibution based on the IOI  test cases with str ict grading rule applied based 
on the 10 new test cases minus the 4 false positives. 

 
The total score of the above frequency distribution: 8265 
 
There is only one contestant (GER01) who does not pass all the original 10 small test 
cases and passes the 10 new test cases. This GER01 mistakenly takes the Width as Height 
in one of its loops. The flawed main loop of the code looks like: 
 
f or  ( i nt  w = 1;  w <= W;  w++)  {  
  f or  ( i nt  h = 0;  h <= W;  h++)  {  
    … 
  }  
}  
 
The frequency distribution minus the 5 false positives then is: 
 
Score 100 95 90 85 80 75 70 65 60 55 50 
#Contestants 49 10 0 8 0 4 6 3 10 3 0 
 
Score 45 40 35 30 25 20 15 10 5 0 
#Contestants 0 0 0 0 0 0 0 0 0 201 

Table 3-9 Frequency distr ibution based on the IOI  test cases with str ict grading rule applied based 
on the 10 new test cases minus the 5 false positives 

 
The total score of the above frequency distribution: 8210 
 
The stricter grading rule has as effect that the only thing that changes is the score gets 
zero or it stays the same. But because one might be interested in the end/total score list 
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we could make a new score list. But because of the reason of the stricter grading rule it is 
useless to create a new score list using the IOI grading system. It could well be that using 
the new test cases and the original IOI grading rules it even gives a better score to some 
solutions; i.e. without the stricter grading rule applied. To compare we use 2 new score 
lists one using the original test case set with the stricter rule applied based on the first 10 
test cases and one with the stricter rule applied based on the first 10 test cases and the 10 
new test cases (including the 5 false positives). The average score then drops from 47 
(original) to 28. Also ( )77 49 77 36%- =  of the contestants scoring 100 points do not 

get any of them using the new test case set. Also 94/294=31% used to have more than 
90% of the maximum score and now only 20% has at least 90% of the maximum score. 
 
The conclusion is obvious: there is at least something wrong with the original test case 
set. 
 
There are in total only 93 “correct”  submissions. Failed test cases are assumed to be only 
failed because of a timeout. Of course this does not mean that all 93 submissions are 
correct.  
 
Another automated test generated 100 random test cases for every supposedly correct 
solution, i.e. in total 9300 cases. And we found again errors in: 
 

·  GER04 
·  MAC01 
·  ZAF01 

 
It also appears that SWE02 gives a timeout somewhere and it is not evidently clear how. 
Whether the recursion terminates eventually or just never terminates remains unclear. It 
seems that the DP is not for all cases correctly implemented.  
 
The case to make the submission of SWE02 to take forever: 
 
swe02. i n swe02. out  
200 200 
3  
1 70 
70 1 
70 70 

3600 

 
The case to fail the submission of ZAF01: 
 
zaf 01. i n zaf 01. out  
94 70 
14 
1 40 
56 53 
53 67 
62 2 
75 65 

58 
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19 58 
81 11 
7 20 
63 10 
27 51 
16 51 
56 39 
80 1 
3 13 
 
The case zaf01 also makes the submission of MAC01 to fail. 
 
Case zaf01 fails: RUS02 GER04 MAC01 SGP03 TUN03 (SWE02 timeout) 
Case swe02.fails: BRA04 GER04 MAC01 SGP03 TUN03 (SWE02 timeout) 
 
The frequency distribution minus the last 4 (i.e. GER04, MAC01, SGP03 and SWE02) 
previously undetected flawed submissions: 
 
Score 100 95 90 85 80 75 70 65 60 55 50 
#Contestants 49 10 0 8 0 3 5 3 8 3 0 
 
Score 45 40 35 30 25 20 15 10 5 0 
#Contestants 0 0 0 0 0 0 0 0 0 201 

Table 3-10 Frequency distr ibution based on the IOI  test cases with str ict grading rule applied based 
on the 10 new test cases minus the 5 false positives minus these last detected flaws.  

 
The total score of the above frequency distribution: 7945 

3.4 Various notes 
A part of the contestants does exactly what we expected them to do. They used a 
recurrence equation implemented either recursively or iteratively. They increased the 
performance by using a DP in combination with some of the possible optimizations. 
There are contestants that took a different (not always wrong) approach. Also there are 
some contestants that made mistakes. In this paragraph we give an overview of some of 
the mistakes and different approaches that we encountered. Some of these notes might be 
more of interest to the organization while other notes are more of interest to the 
contestants.  

3.4.1 Recurrence equations 
The key in solving the problem is finding the recurrence equation. If this recurrence 
equation is incorrect, a solution is flawed and should be considered wrong. There are two 
flawed recurrence equations that caught our attention. Both get full 100 points score 
according to the IOI grading criteria. 
 
The first flawed recurrence equation is cutting only on the slab dimensions, as is shown 
by: 
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The second flawed recurrence equation is more ingenious and is cutting only on multiples 
of the slab dimensions, as is shown by: 
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An example of the first: BUL04, BRA03 or ARG03. For the second one there is not 
really a good example available. 

3.4.2 Extensive case analysis 
Trying to be “smart”  is a common mistake. This is of course not wrong but it should have 
a point, which is usually improving efficiency. The flawed recurrence equation is also 
“ trying to be smart”  but there seemed to be a point for it. When something is not wrong 
but there is no need (improvement on efficiency) for it, then it should be avoided. Mostly 
this is done because a contestant knows how to solve some (trivial/easy) cases. This 
shows that people do not completely understand the algorithm. 
 
For example: 
 
Setting all multiples of a slab to zero waste makes no sense; why then not setting all 
possible pairs slabs to zero waste; all triples; storing the minimum of all combinations 
would be really smart but then that’s exactly what is requested. Therefore only put the 
slabs to zero waste that are given, the algorithm should calculate every entry. 
 
An example of this is RUS03 scoring 95 points or IDN03 in which the initialization of 
the DP matrix is flawed.  
 
Or almost the same: 
 
A check if the current slab is an integer multiple of the original slab. 
 
See for example SCG04 scoring 100 points. 
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Parts of the DP matrix are calculated in a different part of the code. 
 
See for example DEN03 scoring 100 points. 
 
If the number of desired plates is one the answer is given by: 
 

( ) ( ) ( ) ( ). . mod .1 mod .1 mod .1 mod .1M H W H W W W H H W W H H= × + × - ×  

 
Therefore a test case should always contain more than one desired plates. Perhaps even 
some desired plates of the same dimensions which is not excluded by the specification of 
the task. 
 
See for example IDN03 that solves the case for 1N =  this way.  

3.4.3 Diagonal traversal 
The DP matrix is usually traversed row by row or column by column but it is also 
possible to traverse it diagonally. Of course this is not wrong but why should there be 
code that is more complicated and therefore easier to be flawed. Note that this is not more 
or less efficient than the “normal”  traversal. So “keep it simple” . 
 
See for example ARM03 scoring 100 points. 

3.4.4 Maximum total usable area 
A possible alternative is to calculate the maximum total usable area of a slab such that the 
minimum total waste equals: . .H W M H W× - . Where . .M i j  is the maximum total usable 
area of a i j´  slab. 
 
See for example LVA02. 
 
Contestant ITA03 is using this quite clever and uses the assumption that the matrix is 
initially zero. Also the implicit initialization requires time. 

3.4.5 Tricks 
Sometimes people try to optimize code manually with compiler instructions. This should 
not be necessary to solve the problem as they are algorithmic in nature. And it only 
shows the knowledge of the compiler not the knowledge of the algorithm. 
 
The DP matrix is sometimes initialized using a “memset ”  in C or a “ f i l l char ”  in Pascal. 
This is not wrong (and probably faster) but it requires assumptions about correctness, it 
shows the knowledge of a language not the knowledge of the algorithm. 
 
In C the guard of a “ f or ”  loop is evaluated every iteration therefore some contestants use 
an additional variable to improve performance.  
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In the Pascal statement “ i f  a < f ( b)  t hen a : = f ( b) ”  (or some C equivalent) the 
f ( b)  is evaluated twice and might be stored in a variable to improve performance. 

3.4.6 Readability  
Readability is not graded in the IOI, but human readable source code shows that the 
contestant took the time to think about the problem in an organized way and did not just 
hack some solution.  
 
See for example CHN03 and VIE04 scoring 100 points. It looks structured but to us it is 
completely obscured and not readable. 
 
Also the C syntax helps making unreadable source code. For example the use of 
operators such as “<?=”  (see HRV03) does not improve readability; at least when there is 
no explaining comment in the source.  

3.4.7 Trying to be safe 
Declaring arrays that are too big; because they are unsure about correctness? If you do 
not know what you are doing you are doing, it probably wrong. 
 
Note: An array in C is always zero based but .0.0M  is not needed. An invariant such as 

( ) ( ). 1 . 1M i j= + +M[ i , j ]  could be used although this does not improve readability. 

Alternatively this is also easily solved by defining all zero area’s to have zero waste. 

3.4.8 Obsolete fragments 
Sometimes when contestants start hacking a solution and need to debug code they forget 
to delete obsolete parts. 
 
See for example LKA02 which contains a guard “ if mini”  but what is it ever used for? 
 
Sometimes when contestants write a “correct”  iterative DP implementation, they search 
every step again the list of plates. This increases the worst-case efficiency by a factor N  
to:  
 

( ). .T H W H W H W N= × × + ×  

  
See for example SVK04 scoring 100 points. 

3.4.9 Heuristic method 
A heuristic method is based on finding an upper bound for the waste. A good heuristic 
method seems to be cutting on (multiples of) slab dimensions. Another possible heuristic 
is taking the minimum of the 3 neighbors of the DP matrix as given below: 
 

( ) ( ) ( ) ( ). . . 1 . 1 1min . 1 . min . 1M i j M i j i j M i j j M i j i= - - + + - - + - +  
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See for example VIE01 who is using sometimes (i.e. whenever ( ) 7max 10W H H W× × > ) 

a heuristic method and scoring 100 points. 

3.4.10 Guessing 
Contestant that that do not know how to solve the task can always try guessing. Guessing 
looks like a heuristic method but it does not always indicate a lower or upper bound for 
the waste. 
  
See for example ALB03 scoring 5 points.  

3.4.11 Backtracking 
Filling the slab with all combinations of the desired plates and taking the minimum waste 
of all these possibilities is the wrong approach when one forgets to: “cutting completely 
through that piece”  as is given in the task description. A correct backtracking algorithm 
does not seem to be a feasible solution to us. 
 
See for example ZAF03 scoring 25 points i.e. loses 75 points due to timeouts. Increasing 
the time limit might change the score but it is unknown because backtracking without a 
real good bound is very inefficient. 

3.4.12 Resize  
A test case for which the minimum waste is zero or 10 should be avoided because 
answering zero waste or waste 10 (the example) is an easy chosen guess. See for example 
GEO04 or AER01. 
 
A solution to a test case is a pattern in which one can cut the original slab to obtain the 
desired plates and generate the waste. This pattern remains the same if the problem is 
resized. It is also possible to add waste to a zero waste solution such that the pattern 
remains (almost) the same. 
 
Note: everything is based on integer values. 
 
Resizing the width and height of the original slab and all plates does not change the 
pattern and the waste is only resized. Formally if the height of the original slab an all the 
plates is multiplied by HÑ  where 0 H< Ñ and the width of the original slab and all the 
plates is multiplied by WÑ , 0 W< Ñ then ( )©. ©. © . .M H W M H W H W= ×Ñ ×Ñ  where 

©H H H= ×Ñ and ( ):1 : . © .n n N H n H n H" £ £ = ×Ñ  and ©W W W= ×Ñ  and 

( ):1 : . © .n n N W n W n W" £ £ = ×Ñ  and ©M  is the “resized” waste. 

 
For a slab and a pattern with zero waste it is possible to generate waste by adding a 
“border”  to a resized slab, the pattern remains the same disregarding certain shifts in 
position; hence: almost the same. Formally if . . 0M H W =  and the pattern is resized 
by HÑ and WÑ  then a “border”  of size HD , where ( )0 H H< D < Ñ  and WD , where 
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( )0 W W< D < Ñ , might be added. The waste then is: 

( )©. ©. © . . © ©M H W M H W H W H W W H W H= ×Ñ ×Ñ + D + D - D D   

3.4.13 Timeout 
The contestants BUL01 and HKG01 have an efficient solution but they did not get 100 
points. Somehow an illegal time out occurred. Verify the source to see this.  

3.4.14 Efficiency 
The efficiency is tested by a selected time limit. If this time limit is passed, the solution is 
assumed to be inefficient. But is testing efficiency by test cases and a time limit really a 
good method? There are examples of solutions that are efficient considering the 
computational complexity but which are exceeding the selected time limit; see for 
example submissions of the contestants BUL01 and HKG01 not scoring 100 points. 
There are solutions that have a relative worse computational complexity but which do not 
exceed the selected time limit; see for example SVK04 scoring 100 points. This solution 
is searching the list of desired plates for every element in the DP matrix and this adds a 
factor N to the computational complexity. 
 
The difference between a recursive and an iterative implementation of a DP solution 
should not be considered an efficiency difference. The computational complexities of 
both solutions are of the same order; i.e. the difference is a constant factor. 
 
Not using dynamic programming, i.e. not storing intermediate results, is not a correctness 
error but an efficiency error, though score drops to 50 points. Though this is a desired 
effect but algorithmically it is solved. One might reconsider the weight of the efficiency 
requirement. Also the first 10 small test cases are used to verify correctness but the naïve 
recursive implementation is too inefficient to even process all the small test cases. 
 
The use of a time limit is also introduced for grading purposes, because we cannot let a 
program run forever to give an answer. The use of a time limit gives us some information 
about efficiency, but why should the time limit for efficiency be the same as this time 
limit to run a program. Perhaps the time it takes to give an answer for a test case should 
be used to weigh the score. 
 
For an interactive task we might use the number of calls as indication of the efficiency.  
Perhaps efficiency should be tested by finding a function for the time limit for several test 
cases.  
 
Testing efficiency is not something to be considered easy. 

3.5 Suggestions for alternatives 
These are merely suggestions. Of course this is useless for this task but perhaps the 
concepts of these ideas are portable to future tasks. 
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3.5.1 Method M0 Answer unknown in combination with strict grading 
An incorrect solution should always get zero score for the entire task. The problem is that 
a program is allowed to answer something wrong when it runs out of time. When a 
program runs out of time it should answer “Unknown” such that we can claim a program 
is wrong if it fails on a test case. Then a solution which gives an incorrect answer on any 
of the test cases is assumed wrong and gets zero score for the entire task. 

3.5.2 Method M1 Transposed test case 
If we interchange the height and width of the original slab and all the desired plates then 
we have a transposed test case. A test case and its transposed test case must have the 
same minimum waste. Even when the answer is wrong it should be the same.  
 
The first test case and its transposed counterpart sym_p.in and sym_q.in:  
 
sym_p.in sym_q.in 
10 20 
1 
3 19 

20 10 
1 
19 3 

 
The answer should be 29 and the following contestants gave inconsistent answers: 
 

·  ALB03 (p, q=-1,1) 
·  ARG02 (timeout) 
·  DEN04 (p, q = 10,20) 
·  GER01 (p, q = -1,29) 
·  IDN01 (p, q = 20,10) 
·  LTU01 (p, q = 29,0) 
·  LUX01 (p, q = 29,14) 
·  TKM03 (p, q = 3,19) 

 
The first test case and its transposed counterpart sym_p2.in and sym_q2.in:  
 
sym_p2.in sym_q.in 
3 4 
1 
2 3 

4 3 
1 
3 2 

 
The answer should be 6 and the following contestants gave inconsistent answers: 
 

·  AER02 (timeout) 
·  ALB03 (p, q = -1, 1) 
·  ARG02 (timeout) 
·  DEN04 (p, q = 3,4) 
·  GER01 (p, q = -1,6) 
·  IDN01 (p, q = 4,3) 
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·  JOR01 (p, q =1,0) 
·  TKM03 (p, q = 2,3) 

 
For example inspection of the submission of contestant GER01 (this is the only case that 
passed all the new test cases we developed) shows that it the second loop is not correctly 
implemented as is shown in the code example below.   
 
f or  ( i nt  w = 1;  w <= W;  w++)  {  
  f or  ( i nt  h = 0;  h <= W;  h++)  {  
    … 
  }  
}  

Code fragment 3-15 

3.5.3 Method M2 How to generate a test case set 
Generate a test case set as follows: 
 
Randomly generate x  test cases for every contestant. Every case that fails (additional up 
to a selected maximum) is added to the test case set. Then grading starts with the 
generated test case set. The number of test cases x  might be increased until the score 
frequency distribution is “stable” .  

3.5.4 Method M3 Acceptance test 
Create an acceptance test. Before a solution is accepted for grading it should at least 
answer a selected set of test cases correctly, e.g. a set of some trivial (small) test cases 
(e.g. our new test case set). 

3.5.5 Method M4 Distribute test cases 
Distribute a collection of test cases together with the task description or make it available 
for download from a server. In combination with method M3 this collection could be 
taken as acceptance test. 
 
Also the possibility of distributing a test facility containing predefined trivial test cases 
and/or a test case generator might be considered. 

3.5.6 Method M5 Sub test cases 
A test case consisting of 4 (sub) cases one case with waste, a case without waste and the 
transposed versions of both these cases. A score is only granted if all 4 (sub) cases are 
correctly answered. (Note: This technique was applied at IOI 2005). 

3.5.7 Method M6 Unusable desired plates 
Make sure that there are desired plates which are not usable. This might not be easy to 
realize. Perhaps this works: generate a zero waste test case, resize it (as described in 
section 3.2) without generating waste (we guess without always works and with 
sometimes not) and then add a desired plate which is not needed by creating one plate for 
which the height or the width are not a multiple of the resize factors. 
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3.5.8 Method M7 Simplify the task 
When a task is algorithmic of nature a framework could be made into which the solution 
should be coded. We could for example only want the contestants to fill in the recurrence 
equation correctly. We could even suggest the use of dynamic programming to make the 
task easier to do if necessary.  

3.6 Conclusion 
The preceding analysis of the submitted programs and of the test cases for the task 
Phidias at IOI 2004 raises some doubts about the grading scheme where scores are 
determined by adding scores for a number of separate test runs. In particular, the test 
cases that were used at IOI 2004 did not do a good job at catching mistakes (against 
correctness). Furthermore, it is not so clear what the efficiency objective was. For 
example, the recursive implementation (e.g. HKG01) of the recurrence equation using a 
memoization (a table) to avoid recomputation of previously computed results often did 
not get more than 60 points (out of 100) without further optimizations. Note that 
optimizations II and III did not really affect the worst-case complexity, but only the 
average-case complexity. 
 
We designed 10 additional test cases and recalculated the scores based on these cases. It 
turns out that the scores drop considerably. The score drops considerably due to the use 
of the strict grading rule (i.e. a flawed submission earns zero points) but the score drops 
even when the original score is corrected for this. The average score drops from 47 to 28 
(out of 100). Also originally 31% and now 20% of the contestants scored 90 or more (out 
of 100). 
 
If a program is not correct because it produces the wrong output for some valid input 
case, then it fails to solve the problem. In my opinion, such a program should not receive 
any points. Of course, one could argue that there a number of “special”  cases, and that 
failing to solve these, but correctly solving the other cases should be awarded some 
credit. However, the organization should agree on what constitute special cases 
beforehand and design the test cases accordingly. 
 
If the “special”  cases are uninteresting and will not be tested for, then it is better to 
change the specification to exclude them. Otherwise, contestants who do worry about 
these special cases are, in a way, penalized for doing so (compared to contestants who did 
not recognize the “special”  cases and submitted a program that cannot solve them). 
 
This strict grading scheme might look a bit over the top or unfair to some. But is it? If a 
task is too difficult then it should be made easier. Is it fair that contestants can score 100 
points with totally wrong program? Is it fair that contestants lose many points on correct 
albeit inefficient solutions? The grading scheme should be changed perhaps even to 
(partially) manually grading based on criteria that have been established beforehand, and 
that are possibly adjusted based on the analysis of actual submissions. 
 
Designing a set of test cases is not easy. Though we spent quite some time on designing 
the new set of test cases, there are still errors undetected. See for example GER01, which 
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contains an undetected error (it was found on the basis of some randomly generated 
inputs). It seems that there are always flaws that go undetected under execution-based 
testing. On the other hand, manual grading is also not guaranteed to be perfect. 
 
We discovered that contestants make some typical errors. It would be nice to have a test 
case for every mistake, but this is not feasible. Some mistakes could be tested for, such as 
mistakes in logic, or boundaries. Other coding mistakes are often made by not 
understanding how to derive a correct (not necessarily efficient) solution. At the IOI, the 
submitted programs are graded automatically. We would have more insight into the work 
of the contestants, if there was some information about their design decisions. This would 
show their understanding of the problem and their solution. Of course, this requires some 
manual grading. 
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4 Conclusion 
We evaluated the quality of the grading process of the International Olympiad in 
Informatics by analyzing the tasks Median (IOI 2000) and Phidias (IOI 2004) together 
with all submissions. We developed some tools to inspect the submissions. A taxonomy 
of the submissions is constructed to investigate the variety of solutions. The construction 
of taxonomies is a time consuming effort. After the inspection we regraded the 
submissions and compared the new score with the original IOI score and observed big 
changes (drop) in the score. 
 
It turns out that the grading process is not fair. Algorithmically equal submissions do not 
always get (almost) the same score. There are flawed submissions that solve all test cases 
(e.g. Median: CHN2-04) and efficient correct submissions (e.g. Phidias: HKG01) that 
only solve a few test cases. “Big O” -inefficient correct submissions (e.g. Phidias: 
SVK04) that solve all test cases. After we did a very strict regarding the total Phidias 
score drops from 15895 to 7945 points and the total Median score drops from 6410 to 
4380. 
 
Designing a set of test cases is not easy. Though we spent quite some time on designing 
the new set of test cases there are still errors undetected. It is impossible even for IOI 
problems to verify the submission using test cases only. If we want to grade correctness, 
we need more than only the source code, e.g. a correctness argument. Although the task 
description refers to efficiency as the “ largest”  case that must be solved, i.e. worst case, 
there are no general worst case inputs. Also for the Median task the only serious 
candidate (for most contestants) for solving the task is the FIND algorithm which is 

( )2O N  worst case. The efficiency that follows from only a few selected cases is perhaps 

not even an indication for the average behavior. Grading partly correct programs is even 
more difficult. Completely incorrect submissions might get a maximum score and 
programs with “only”  a coding error might get zero score. This seems rather unfair and 
cannot be solved by changing the set of test cases. 
 
We have developed the following tools to analyze the submissions. 
 
Median: 
 

·  A tool that reads the MEDIAN.LOG file and determines whether or not a 
incorrect answer could have been given based on the log data. 

·  A tool that reads the MEDIAN.LOG file and displays 3 pictures that help us to 
classify a submission. Where deviating pictures indicate incorrect solutions. 

·  A tool that generates a counterexample to prove the incorrectness of a submission. 
 
Phidias: 
 

·  A set of test cases. Each case is specifically designed to trigger certain common 
mistakes in submissions. 
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·  A tool to search for counterexamples.  
 
We have suggested some alternative methods for the Phidias task. The concepts of these 
alternatives could be applied to future tasks.  
 
For future tasks, it is perhaps not required to construct a taxonomy of possible solution 
but a collection of possible solutions might be very useful in constructing test cases. 
 
The visualization tool of the median task is very helpful. For future reactive tasks 
visualization tools could be very helpful during grading. 
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6 Appendix 
This appendix summarizes additional material for both the Median and the Phidias 
chapter in separate paragraphs. It will also be available on a separate CD. 

6.1 Median appendix 
The median appendix contains a paragraph with references to files and a paragraph with 
mathematical background information. 

6.1.1 References 
The table below contains references to Pascal source codes to examples, possible 
solutions and used library. 
 
Filename Descr iption 
Bubble.pas Bubble Search Algorithms 
DHeap.pas Example that uses EESS with a full heap implementation 
DHeap2.pas Example that uses EESS with a half heap implementation 
Examples.pas Examples used in paragraph 2.4 
Filter4.pas Method 2 described in paragraph Method 22.11.3 
Final3.pas The algorithms as described in 2.10 
Triples.pas The counting and sweeping methods described in paragraph 2.6 except 

the Bubble Search which is in Bubble.pas 
Verify.pas Utility to search for counter examples as described in paragraph 2.11.5 
Wvldev.pas Test device simulating device.tpu 
Wvlutil.pas Library with a wrapper for device.tpu or wvldev.tpu and some common 

functions 
Linear2.pas This is an implementation of the linear median algorithm as described 

by [5]. (This sourcecode is not the best available implementation as it is 
unstable (not order preserving) and it can be further optimized). 

 
The table below contains references to research data and Delphi source code of tools 
developed to analyze the median task. 
 
Filename Descr iption 
Median Statistics.xls Raw research data 
Verify Median.xls Raw research data 
Median Results Revised.xls Raw research data 
MedLog.exe Application to generate the pictues (see: paragraph 2.11.4) 
MedLog Folder with sourcecode of MedLog.exe 
MedComp.exe Application to analaze log data (see: paragraph 2.11.3) 
MedComp Folder with sourcecode of MedComp.exe 
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6.1.2 Mathematical background 
This paragraph contains background information about binary relations taken mostly 
form [3]. 
 
Definition – Binary relations 

A binary relation R  between sets A  and B  is a subset of the Cartesian product A B´ . 
 
If ( ),a b RÎ  (or using infix notation aRb) then a  is R-related to b . 

 
Note: If A B= then R  is called a binary relation on A . 
 
Definition – Types of binary relations R on A 

Reflexive 

( )( ): : ,a a A a a R" Î Î   

 
Irreflexive 

( )( ): : ,a a A a a R" Î Ï  

 
Symmetric 

( ) ( )( )0 1 0 1 0 1 1 0, : : , ,a a a A a A a a R a a R" Î Ù Î Î � Î  

 
Antisymmetric 

( ) ( )( )0 1 0 1 0 1 1 0 0 1, : : , ,a a a A a A a a R a a R a a" Î Ù Î Î Ù Î � =  

 
Corollary – Alternative for antisymmetric 
 

( ) ( )( )0 1 0 1 0 1 0 1 1 0, : : , ,a a a A a A a a a a R a a R" Î Ù Î Ù ¹ Î � Ï  

 
Transitive 

( ) ( ) ( )( )0 1 2 0 1 2 0 1 1 2 0 2, , : : , , ,a a a a A a A a A a a R a a R a a R" Î Ù Î Ù Î Î Ù Î � Î  

 
Intransitive 

( ) ( ) ( )( )0 1 2 0 1 2 0 1 1 2 0 2, , : : , , ,a a a a A a A a A a a R a a R a a R" Î Ù Î Ù Î Î Ù Î � Ï  
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Comparable (total) 

( ) ( )( )0 1 0 1 0 1 1 0, : : , ,a a a A a A a a R a a R" Î Ù Î Î Ú Î  

 
Note: Two elements 0 1,a a AÎ  are called incomparable if ( ) ( )0 1 1 0, ,a a R a a RÏ Ù Ï  

 
Trichotomous 

( ) ( )( )( )0 1 0 1 0 1 1 0 0 1, : : , , , ,a a a A a A f a a R a a R a a" Î Ù Î Î Î =  where 

( ) ( ) ( ) ( ), ,f a b c a b c a b c a b cº ÙØ ÙØ Ú Ø Ù ÙØ Ú Ø ÙØ Ù  i.e. only 1 out of 3 holds 

 
Extendable 

( )( )( )0 0 1 1 0 1: : : : ,a a A a a A a a R" Î $ Î Î  

 
Equivalence relation 

A reflexive symmetric transitive relation is an equivalence relation. 
 
Partial order 

A reflexive antisymmetric transitive relation R  on a set A  is a weak (reflexive) partial 
order. 
 
An irreflexive antisymmetric transitive relation R  on a set A  is a strict (irreflexive) 
partial order. 
 
The two definitions are essentially equivalent because a strict partial order has a 
corresponding weak partial order and visa versa. 
 
Note: The pair ( ),A R  is called a partially ordered set (poset). 

 
Total order 

A comparable partial order is a total order. 
 
An alternative equivalent definition: a transitive trichotomous relation is a total order. 
 
Note: A total order is also called a linear order. 
 
Well order 

A total order in which every nonempty subset has the least element is a well order. 
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Definition – Functions 

A relation F A BÍ ´  is called a function :F A B®  if 

( )( ) ( ) ( )( )( )0 1 0 1 0 1 0 1: : : : , , : : , ,a a A b b B a b F b b b B b B a b F a b F b b" Î $ Î Î Ù " Î Ù Î Î Ù Î � =

 
Note: A function :F A B®  with a AÎ  and b BÎ  and ( ),a b FÎ  is written as 

( )b F a= . 

 
Definition – Par tial functions 

A partial function :F A B®  is a function : © ©F A B®  with © ©A A B BÌ Ù = . 
 
Definition – Classes of functions 

Let A  and B  be sets. 
 
Surjective 

Surjective functions :f A B® are functions such that for every b BÎ there is at least 
onea AÎ . 
 
Injective 

Injective functions :f A B® are functions such that for every b BÎ there is at most 
onea AÎ . 
 
Bijective 

Bijective functions :f A B® are both surjective and injective therefore there is for every 
b BÎ exactly onea AÎ . 

6.2 Phidias appendix 
This paragraph contains appendixes for the Phidias chapter. 

6.2.1 Appendix A 
The table below contains references to complete implementations of the code fragments 
described in paragraph 3.2. 
 
Filename Descr iption 
Phidias0.pas No optimizations, except for the k-loop which is backwards 
Phidias1.pas Optimization 1 applied and the k-loop is backward 
Phidias2.pas Optimization 1 and 2 applied and the k-loop is backward 
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Phidias2a.pas Optimization 1 and 2a applied and the k-loop is backward 
Phidias3.pas Optimization 1 and 2 and 3 applied and the k-loop is backward 
Phidias4.pas Optimization 1 and 2 and 3 applied and the k-loop is backward where: 

 
·  WASTE_UNKNOWN constant is changed to i × j 

 
Phidias5.pas Optimization 1 and 2 and 3 applied and the k-loop is backward where: 

 
·  WASTE_UNKNOWN constant is changed to i × j 
·  Initialization of recursive version is adapted 
·  The iterative version is now also adapted (here we need Q) 
 

 
Optimizations: 
 

1. A mirror-cut on the opposite side. 
2. Do not try to cut plates that are too small. 

a. Simplified version of 2. 
3. Stop cutting if zero waste because that is the minimum waste 

 
The table below contains references to research data and test casesused to analyze the 
Phidias task. 
 
Filename Descr iption 
* .in Test cases used during the analysis of the Phidias task. Exact 

filenames are referred to throughout this paper. 
Verify Phidias.xls Raw research data 

6.2.2 Appendix B 
This appendix describes input and output files and example of cuts that results in the 
minimal waste. Only the first 10 small test cases that the IOI used are described. Wasted 
area is gray. 

6.2.2.1 Test case 1 
1. i n 1. out  
9 12 
5 
1 12 
2 6 
3 4 
4 3 
6 2 

0 
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6.2.2.2 Test case 2 
2. i n 2. out  
11 7 
2 
4 5 
6 7 

15 

 
           
           
           
           
           
           
           

6.2.2.3 Test case 3 
3. i n 3. out  
13 7 
3 
2 2 
11 6 
12 5 

7 
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6.2.2.4 Test case 4 
4. i n 4. out  
14 19 
5 
4 14 
9 5 
12 4 
13 17 
8 12 

27 

 
              
              
              
              
              
              
              
              
              
              
              
              
              
              
              
              
              
              
              

6.2.2.5 Test case 5 
5. i n 5. out  
15 7 
5 
1 3 
8 2 
8 3 
12 5 
8 7 

7 
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6.2.2.6 Test case 6 
6. i n 6. out  
16 16 
2 
8 4 
4 8 

0 

 
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                
                

6.2.2.7 Test case 7 
7. i n 7. out  
17 11 
3 
5 10 
12 9 
4 8 

29 
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6.2.2.8 Test case 8 
8. i n 8. out  
18 11 
5 
14 2 
13 3 
12 4 
11 5 
10 6 

47 

 
                  
                  
                  
                  
                  
                  
                  
                  
                  
                  
                  

6.2.2.9 Test case 9 
9. i n 9. out  
19 9 
5 
3 4 
5 5 
1 8 
13 6 
19 8 

4 
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6.2.2.10 Test case 10 
10. i n 10. out  
19 13 
3 
11 11 
17 9 
13 10 

94 

 
                   
                   
                   
                   
                   
                   
                   
                   
                   
                   
                   
                   
                   
 


