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1 Introduction

Thisis my master thesis written for the master degree in computing science (informatics)
at the Technische Universiteit Eindhoven (TUE).

1.1 Background information

The International Olympiadsin Informatics (10l) is one of five International Science
Olympiads and is organized every year in adifferent country. The 1Ol isacompetition in
the discipline of informatics (computing science) for senior pupils at secondary schools
all over theworld. In the summer of 2005 the contest was held in Poland with 276
contestants from 72 countries. Although there are many social and cultural aspectsto the
IOl contest we only focus to the core aspect which is the algorithmic problem solving
itself.

The contest takes 2 days in which the contestants have to solve 6 problems. Each day
there are 3 problems to be solved in aperiod of 5 hours. Problems are stated in atask
description. Solving a problem requires a contestant to submit an executable (and since
2001 the source code) that solves the stated problem. Although the problems are
algorithmic in nature, it is also required that contestants implement their algorithmsin
one of the allowed programming languages; i.e. Pascal, C or C++. For that purpose each
contestant is provided with acomputer and program development tools. The contestants
work alone (not in ateam) and are isolated from the outside world.

The 101 Competition Rules [4] cover the complete “ Competition Procedures’ and
“Judging Procedures’. They vary slightly from year to year, but since 1994 the grading of
the submitted programs is done automatically using a number of test cases. Whenever
efficiency plays arole there are grading points for inefficient (correct) solutions.

1.2 IOl terminology and process
We borrow the following terminology fro the IOl contest.

Task: A task isthe task description that is handed out to the contestants on the
day of the contest. Thisis also sometimes called the problem or the
assignment.

Submission: Thisiswhat is submitted by a contestant to the IOl committee asa
solution to the given task. Thisis also sometimes called the solution or the
program. Typically the submission is an executable or the source code.
Although it was not required to submit the source code for the Median
task we used it anyway asif it was a part of the submission whenever we
needed the source code as they where collected after the contest.

Grading: The grading of a submission is the process that |eads to a score between 0
and 100 points indicating the quality (see below) of the submission.



1.2.1 Quality

From the IOl rules, one can infer that within the 10l contest, the quality of a submission
is measured by the functiona correctness of the program and its time and memory
efficiency. A program isfunctionally correct if it solvesthe given task disregarding any
time and memory limits. This means it must solve in principle any input case that
satisfies the input specification given in the task description. An efficient program stays
within the stated boundaries. There are several boundaries, e.g. memory and execution
time, but programs are al'so limited in e.g. executing other processes or accessing
secondary storage (disk).

The 101 chose to use correctness and efficiency as quality criteria. These criteria allow
for (some) automated testing. No other criteria are used in the grading; e.g. readability,
modularity, maintainability and robustness.

1.2.2 The grading process

Before the contest takes place, the 10l committee prepares the test cases that will be used
for grading. Thereis afixed number of test cases per task, typicaly in the range from 10
to 25. All these test cases satisfy the precondition stated in the task description and are
unknown to the contestants. Contestants’ programs need not handle other cases. For each
task, the committee aso determines in advance the maximum amount of execution time
and the maximum amount of memory that a submission is allowed to use to solve atest
case. For every test case that is solved correctly the contestant gets 100 / #TestCases
points. The total score then isthe sum of the scores for the test cases solved correctly
within the time and memory limits.

First the source is compiled (until 101 2000, the contestants had to do this themselves). If
it failsto compile, a contestant gets zero points. If it compiles successfully the grading
continues. For every test case, the submission is executed and if it solves the test case
correctly and it does not generate runtime errors or atimeout or violates any of the other
stated boundaries, it gets the score for the test case otherwise it gets zero points. (Note
that at 101 2005, this process was further refined, but that was after we conducted our
research).

The“size” (complexity) of the test cases varies to award points to submissions
“proportional” to the efficiency of the submission. The test cases are selected to test the
correctness and the efficiency. The choice of the “size” of atest case might also be
related to the programming languages supported in the contest. For example, assume

thereis atrivial algorithm with time complexity O(NZ) and an “intended” O(N)

algorithm. Then the upper bound on N and the time limit are set such that the intended
solution can solve the “hardest” cases within the limits but the trivia agorithm cannot. If
the trivial agorithm (when implemented correctly) is to be rewarded with 30 points, then
6 out of 20 test cases will use avalue for N that is small enough to allow thetrivial
algorithm to solve those cases within the time limit of the task. The other test cases will
then use values of N that are significantly larger, to stay away from the grey crossover



area, because implementation details and choice of programming language should not
affect the result.

1.3 Objectives

Winning a contest is for many people a challenge. It takes preparation and determination
to succeed. It isthe responsibility of the organization that the contest is judged fairly and
rewarded correctly.

A task description together with the competition rules defines what the correctness of the
algorithm is and what the required worst case efficiency is. The source code represents
the requested a gorithm. Proving correctness automatically isinfeasible. The programis
wrong when it fails atest case; correctnessis never proven using only alimited set of test
cases. The efficiency assessed by testing is not the abstract (“big O”) computationa
complexity. There is memory efficiency; i.e. the amount of memory used to solve atest
case. And thereistime efficiency; i.e. the runtime needed to solve atest case. The
maximum runtime and memory limit are enforced. The use of test cases only tests
“specific case” efficiency not best, average or worst case efficiency.

Of course, software engineers know that test cases never suffice to prove correctness, i.e.
atest case can only be used to show the incorrectness. Also, test cases cannot prove that a
program fulfills the efficiency requirements, i.e. atest case can only be used to show the
inefficiency of a program, but not to show its worst case, average case, or best case
efficiency.

In view of these limitations, it is reasonable to ask how well the grading process of the
IOl has worked in practice. Thereis no previous data available to support the quality of
the IOl grading. We shall show that the effect of only using test casesis of great
influence to the overall grading.

We want to find out whether the following situations have occurred in the |Ol:

A incorrect submissions with (close to) 100% score

Two functionally correct submissions, where one algorithm has aworst case
performance better than another algorithm but receiving alower score.

A functionally correct efficient algorithm does not score 100%

A functionally correct inefficient agorithm scoring 100%

1.4 Methodology

We decided to investigate the quality of 10l grading by studying afew 10l tasks together
with all submissions and their 10l scores.

We selected the Median task from the year 2000 and the Phidias task from 2004. We
chose the Median task because there exists some literature [1], there isarich variety of
solutions possible and it is areactive task. We choose Phidias because we wanted a recent
task, and had it the best score at 101 2004 (from the scores, it appeared to be arelatively
easy task). The Phidias task was not reactive.



We assess the quality of the 101 grading process by testing and analyzing the submissions
in various new ways. We then regraded the submissions ourselves and compared the
results with the grading from the 10I.

Asan aid to our analysis, we constructed an a gorithm taxonomy for each task. Such a
taxonomy captures relati onships between algorithms, e.g. in correctness arguments or in
structure. We started by constructing a taxonomy based on the solutions provided by the
organizers. Then we classified the submissions with respect to this taxonomy. Whenever
the taxonomy did not yet accommodate the a gorithm, we extended the taxonomy. The
taxonomiestry to cover most of the submissions. Our god isto cover the submitted
solutions and not necessarily al possible solutions.

Algorithm taxonomies are useful in their own right, because they provide a framework
for deciding on the relative merit of the algorithms. In that way, a taxonomy can be used
to decide on intended scores for (correctly implemented) algorithms. The taxonomy may
also help in classifying common errors and how to rate them. For these reasons, we have
paid considerabl e attention to the construction of the taxonomies.

Hopefully the conclusions stated in this report will help improve the quality of grading in
the 10l contest. The presented taxonomies should help us better understand the
submissions. The derivation of the taxonomies hopefully leads to a better understanding
of the complexity of building taxonomiesin general.

1.5 Overview

In chapter 2 the Median task is analyzed and in chapter 3 the analysis of the Phidias task
is presented. Both chapters might be red independently although both share a same
overall structure. The chapters start with asmall introduction, followed by the task
description, followed by analysis and verification, followed by a conclusion. Chapter 4
contains the overall conclusion.

We are aware of the small difference in writing style between chapter 2 and 3. The
numbering in chapter 3 is different from chapter 2. Also we have not been consistent with
emphasizing the difference between programming variables and logica variables with a
different font wherever inconsistent the context should clarify what is meant.



2 Median

This chapter deals with the IOl 2000 Median problem. The article “Finding the Median
under 10l Conditions’ [1] is used as a starting point.

The median is areactive task. The difference with regular tasks is that the task involves a
dialog between the algorithm and its environment. The first reactive task was introduced
at 10l 1995. Games such as Master Mind fal in this category. The input data, such asthe
secret code in Master Mind, isindirectly available through the environment, which offers
alimited set of operations. The median offersin a same way input datathat can only be
accessed using alibrary. The library enables the algorithm to access the datain avery
limited way. Thiswill be further explained in the task description.

In paragraph 1 the 101 2000 Median task description is given. In paragraph 2 we develop
some notation to analyze the Median task. In paragraph 3 we analyze the Median task. In
paragraph 4 we derive a taxonomy of solutions for the Median task. In paragraph 5
severa data structures to represent a set of labels are discussed. In paragraph 6 we
mention afew more solutions that where not easily described using the derivation in
paragraph 5. Paragraph 7 describes how to using standard median finding algorithms.
Paragraph 8 follows with a discussion off some global optimizations. Paragraph 9
summarizes derived solutions in ataxonomy. Paragraph 10 follows with an overview of
different algorithms that can be constructed from the taxonomy. In paragraph 11 presents
the verification of grading of the Median task. Paragraph 12 ends this chapter with the
conclusion.

2.1 Task description

The task description is taken from the 1Ol 2000 task description [2]; some minor editing
took place. It contains the problem description, input and output specification, additional
constraints and an example.

Begin of Quoted Task Description

2.1.1 Problem description

A new space experiment involves N objects, labeled from 1 to N. It isknown that N is
odd. Each object has a distinct but unknown strength expressed by a natural number. For
each strength VY, it holdsthat 1£Y £ N . The object with median strength is the object X
such that there are equally many objects having smaller strength than X as there are
objects having greater strength than X. Y ou are to write a program that determines the
object with median strength. Unfortunately, the only way to compare the strengthsis by a
devicethat, given three distinct objects, determines the object with median strength
among the three objects.

2.1.2 Library
Y ou are given alibrary named device with three operations:




GetN, to be called once at the beginning without arguments; it returns the val ue of
N.

Med3, called with three distinct object |abels as arguments; it returns the label of
the object with median (middle) strength.

Answer, to be called once at the end, with one object |abel as argument; it reports
the label of object X with median strength and properly ends the execution of your
program.

The library device produces two text files: MEDIAN.OUT and MEDIAN.LOG. Thefirst
line of file MEDIAN.OUT contains one integer: the label of the object passed to the
library in the call to Answer. The second line will contain one integer: the number of
callsto Med3 that have been performed by your program. The dialogue between your
program and the library is recorded in the file MEDIAN.LOG.

Instruction for Pascal programmers:
Include the uses statement given below in the source code.

uses devi ce;

Instructions for C/C++ programmers:
Use the include statement given below in the source code, create a project
MEDIAN.PRJ and add the files MEDIAN.C (MEDIAN.CPP) and DEVICE.OBJ
into this project.

#i nclude “device. h”

2.1.3 Experimentation

Y ou can experiment with the library by creating atext file DEVICE.IN. The file must
contain two lines. Thefirst line must contain one integer: the number of objects N. The
second line must contain the integers from 1 to N in some order: thei-th integer is the
strength of the object with label i.

2.1.4 Example

DEVI CE. I N

5
25431

Thefile DEVICE.IN above describes an input with 5 objects and strengths as bel ow:

Label 1 2

4 5
3

[

3
Strength 2 5 4

Hereis acorrect sequence of 5 library calls:

1. GetN (in Pascal) or GetN() (in C/C++) returns 5.
2. Med3(1,2,3) returns 3.
3. Med3(3,4,1) returns 4.




4. Med3(4,2,5) returns 4.
5. Answer(4)

2.1.5 Constraints

For the number of objects N wehave 5£ N £1499 and N is odd.
For the abject labelsi, wehave 1£i £ N.
For the object strengths Y, wehave 1£Y £ N and all strengths are distinct.
Pascal library file name: device.tpu
Pascal function and procedure declarations:
function GetN:. integer;
functi on Med3(x, y, z: integer): integer;
procedure Answer(m integer);
C/C++ library file names: device.h, device.obj (use large memory model)
C/C++ function headers:
int GetN(void);
int Med3(int x, int y, int z);
void Answer(int m;
No more than 7777 cdlls of function Med3 are alowed per run.
Y our program must not read or write any files.

End of Quoted Task Description

2.2 Notation
In this section we devel op some notation to analyze the problem.

2.2.1 Definitions

This paragraph contains an overview of the assumptions and definitions used in the rest
of the chapter.

Assumption — The number of objectsN
NT USE£NE£1499UNmod2=1

Definition — Object labels
I U =[LN]

Note: isatotally ordered set. We only need object |abels to identify the objects. The

object labels themsel ves do not necessarily have to be atotal order. The only required
propertyis: # =N.

Definition — Strength function s
The strength of an object is given by the function s.

s: ® U =

10




Note: The function sis not known to the contestants. Therange of s (i.e. ) could be any

totally orderable set e.g.  or aset of strings.

Assumption — Strength function sisinjective (i.e. all strengths are distinct)
("i,j:i,jT csi=sj o i=j)
Note: Because sisaninjectivefunction # £# .
Definition — Ordering relation <, on
Forall i,jl
i<,] © si<sj

Note: Therelation <, isirreflexive, antisymmetric and transitive and trichotomous and
therefore atotal order.

Definition — Ordering relation £, on
Foral i, jl
iE.] © sSifs]

Note: Therelation £ isreflexive, antisymmetric, transitive and comparable (total) and
therefore atotal order.
Properties— Ordering relations
Forall i,jl
£ ] ° i< jli=]
<) 0 Qg Uit
A<, j) © jEi
Gi£,j) © j<i

11



Definition — Minimum partial function min;: ( )®
Forvi UV! A
ming VI VU("i:iT V:imin,V £1)
Note: min,.(V EW) = min_.(min, V E min, W) if viEUW? £
Definition — Maximum partial function max,: ( )®
Forvi UV A
max, V1 VU("i:iT V:iE max V)
Note: max,.(V EW) =max,.(max, V E max, W) if viAEUW?! £
Definition — Generalized ordering relation <, on
Forall V,W i
V< We ("v,wivl VUwl Wiv< w)
Note:

V< VoVv=£

E< W

V< A

< fE

V < W° max V < min W if Vi AEUW!? £

The generalized relation <, istransitive.

Definition — Generalized ordering relation £, on
Forall V,W i

VEWEe ("v,wivi VUwl W:ivE w)

12



Note:

VEVO#EL

EEW

VE A

EE fE

VE W max V£, min W if vi/EUW? £

The generalized relation £, istransitive.

Properties— Generalized ordering relations

Foral V,W i

VEW V<WUVCW?! /E

V< W°VEWUVCW=/

(Vv E,W)° ($v,w:vi VUW W:iw<, V)
B(V <,W)° ($v,w:vi VUwI W:wE V)

Definition — Median partial function med,: ( )®
For VI U#Vmod2=1

med, V1 VU#{i:il Vi< med,V}=#{i:il V:med,V <i}
Note: #{i:iT Vi<, med, V} =#{i:il V:med,V < i} =#V div2
Property — The median of set V of 3 objectsusing medg
Assume; vV ={abcUvi U#V=3Ub=med,V

b=med, V
°  {definition med,U#V =3}
(a<,b<,c)U(c<,b<,a)

13



Note: Thereisa“dual” property for which we assume: b! med, V

b1 med,V
@(b=med, V)

?((a<,b<,c)U(c<,b<, a))
°  {Properties - Ordering relations }
(b£,aUbE c)U(cE,bUaL D)

Definition —Median partial function Med3: *®
For {a,b,c}i U#{ab,c} =3
Med3ab.c = med, .{a,b,c}

Note: Med3ab.cis also written as Med3(a, b, c) which is the operation that is available
through the library as afunction call.

Property — The median of set V of 3 objectsusing Med3

Assume: V={abcUVi U# =3Ub=Med3abc
b=Med3ab.c
(a<,b<,c)U(c<,b<a)

Definition —For all bl the“on oppositesides’ relation b on

For all a,b,cl

a b co(a<,b<,c)U(c<,b<,a)

Note:
a b cofdse if a=b
a b cofase if b=c
a b cofdse if a=c
a b c°c b a

14



a b cUc b d ga b d
b=med,{abc}°a b c if #{a,b,c} =3
a b co#i:il {ac:i< b} 0UHi:il {ac:b< i}t 0

Foral bl  the“on oppositesides’ relation b isirreflexive, symmetric and
intransitive.

Proof: intrangitivity of “on opposite sides’

a b cUc b d
{ definition}
(a<,b<,cUc<,b<,a)U(c<,b<,dUd< b< c)
o {distributivity}
(a<,b<,cUd < b< c)U(c<,b<,alc< b< d)
° {caculus
(a<,bUb<,cUd <, b)U(c<,bUb< aUb<,d)
{calculus}
(a<,bUd < b)U(b<,aUb<,d)
{calculus}
(a£,bUd £, b)U(b£,aUb£E, d)
o {distributivity}
(b£,aUd £,b)U(b£, d UaL, b)

[e]

{DeMorgan}

Bd(a<,b<,d)UD(d < b<,a)
{DeMorgan}

P(a<,b<,dUd<,b< a)

{ definition}

@(a b d)

15



Property — A property of “on opposite sides"

For al a,b,c,d1
a b cUb ¢ d
(a<,b<,cUc< b< a)U(b< ,c<,dUd < c<,b)

{distributivity}
(a<,b<,cUb< c<,d)U(c<,b<;ald < c<,b)

o

(a<,b<,c<,d)U(d<,c<,b<, a)
Note:

a b cUb c d a b dUa c¢c d
a b dUb ¢c d a b cUa c¢c d

Corollary — Extremes and “ on opposite sides”

a<,{bcjUa b c b<,c
{bc}<,ala b c c<.b
a=min,{a,b,¢Ua b cUb ¢ d b=min,{b.cd}
a=max,{ab,cUa b cUb ¢ d b=max,{bcd}

Proof: a=min,{a,b,cdUa b cUb ¢ d b=min {bc,d}

a=min.{abcUa b cUb c d
° {definitionsof min, anda b candb c d}

at,bUaf cU(a<,b< cUc<,b< a)U(b<,c<,dUd< c<b)
o {ag b}

at bUaf cU(a<,b< c)U(b<,c<,dUd < c<,b)
© {beg

aE,bUaf cU(a<,b< c)U(b< c<, d)

{b<,cUb<_d}

b=min,{b,c,d}

16



Proof: a=max,.{a,b,cdUa b cUb ¢ d b=max,{bc,d}
Similarto a=min, {a,b,cfUa b cUb ¢ d b=min {b,c,d}

Definition —For all bl  the“on thesameside’ relation b on

For al a,cl

a b c°(af,bUcE b)U(bE, aUbE, c)

Note:
a b c°true if a=b
a b c°true if b=c
a b c°true if a=c
a b c°c b a
a b cUc b d abod

bt med,{abc}°a b c
a b co#i:il {ac:ig b} =0U#i:il {a,c}:bE i} =0

Foral bl  the“onthesameside’ relation b isreflexive, symmetric and transitive
and therefore an equivalence relation.

Corollary-@(a b c)°a b ¢

d(a b c)
{ definition}
d(a<,b<,cUc< b<, a)
°  {DeMorgan}
P(a<,b<,c)UB(c<, b<, a)
{DeMorgan}
(b£,aUc£ b)U(bE cUaL, b)
o {distributivity}
(b£,aUb£ c)U(aE bUcE, b)
o {definition}
a b c

17



Corollary—a b ¢ b a cUa ¢ b

Proof:

a b c
o  {definition}

(a<,b<,c)U(c<,b<a)

{calculus}

((b£,aUc£ a)U(at bUakt, c))U((aL, cUbL, c)U(cE aUcE, b))
o {defintion}

b a cUa c b
Corollary—a b cUb a cUa c bU(a!bUat cUb? c)

Proof:

a b c
o {definition}

(a<,b<,c)U(c<,b< a)
U {caculusa® bUa? cUb! ¢}

((o£,aUcE a)U(at bUat, c))U((ak, cUbE c)U(cE, alck, b))
o {defintion}

b a cUa c b

Corollary—a b cUa b dUb*d ¢ b d
Proving is | eft to the reader.
Definition —For all BI  the generalized “on opposite sides” relation B on

Foral ACI

A B C°(A<,B<,C)U(C<,B< A)

Note:
A B Co°fdse if A=BUB! &£
A B Ceofase if B=CUB! £
A B Co°fdse if A=CUA! EUB! £UC! £
A B CF© true if A=CUA=/AUB! £UC=£&

18



C © true if B=/A

C°B<,CUC<B if A=/EUB! £UC! £
C° A<,BUB<_ A if At EUB! EUC =/
C° true if A=/EUB! £UC=£&
cC°eCc B A

cCuc B D @(A B D) if At £UB* A£UC! £UD! £
CU#A=#C #i:il AEC:i<,B}=#{i:il AEC:B<,i}

> > r>r> > >>
W W oww W Ww

Foral Bi  thegeneralized “on opposite sides’ relation B issymmetric. On
nonempty setsit also isirreflexive and intransitive.

Definition —For all BI  the generalized “on thesame side” relation B on
Foral ACI

A B C°(AE£ BUCE B)U(BE, AUBE,C)
Note:

C°BE£,BU(CE,BUBE,C) if A=BUA! £UB! £UC! £
C°(AE,CUCE AJUCE,C if B=CUAL £UB® £UC! £

C° AE_BUBE A if A=CUA! £UB! £UC! £
cec B A

cCuC B D A B D if Ct /E

C°CE£,BUBE.C if A=/

C O true ) if B=/

C° A£_ BUBE_A if C=A&

C° true if A=EUC=£&

co#{i:il AEC:i£,B}=0U#i:il AEC:BE£ i}=0
Co (AECE,B)U(BE, AEC)

> >»>» >> >>> > > >
U W W Www W W w

Foral Bi  thegeneraized “onthe sameside’ relation B issymmetric but not
anymore reflexive and transitive. For C* / it isalso transitive.

Corollary —Generalized” A B C B A CUA C B and
B A CUA C BUACB! AUACC! AUBCC* A A B C

Proving is left to the reader.
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Corollary-A B CU#A=#C med,.(AE BE C)=med,.B
We give only adraft of the proof.

Foral ABCI UB! A&
#{i:il AEC:i£ B} =#{i:il AEC:BE,i}
med,.(AE BE C) = med,.B
#{i:il AEC:i< B} =#{i:il AEC:B<,i}
#{i:il AEC:i£ B} =#{i:il AEC:BE,i}
A B CU#A=#C
#{i:il AEC:i<, B} =#{i:il AEC:B<,i}

Specification — MEDIAN

|[ var
m
| m:= “The | abel of the object with median strength”
{ m=med,. }
11

2.3 Analysis
In this paragraph we analyze the Median task.

We consider an accepted submission to be incorrect if the solutions on some input:

does not terminate
gives a, possibly non-existing, label as answer that is not “the label of the object
with median strength”

somehow guesses the answer, that is, the answer was not uniquely determined by
the invoked Med3 calls and their results

Violation of the upper bound on Med3 calls does not make a program incorrect. It is not
efficient enough. So we ignore the upper bound for the moment.
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Introduction — Per mutation p
p: ®

A permutation p: ®  isintroduced. Permutation p helps solving the problem of
finding the label of the object with median strength. Now find a permutation such that
p(N div 2) isthe label of the object with median strength.

Specification —Median (p)

A refinement of the Median specification with permutation p

|[ var
m
p: array of ; { pis a pernutation of }
| p:="a permutation of L” { a randomor identity permutation }
¢ (i gt Uit jrpit pj) o}
“permute p”

; { p(Ndiv2)=meds. }
m:=p.(Ndiv 2)
{ m=medg. }
11

Then we have to figure out how to “ per mute p” ?
Calculation — An equivalent post condition for “ permute p”

p.(N div 2) = med,.
o  {definition of med,}
p.(Ndiv2)i O#i:il i< p(Ndiv2}=#i:iT :p(Ndv2)<i}
{ pisapermutation of }
#{l it i< p(N d|v2)}=#{i:iT :p.(N div2)<si}
{ pisapermutation of }
#i:0£i <N:pi<, p(Ndiv2)}=#i:0£i<N:p(Ndiv2)< pi}
{antisymmetry <.}
#{l 0£i<N:pi<, p(N d|v2)} {i:O£i<N:p.(N div 2) <, p.i}=Ndiv2

There are 3waysto permute p suchthat p.(N div 2) isthe label of the object with
median strength.
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Order p such that:

("i,j,k:0£i<j<k<N:pi<,pj<, pk)

U
("i,j,k:0£i<j<k<N:pk< p.j< pi)

Split p such that:

("i,k:0£i<Ndiv2<k<N:pi<, p(Ndiv2)<, pk)
U
("i,k:0£i<Ndiv2<k<N:pk<, p(Ndiv2)< pi)

Pair p such that

pi <, p.(Ndiv2)<, p.(N-i-1)
"i:0£i<Ndiv2:U
p.(N-i-1)< p.(Ndiv2)<, pi

We rewrite these 3 predicates in equivalent predicates.

Equivalent predicates for the order p predicate:

("i:0£i<j<k<N:pi<,p.j<, pk)
U
("i:0£i<j<k<N:pk<, p.j<, pi)
o {transitivity <}
("i:0£i<j<N:pi<,pj)
U
("i:0£i<j<N:pj< pi)
o {transitivity <.}
(mizo<i<N:p(i-1)<, pi)

U
("i:0<i<N:pi<, p(i-1)
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o {transitivity <}
("i:0<i<N-1:p(i-1)< pi<, p(i+1))

U

(" i:0<i<N-1:p(i+1) <, pi<,pfi- 1))
o {i®i-1

("i:l<i<N:p(i- 2)< pi- 1)<, pi)

U

(" itl<i<N:pi<,p(i-1)<, p(i- 2))
Written using “on opposite sides’ notation:

("i:0£i<j<k<N:pi<, pj<, pk)

U
("i:0£i<j<k<N:pk<,p.j<, pi)

o

{transitivity <}
("i:0£i<j<k<N:pi<,p.j<, pkUpk<, p.j<pi)

o

{definitionpi p.j pk}
("i:0fi<j<k<N:pi p.j pk)

("iz0<i<N-1p(i-1)<, pi<, p(i+1))

U

(" i:0<i<N-1:p(i+1) < pi<,pi- 1))
° {transitivity <}

("i:0<i<N-Lip(i-1)< pi<, p(i+1)0p(i+1)<, pi<, pi-1))
o {definitionp.(i-1) pi p(i+1)

("i:0<i<N-1p(i-1) pi p(i+1))
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(" itl<i<N:p(i- 2)<, pi- 1)<, p.i)

U

(" itl<i<N:pi< p(i-1)< pi- 2))
o {transitivity <}

("id<i<Nip(i-2)< pi- 1)< piUpi<, p(i-1)< p(i-2)
o {definitionp.(i- 2) p.(i-1) pi}

("i:l<i<N:p(i-2) p(i-1) pi)

Equivalent predicates for the split p predicate:

("i,k:0£i<Ndiv2<k<N:pi<, p.(Ndiv2)<, pk)

U

("i,k:0£i<Ndiv2<k<N:pk<, p.(Ndiv2)<, pi)
o {transitivity <.}

(" i:0£i<Ndiv2: pi<, p.(Ndiv2) <, p.(N-i- 1))

U

(" i:0£i<Ndiv2: p.(N-i-1)<, p.(Ndiv2)<, p.i)

Written using “on opposite sides’ notation:

("i,k:0£i<Ndiv2<k<N:pi<, p(Ndiv2)<, pk)
U
("i,k:0£i<Ndiv2<k<N:pk<, p.(Ndiv2)<, pi)
o {transitivity <}
pi <, p.(Ndiv2) <, pk
"i,k:0£i<Ndiv2<k<N:U
pk <, p.(Ndiv2) < pi
o {definitionpi p.(Ndiv2) pk}
(" i,k:0£i<Ndiv2<k<N:pi p.(Ndiv2) p.k)
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Written using “on opposite sides’ and “on same sides’ notation:

(i:0£i<Ndiv2: pi<, p(Ndiv2)< p(N-i-1))

U

("i:0£i<Ndiv2: p(N-i-1)< p(Ndiv2)<, pi)
> {}

i:0£i<Ndiv2:pi p(Ndiv2) p(N-i-1))

i:0<i<Ndiv2:p(N-i-1) p(Ndiv2) p(N-i))

{}

s
U
(vi:o<i<Ndiv2:p(i-1) p(Ndiv2) pi)
U
(u

p0 p(Ndiv2) p(N-1)
U
("i;o<i<Ndiv2:p.i p.(Ndiv2) p.(N-i-l))
U
("i:0<i<Ndiv2:p(i-1) p(Ndiv2) pi)
U
(vi:0<i<Ndiv2:p(N-i-1) p(Ndiv2) p(N-i))
> {}
p0 p(Ndiv2) p.(N-1)
U
pi p(Ndiv2) p(N-i-1)
U
“i:0<i<Ndiv2:p.(i-1) p(Ndiv2) pi
U

p(N-i-1) p(Ndiv2) p(N-i)
° {
p0 p(Ndiv2) p(N-1)
U
p.(i-1) p.(Ndiv2) pi
"i:0<i<Ndiv2:U
p(N-i-1) p(Ndiv2) p(N-i)
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Equivalent predicates for the pair p predicate (using “on opposite sides’ notation):

pi <, p.(Ndiv2)<, p(N-i-1)
"i:0£i<Ndiv2:U
p.(N-i- 1)<, p.(Ndiv2) <, pi
o {definiionpi p.(Ndiv2) p(N-i-1)}
("i:0£i<Ndiv2:pi p(Ndiv2) p(N-i-1))

These 3 ways are correct because they imply the previously cal culated equivalent post
condition of “permut e p” whichis:

#i:0£i <N:pi< p(Ndiv2)}=#i:0£i<N:p(N div2)<, pi} =Ndiv2
To see this we write down the 3 implications.

An ordered permutation:

("izo<i<N:p(i- 1)<, pi)
U
("i:O<i<N:p.i <, p.(i-l))
{transitivity <.}
#{i:0£i <N:pi<, p(Ndiv2)}=#i:0£i<N:p(Ndv2)<, pi} =Ndiv2
A split permutation:
("i:0£i<Ndiv2: pi<, p(Ndiv2) < p(N-i-1))
)
(" i:0£i <Ndiv2: p(N-i-1)<, p(Ndiv2)<, p.i)
{" - # connection}
#i:0£i <N:pi< p(Ndiv2)}=#i:0£i<N:p(N div2)<, pi} =Ndiv2
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A pair permutation:

pi <, p.(Ndiv2) <, p(N-i-1)
"1:0£i<Ndiv2:U
p(N-i-1) <, p(Ndiv2)<, pi
{" - #connection}
#i:0£i<N:pi< p(Ndiv2)}=#i:0£i <N:p(N div2)<, pi} =Ndiv2

Next follows alittle summary (using the “on opposite sides’ relation) of the 3 waysto
permute p such that pN div 2) isthelabel of the object with median strength.

Order p such that

("i:0fi<j<k<N:pi pj pk)
Split p such that

("i,k:0£i <Ndivz<k<N:pi p(Ndiv2) pkK)
Pair p such that

("i:0£i<Ndiv2:pi p(Ndiv2) p(N-i-1))

Thereare (N - 1) permutations of p that have p.(N div 2) asthe label of the object with
median strength. These permutations are called validated.

These 3 ways identify 4 collections of possible permutations of p.

ordered p

split p
paired p
validated p

Where ordered is aspecia kind of split and splitisaspecid kind of paired and paired is
aspecia kind of validated.

ordered p  split p

splitp  paired p
paired p validated p
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The sizes of the 4 collections depend on the number of 1abels N.

The ordered collection contains only 2 possible permutations.
The split collection contains 2(( N div 2)!)2 possible permutations.

The paired collection contains 2" ((N div 2)!)2 possible permutations.

The validated collection contains (N - 1)! possible permutations.

The input collection from which one item (permutation) is taken as input to the program
consistsof N! possible permutations.

Example—The4 collectionsfor N =3
Assume: V ={a,b,cf UV I U#V =3Ub=medV
The input collection consists of N!'=3!=6 permutations:

{(ab.c).(acb),(b,ac) (b,ca)(cab)(cba)

All other collections contain 2 possible permutations: {a <, b <, c,c<,b<, a}
Example—The 4 collection for N=5

Assume: V ={a,b,c,d,gf UV i U#V =5Uc=medV

Theinput collection consists of N!=5!=120 permutations:
{(ab.cd.e),..(edcba)

The ordered collection contains 2 permutations:

a<,b<,c<,d< g
e<,d<,c<,b< a

2
Thesplit collection contains 2 —— ! =8 permutations:

5-1
2
a<,b<,c<;d<,ega<,b<,c< e<,d,
b<,a<,c<,d<,eb< a< ,c< ,e<,d,
d<,e<,c<,a</bd<,e<,c<,b<,a,
e<,d<,c<,a<,be<,d<,c<,b< a
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51 2
The paired collection contains 2 2 5-1 I =16 permutations:

a<,b<,c<;d<,ega<,b<,c< e<;da<,d<,c<,b< ,ea< ,e<,c<,b< d,
b<,a<,c<,d<,eb< a<,c<,e<,db<,d<,c< a<,eb<,e<,c< a<,d,
d<,a<,c<,e<;bd<,b< ,c< e< ad<;e<,c< ,a</bd< ,e<,c<,b<a,
e<;a<,c<,d< /be< b<,c<,d< ae<,d<,c< ,a</be<,d<,c<,b< a

The validated collection contains (5- 1)! = 24 permutations:

a<;b<,c<;d<,ega<,b<,c< e< d,a<;d<,c< b< e
a<,d<,c<,e< ba<,e<,c<,b<,d,a<,e<,c<,d<b,
b<,a<,c<;d< eb< a<,c<,e<,db< ,d<,c< a< e
b<,d<,c<,e< ab<,e<,c< a<,db< e< c<,d< a,
d<,a<,c<,b<,ed< a<,c<;e< bd<,b< ,c< a< e
d<,b<,c<,e< ad<,e<,c< a</bd<,e<,c< b<a,
e<;a<,c<,b< de< a<,c<,d< be<,b<,c< a<,d,
e<;b<,c<,d< ae<,d<,c< a</,be<,d<,c< b< a

Itiseasyi.e. O(N) to verify using Med3 if one of the predicates ordered, split, paired

or validated holds. Note that finding the median is possiblein O(N) [5 p.94]. Oncethe
median is known generating a split p becomes linear also and therefore also generating a
pair p. Sorting is known to be O(Nlog(N)).

Suppose verification of a given permutation is required. Permutations may be verified by
one of the following programs.

R° ordered p

|[ var
i, j: integer;
b: bool ean;
| 1 :=2
j =N
while not (i =j) do
if Med3(p[i - 2], p[i = 1], p[i]) = p[i = 1] then
i =0 +1
el se
jor=i
]l{R°(i=N)}

29



RO split p

|[ var
i, j: integer;

joi=
while not (i =j) do

v 2
X pljl1, p[N - 1]) = p[j] then

if nogI (Med3(p[i - 1], p[i]l, p[i]) =p[il])
an
not (Med3(p[N - i - 1], p[j], p[N—-1i]) = p[j])
then { p[i - 1] p[i]  pli] Up[N—i - 1] pLj]
i =i +1
el se
joi=i
{ R° (i =Ndivz2)}
11
R© pair p
|[ var
i, j: integer;
| i :=0
j :=Ndiv 2
while not (i =j) do
if Med3(p[i], p[j]l, P[N—-1i - 1]) = p[j] then
=0 + 1
el se
jor=i
{ R (i = Ndiv 2) }
11
R° validated p
|[ var
V, W set of
vV, W
| V, W:= A& - { m}
vl w
V, W:=VE{Vv]} W-{v}
while not (W= A& do
begi n
w:l W
W:= W- {w}
if not (Med3(v, m w) = n) then

{v m w}
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V:=VE{ w}
end

{ RO (#/=# div2)}
11

2.4 Taxonomy derived

In this paragraph we derive a taxonomy of solutions for the Median task.

Every taxonomy starts from a common starting point. As common in mathematics thisis
called the root of the tree. Our starting point is given by the IOl 2000 Median task
description. Summarized the task description is: find “the label of the object with median
strength” and clearly we haveto find thislabel in the given set of labels.

The complement/dual version of thistask description is: eliminate “the labels of the
objects with non median strength” from the given set of labels.

We start at the root of al algorithms that eliminate non median objects and build the
taxonomy where each node (or leaf) contains an abstract algorithm. Every algorithmis
more specific than its parent.

First we introduce two additional definitions:

Definition —For all bl  the“pairsover bwith” relation b on

Foral ACI
A b C°AGC=/&U($f:f isabijectionA® C:("a:al A:a b f(a)))

Set A pairsover bwith set Cif and only if AC C = /4 and there exists a bijection f
between sets A and C such that for all ai A wehavea b f(a). Notethat for empty
sets A and C this holds.

Also:

A b C°C b A
A b C b=med(AE{bEC)
A b C #A=#C

The next definition is a generalization of the previous definition.
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Definition —For all bT  theréation ~b~ on

Foral ACI
A~b~C°($P,Q:Pi AUQI C:P b QUA-P {0} C-Q)

Some properties:

A~b~C°C~b~A

A~b~C°($Q:Qi C:A b QUA {b} C-Q) if #AL#C
A~m~C AGC=4&

A~m~C #AE£Ndiv2

A {b C A~b~C

A b C A-b-C

A~b~CU#A=#C A b C

We use this complement/dual description as the root of the taxonomy and label the root
with “Elimination of non median objects’.

2.4.1 Root — Elimination of non median objects

Theroot of the taxonomy is an a gorithm that finds the median by elimination of non
median objects.

The label of the object with median strength is always referred to by a “ghost” variable
m, i.e. m=med,.

Theroot algorithm is based on 3 sets A, B and C for which there are 4 invariants:
Invariant 1: #A+#B+#C =N where N =#
Invariant 2: AE BE C =
Invariant 3: mi B
Invariant 4. A~m~C

From invariant 1 and 2 we have the corollary:
ACB=/AUACC=AUBCC=£&

The variant function: #B- 1

Theroot agorithm is given by:
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var
A B, C X Y: set of L;

A B C:=£& {1, ..., N, £
{ Elimnation }
while not (#B = 1) do
begi n
X, Y: X, YI BUXEY! £EUAEX~m~CEY
A B C:=AE X B-(XEY), CEY
end;
{ml BU#B =1 B={ m}}
The assignment of set X and Y is feasible because:
A~m~C
{#B>1 ($b:bl B:AE{b} ~m~CUA~m~CE{n})}
($X,Y:X,YT BUXEY! £ AEX~m~CEY)
Progressis made because X EY * A&
All invariants are maintained (correctness):
Invariant 1
Trivial
Invariant 2
Trivial
Invariant 3
(XEY)

ml B-
° {ml BUAEX~m~CEY mi XEY}

true
Invariant 4
Assignment of set X and Y does not invalidate invariant 4.
Theassignment A, C:= A E X, C E Y should notinvalidate invariant 4 and because

we do not know m we have to find some condition from which we may conclude
AEX~m~CEY.
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There are two cases

1. A=PUC=Q
2. 9(A=PUC=Q)

1. A=PUC=0Q

AEX~m~CEY
o {definition ~m-~}

($P,Q:Pi (AEX)UQI (CEY):P m QU(AEX)-P {m (CEY)-Q)
U {P=AUQ=C}

X {m YUA m C

2. @(A=PUC=Q)

AE X ~m~CEY
o {definition ~m-~}

($P,Q:Pi (AEX)UQI (CEY):P m QU(AEX)-P {m (CEY)-Q)
U {Pi (AEX)adQi (CEY)forwhichP m Q}

(AEX)-P {m (CEY)-Q

U  {cdculug

$M M i UNT”£#M+#C:(AEX)-P M C-Q

U

$M M UNTHE#M+#A:A-P M (CEY)-Q
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° { =AEBEC}
. NN <~ N+1 N
$M M | AEBECUTE#M+#C:(AEX)-P M C-Q
U
. N ~N+1 N
$M M | AEBECU——£#M +#A:A-P M (CEY)-Q
XEM first quantor
YE M second quantor

$M M B-XUNTHE#M+#C:(AEX)-P M C-Q

0 AEMUCEMU

U

$M M B-YL‘JNT”E#M+#A:A-P M (CEY)-Q

We call this the root condition.

We distinguish three possibilities to assign set X and Y and remove them from B such that
AEX~m~CEY:

Remove one singleton X or Y
Remove two singletons X and Y
Remove two sets X and Y

2.4.2 EE - Singleton elimination
We remove one singleton at atime from set B thismeansthat #(X E'Y) =1

Because #A=Ndiv2 X =& and #C=Ndiv2 Y =/ thedgorithmis:

var
A B, C X Y. set of L;

A B C:=& {1, ..., N}, £
{ Elimniation }
while not (#B = 1) do
begi n

if #A = N div 2 then

X Y: £ YI BU#¥=1UA~m~CEY
else if #C = N div 2 then

X Y: XI BU# =1UAE X~m~C, £
el se

X, Y: X YI BU#XEY =1UAE X~m~CEY
A B C:=AEX B-(XEY)), CEY
end;
{ml BU#B =1 B={ m}}
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There are now two possibilitiesto select an X or Y suchthat AE X ~m~CEY:

Single side selection i.e. choose always X or always 'Y
Dual side selectioni.e. choose X or Y

2.4.3 EESS - Single side selection

We remove one el ement on afixed side of the median m. Without loss of generality we
prefer thisto be set X where possible.

The agorithm theniis:

var
A B, C X Y: set of L;

A B C:=4& {1, ..., N, A&
{ Elimnation }
while not (#B = 1) do
begi n
if #A = N div 2 then
XX Y: &£ YI BU# =1UA~m~CEY

el se
X, Y: X BU#X =1UAE X~m~C, £
A B C:=AEX B-(XEY)), CEY
end;
{ml BU#B =1 B={ m}}

Note: #A=Ndiv2 isstable so we move this part to postprocessing as is shown below.

var
A B, C X Y. set of L;

A B C:=4& {1, ..., N, A&
{ Elimnation }
while not ((#B = 1 or (#A = N div 2)) do
begi n
X, Y: XI BU#X=1UAE X~m~C £
A B C:=AE X B-(XEY), CEY
end;
{ Post processing }
while not (#B = 1) do
begi n
X, Y: /E YI BU# =1UA~m~CEY
A B C:=AE X B-(XEY), CEY
end;
{ ml BU#B =1 B={ m}}

During elimination, topology tellsusthat C = A; therefore we use the root condition
with P = Z£UQ = £ to find an appropriate condition from which we conclude

AE X ~m~CEY.
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Theroot condition thenis:

$M M i B-XU%E#M:AEX M A

During postprocessing we (also) use the root condition with P = £UQ = /& to find an
appropriate condition from which we conclude AE X ~m~CEY.

Theroot condition thenis:

M M B-YUNT”£#M+#A:A M CEY

Example

In general we need a structure Sthat givesus set M, X and Y. We define a structure Son
N+1£ #M +#A I X =A

#M +#C iIfY =&
elements containing set B without the sorted elements. Before we start the elimination we

. o + .
have to do some preprocessing to initialize S such that NTl =#M . During the

set B to be asorted list M such that and a set of unsorted

initialization #A=0 and #C =0.
The agorithm theniis:

var
A B C M X Y: set of L;

A B C:= A& {1, ..., N, A&

{ Preprocessing }

M: MIi BU#M= (N+ 1) / 2

{ Elimnation }

while not (#A = Ndiv 2) do

begi n
X, Y: XTI BU#X =1UAE X~m~C, £
A B C:=AE X B-(XEY), CEY

end;

{ Post processing }

while not (#B = 1) do

begi n
X, Y: /E YI BU# =1UA~m~CEY
A B C:=AE X B-(XEY), CEY

end;

{ ml BU#B =1 B={ m}}

This reduces to amore detailed version as is shown below.
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a, b,
{ Prep
b :=2
whi | e
begi n
i nse
b, ¢
end;

, C: intege
.a): A
.b): B sort
.c): G
.N: B unso

c :=0, 0,
rocessing }

hot (b -a

rt S[c] int
= b + 1,

{ Elimnation }

whi | e

begi n
i nse
b, ¢

end;
{ ? c

not (a = N

rt S[c

=N: b-a

r,
ed part;
rted part;

0

= (N+ 1) div 2) do

o Sa..b)
c +1

div 2) do
0 S[a..b)

S[a + 1..b),

=(N+1) / 2anda=(N-1) /2 b

{ Post processing }

whi | e
begi n

{ XX M Y=F& Sp.q-1),

not (b - a

= 1) do

A}

B, C:=AEX B-(XEY), CEY}

Slq- 1] }

Dec(b) { A B, C:=AE X B-(XEY), CEY}

end;
{ m=

Sa..b) }

2.4.4 EEDS - Dual sides selection
We remove one € ement not fixed to a side of the median m.

The agorithm theniis:

var

A B C X Y

A B,

c:= A& {1,

{ Elimnation }

whi | e
begi n

not (#B =1

set of L;

SN, A
) do

if #A = N div 2 then

X, Y= /& YIi

else if #C = N div 2 then
Y: XTI BU#X =1UAE X~m~C, £

X,
el se

xa

Y X Yi

BU#XEY)

BU# =1UA~m~CEY

1UAE X~m~CEY

A B C:=AEX B-(XEY), CEY

end;
{ mi

BU#B=1

B={ m}}
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Note: #A= Ndiv2U#C = Ndiv2 is stable so we move this part to postprocessing as is
shown below.

var
A B, C X Y. set of L;

A B C:= A& {1, ..., N, A&
{ Elimnation }
while not ((#B = 1) or (#A = N div 2) or (#C = N div 2)) do
begi n
X, Y: X YI BU#XEY =1UAEX~m~CEY
A B C:=AE X B-(XEY), CEY
end;
{ Post processing }
while not (#B = 1) do

begi n
if #A = N div 2 then
X Y : /E,YIBU#Y:10A~m~CEY
else { #C = Ndiv 2}
X Y: XI BU# =1UAE X~m~C, £
A B C:=AE X B-(XEY), CEY
end
{ml BU#B =1 B={ m}}

During elimination we use the root condition with P = £UQ = 4 to find an appropriate

condition from which we conclude AE X ~m~CE Y . Thismeansthat if asingleton
set Zisremoved from set B it has to be known whether Zis X or ZisY.

Theroot condition then is;

$M:M i B- XU%E#M+#C AEX M C

U

$M:M i B- YU%E#M+#AA M CEY

During postprocessing we (also) use the root condition with P = £UQ = /& to find an
appropriate condition from which we conclude AE X ~m~CEY
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Theroot condition thenis:

$M:MI'B-XUNT+1£#M+#C:AEX M C
U

M M B-YL‘JNT+1£#M+#A:A M CEY

During postprocessing if #A= NTl this reduces to:

M :M | B-YUNTﬂﬁ#M+#A:A M CEY

During postprocessing if #C = NTl this reduces to:

$M:MI'B-XUNT+1£#M+#C:AEX M C

Example

In general we need a structure Sthat givesus set M, X and Y. We define a structure Son

#M +#A IfX =/
N +1£ ) and a set of unsorted
#M +#C ifY =£

elements containing set B without the sorted elements. Before we start the elimination we

have to do some preprocessing to initialize S such that NTH =#M during the

set B to be asorted list M such that

initialization #A=0 and #C =0.
The agorithm theniis:

var
A B C M X Y: set of L;

A B C:=& {1, ..., N}, £
{ Preprocessing }
M: MIi BU#M= (N+ 1) / 2
{ Elimnation }
while not ((#A = Ndiv 2) or (#C = N div 2)) do
begi n
XX, Y: X YI BU#XEY =10
A B C:=AE X B-(XEY), C
end;
{ Postprocessing }

AEX~m~CEY
E

E
Y
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while not (#B = 1) do
begi n
if #A = N div 2 then

X Y: £ YI BU#¥=1UA~m~CEY
else { #C = N div 2 }

X Y: XI BU# =1UAE X~m~C, £
A B C:=AE X B-(XEY), CEY
end
{ml BU#B =1 B={ m}}

This reduces to a more detailed version as is shown below.

var
a, b, c: integer;
S[0..a): A
S[a..b): B sorted part;
S[b..c): C

S[c..N): B unsorted part;

a, b, c:=0, 0, 0
{ Preprocessing }
b := 2;
while not (b —a = (N+ 1) div 2) do
begi n
insert S[c] into S[a..b)
b, c:=b+1, ¢c +1
end;
{ Elimnation }

while not ((a =Ndiv 2) or (c — b =Ndiv 2)) do

begi n
if Mn(#A #0O + #M = (N + 1) / 2 then
begi n
insert S[c] into S[a..b)
b, c:=b +1, ¢c +1
end
choose
{ X, M Y=29a], Ja + 1..b), £}
a:=a+1{ A B C:=AEX B-(XEY),
or
XX M Y=£4& Sa.b- 1), b -1] }
=b-1{ A B C:=AE X B-(XEY,

{ ?2c=N: ...}
{ Postprocessing }
while not (b — a = 1) do
begi n
if #A = N div 2 then
{ X M Y=#& Sa.b-1), Sb - 1] }
b:=b-1{A B C:=AEX B-(XEY,
else { #C = N div 2 then }
{ X, M Y=¢9a], Sfa+1 b)), £}
a:=a+1{ A B C:=AEX B-(XEY),
end;
{ m= Sa..b) }
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2.4.5 PE — Pair elimination

The two singletons form a pair; that iswhy it thisis called PE to distinguish it from SE,
the set elimination discussed later.

We remove two singletons X and Y such that AE X ~{m} ~CEY and #X =1 and
#Y =1.

The agorithm theniis:

var
A B, C X Y. set of L;

A B C:= A& {1, ..., N, A&

{ Elimnation }

while not (#B = 1) do

begi n

X, Y X YI BU# =1U#Y=1UAEX~m~CEY
A B C:=AE X B-(XEY), CEY

end;

{ml BU#B =1 B={ m}}

During elimination topology tellsusthat #A =#C therefore we use the root condition
with P = AUQ =C to find an appropriate condition from which we conclude

AEX~m~CEY.
The root condition then is:
X {m Y

For which iswe calculate

X {m Y
U  {caculug

W N-1 HA+HC

M :M i U—E—E#M4- X M Y

o { =AEBEC}
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$M:MiAEBECUNT-1£#M+#:X MY

° AEMUCEML‘JXEMUYEMU#A=#C:N'#B

$M M | B-(xEY)uNT‘lg#WN'#B

X MY

° {calculug

$M:MiB-(XEY)U%_1£#M:X M Y

Example

In general we need a structure Sthat givesus set M, X and Y. We define a structure Son
set B to be asorted list M such that %E #M and a set of unsorted elements

containing set B without the sorted elements. Before we start the elimination we have to
do some preprocessing to initialize Ssuch that #M = NTH (actualy #M = NTl note

that there is already one element inside set M that is either X or Y then oneisinserted
during elimination and 2 are removed).

The agorithm theniis:

var
A B C M X Y: set of L;

A B C:=£& {1, ..., N, £

{ Preprocessing }

M: MIi BU#M= (N+ 1) / 2

{ Elimnation }

while not (#B = 1) do

begi n
X, Y: X YI BU# =1U# =1UAE X~m~CEY
A B C:=AE X B-(XEY), CEY

end;

{ ml BU#B =1 B={ m}}

This reduces to a more detailed version as is shown below.

var
a, b, c: integer;

S[0..a): A
S[a..b): B sorted;
S[b..c): C

S[c..N): B unsorted;
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a, b, c:=0, 0, 0
{ Preprocessing }
b := 2;
while not (b —a = (N+ 1) div 2) do
begi n
insert S[c] into S[a..b)
b, c:=b+1, ¢c +1
end;
{ Elimnation }
while not (b - a = 1) do
begi n
insert S[c] into S[a..b)
b, c:=b+1, ¢c +1
{ X, M Y:=9a], Sfa+1..b- 1), Sb - 1] }
a, b:=a+1, b-1{ A B C:=AEX B-(XEY), CEY}
end;
{ 2 ¢c =N: topology }
{ m= Sa..b) }

2.4.6 SE - Set elimination
We remove two sets X and Y suchthat AE X ~{m} ~CE Y.

The agorithm theniis:

var
A B, C X Y. set of L;

A B C:=4& {1, ..., N, £

{ Elimniation }

while not (#B = 1) do

begi n
X, Y: X YI BUXEY! AZUAEX~m~CEY
A B C:=AE X B-(XEY), CEY

end;

{ ml BU#B =1 B={ m}}

During elimination we use the root condition with aset P and Q from a previous state for
whichweknow that P m Q to find an appropriate condition from which we conclude

AE X ~m~CEY.



Theroot condition thenis:

X {m Y if A=PUC=Q

. < N+1 N
$M M I B-XUTE#M+#C:(AEX)-P M C-Q
U ese

$M M i B-YUNTHE#M+#A:A-P M (CEY)-Q

For which we calculate:

X {m Y
U {calculus (notethat in this case #A=#C)}

$M M U%LE#M+#:X MY

o { =AEBEC}

$M:M|’AEBECL‘JNT'1£#M+#:X MY

° AEMUCEML‘JXEMUYEMU#A=#C=N'#B

$M M | B-(xEY)uNT‘lg#WN'#B

X MY
{calculus}
$M:MiB-(XEY)U%_1£#M:X M Y

Theroot condition for set eiminationis:

$M:MIB-(xEY)U%'1£#M:x M Y ifA=PUC=Q

$M M | B-XUNTHE#M+#C:(AEX)-P M C-Q

U else

$M M I B-YUNTHE#M+#A:A-P M (CEY)-Q
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Of course we can aways take P = £UQ = A but we can do better by selecting alarger

set P and Q. Thisis possibleif during the elimination somehow set A and C have the
same size. We then have to “remember” set A and C and take thisas set P and Q.

The agorithm theniis:

var
A B C P, Q X Y: set of L;

A B C P Q:=£& {1, ..., N, £ £ £

{ Elimniation }

while not (#B = 1) do

begi n
X, Y: X YI BUXEY!* ZAZUAEX~m~CEY
A B C:=AE X B-(XEY), CEY
if #A = #Cthen P, Q:= A C

end;

{ml BU#B =1 B={ m}}

Example

In general we need a structure Sthat givesus set M, X and Y. We define a structure Son

set B to be apartition M such that if A=PUC =Q then %E#M and if not then

NTHE#M +#AUNT+1£#M +#C and a set of unpartitioned elements containing set

B without the partitioned elements.

The agorithm theniis:

var
A B C M P Q X Y: set of L;

A B C P Q:=£F& {1, .... N, £ £ £
{ Elimnation }
while not (#B = 1) do
begi n
{ Partition set B such that X E Y ! £}
X, Y: X YI BUXEY! £EUAEX~m~CEY
A B C:=AE X B-(XEY), CEY
if #A = #C then P, Q:= A, C
end;
{ml BU#B =1 B={ m}}

This reduces to a more detailed version as is shown below.

var
a, b, ¢, p, q, x, y: integer;
S[0..p): P;
S[p..a): A { i.e. Awithout P };
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a..b): B partitioned part;
b..q): C {i.e. Cwithout Q};
g..c): Q

c..N): B unpartitioned part;

(2R G NGORG]

a, b, ¢, p, 9,0 x, y :=0, 0, 0, 0, 0, 0, O
{ Elimnation }
while not ((b - a
begi n
{ Partition set B such that X E Y ! £}
X, Y: X YI BUXEY! £EUAEX~m~CEY
{ X, M Y, Bunpartitioned = S[a..x), §[x..y), Sy..b), Sc..N }
a, b:=x, y{A B C:=AEX B-(XEY), CEY}
if #A = #C then P, Q:= A, C
end;
{ m= Sa..b) }

1) and (c = N)) do

This is rewritten moving the unpartitioned part closer to the partitioned segment asis
shown below.

var
a, b, ¢, p, q, x, y: integer;
S[0..p): P;
S[p..a): A { i.e. Awithout P };
S[a..x): X

S[x..b): Partioned part;
S[b..y); Unpartioned part;

S[y..c): Y,
S[c..q): C { i.e. Cwithout Q};
Sla..N: Q

a, b, ¢, p, g0 x, y:=0, 00 N O, N O, N

{ Elimnation }

while not (¢ - a = 1) do

begin
{ Partition set B such that X E Y ! £}
X, Y: X YI BUXEY! £EUAEX~m~CEY
{ X, M Bunpartioned, Y := S[a..x), S[x..b), S[b..y) Sy..c) }
a, c:=x, y{A B C:=AEX B-(XEY), CEY}
if #A = #C then P, Q:= A, C

end;

{ m= Sa..c) }

There are now two possibilities:

Completely partition set B
Partially partition of set B

2.4.7 SEC — Complete partitioning
Completely partition set B
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The agorithm theniis:

var
a, b, ¢, p, q, x, y: integer;
S[0..p): P;
S[p..a): A { i.e. Awithout P };
S[a..x): X

S[x..b): Pért i oned;
S[b..y); Unpartioned;

S[y..c): Y,
S[c..q): C (i.e. Cwithout Q};
Sla..N: Q

a, b, ¢, p, q x, y:=0, 0, N 0, N 0O, N

{ Elimnation }

while not (¢ - a = 1) do

begi n
{ Partition set B}
X, Y: X YI BUXEY! ZAZAUAE X~m~CEY
{ X, M Bunpartioned, Y := S[a..x), S[x..b), S[b..y) Sy..c) }
a, b, c:=x, x, y{ A B C:=AEX B-(XEY), CEY}
if #A = #Cthen P, Q:= A C

end;

{ m= Sa..c) }

Example

The example from SE reducesto SEC, a more detailed version, asis shown below.

var
a, b, ¢, p, q, x, y: integer;
S[0..p): P;
S[p..a): A { i.e. Awithout P };
S[a..x): X

S[x..b): Partioned;
S[b..y); Unpartioned;

S[y..c): Y,
S[c..q): C { i.e. Cwithout Q};
S[q..N: Q

a, b, ¢, p, g, x, y :=0, 0, N 0, N 0, N
{ Elimnation }
while not (¢ - a = 1) do
begi n
{ Partition set B}
hO, b, hi :=a, a+1, ¢ -1
if not (#A = #O) then
{ AEC! £}
if a =20 then
{ Ct £}
if not (Med3(S[hO], S[hl], S[g — 1]) = S[h1l]) then
Swap( S[ h0], S[h1l])
el se
{ A £)
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if not (Med3(S[p], S[hO], S[hl]) = S[h0]) then
Swap( S[ h0], S[h1l])
{ S[a..h0)[hO][hO + 1..b)[h1][hl1 + 1..c) }
while not (b = hl) do

begi n

case Med3(hO, hl, b) of
hO: S[hO..b] := §[b][hO0..b); hO, b :=h0 + 1, b + 1;
hl: S[b..hl] := S(b..h1][b]; hl :=hl - 1
b: b:=b + 1;

end

end

if Ndiv 2 < hO then

y := hoO;

else if Ndiv 2 = hO then

x := ho;

y := ho + 1;

else if Ndiv 2 < hl then

X :=h0 + 1;

y := hi;

else if Ndiv 2 = k then

X := hl;

y := hl + 1;

else { k < Ndiv 2} then

X :=hl + 1;

{ S a..x) S[X..y) s[y..c) }

{ Y[a..x) m s[y..c) }

{ X,‘M Y::S[a.‘.x), S[x..y), S[y..c) }

{ AEX~m~CE X}

X, Y: X YI BUXEY! AZUAE X~m~CEY

a, b, =%, X, Y{A B C:=AEX B-(XEY), CEY}

(o]

#Cthen P, Q:= A C

—h

#A

a.
end;
{ m= Sa..c) }
2.4.8 SEP — Partial partitioning

Partially partition set B
Herewedropthe i f #A = #C then P, Q := A C for clarity.

Note that SEC might be seen as the best case of SEP

var
a, b, ¢, x, y: integer;
S[0..a): A
S[a..x): X
S[x..b): Partioned { M};
S[b..y); Unpartioned { B— X MY };
S[y..c): Y,
S[c.. N: C

a, b, ¢, x, y:=0, 0, NN 0, N;
{ Elimnation }

while not (¢ - a = 1) do

begi n

49



{ Partition set B}

{ X M B-XMY, Y:=9a.x), §[x..b), S[b..y), §y..c) }
X, Y: X YI BUXEY!* ZAZUAEX~m~CEY

a, b, c:=x, x, y{ A B C:=AEX B-(XEY, CEY}
d

The example from SE reduces to SEP, a more detailed version, asis shown below.
Here we need some minor preprocessing to get the two extremes.

var
a, b, ¢, x, y: integer;
S[0..a): A
S[a..x): X
S[x..b): Partioned { M};
S[b..y); Unpartioned { B—- X MY };
S[y..c): Y,
S[c.. N: @
{ Preprocessing }
hO :=0
hl :=1
for i :=2to N- 1 do
case Med3(S[h0], S[h1], S[i]) of
0: hO :=1i;
1: hl :=i;
2:
end;
if not (h0O < hl) then
Swap( h0, hl);

PushQut si de(s, 0, hO, hl, N);
a, b, ¢, x, y:=1, 2, N- 1, 1, N- 1;
{ Elimnation }
while not (¢ - a = 1) do
begi n
{ Partition set B}
hO, b, hl :=a, a+ 1, ¢ -1
if not (Med3(S[0], S[hO], S[h1]) = S[h0O]) then
Swap( S[ h0], S[h1l])
{ S[a..h0)[hO][hO + 1..b)[h1l][hl + 1..c) }
whi | e not
(
(b = h1)
or
(N div 2 < h0)
or
(hl < Ndiv 2)
or
((hO + (h1 — b) < Ndiv 2) and (Ndiv 2 < hl — (hl = b)))
)
do
begi n
case Med3(hO, hl, b) of
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hO: S[hO..b] := S[b][hO0..b); hO, b :=h0 + 1, b + 1;
hl: S[b..h1] := S(b..h1][b]; hl :=hl1 - 1
b: b:=b + 1;

end

end
if Ndiv 2 < hO then
S[hO0..h1), hO := S[b..h1)[hO0..b), hO + (hl - b);

y 1= hO;

else if Ndiv 2 = hO then
x := ho;
y := h0 + 1;

else if Ndiv 2 < hl then
X := h0o + 1;
y := hi;

else if Ndiv 2 = hl then
X := hl;
y :=hl + 1;

else { h1 < Ndiv 2} then
S[b..h1l], hl := S[hl][b..h1l), b
X :=hl + 1;

{ S a..x) m s[y..c) }

{X,‘M Y::S[a.‘.x), S[x..y), Yy..c) }

{ AEX~m~CE X}

X, Y: X, YI BUXEY! £EUAEX~m~CEY

a, b, c:=x, x, y{ A B C:=AEX B-(XEY), CEY}
end;
{ m= 9a..c) }

2.4.9 Selecting pivots for SE

Set elimination requires us to select two pivots to perform a partitioning of labels. One
might consider different methods to select the pivots labeled hi and hj such that hi < hj
eg.

Straddled pivots
i.,eonasegment[i.j)usehi=iandh =j-1
First pivots
i.eonasegment[i.j)usehi=iandhj=i+1
Proportional pivots
i.e.onasegment [i.j)usehi = 2%+ (j—1))div3and hj = (i + 2§ div 3
Random pivots
i.e.onasegment [i..J) usehi = i + Random(j —i) and hj = i + Random(j —1i)

Note: 0 £Random(x) < X
Although there seems to be some kind of performance difference the worst case, average
case and best case performance is dways the same. To ensure the average case

performance one should use random pivots. However sometimes proportional pivots are
preferred.
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2.5 Representing a set of labels

The algorithms in the taxonomy are based on operations that are applied to sets of |abels.
The operations that are applied to the sets are supported by different data structures. We
shall discuss several data structures that are useful for the different algorithms.

We require a data structure with the following operations:

Build (N elements)
Insert (1 element)
RemoveTop
ReplaceTop
RemoveBottom
ReplaceBottom

Here top and bottom refer to the extreme objects because the notion of minimum and
maximum object are interchangeable we prefer the notion of atop and bottom.

These operations are support by a (double ended) priority queue which might be
implemented by a heap, a sorted list or just a set. Each different implementation has
different performance characteristics.

Note: in this paragraph N is not the number of labelsin the Median task but the number
of labels that have to be stored in the data structure i.e. the size of the set.

2.5.1 Set

The set is adata structure implemented using an array s such that it only represents the
labels without any structure: ( ,j:1® j:si? sj) here i ® | meansi andj areindices
inthe array such that i different fromj, i® j°il |

The set has characteristics as given in the table below.

Build 0(1)
Insert 0(1)
RemoveTop O(N)
ReplaceTop O(N)
RemoveBottom O(N)
ReplaceBottom O(N)
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An Hasse diagram of a set data structure is given below.

2.5.2 List

Thelist is adata structure implemented using an array s such that it is either an ascending
list (i.e. minimum isfirst index and maximum islast index) or adescending list (i.e.
maximum isfirst index and minimum is last index):

("i,j:i® j:si<sj)U("i,j:i® jisj<si)herei® j meansiandjareindicesin
thearray such that i precedesj, i® joi=j-1

The list has characteristics as given in the table bel ow.

Build O(N>.og(N))
Insert O(Log(N))
RemoveTop o)
ReplaceTop O(Log(N))
RemoveBottom 0(1)
ReplaceBottom O(Log(N))
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A Hasse diagram of alist data structureis given below.

2.5.3 Heap

5®

The heap is adata structure implemented using an array s such that it is either aminimum
heap (i.e. minimum on top) or a maximum heap (i.e. maximum on top):

("i,j:i® j:si<sj)U("i,j:i® jisj<si)herei® j meansiandjareindicesin

the array such that i isthe parent of j. For abinary heapwehave: i ® j°i=(j- 1)div2

The heap has characteristics as given in the table below.

Build O(N)
Insert O(Log(N))
RemoveTop O(Log(N))
ReplaceTop O(Log(N))
RemoveBottom O(N)
ReplaceBottom O(N)

A heap might be d-heap where d is the number of childrenthen i ® j°©i=(]- 1)divd.

A list might aso be recognized as alinear d-heap (d = 1) but then performance degrades.
Usually abinary heap (d = 2) is used athough performance of aternary heap (d = 3) is

slightly better [6].




A Hasse diagram of a heap data structureis given below.

8 1® 129 1P u

2.5.4 2D-List

The 2D-list isalist of (sub) lists. All sub listsare digoint. A list might also be recognized
asa2D-list where the sub lists contain only oneitem. This structure is more advanced
than just alist and is not easily implemented using an array. See the article [1] for further
details on implementation.

A Hasse diagram of a 2D-list data structure is given below.
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2.5.5 gD-List
ThegD-listisalist of (q— 1)D-lists. Thisis ageneralization of the 2D-list. All (g —1)D-
lists are digoint. This structure is even more advanced than the 2D-list.

A Hasse diagram of aqD-list (q = 3) data structure is given below.

2.5.6 More data structures
There are many more different data structures possible that represents a set, such as:

Priority queues:

Binomial heap
Fibonacci heap
gD-heap (aheap of (q— 1)D-heaps where 1D-heap isjust a heap)

Double ended priority queues:

Min-Max heap
Interval heap
Deap

Twin heap

2.5.7 Data structures using the Med3 operation

The mentioned implementation characteristics are general characteristics based on a
binary comparator £, but improvements exist due to the ternary nature of the Med3
operation. The operations of the data structures might be implemented using the Med3
function directly to improve performance, athough for some of them this seems rather
complicated. Therefore a comparator function Smaller isintroduced (as explained |ater)
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that uses the extreme objects to compare two labels. However the insert operation of the
list data structure is easy to be implemented using alinear search O(N), a binary search
O(Logx(N)) or ternary search O(Logs(N)). Here the ternary search is an improvement
over the standard binary search. The standard binary search gives rise to the O(N>.og(N))
performance of the Insert operation for the list data structure.

Another optimization by using the Med3 operation directly is available for the set data
structure. That iswe are able to remove both extremes the Top and Bottom in O(N).

2.5.8 Searching in a data structure

If we want to replace or insert an element we need to search for the position where we
have to put the new element. Perhaps there exists some optimal search functions for the
heap and 2D-list versions of the data structures but we only investigate the list data
structure.

There are 3 methods of searching that have different performance:

Linear O(N)
Binary O(Logz(N))
Ternary O(Logs(N))

A linear search in alist data structure for a position might either start at the top or the
bottom of thelist. A ReplaceTop that uses alinear search that starts at thetop ison
average better then alinear search that starts at the bottom, though worst case
performance of both cases are the same. The article [1] does not recognize this being used
for the method whichisin [1] called half list linear insertion sort (L1SH).

A generalization of thisideais that an algorithm uses information about already deleted
labels. There are some (unfortunately incorrect) submissions of the Median task that
applied thisidea. Normally the search for a position assumes that all positions have equa
probability, but the information about already deleted labels changes these possibilities
and makes it possible to reduce the number of Med3 calls even further. We did not
investigate thisin depth, but a simulation for ternary search showed that average case
efficiency was improved athough worst case performance degraded. A counterexample
that shows worst case performance will degrade for ternary search is easy; aways
continue the search in the part that contains the most labels.

2.6 Taxonomy not derived

We discovered some methods to solve the Median task that are not easily described using
the derived taxonomy. We mention them in this paragraph and add them directly.

2.6.1 Counting

If we count the number of times an object isthe median of 3 objects, then we know that
the median of all objects is a unique and determinable number of times the median of 3
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objects. We use a code similar to the code fragment below. We use as body the statement
I nc(Count [ Med3(a, b, c¢)]) andwehaveaways at bUa?l cUb?! c

for a:=1to N do
for b :=1 to N do
for c :=1 to N do
Body(a, b, c);
for m:=1 to N do
if Count[ml =6 * (Ndiv 2) * (Ndiv 2) then
Answer () ;

Code fragment 2-1 All triples

This method of finding the median is not discussed in article [1].

Note that we might stop counting if we are surethat all three labels in the body statement
cannot be incremented enough to become the median. Without this optimization we have
worst case performance.

These counting methods could be classified as pair elimination of non median objects.
Counting then is preprocessing.

Name Count[m] = Loop Invariant Number of Med3 N
Calls
Triplesl N-1°2 N®- 3xN?+2xN |19
6 x
5 NXN-1)xN- 2)
Triples2a 12 b<c NYN-1){N-2) |25
ax N-1 (N-1)N- 2)
2 2
Triples2b 12 a<b NYN-1){N-2) |25
s N-1 N - 1) )
2 2
Triples3 N-1 2 a<bUb<c NXYN-1)xN-2) |37
2 6
Triplesda (N-1° |a=1Ua<b N-1)%N- 2 89
N (N-1N-2)
2 a=1Ual'b a<b
Triplesdb | .1 . N-12 |a=1Ua<bUb<c | (N-21)YN-2) 125
— Uy —=
. 2
2 2 a=1Ua'b a<b

Table 2-1 Counting

2.6.2 Sweeping and testing the pivots

Another possibility which aso uses a counting technique is to test whether alabel isthe
median. Thistesting is done by sweeping over ¢ and counting the answers. We use a code
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similar to the code fragment below. We use as body the statement | nc( Count [ Med3( a,
b, ¢)]) andwehaveaways at bUal cUb? c.

div 2 then
Answer (a) ;

if Count[b] = Ndiv 2 then
Answer (b) ;

Code fragment 2-2 Sweeping and testing the pivots

These testing methods could be classified as set elimination methods: repetitively test
whether alabel is mand then if we know mwe select the corresponding set X and Y.

Name | Count[m] = | Loop Invariant Number of Med3 N
Calls (worst case)

Triples5 | N-1 Topology a=1 (N - 1)>(N - 2) 89
2

Triples6 | .1 2 b<c N>(N-1)>(N-2) 25
2 2

Triples7? N_-1 b=N+1-a (N-1)>(N-2) 125
2 2

Table 2-2 Sweeping

Additional explanation to table above:

Tripless: Test if label 1 (one) or b is median
Triples6: Test if label ais median
Triplest: Test if label aor b ismedian

2.6.3 Sweeping and partitioning the candidates over the pivots

If welook at Triples7 we notice that there isinformation lost. Every sweep aso partitions
the labels and tells us which are still valid candidates for m and which are not. The next
pair we choose as a and b in Triples7 should only be apair of valid candidates. These
partitioning methods could be classified as set elimination methods.

Additionally if we change a and b during the sweep such that we maximize the size of
one of the 3 partitions and keep the other 2 empty we detect an a and b that are not
median before the sweep completes. If we maximize the middle partition then a and b are
apair and it looks like a pair elimination scheme but it only is a special case of set
elimination where the sets are forming a pair.
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2.6.4 Bubble search

This paragraph is called Bubble search as the method described below resembles very
much the bubble sort algorithm. The method uses a code similar to the fragment bel ow.
The code eventually terminates with mat p[N div 2].

i 1= 0;
Count := 0;
while not (Count = Ndiv 2) do
begi n
case Med3(p[i], p[Ndiv 2], p[N—-1i - 1]) of
pli]: Swap(p[i], p[Ndiv 2]);
Count := 1;
p[N div 2]: Count := Count + 1,
pP[N—-i = 1]: Swap(p[Ndiv 2], p[N—-i - 1]);
Count :=1
end;

i :=(i +1) mod (Ndiv 2)
end;
Answer (p[ N div 2])

Code fragment 2-3 Bubble search

This code fragment repeatedly swaps an element with element p[N div2]. Code must
terminate asthe pair (p[i], p[N - i - 1]) can only become wider i.e.

Abs(Strength p[N-i-1] - Srength p]i] ) increases with at |east one for every
swap. Eventually this must end as thereis only afinite number of labels of finite strength.
Simulations showed that for a cyclic sweep over i this method has O( NVN ) average

case complexity (which is different from the bubble sort average case complexity) and
the worst case complexity is O( NZ) .

This method could be classified as a set elimination method: repetitively test whether a
label is mand then if we know m we select the corresponding set X and Y.

2.7 Standard solutions

We might solve the problem of finding the median by reverting to any of the standard
median finding al gorithms based on binary comparison. For this to work we only need to
reproduce the relationa operators (i.e. £, 3 s, <s, >s and =s). We shall only reproduce the
<; operator here as the others are derivates of it. With the given Med3 operation we are
ableto find the extreme objects but it isimpossible to determine which is the stronger or
weaker of the two objects. If we have an extreme object we use it to create the <s
operator. However because of the impossibility to determine the stronger from the
weaker, we might select one and just assume it isthe weaker and use it to create the <g
operator. Then if we selected the wrong one, we have only have created the >¢ operator
which is not a problem for finding the median as it only inverts the order of the labels.
Therefore we create a smaller function that returnsImin <glmax ¢ i <sj which only
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returns whether or not the order of i and j isequal to the order of the extremes Imin and
Imax. Note that Imin <sImax once used cannot be changed i.e. we have to keep the
assumed order fixed during execution.

The GetExtremas procedure given below gets the two extremas of i..j):

procedure GetExtrenes(a: array of integer; i, j: integer; var X, YVy:
i nteger }
{ pre: i +2 £ }
{ post: (for all k : i £k <j Ua[k] *' y Ualk] * x : x a[k] y ) }
var
k: integer;
begi n
x :=a[i];
y :=a[i +1];
k :=1i + 2;
while not (k =j) do
begi n
case Med3(x, y, a[k]) of
X: X = a[kKk];
y: y = a[k];
a[ k] :
end
i nc(k);
end;
end;

Once the extremes are known, we are able to compare two elementsi and j with the
smaller function given below using the two extremes Imin and Imax which are found
caling Get Extremes(a, 0, N, Imin, |max), whereaisan array of al the labels.
Finding the extremes requires initially N — 2 calls of Med3. Aswe cannot distinguish
between the real minimum and the real maximum we choose Imin to be our least strong
element. (Note that Imax is not really necessary for implementing the smaller function).

function Smaller(i, j: integer): bool ean;
{ dobal declared and initialized: Imn and | max }
{ pre: not (i =j) }

{ ret: Imin<glmx °i < | }
begin

Smal ler := Med3(Imin, i, j) =1i;
end;

A generaization of the smaller function exists using just two labels. We choose two
distinct labels Imin and Imax and define that Imin to be the least of the two labels. This
generalization is using two Med3 calls and is outperformed by the above fragment after
N- 2 cdls.

61



function Smaller(i, j: integer): bool ean;
{ dobal declared and initialized: Imn and | max

pre: not (i =j)
ret: Imn<gIlmx °i <5j }
begi n
Smal ler :=
not ((Med3(Imn, Imax, i) =1Imn) = (Md3(Imn, i, j) =i))
end;

2.8 Global optimizations

We can always randomize input to ensure average case complexity. This might perhaps
be forbidden in future 10l contests although some deterministic (every time the same)
scrambling of the input shall probably aways be possible.

One obvious method is to remember previous made Med3 calls. Thisis very interesting
for data structures that often call Med3 with the same parameters. But then a genera
optimization is to keep track of all Med3 calls and the transitive closure of all these calls.
Then for every new call to Med3 we first check the transitive closure to see if we do not
already know the answer. There are all kinds of methods (data structures) to keep track of
(part of) thistransitive closure, e.g. asorted list or a heap keep track of some of the Med3
calls and parts of the transitive closure. Of course we are not asked to sort alist or build a
heap, all we want isthe median. This extrainformation (stored in the data structure) has
an overhead in Med3 calls. We should therefore use a data structure for which the
overhead is not too big such that it helps us find the median in the end cheaper. Of course
we could keep track of the entire transitive closure, but then we would still have to make
adecision on which are the next labels to be used in the next Med3 call. Thisiseasy in
sorting, as we choose ternary pivots for the insertion sort for example. To do a*“choose
the best pivot” on the entire transitive closureis not easy. First we need to know how to
define the best choice. The best choice on first thought seems to be the one that
maximizes the size of the transitive closure (defined by the number of Med3 calls for
which the answer is known) but this entire transitive closure is not what we are interested
in. It is going to give us the most information, but in the in the end we are not interested
in this information. So thisinformation gets somehow outdated during the process. So we
have to find aweight function that takes this outdated information into account also. The
zoom list insertion sort (see paragraph 2.10) is for example one that clearly shows
outdated information,; i.e. outdated information are the labels that get removed from the
sorted list. Also the partitioning al gorithm shows outdated information. If we find the
best weight function possible, we will end up with something that is the best median
finding algorithm possible. Thisis known to be alinear algorithm. Although there are
linear algorithms available, it is not currently known what the best linear algorithm is.
Also the linear algorithms available are in practice (average case) easily outperformed by
expected linear time algorithms such as the ternary partitioning find solutions.

2.9 Taxonomy summarized

First the taxonomy is shown for the derived solutions presented in section 2.4. And then
the taxonomy is augmented starting at “No Root” with the solutions that did not originate
from “Root”.
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Root - Elimination of non median objects
EE — Singleton elimination
0 EESS-Singleside selection
0 EEDS-Dual sides selection
PE — Pair elimination
SE — Set elimination
0 SEC - Complete partitioning
0 SEP - Partia partitioning
No Root
Counting
Sweeping
0 Testing the pivots
o Partitioning the candidates
Bubble search

2.10 Overview of algorithms

Although we are quite interested in the taxonomy for the different representations of a
set, it isnot of our concern here. The set representations are only needed to diversify the
taxonomy. Every derived solution is able to use any of the representations of a set leading
to amanifold of possible programs. We shall give an overview of only named solutions
in article[1]. Additionally new names for new solutions are introduced.

Namein article | Derived solution Data structure used Note
for representation of
set M
OPE PE Set Too many
Onion Peeling elementsin set
Elimination M.
LISF EESS/ EEDS/ PE/ List with linear search | Too many
Linear Insertion | SEC elementsinset M
Sort using Full
List
LISH EESS List with linear search
Linear Insertion
Sort using Half
list
LISZ PE List with linear search
Linear Insertion
Sort using Zoom
list
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BISF

Binary Insertion
Sort using Full
list

EESS/EEDS/PE/
SEC

List with binary search

Too many
eementsin set M

BISH

Binary Insertion
Sort using Half
list

EESS

List with binary search

BISZ

Binary Insertion
Sort using Zoom
list

EEDS

List with binary search

TISF
Ternary
Insertion Sort
using Full list

EESS/EEDS/PE/
SEC

List with ternary
search

Too many
elementsin set M

TISH

Ternary
Insertion Sort
using Half list

EESS

List with ternary
search

TISZ

Ternary
Insertion Sort
using Zoom list

EEDS

List with ternary
search

TPFS

Ternary
Partitioning Find
using Straddled
pivots

SEC

TPFF

Ternary
Partitioning Find
using First
pivots

SEC

TPFP

Ternary
Partitioning Find
using
Proportiond
pivots

SEC

TPFR

Ternary
Partitioning Find
using Random
pivots

SEC
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2LHH EESS 2D-List
2D-List
implementation
of Half-Heap
algorithm

QLHH EESS gD-List
gD-List
implementation
of Half-Heap
algorithm

Table 2-3 Overview of Algorihms

Thefull list solutions are not “optimal”: they do too much preprocessing and because of
that, it can be classified as either EESS, EEDS, PE or SEC. A list of all labels might very
easily be reduced using pair elimination or set elimination, which then have only worst
case complexity of O(1). Thisis something which isnot easily described by our

taxonomy. We need alist of at least NTl elements to make sure the root condition

holds, but we just take all elements. So preprocessing might be reduced.

Although it seemslogical to have only just enough preprocessing asinthe LISZ, it is not
evident whether in genera reducing preprocessing to a minimum does improve overall
performance.

Additional algorithm(s):

OPEH — Like OPE thisis PE but it isinitialized with exactly (N + 1) div 2 elements.
Then repeatedly a new element is added and the extremes are removed. Eventually this
reduces the set to one element, i.e. the median. While the complexity of the OPE

? (N-1)(N+1)

algorithmis NTl The complexity of OPEH is: , itworks up to

N =249 within the budget of 7777 Med3 calls.

2.11 Verification

In total we have applied five methods for verification of the grading of the submissions.
The verification of the grading is based on (not necessarily automatic) re-grading of the
submissions ourselves. The methods speak about testing a submission instead of
verification of the grading of a submission.

2.11.1 Method O

First we made an inspection of the programs. We filtered out any obviously useless
programs. Thisis done by first checking if a submission contains an executable. Secondly
programs that did not behave properly were filtered out. Programs that do not behave
properly include programs that e.g.:
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do not access the input device

do not give an answer

take too many system resources (timeout, memory)
produce errors like division by zero

writeto disk

take too many callsto Med3

have a corrupted log file

Then we have developed three automatic methods to verify submissions. And another
method to find counterexamples for flawed solutions.

2.11.2 Method 1

First we generate atest case. Thistest case should not betoo large (weused N £ 11),
because dl N! permutations are verified. Then the submitted program is used to solve
the case. The MEDIAN.LOG containing all Med3 calls and the answer then is used to
verify the submitted solution in the following verification process.

The verification process determines all permutations of the test case that are consistent
with the results of the Med3 callslogged in MEDIAN.LOG. All these consistent
permutations should have the same median |abel as the original test case. If thismedian
label differs from the median label in the original test case then the submitted programis
flawed.

As an example consider the following (incorrect) program:

Answer (Med3(1, 2, 3))

A test casewith N =5is1, 3, 5, 2, 4. The contestant only calls Med3(1, 2, 3) and answers
2. Thisiscorrect aslabel 2 has strength 3.

Then we use the consistent permutated input 1, 2, 4, 3, 5. The contestant would have
asked again Med3(1, 2, 3) and answers again 2. Thisisincorrect as label 2 has strength 2.

2.11.3 Method 2

This method is the successor of method 1 and has been developed after method 1 was
used. It is an improvement of method 1 and works for bigger N (we used N £ 177).

The description of this method requires the notion of adual set as follows.
Definition — Dual set

Given aset Sof label pairsthedual set T isaset of label pairs such that:

("i3:(0)T 7 :(0)T SO ()T T)
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The description of this method requires also the notion of a consistent set.

Definition — Consistent set

A consistent set of label pairsisaset that does not contain both (i, j) and (j,i).

Note: the intersection of a consistent set with its dual set is empty

For this method we first generate atest case and let the submitted solution solveit. Then
using the MEDIAN.LOG file we verify the submitted solution. The verification process
derives all possible labels that might be the median given thislog file. A correct solution
would only have one possible label as median left. Deriving al possible labels that might
be the median is described next.

We maintain a partition of the set of all label pairsinto consistent subsets. The partitionis
closed under taking the dual, i.e. the dual of every set in the partition isaso in the
partition. We start with athe set of al singletons. Every singleton is unique and contains

apair (i, j). Thereareinitially exactly N* singletons (pairs). If aset contains (i, j) then
forthisset i <, j holds. Thereisaset for which i <_i holds but thisis not important
right now.

Every Med3 call might be written as: Med3(a, b, c) = b this means that either
a<bUb<c or c<bUb<a holds. Every time aMed3 call with Med3(a, b, ¢) =bis

made we merge the set that contains (a,b) with the set that contains (b,c). We also
merge the set that contains (b,a) with the set that contains(c,b) which isthe dual set.

If for any a, b and ¢ we know that (a,b) and (b,c)arein the same set then (a,c) hasto
be in that same set also. So we have to merge the set that contains (a,c) with the set that
contains (a,b) and (b,c). Thisis called taking the transitive closure.

Now we discard all singleton sets. We end up with x transitive closed sets of |abdl pairs.
These x sets include the dual sets (so x is an even number). If we take either a set or the
dual set then there are 2*/? combinations possible. We generate all 2*/*"* combinations
(and forget about all 2#* dual combinations) and for every consistent combination (see
this combination as one big set) the labels that are possibly the median are aggregated. A
label is possibly the median if it isnot for sure not the median. And it isfor sure not the
median if it has more than N div 2 objects that are stronger or weaker. Thisis countable
because we know exactly which labels are stronger and weaker in the consi stent
combination. At the end if we aggregated more than one label the programis flawed.

Method 2 is a generalization of method 1. Although we do not give a proof, method 2
detects all flawed sol utions detected with method 1.
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2.11.4 Method 3

Classification based on the source code of the submitted solutions takes alot of time and
is not always easy. Method 3 isatool that helps usto classify the submitted solutions.
Thetool analyses the log file to generate three different pictures. To classify the solution
we compare the pictures with solutions that are known to be correct. In each picture,
every horizonta line represents acall to Med3(a, b, ¢) with result d. Thefirst call to
Med3 is drawn on the topmost line and every following call on the next line down. In the
left-hand side picture, the column of a pixel corresponds with the strengths of the labels
a, b and cinthe Med3 call. In the middle picture, the position corresponds with the labels
a, b and c of the Med3 call. The right-hand side picture displays the difference in the
strength of the labels a, b, and ¢ with the strength of the result d of the Med3 call (the
centreisd, zero difference).

Summarized, the pictures display:

Strength(a), Strength(b), Strength(c)
a,b,c
Strength(a) — Strength(d), Strength(b) — Strength(d), Strength(c) — Strength(d)

We shadll give afew examples and explain the pictures.

If the middle screen looks scrambled thisis because the submitted solution first
randomizes the input to ensure an average case performance. This can be descrambled
using the fact that a serious solution usually takes one label at atime. So if we take the
labelsin the order of appearance in the MEDIAN.LOG file the scrambled picture can be
restored. For exampletheinputisl, 2, 3,4, 5 and scrambled thisis 3, 4, 1, 2, 5. The
program calls Med3(3, 4, 1), Med3(3, 1, 2) and Med3(4, 2, 5) then we know the
scrambled version was 3, 4, 1, 2, 5 so we take the inverse to descramble. See for example
RUS-03 test case 5 the scrambled and descrambled version as displayed below.

“ “
o ltosz [mzz o |nswer = 441 o ltosz [mzz o Answer = 441

Figure 1 Scrambled and descrambled (RUS-03)
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The OPE a gorithm generates the following screen. The left-hand side picture shows
elimination of extremes, the middle picture shows the sweeping over the elementsin
search for the extremes.

ijiﬁ ¥

\\IvH:_L

[o 177 [7744 o lAnswer = 65

Figure 2 OPE

The OPEH agorithm generates the following screen. The left-hand side picture shows
elimination of extremes, the middle picture shows the sweeping over the elementsin
search for the extremes.

7"[0] 2000 MEDIAN Yisualisation Tool - Wouter van Leeuwen (C) 2004 DEVICE.IN MEDIAN.
T R s

\\IvH:_L

[o 177 [3016 o |Answer = 65

Figure 3 OPEH

The LISF agorithm generates the following screen. The left-hand side picture shows the
linear search for the insertion position, the middle picture shows taking a new element.
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The parabolic shape shows that it takes more Med3 calls for every new el ement to be
inserted.

Figure4 LISF

The BISH algorithm generates the following screen. The |eft-hand side picture shows the
binary search for theinsertion position in a half list, the middle picture shows taking a
new element.

Figure5BISH
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The TISZ agorithm generates the following screen. The |eft-hand side picture shows the
ternary search for the insertion position in azoom list, the middle picture shows taking a
new element.

Figure6 TISZ

The PE - ternary insertion sort algorithm that looks almost the same but uses the
optimized pivot selection as described in section 2.5.8 is displayed below.

Figure 7 PE using advanced pivot
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The TPFP algorithm generates the following screen. The left-hand side picture shows
partitioning of the strengths, the middle picture shows sweeping over the elements
partitioning the objects.

Figure 8 TPFP

The Bubble search algorithm generates the following screen.

Figure 9 Bubble Search

There are many pictures. We have a picture for every log file (i.e. every test case).

72



2.11.5 Method 4

If aprogram is flawed we would like to have a counterexample. Method 4 provides a tool
that searches for such an input. It generates anumber of random input data. A submitted
solution then is used to solve the generated data. If the submitted solution gives awrong
answer the counterexample is displayed.

2.11.6 Grading before our verification

All the submitted solutions have been eval uated against 10 test cases by the IOl Host
Scientific Committee. For every correct answer within the constraints a contestant earns
10 points.

In total there are 274 contestants, of which only 226 made an attempt to solve the
problem. There are 17 contestants that did not submit an executable leaving us with 209
source submissions. We shall use 209 as the total number of submissions.

The frequency distribution of the score based on the 1Ol test casesis:

Score 100 |90 |8 |70 |60 [50 |40 |30 |20 |10 |O

#Contestants | 24 6 3 3 16 5 11 16 15 59 51

Table 2-4 Frequency distribution based on 1Ol test cases (before verification).

2.11.7 Grading after our verification

We first filtered out 34 contestants that had bad submissions as described by method O.
We then generated atest case and used method 1 to filter out 64 flawed submissions.
Then again we generated a second test case and filtered out 6 more flawed submissions
leaving us with 105 submissions.

Thefirst test caseweusedis. 2, 8, 3,5, 10, 11,6,9,1, 4, 7
The second test case weused is: 5, 6,9, 10,11, 8,3,2,4, 1,7

Then we did athorough verification. We applied method 2 with case 2 to every
submission. Inspected suspicious code manually and sometimes used method 2 with
another auxiliary test case. For the manual inspection we used method 3 and method 4.
Using this we found the 17 more flawed submissions and we are left with 88
(supposedly) correct submissions.

We assign to all flawed submissions a zero score. The supposedly correct submissions get
the score that they got from the 10l grading process. This leads to the following score
distribution:

Score 100 | 90 80 70 60 50 |40 30 20 10 0
#Contestants | 24 6 1 1 15 2 8 14 5 12 121

Table 2-5 Frequency distribution after verficition.
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Then we used method 3 and a manual inspection to find out exactly what the supposedly
correct solutions did and classified the 88 submissions as given below. There remains
however one class label TISX that does not solve the problem correctly and even scores
100 points. Thiswill be addressed | ater.

Algorithm class Number of solutionsthat survived all filters.

2LHH 2

BISF 17

BISZ

BPFP

BPFR

BUBBLE

BUBBLER

LISF

OPE

QSORT

TISF 4

TISX (isaflawed solution)

TISZ

NIWINRPW PR FPFPINDNWIN W

TPFF

TPFR 13

TRIPLES 11

Total 88

Table 2-6 Median task submsion algorithm distribution.

Note: 1 of the 2LHH submissionsis not from a contestant and is stored somehow in the
datafrom contestant TKM-01 and might be discarded. Our statistics did not deal with this
contamination. The total score of TKM-01 isonly 280.

The TISX classisaternary insertion sort class that tries to improve selection of pivots as
described in paragraph 2.5.8. Of course we cannot be sure whether or not the contestants
knew about this optimization. They probably did not and implemented the TISZ
algorithm wrong. This was discovered using method 3 as the left-hand side graphic
looked strange as displayed below. We investigated this and found that this solutionis
flawed. There are 7 submissionsin this class of which 6 score 100 points and 1 scores 70
points.
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Figure 10 A flawed solution scoring 100 points (CHN2-04)

Now thefinal scoredistributionis:

Score 100 |90 |80 |70 |60 |50 |40 |30 |20 |10 |O
#Contestants | 18 6 1 0 15 |2 8 14 |5 12 | 128

Table 2-7 Frequency distribution based after (final) verification

The total score from the 101 2000 committeeis 6410. The total score from usis 4380.
Thisis 32% lower. The average score drops from 31 to 21. To give amore qualitative
judgment about the changes in the grading we will use the number of inversions. First the
definition of inversionsis given below.

Definition — Inversion

Given a permutation p the number of inversionsis (#i, j:i > j: pi < p.j)

If we rank the 209 contestants based only on the median score and count the number of
inversions between the IOl median score and our median score then there are 4471
inversions. Thisis 21% as there are maximum (209 x208) / 2 = 21736 inversions.

If we replace the IOl median score with our median score and count the number of
inversions in the ranking of the total score the ranking of the 274 contestants contains
9825 inversions. Thisis 26% as there are maximum (274 x273) / 2 = 37401 inversions

possible. We a so have some changes in the medal list:

3 gold medal winners would get a silver medal
3 silver medal winners would get a gold medal
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3 bronze meda winners would get a silver meda
4 bronze meda winners would get no medal
4 none meda winners would get a bronze medal

Note that we cannot compare inversions of the total score with inversions of the median
score. For exampleif we set all median scores to zero this does not change the median
score ranking (zero inversions) but it does change the total score ranking (many
inversions).

2.12 Conclusion

The taxonomy is not exhaustive. Building the taxonomy is not easy. There are many
different approaches leading to the same solution of which there might be different
implementations. We started with analyzing alot of implementations and building the
taxonomy. On this path we discovered ourselves various new solutions that helped usto
consolidate the taxonomy to what it is now. Simple solutions helped us restructure the
taxonomy. The taxonomy that we have at hand now enables usto classify all |0l 2000
submissions.

Thereis one note that we would like to make here. The EE, PE and SE might be seen as
single ended priority queues, double ended priority queues and partitioning methods.
Although thiswasinitially not clear to us, we expect that it will lead to almost the same
taxonomy.

Although the taxonomy that is derived was originated from the Median task it might very
well be the basis for the taxonomy of median finding agorithmsin general.

It would be nice to have atoolkit containing a generic agorithm that represents the
algorithms from this taxonomy selected by only setting a few parameters. See appendix
6.1 for some references to source code.

There are flawed submissions that solve test cases. It is even possible for aflawed
solution to get 100 points see for example CHN2-04, CAN-02 see the TISX class of
algorithms discussed in 2.11.7. We cannot prove correctness by using test cases. Even for
well specified problems as given at the Ol contest, correctnessis not proven by
successfully solving a set of test cases. Improving the test cases is not always an option;
the TISX agorithms class might always stay undetected especially if arandomization of
theinput is used.

If we verify correctness by inspecting the code we need written (mathematical)
argumentation from the contestants. For example, a bubble search solution as used by
DEN-03 is probably only intuitively assumed correct. The hard question thereis why
doesit terminate?

The task description refersto correctness on aworst case scenario, i.e. maximum number

of Med3 callsfor every possibleinput. Thisisnot tested it is only average casethat is
tested and not even that, average case is also a claim about all possible cases. Especially
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the randomization of the input results in average case behavior. Also the partitioning
algorithms are worse case O( N 2) but they are the only real candidate for successfully
solving all test cases.

Building the taxonomy of solutions for atask is very time consuming, but it might be
very helpful to have an informal taxonomy that is used for grading the submissions.

What one has to do with partial correct, i.e. the flawed submissions, is not always clear.
Grading flawed submissionsis perhaps even harder. How do we define an order on
flawed submissions? The CHN2-04 solution (a TISX class agorithm) gets too many
points. Are flawed submissions design errors or are they coding errors. We require more
than only the source code to tell this.

There are many points earned by submissions that are flawed. In tota there are 6410

points given during the IOl for the median task. We think that only 4380 should have
been givenin total. This should clearly indicate that something should change.
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3 Phidias

This chapter deals with the IOl 2004 Phidias problem. This chapter contains the task
description, aderivation of a solution and several optimizations and an analysis of the
submissions of the contestants.

We have decided to audit the Phidias 2004 10l task, because we wanted to do something
recent and something for which all sources where available. As all sources have been
submitted in 2004 this was the logical year to choose from. We wanted atask that has
been well done; we are not interested in hacks. When everything is going wrong it is very
hard to analyze the sources. So the code should be simple and short. Phidias has been
selected because a correct solution is easy to implement asit requires only afew lines of
code.

3.1 Task description

The task description is taken from the 1Ol 2004 task description [7]; some minor editing
took place. It contains the problem description, input and output specification, additional
constraints and an example.

Begin of Quoted Task Description

3.1.1 Problem description

Famous ancient Greek sculptor Phidias is making preparations to build another

marvel ous monument. For this purpose he needs rectangular marble plates of

sizesshl” wl, h2" w2,..., hN" wN

Recently, Phidias has received alarge rectangular marble slab. He wants to cut the slab to
obtain plates of the desired sizes. Any piece of marble (the slab or the plates cut from it)
can be cut either horizontally or vertically into two rectangular plates with integral widths
and heights, cutting completely through that piece. Thisisthe only way to cut pieces and
pieces cannot be joined together. Since the marble has a pattern on it, the plates cannot be
rotated: i.e. if Phidias cuts aplate of size A" B, then it cannot be used as a plate of

sizeB” A unless A =B . He can make zero or more plates of each desired size. A marble
plateiswasted if it is not of any of the desired sizes after all cuts are completed. Phidias
wonders how to cut the initial slab so that aslittle of it as possible will be wasted.

Y our task isto write a program that, given the size of the original slab and the desired
plate sizes, calculates the minimum total area of the original slab that must be wasted.

3.1.2 Input

Theinput file nameis phidias.in. Thefirst line of input contains two integers: first W, the
width of the original dab, and then H, the height of the original slab. The second line
contains one integer N, the number of desired plate sizes. The following N lines contain
the desired plate sizes. Each of these lines contains two integers: first the widthw.i and
then the height hii of that desired plate size, 1£i £ N
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3.1.3 Output

The output file name is phidias.out. The fileisto contain one line with asingle integer:
the minimum total area of the original slab that must be wasted.

3.1.4 Constraints

Inalinputs, LEW £600, 1£ H £600, 1£E N £200, 1Ewi £W and 1£ hi EW.
Additionally, in 50% of theinputs, W 20,H 20andN 5.

3.1.5 Example

As an example, assume that in the figure below the height of the original slab is 11 and
the width of the original slab is 21, and the desired plate sizesare 4 x 10, 2 x 6, 5 x 7 and
10 x 15. The minimum possible areawasted is 10 (the gray areas). The figure shows one
sequence of cuts with total waste area of size 10.

The corresponding input and output is given in the table below.

phidias.in phi di as. out

21 11 10
4

10 4
6 2
75
15 10

End of Quoted Task Description

3.2 Solution

Next asolution is derived. First aformal input and output specification is distilled,
followed by a solution derived from a recurrence equation based on dynamic
programming (DP) with both an iterative and a recursive implementation.
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Note that notation in the implementation is slightly different from the notation of the
documentation. These differences are summarized in Table 3-1 below.

Documentation | mplementation
H Hei ght

W W dt h

h.i h[i]

W.i Wi

Table3-1

The differences are rather straightforward and are mostly due to characteristics of syntax
of the Pascal language.

3.2.1 Specification

In order to derive a solution, aformal input and output specification are given. Only
requirements that are essentia to the problem are specified. Efficiency requirements
although essential, are not specified in the input (and neither the output) specification. An
efficient solution is always pursued.

For later usage the definition of Plates, the set of desired plates, is given by:

Plates={hn" wn|1£ n£ N}
Definition 3-1
The formal input specification as given by the task description is formalized by:
1£H £600ULEW £600ULE N £200U(" hw:h” wi Plates:1£h£H ULEWEW)

Specification 3-1

The upper bounds in Specification 3-1 will be discarded, because they are not essential to
find a solution. The upper bounds are only needed for performance considerations.
Instead of Specification 3-1 the input specification is given by:

1£EHULEWULENU(" hyw:h” wi Plates:1£ hU1£ w)

Specification 3-2

For later usage the definition of M .. , the minimum total areathat must be wasted for a
i~ j dab, isgiven by:

M..j =*“the minimum total areathat must be wasted forai” j dab”
Definition 3-2
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Definition 3-2 is not aformal specification it isformalized later by arecurrence equation.
A specification of the requested output is then given by:

M.HW
Specification 3-3

3.2.2 Recurrence equation

To formalize Definition 3-2 arecurrence equation is given. This recurrence equation is
based on the idea that there are three cases to be distinguished:

not cutting aslab at all
cutting aslab vertically
cutting aslab horizontally

The definition of mi.j, thetotal areawasted for ai” j slab that isnot cut, whichis
either zero or i xj depending whether or not the slab fits one of the desired plates, is
given by:

. 0 ifi” j1 Plates
mi.j= _ .
ixj ifi” jl Plates
Equation 3-1

The phrase “ cutting compl etely through that piece” is directing the solution towards a
recurrence equation that specifies M.i.j to bethe sum of the wasted areas of two smaller

slabs. The cut is either horizonta or vertical. Because this sum should be minimized the
recurrence equation takes the minimum over al possible sums, i.e. al possible cuts. This
is shown by Equation 3-2 below where the first termis mi.j which stands for not cutting

a dll, the second term are all horizontal cuts and the third term are all vertical cuts.
mi. |
min
Mi.j= (mink:1£k<i:Mk.j+M.(i- k).j)
min
(mink:1£k<j:Mik+M.i(j- k))
Equation 3-2

Note that a straightforward recursive implementation of Equation 3-2 isinefficient
because of duplication of effort.
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To avoid duplication of effort aglobal variable M a2—dimensional array, is used to store
intermediate results. Because the “min” operator isidempotent, Misinitialized with m as
shown in Code fragment 3-1 below.

for i := 1 to Height do
for j :=1to Wdth do
Mi, j] =1 *j;
for i :=1to Ndo

Mh[i], wWi]] :=0
Code fragment 3-1

The post condition of Code fragment 3-1 is given by:
("i,j;lEIEHULE JEW:M i, j]=mi.j)

An iterative implementation of recurrence Equation 3-1 is shown in Code fragment 3-2
below. Theloop hasto fill in the matrix in the correct order, i.e. the loops have to keep
the invariant:

("igjelEiGxiUjC jUIGiULE j& j:Mi', j'|=Mig§

Invariant 3-1
for i := 1 to Height do
for j :=1to Wdth do
begi n
for k :=1toi - 1 do
Mi, jI :=Mn(Mi, j], Mk, j1 + Mi =k, j]);
for k :=1toj - 1 do
Mi, jI :=Mn(Mi, j], Mi, k] + Mi, j - K])
end

Code fragment 3-2

See Phidias0 in Phidias appendix A, for a complete implementation.

3.2.3 Optimizations
There are 3 optimizations possible, reducing the number of evaluationsof M.i.j,

represented in Code fragment 3-2 with“M i, j1 := M n(.)”. Although these
optimizations are mutually independent and possible at the same time, our explanation of
optimization Il assumes optimization 11 is applied and optimization |1 assumes
optimization | is applied.

These optimizations are not always necessary to get 100 pointsin the IOl contest.
Optimization | isthe only one which is sometimes necessary to improve the recursive
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implementation; see for example LKAO3 scoring 60 points. We give an overview of
possible optimizations and show their correctness.

These optimizations are developed in anumber of small steps. To proof correctness of
these optimizations some properties are needed.

A slab cannot generate negative waste. Thisis shown by:
("i,j:1£i ULE j:0£ M.i.j)

Property 3-1
Proof of Property 3-1:
Thisisaproof by induction on a point wise order for i” | asdefined by:

iOj@i” j°iI@iU|QE j

Definition 3-3

Basecase: i =1U | =1:

0O£M.11

°  {Définition of M and empty domains}
0£mlil

°  {Definition of m}
true

The induction hypothesis (IH) to complete the proof:

("igjelfiaiUje j)U(ieiUlE j& j):0£EMiCQ
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Cases: 1<iUl< |

0£M.i.j
o {Definition of M}
O£ mi.j
U("ie1LiGi:0EMIC +M.(i-i9j)
U("je1£ j& j:0EMi.j@Mi(j- Q)
U  {Definition of m}
true
U("i©1£iGki:0EMiC UOEM.(i-idj)
U("j@1£ j& j:0EMIij@O0EMI(j- Q)
° {IHand1£iGiUl£i-iGiULE j& jULE j- j& j}
true
A slab cannot generate more waste than its total area. Thisis shown by:
("i,j:1£i U1E j:Mi.j £ixj)

Property 3-2

Proof of Property 3-2:

Mi.j
£ {Definition of M and property of min}

mi. j
£  {Definition of m}

I X]
A dlab that is exactly the size of one of the desired plates generates zero waste. Thisis
shown by:

(" h,w:h” wi Plates: M.hw=0)

Property 3-3
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Proof of Property 3-3:

"h,w:h” wl Plates:

M.hw
= {Définition of M}
mh.w
min
(mink:1£k<i:Mk.j+M.(i- k).j)
min
(mink:1£k<j:Mik+Mi(j- K))
= {h” wi Plates}
0
min
(mink:1E£k<i:Mk.j+M.(i- k).j)
min

(mink:1£k<j:Mik+Mi(j- k))
= {Property 1: ("i,j:1£i UL£ j:0£M..j)}
0

Equation 3-2 is now rewritten by distributing the min-quantors over the selection of mi. |
such that it is always zero whenever i~ j1 Plates and if notitisat most i xj asisshown

by:
0 ifi~ j1 Plates
N
. min
M.i.J = (mink:1£k<i:M.k.j+M.(i- k).j) ifi” 1 Plates
min
(mink:1£k<j:Mik+M.i.(j-k))

Equation 3-3

3.2.3.1 Optimization |
This optimization reduces the number of evaluations of M.i.j . It showsthat acut of a
slab has a mirror-cut on the opposite side resulting in the same waste.
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For later usage, the definition of R.i.j.kis given by:

Ri.jk=Mk.j+M.(i- k).]

Definition 3-4
The commutative property of the “+” operator induces the following property of R:

Ri.jk = Ri.j.(i- k)

Property 3-4

Proof of Property 3-4:

Ri.jk
{ definition of R}
MK.j+M.(i- K).j
°  {commutativity of +}
M.(i- K).j +MK.]

o

° {caculug

M.(i - k).j +M.((i - i) +k).]
° {caculug

M.(i- k).j+M.(i- (i- K)).]

{ definition of R}
Ri.j.(i- k)

Reduction of the k range is shown in Property 3-5.

("i,j:1£i ENULE jEN:(mink:1E£k <i:Ri.jk)=(mink:1£K£i- k:Ri.jk))

Property 3-5
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Proof of Property 3-5:
"i,j:1Ei £ENULE jEN:

(mink:1£ k Uk <i:RK)
= {calculus, case analysis}

(mink:(LEKUKEi- k)U(i- kKEKUk<i): Rk)
= {minidempotent, domain split}

(mink:1£k UK £i - k: RK)min(mink:i- k £ k Uk <i : RK)
= {dummy change: in second quantification, k :=i - k}

(mink:1£k UK £i- k:Rk)min(mink:i- (i- k) £i- kUi- k<i:R(i- k))
= {caculug

(mink:1£k UK £i- k:Rk)min(mink:k £i- kUL£ k: R(i- k))
= {commutativity U and Rk =R i - k)}

(mink:1£kUKEi- k:Rk)min(mink:1£kUK£i - k: RK)
= {minidempotent}

(mink:1£kUKEi- k:Rk)
In asimilar way the definition of Si.j.k given in Definition 3-5 below leads to reduction
of the k range as shown in Property 3-6 aso below.

Si.jk=Mik+Mi(j- k)

Definition 3-5

("i,j:1Ei ENULE jEN:(mink:1£k< j:Si.jk)=(mink:1£KE j- k:Si.jk))

Property 3-6
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Equation 3-3 can be changed using Property 3-5 and Property 3-6, asis shown in
Equation 3-4. By this change the implementation is optimized
0 ifi” j1 Plates
]
~ min
Ml = (mink:1£k£i- kK:Mk.j+M.(i- k).j) ifi~ j1 Plates
min
(mink:1E£KE j- k:Mik+Mi(j- k))

Equation 3-4

Equation 3-4 can be rewritten using the integer division “div’ operator as shown in
Equation 3-5.
0 ifi” j1 Plates
I

_ . min
Mij= (mink:1E£kEidiv2:Mkj+M.(i- K).) ifi" ji Plates

min

(mink:1£K £ jdiv2:Mik+M.i.(j- k))

Equation 3-5

The following derivation shows equality between these two alternatives.

XEy- X
o {caculus}
2XEy
° {xyl }
x£ ydiv2

88



An implementation of Equation 3-5 is shown in Code fragment 3-3.

for i := 1 to Height do
for j :=1to Wdth do
begi n
for k :=1toi div 2 do
Mi, jl1 :=Mn(Mi, j], Mk, j] + Mi =k, j]);
for k :=1toj div 2 do
Mi, jl :=Mn(Mi, jl, Mi, kI + Mi, j - k])
end

Code fragment 3-3

See Phidiasl in Phidias appendix A, for a complete implementation.

3.2.3.2 Optimization | balanced

When the dummy change in the proof of Property 3-5 is applied to the first quantification
theresultsis:

(mink:1£ k <i:RK)

= {dual of proof of property 5}
(mink:i- k£kUk<i:RK)

= {below}

(mink: (i +1)div2£ k Uk <i : Rk)

Used above:

X-YyEy
o {caculus
X£ 2y
o {xyi )
(x+1)div2Ey
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A straightforward implementation, like Code fragment 3-4, is almost the same as Code
fragment 3-3 the only difference is the order in which the cuttings are made. Although
when used in combination with Optimization 111 this turns out to be on average a faster
solution. Worst case the performance remains equal. Why exactly thisis faster is beyond
the scope. Hint: It’ s faster because it starts with a more balanced way of cutting the slabs.

for i := 1 to Height do
for j :=1to Wdth do
begi n

for k := (i +1) div2to (i — 1) do

Mi, jl :=Mn(Mi, jl, Mk, j] +Mi -k, j]);
for k :=(j +1) div2to (j — 1) do

Mi, j] :=Mn(Mi, jlI, Mi, k] + Mi, j - k])

end

Code fragment 3-4

This can aso be implemented with decreasing loops as following:

for i := 1 to Height do
for j :=1to Wdth do
begi n
for k :=1i div 2 downto 1 do
Mi, jl :=Mn(Mi, jl, Mk, j1 + Mi =k, j]);
for k :=j div 2 domnto 1 do
Mi, jI :=Mn(Mi, j], Mi, k] +Mi, j - K])
end

Code fragment 3-5

All the examples use this optimization.

3.2.3.3 Optimization 11
This optimization also reduces the number of evaluationsof Mi.j.Whenai” | dabis
too small to be used it is not cut any further.

A dlab that istoo small to be used generates maximal waste. Thisis shown by:

("i,5:(" hw:h" wi Plates:@(h” wEi” j)):Mi.j=ixj)

Property 3-7
But also if it is possible to cut a desired plate from a slab the waste is not maximal:

("i,i:(Show:h" wi Plates:(h” wgi j)):Mi.j<ixj)

Property 3-8

Note: the domain is the negation of the domain of Property 3-7.
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Deriving for the domain of Property 3-7:

(" hw:h” wi Plates:@(h” wEi” j))
o {Definition pointwise order}
("hw:h" wi Plates:@(h£i UwE j))
°  {DeMorgan}
("hw:h” wil Plates:h>iUw> j)
o {Implication}
("hw:h” wil Plates:h£i  w> j)
o {Trading}
("hw:h” wi PlatessUh£i:w> j)
{" - min connection}
(minh,w:h” wi PlatesUh£i:w)> j
{ Definition P.i below}
Pi> |

o

o

Alternatively:

(*hw:h"wi Plates:@(h” wei’ j))
°  {Definition pointwise order}
(" hw:h” wi Plates:@(h£iUwE j))
°  {DeMorgan}
("hw:h” wi Plates:h>iUw> j)
°  {Implication}
("hw:h” wi Plates:w£ j h>i)
o {Trading}
("hw:h” wi PlatessUwE j:h>i)
{" - min connection}
(minh,w:h” wi PlatesUWE j:h)>i
{ Definition Q.j below}
Q.j>i

[e]

o
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Therefore:

Pi>j ©° Q.j>i
Property 3-9

Now definition of P.i and Q. areintroduced:

Pi=(minh,w:h” wi PlatessUh£i:w)
Q.j =(minh,w:h” wi PlatessUWE j:h)

Definition 3-6
Property 3-7 is now rewritten:

("i,j:Pi>j:Mij=ix])

Property 3-10

The calculation of P isshown in Code fragment 3-6 below. Initialization of P isdone
by setting Plates =/, suchthat ("i,j:1£i £H ULE jEW:Pi>j),ie

("i:1£i £H:Pi=W+1). Notethat

Pi=P.(i- )min(minh,w:h” wi PlatesUh=i:w) for 2£i £ H and that
P.1=(minh,w:h” wi PlatesUh=1:w) soto caculate P wefirst caculateall
Pi=(minh,w:h” wi PlatesUh=i:w) and thenapply Pi=P.(i- )minP.i toal Pi
for 2£i £ H . Note that Q isnot (yet) required and only used here to keep it symmetric.

for i := 1 to Height do
P[i] = Wdth + 1;
for i :=1to Wdth do
Qi] = Height + 1
for i :=1 to N do
begi n
AWill := Mn(Qwill, h[i]);
Plh{i]] := Mn(P[h[i]], wWi]);
end;
for i := 1 to Height do
P[i] := Mn(P[i = 1], P[i])
for i :=1to Wdth do

di] :=Mn(Qi -1], di])
Code fragment 3-6
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Equation 3-5 can be changed using Property 3-10, asis shown in Equation 3-6. By this
change the implementation is optimized.

0 ifi” j1 Plates
i X]
min
Mi.j= (mink:1£k£idiv2:M.k.j+M.(i- k).j) ifi” j1 PlatesUPi £
min
(mink:1£K £ jdiv2:Mik+M.i.(j- k))
i xj ifi” ji PlaesUPi > j

Equation 3-6

The implementation then is:

for i := 1 to Height do
for j := P[i] to Wdth do
begi n
for k :=1i div 2 downto 1 do
Mi, jl := Mn(Mi, jl, Mk, j1 + Mi =k, j]);
for k :=j div 2 downto 1 do
Mi, jI :=Mn(Mi, jl, Mi, kI + Mi, j - Kk])
end

Code fragment 3-7

From Property 3-9 we have (" i:QW >i:Pi>W) and (" j:P.H > j:Q.j >H) from
which follows: (" i:i<QW:M..j=ixj)and ("j:j<P.H:M..j=ixj). Tokeeptrack
of thevalueof QW and P.H weintroduce the definition of Hmin and Wmin, the
minimum of the values of h and w filtered for usable plates:

Hmin = QW
Wmin=P.H
Definition 3-7

The calculation of P, Q, Wmin and Hmin is shown in Code fragment 3-8 below.
Initialization of P and Q isdone by setting Plates = A, such that

("i,j:lEIEHULE JEW:Pi>j),ie ("i:1£i £H :Pi=W +1). Notethat
Pi=P.(i- )min(minh,w:h” wi PlatesUh=i:w) for 2£i £ H and that
P.1=(minh,w:h” wi PlatesUh=1:w) soto caculate P wefirst calculate all
Pi=(minh,w:h” wi PlatesUh=i:w) and thenapply Pi=P.(i- )minP.i toal Pi
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for Hmin<i£H . Start at i = Hmin+1 because (" i :1£i < Hmin: Pi >W) and
P.Hmin=(minh,w:h” wi PlatesUh=Hmin:w). Notethat Q is not (yet) required and
only used hereto keep it symmetric.

for i := 1 to Height do
P[i] = Wdth + 1;
for i :=1to Wdth do
Qi] = Height + 1;
Hmin := Height + 1;
Wnn:= Wdth + 1;
for i :=1to Ndo
begi n

if Wfi] £ Wdth then

Hrin := Mn(Hrin, h[i]);
AdwWi]ll = Mn(QWi]l, h[i]);
if h[i] £ Height then

Wrin:= Mn(Wrin, wWi]);
PLhLi]] := Mn(P[h[i]], Wi]);

end;

for i := (HmMin + 1) to Height do
Pli] := Mn(P[i - 1], P[i])

for i := (Wrin + 1) to Wdth do

di] :=Mn(Qi -1], di])
Code fragment 3-8

The implementation then is:

for i := Hrin to Height do
for j := P[i] to Wdth do
begi n
for k :=1i div 2 downto 1 do
Mi, jI :=Mn(Mi, j], Mk, j1 + Mi =k, j]);
for k :=j div 2 domnto 1 do
Mi, jI :=Mn(Mi, j], Mi, k] + Mi, j - K])
end

Code fragment 3-9

See Phidias2 in Phidias appendix A, for a complete implementation.

Thereisalittle simplification to this optimization. It is still an optimization but not as
good.

The domain of Property 3-7 is strengthened:
("i,j:i<HmnUj <Wmin: M..j =i x])

Property 3-11
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Proof of Property 3-11:

We show that both: i <Hmin  P.i> | for 1£ j£W and j<Wmin Pi> | for
1£i £ H from which we conclude Property 3-11

I <Hmin j <Wmin
°  {definition of Hmin} °  {definition of Wmin}
I <QW j<PH
°  {property 9} °  {property 9}
Pi>W Q.j>H
JEW i £H
Pi> | Q.j >i
°  {property 9}
Pi>|j

Equation 3-5 can be changed using Property 3-11, asis shown in Equation 3-7. By this
change the implementation is optimized, i.e. the number of repetitions of the loop body is
reduced.

0 ifi” jT Plates
I %]
min
Mi.j= (mink:1£k£idiv2:MKkj+M.(i- k).j) ifi” ji PlatesU(Hmin£iUWmin£ j)
min
(mink:1£KE£ jdiv2: Mik+Mi.(j- k))
i X ifi” ji PlatesU(i <HminUi <Wmin)
Equation 3-7

An implementation of Equation 3-7 is shown in Code fragment 3-10.

for i := Hmin to Height do
for j := Wrnto Wdth do
begi n
for k :=i div 2 domnto 1 do
Mi, jl :=Mn(Mi, j], Mk, j] + Mi -k, j]);
for k :=j div 2 domnto 1 do
Mi, jl :=Mn(Mi, jl, Mi, k] +Mi, j - Kk])

end

Code fragment 3-10
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See Phidias2ain Phidias appendix A, for acomplete implementation.

3.2.3.4 Optimization |11
This optimization also reduces the number of evaluationsof M.i.j.A i” j dabisnot cut
any further when it is generates zero waste because of Property 3-1.

Then the body is implemented as shown below:

k :=1i div 2;

while not ((Mi, j] =0) or (k =0)) do

begi n
Mi, jl := Mn(Mi, jl, Mk, j] + Mi -k, j]);
k :=k -1

end;

k :=j div 2;

while not ((Mi, j] =0) or (k =0)) do

begi n
Mi, jl :=Mn(Mi, jl. Mi, kI +Mi, j - Kk]);
k :=k -1

end;

Code fragment 3-11

See Phidias3 in Phidias appendix A, for a complete implementation.

3.2.4 Recursive implementation

A recurrence equation leads easily to arecursive solution as shown in Code fragment
3-13. Therecursive implementation also uses Mto avoid recalculation. Note that the
implementation of the guard “WASTE_UNKNOWN?” requires some properties to be
changed.

The constant WASTE _UNKNOWN must be avalue that is never the minimal waste, e.g.
choose: WASTE _UNKNOWN = -1 When using optimization |1 the choice of
WASTE _UNKNOWN =i %] isalso possible because of Property 3-8.

See Phidias4 in Phidias appendix A, for a complete implementation.

A different approach is also possible using an additional Boolean variable with an
additional invariant but requires more memory.
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Code fragment 3-12 below shows the initialization of variable Mfor thisrecursive
solution.

for i :=1to H do
for j := 1 to Wdo
Mi, j] := WASTE UNKNOW\;
for n:=1 to N do
MHnN], Wn]] :=0

Code fragment 3-12

A recursive implementation is shown in Code fragment 3-13.

functi on Recursive(i, j: integer): integer;
var
k, kmax: integer;
begi n
if Mi, j] = WASTE_UNKNO/N t hen
begi n
Mi, j] =1 *j;
if (P[i] <=j) then
begin
k :=1i div 2;
while not ((Mi, j] =0) or (k =0)) do
begin
Mi, j] := Mn(Mi, j], Recursive(k, j) + Recursive(i - k, j));
k :=k -1
end;
k :=j div 2;
while not ((Mi, j] =0) or (k =0)) do
begi n
Mi, j] := Mn(Mi, j], Recursive(i, k) + Recursive(i, j — k));
k :=k -1
end;
end;
end;
Recursive := Mi, jl;
end;

Code fragment 3-13

In general arecursive implementation needs not always calculate every entry of the
matrix where as an iterative solution does. Therefore a recursive implementation might
sometimes be preferred over a DP solution. Although the recursive implementation has
some advantages the DP solution is sometimes faster because it does not need to
administrate return points and parameters of every recursive function call.

Because of the symmetry of a case with its transposed case, i.e. all (including the
origina) i” j dabsaretransposedto j~ i dlabs; the behavior of the program, i.e. the
trace of calculated entries of M, on both cases is expected to be the same. But because the
code first cuts horizontally and then vertically this symmetry is broken and the transposed
case can have acompletely different trace. Thisis even clearer in the recursive version
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where the calculated matrix Mis not the same in both cases; before this comparison the
matrix Mof the transposed case has to be transposed (back) and then both do not have to
be the same.

Initialization of Mis not required when P.i > j but then for every accesstoMi, j] a
additional check isneeded to verify if P.i > j. Thispossibility isnot explored any further
in depth. Recursively thisis easily implemented, see implementation Phidiasb in
appendix A for details.

Iterative thisis aso possible by rewriting the k-loop into several parts, derivation is
beyond the scope and we only give the code below. Note that we now really need Q to

caculate k=i- Q.j .

for i := Hmin to Height do
for j := P[i] to Wdth do
begi n
k :=1i div 2 { k<=i -k}
while not ((Mi, j] =0) or (Qj] > k)) do
begin { Qj] <=k <=i - k}
Mi, jl :=Mn(Mi, jl, Mk, j] +Mi -k, j]);
k :=k -1
end;
if dj] >i - k then
k=i - Qili
while not ((Mi, j] =0) or (k =0)) do
begin { qj] <=1 - k}
Mi, j1 :=Mn(Mi, j], k*j +Mi -k jl);
k :=k - 1
end;
k :=j div 2, { k<=j -k}

while not ((Mi, j] =0) or (P[i] > k)) do
begin { P[i] <=k <=j - k}

Mi, j] :=Mn(Mi, j], Mi, k] + Mi, j - Kk]);
k :=k -1

end;

if P[i] >j - k then
k=] - PLi];

while not ((Mi, j] =0

begin { P[i] <=j - k}
Mi, j] = Mn(Mi, jl, i * k+ Mi, j - Kk]);
k :=k - 1

) or (k =0)) do

end
end

Code fragment 3-14

3.2.5 Taxonomy

We summarize the correct solutions presented in section 3.2 with ataxonomy given
below. The taxonomy tree starts at 0. The numbers refer to sub trees such that a complete
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taxonomy is created by following all numbers. The 10l committee has to determine a
score for every path.

Figure 11 Taxonomy of solutionsfor Phidias.
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3.2.6 Computational complexity
The definition of T.i.j , the computation complexity forai” j dab, isthe number of

stepsthat isrequired to calculate M .i.j when evaluated naively by recursion as defined

by Equation 3-2, is given below where a and bwith 0<aUO<b are appropriate
constants.

Ti.]
= {equation 2 recursively evalutated}
i-1 j-1

a+ (b+TkJ+Tﬁ-k)”+]

k=1 k=1

= {agebra}

(b+Tik+Ti(j-k))

i- i- -1 -1
a+bx(i- 1)+ 1T.k.j+ 1T(i-k)j+b4j-n+ Tik+ Ti.(j- k)

k=1 k=1 k=1 k=1

j

= {agebra}
i- j-1
a+bxi+j- 2)+2x 1T.k.j+] T.ik
k=1 k=1
s {o£b(i+j- 2)}
i-1

j-1
a+t2x Tkij+ Tik

k=1 k=1
3 {below}
axiti-2

Used above:
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i-1 ) j-1 )
a+2x a>Qk+J-2+ a>Q|+k-2
k=1 k=1

2i+j-2 - 21+j-2 N 2i+j-2 - 2i+l—2
2-1 2-1

a+2xax

a+ 252" 2. 24z g2
a+ a2 2. 21t 27
a+ax2"-2-2)

a2 - 2/ - 2 +1)

a>(2‘ - 1)(2j ; 1)
3 {below}
axylxit

Used above:
2'-13 2"t
2>Qi-l_ 13 2i-1
2713 ]
i31
Because we need alower bound this reduces to:
Ti.j 3 ax*?

From which follows: T.HW 3 a2"*¥"? and thisis clearly exponential. Assumed is that
the evaluation of mi.j isconstant. Memory usage thenis H W . If this assumption does

not hold the computational complexity is even worse though still exponential. The worst
caseto check if adlabisrequiredislinear;i.e. N.
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The dynamic programming implementation drastically improves the computational
complexity for which we have a different definition of the computational complexity,
Ti.j.

Using an iterative DP implementation the calculation of entry i~ j requires t.i.j stepsto
of M asgiven by:

ti.j=2(i-1)+2(j-1)+1+1

Reading twicethe j- 1 elementsinrow i plusreadingtwice i- 1 elementsin column j
plus the evaluation of mi.j pluswriting theresultin M.i.j .

Calculation of M.i.j requiresthat all entries M.i©j ¢arecalculated for i©j@i” j and
therefore the computational complexity is given by:
Ti.]

{calculation of M.i €j Cfor all entriesi© j@i” j}

" tigo

el jel
{algebra}

i2j +ij?
{agebra}

i xj (i + )

From which follows: T.HW = H W >H +W) Thisis cubic. The evaluation of mi.j is
assumed to be constant. Memory usageis H 3W .

3.3 Verification

In this section, we take a closer ook at the scores of the programs that were submitted by
the contestants for task Phidias at 101 2004. We will show that the scores at 101 2004 for
this task were flattered, because the test data used for grading were not designed with
sufficient care.

The design of thetest data for the 10l 2004 competition tasks was guided by a new set of
principles, specifically stated for IOl 2004 (see: [8]). Of particular importance are the 2nd
and 3rd principle, which we quote here:

2. For each task, half of the test inputs used for grading the submitted programs will

focus on "testing for correctness'. These inputs will be based on "small" cases
only. What is considered "small" will be stated explicitly in the task description.
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These constraints will be referred to as 50%-constraints|...], to distinguish them
from the regular constraints (or 100%-constraints) on inputs.

3. Theother half of the test inputs will focus on "testing for efficiency”. The "size"
of these cases is chosen to distinguish the efficiency for arange of algorithm
classes specific to that task.

Task Phidias was graded using 20 test cases, of which 10 were "small" with W £ 20,

H £ 20, N £5. Unfortunately, there are no further design details available for the 20 test
cases. Thetest cases themselves, as well as the scores of the contestants on these cases
have been made available for our research.

We first summarize the results as they were obtained at 101 2004. Next, we present 10
new test cases specifically focused on correctness. They were designed to cover special
cases and to detect certain common errors. With these new test cases, we have

reeval uated the submitted programs, giving rise to new (lower) scores.

3.3.1 Overview IOl score

All the (final) submitted solutions have been evaluated against 20 test cases by the Ol
Host Scientific Committee. For every correct answer a contestants earns 5 points.

The frequency distribution of the score based on the IOl test casesis:

Score 100 |95 |90 |8 |80 [7/5 |70 |65 |60 |55 |50

#Contestants | 77 12 |6 9 1 5 12 |6 15 |9 19

Score 45 |40 |3 |30 |25 |20 |15 |10

~N | o1
o

#Contestants | 4 8 7 22 |5 2 3 7

Table 3-2 Frequency distribution based on 10l test cases

Thetotal score of the above frequency distribution: 15895.

The 101 2004 used 20 test cases the first 10 test cases are the small cases as described in
the task descriptions constraints. Examples of cuts of the small casesarein Appendix B.
Though no evidence is present, these small test cases appear to be hand made. It is
unknown to us why specifically these are selected. There is no description available what
agiven test caseis intended to test. We think that the other larger test cases probably are
random generated.

The frequency distribution of the score based on the first 10 small test cases:

Score 50 (45 |40 |35 |30 |25 |20 |15 |10 |5 0
#Contestants | 163 | 4 12 |9 3 7 1 5 5 |7

Table 3-3 Frequency distribution based on first 10 small 10l test cases
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For correctness verification we wanted to design 10 new test cases specifically focused
on detecting various common errors. To do this we have inspected the submitted source
codes. First we have discarded the submissions that gave awrong answer on one or more
of first 10 1Ol test cases; atimeout or abad signal is not considered awrong answer here.
This is done because we think that from these really bad solutions we could not learn
something. Then there are 167 remaining submissions from which we inspected
thoroughly the submitted source codes. We also inspected some of the other solutions
randomly. After inspecting the submitted source codes we designed 10 new test cases
specially to detect/trigger certain errors.

3.3.2 New test cases

Next follows the description of the 10 new test cases; the input and output files and an
example of cuts that results in the minima waste for the given test case. Thefirst five
cases represent small boundary cases which we believe should be included in a good test
case set and which were not in the 10I test case set. Wasted areais gray.

3321 Test casea

One desired plate that exactly fits the slab. An example of a contestant that fails this test
caseisNLDOS.

Input file and output file:

a.in a. out
2 2 0

1

22

A correct cut:
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3.3.22 Test caseb
One vertical cut.

Input file and output file:

in b. out

INE:
o

4

A correct cut:

3.3.2.3 Test casec
One horizontal cut.

Input file and output file:

n c. out

N
o

2

A correct cut:
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3.3.2.4 Test cased
A horizontal and avertica cut.

Input file and output file:

in d. out

NG
o

2

A correct cut:

3.3.25 Test casee
A horizontal and vertical cut off center.

Input file and output file:

e.in e. out
55 0

4

22

32

23

33

A correct cut:
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3.3.2.6 Test casef
This test case fools a common made mistake where the 3 x 3 grayed areais taken twice.

When it goes wrong it answers waste zero which is obvious wrong. An example of a
contestant that fails this test case is GBR0O4.
The corresponding flawed recurrence equation is:

M.i.j=mi.j min(minn:1£n< N:M.(hn).(wn)+M.(i- hn).j+Mi.(j- w.n))

And thisiswhat aflawed cutting looks like:

Input file and output file:

f.in f.out

10 10 10
3

10 3
3 10
77

A correct cut:
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3.3.2.7 Test case g

This test case fools a backtracking solution that incorrectly does not cut completely
through the slab. (See: ZAF03). It finds the wrong sol ution:

Input file and output file:

.in g. out

7 9

w oI W N

5
2
3

A correct cut:
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3.3.28 Test caseh

Only cutting on the sizes of a plate is not a correct solution. It is unclear whether or not
the solutions that have this mistake thought of it as an optimization to the correct
equation or that they started off with the wrong equation. An example of a contestant that
did thisisBRAO3 who is, scoring 100 points.

Thefirst cut ison width 6 which is clearly not the width of any of the desired plates.
The corresponding flawed recurrence equation:
mi.
min
Mi.j= (minn:1£n£NUhn<i:M.(hn).j+M.(i- hn).j)
min
(minn:1£ nfE NUwn< j: M.i.(w.n)+M.i.(j - (wn)))

Input file and output file:

i h. out

n
17 0

~NOOwN D~ DD

ArwWOIN

A correct cut:
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Later it seemed possible to create atest case that is small enough to fit the additional
constraints as given by the task description; i.e. H £ 20UW £ 20.

We are not sure if thereisasmaller case possible.

And thisiswhat aflawed cutting looks like:

Input file and output file:

h2.in h2. out
14 7 0

4

32

4 3

54

25

A correct cut:
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3.3.29 Test case|

Only cutting on multitudes of the sizes of a plate is not a correct solution. Thefirst cut is
on width 14 which is clearly not the multitude of the width of any of the desired plates.
Thereis no good example of a contestant who did this.

We would expect that if for asolution case h (the previous one) failsit should fail also on
this case. Thisis not the other way around as 6 (the first cut of test case h) isamultitude
of 2. Of course this assumes that there are no other flaws in a solution other than intended
flaws that make case h go wrong and case i correct. This assumption is clearly wrong
according to MEX02.

The corresponding flawed recurrence equation:
mi. j
min
M.i.j = (minn:1£ nE£NULEa>hn<i:M.(a*hn).j+M.(i- a ><h.n).j)
min
(minn:1£ nE£NULEa>wn< j:M.i.(axwn)+ M.i.(j - (a an)))

Input file and output file:

i .out

=

)
[S21 0
~
o

o
N
N

ol
N
w

PORFRPOOOOEFL MO
w o1,

N
IS

A correct cut:
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33210 Tes casej

A required slab is placed in the corner of the origina slab and two cuts are made on the
edge of the required slab. Cutting off in two direction at once such that we end up with 3
pieces (a, b, ¢) as shown by the following two possibilities.

First avertica cut and then horizontal :

|09 oo
|09 oo
SHISHESRECRE
olojoo|o
ojlojoo|o
olojoo|o

First a horizontal cut and then avertica cut:

|0 oo
|0 oo
O\ o oD
o|oT|Oo 0|0
T|T|O 0|0
o|o|o0|0

The corresponding flawed recurrence equation:
mi. j
min
(minn:lE n£NUhn<iUwn<j:M.(i- hn).(wn)+M.i.(j- w.n))

min
Mi.j= (minn:1£n£NUhn<iUwn< j:M.(hn).(j- wn)+M.(i- hn).j)
min
(minn:1£n£ NUhn=iUwn<j:M..(j- w.n))
min

(minn:1£n£NUhn<iOwn=j:M.(i- hn).j)

When implemented exactly as given by this recurrence equation the cases that fail are
cases h and i and not this case. We used this case before we realized the connection
between with casesh and i; HRVO02 is detected by this case and not by case h and casei.
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Input file and output file:

n j . out

w N ($21 0
o

A correct cut:

3.3.3 Overview new test cases score
A frequency distribution of the score of these new test casesis:

Score 50 |45 |40 |35 |30 |25 |20 |15 |10 |5 0

#Contestants | 98 8 85 26 6 8 1 1 0 12 49

Table 3-4 Frequency distribution based on the 10 new test cases

This new distribution clearly differs from the previous frequency distribution. These 10
new test cases are not within the constraints of the small cases, as described in the task
description. But it was not possible to detect certain correctness errors with smaller cases.

It is unreasonable to give points to flawed solutions. For exampleif asolution only fails
test case h it should not get 45 points like HKGO04. Mostly there are errors that are only
detected by a certain test case and because the new test cases all test for something else
we have to adopt a stricter grading rule as given below.

“If asolution fails on atest case of the given test case set it is flawed and receives zero
score for the task.”

Definition 3-8 Strict grading rule

The strict grading rule assumes only a flawed solution for those solutions that really give
awrong answer not atimeout or bad signal.

Discarding the time limit requires sometimes a manual verification of the correctness; i.e.
when it takes “too long” we check the code manually to see what goes wrong and when it
isincorrect it gets zero score. The results might therefore not be compl etely automatically
repeatable. Also because we are likely to have different hardware, thistime limit is not
really interesting. Also because the score remains at best the sameiit is not a problem.
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The frequency distribution based on 10 new test cases with strict grading rule applied
base on these 10 casesiis:

Score 50 |45 |40 |35 |30 |25 |20 |15 |10 |5 0

#Contestants | 98 | 0 0 0 0 0 0 0 0 0 196

Table 3-5 Frequency distribution based on 10 new test caseswith strict grading rule applied based on
these 10 cases.

This stricter grading rule is also applied to the 1Ol test case set. If it fails one of the first
10 test cases it gets zero points otherwise the score remains. We take only the first 10
because these should always be correct even when a solution is not efficient enough.

The frequency distribution of the 10I test case set with stricter grading rule applied now
becomes:

Score 100 |95 |90 |8 |80 |75 |70 |65 |60 |55 |50

#Contestants | 77 12 5 9 1 5 12 6 12 6 19

Score 45 |40 |35 |30 |25 |20 |15 |10 |5 0

#Contestants | 1 1 0 0 1 0 0 0 0 127

Table 3-6 Frequency distribution based on IOl test caseswith strict grading rule applied based on
thefirst 10 test cases.

Thetotal score of the above frequency distribution: 13850

To verify the IOl grading of the submission we used the 10 new test casesto test for
correctness and give zero points to flawed solutions and otherwise we give the score of
the 10I. The frequency distribution then is:

Score 100 |95 |90 |8 |80 |75 |70 |65 |60 |55 |50

#Contestants | 49 10 0 8 0 4 7 3 11 4 1

Score 45 |40 |35 |30 |25 |20 |15 |10 |5 0

#Contestants | 0 0 0 0 0 0 0 0 0 197

Table 3-7 Frequency distribution based on the Ol test caseswith strict grading rule applied based
on the 10 new test cases.

Thetotal score of the above frequency distribution: 8445
All solutions that pass the 10 new test cases run again the 20 original test cases without

time limit. To run them again we changed the included “timeexec” function to return
always zero. It appears that 4 solutions are also wrong and therefore get zero score. This
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isdoneto check if our new test case set is good enough. Asit seems we only missed 4
cases that appear correct but are not really correct.

ID Failstest case

RUSO2 20

BRAO4 12141516 17 19

SGP04 humanly unreadable and causes execution failures
TUNO3 111217181920

The frequency distribution minus the 4 false positivesthen is:

Score 100 |95 |90 |8 |80 |75 |70 |65 |60 |55 |50

#Contestants | 49 10 0 8 0 4 6 3 10 4 0

Score 45 |40 |35 |30 |25 |20 |15 |10 |5 0

#Contestants | 0 0 0 0 0 0 0 0 0 200

Table 3-8 Frequency distribution based on the 10l test caseswith strict grading rule applied based
on the 10 new test cases minusthe 4 false positives.

Thetotal score of the above frequency distribution: 8265

Thereis only one contestant (GER01) who does not pass all the original 10 small test
cases and passes the 10 new test cases. This GERO1 mistakenly takes the Width as Height
in one of itsloops. The flawed main loop of the code looks like:

for (int w=1;, w<=W wt+) {
for (int h =0; h <= W h++) {

-
}

The frequency distribution minus the 5 false positivesthen is:

Score 100 |95 |90 |8 |80 |75 |70 |65 |60 |55 |50

#Contestants | 49 10 |0 8 0 4 6 3 10 |3 0

Score 45 |40 |35 |30 |25 |20 |15 |10 |5 0

#Contestants | 0 0 0 0 0 0 0 0 0 201

Table 3-9 Frequency distribution based on the IOl test caseswith strict grading rule applied based
on the 10 new test cases minusthe 5 false positives

Thetotal score of the above frequency distribution: 8210

The stricter grading rule has as effect that the only thing that changes is the score gets
zero or it stays the same. But because one might be interested in the end/total score list
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we could make anew score list. But because of the reason of the stricter grading ruleit is
useless to create a new score list using the 101 grading system. It could well be that using
the new test cases and the origina 101 grading rulesit even gives a better score to some
solutions; i.e. without the stricter grading rule applied. To compare we use 2 new score
lists one using the original test case set with the stricter rule applied based on the first 10
test cases and one with the stricter rule applied based on the first 10 test cases and the 10
new test cases (including the 5 false positives). The average score then drops from 47

(original) to 28. Also (77- 49)/77 =36% of the contestants scoring 100 points do not

get any of them using the new test case set. Also 94/294=31% used to have more than
90% of the maximum score and now only 20% has at |east 90% of the maximum score.

The conclusion is obvious: there is at least something wrong with the original test case
Set.

There arein total only 93 *correct” submissions. Failed test cases are assumed to be only
failed because of atimeout. Of course this does not mean that al 93 submissions are
correct.

Another automated test generated 100 random test cases for every supposedly correct
solution, i.e. in total 9300 cases. And we found again errorsin:

GERO4
MACO1
ZAFO1

It al'so appears that SWEQ2 gives atimeout somewhere and it is not evidently clear how.
Whether the recursion terminates eventually or just never terminates remains unclear. It
seems that the DP is not for al cases correctly implemented.

The case to make the submission of SWEO2 to take forever:

swe02.in swe02. out

200 200 3600
3

170
70 1
70 70

The case to fail the submission of ZAFO1:

zaf0l.in zaf 01. out

94 70 58
14

1 40
56 53
53 67
62 2
75 65
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19 58
81 11
7 20
63 10
27 51
16 51
56 39
80 1
3 13

The case zaf01 also makes the submission of MACOL1 to fail.

Case zaf01 fails: RUS02 GER04 MACO1 SGP0O3 TUNO3 (SWEQ2 timeout)
Case swe0Q2 fails: BRA04 GER04 MACO1 SGPO3 TUNO3 (SWEQ2 timeout)

The frequency distribution minus the last 4 (i.e. GER04, MACO01, SGP03 and SWEQ2)
previously undetected flawed submissions:

Score 100 |95 |90 |8 |80 |75 |70 |65 |60 |55 |50

#Contestants | 49 10 |0 8 0 3 5 3 8 3 0

Score 45 |40 |35 |30 |25 |20 |15 |10 |5 0

#Contestants | 0 0 0 0 0 0 0 0 0 201

Table 3-10 Frequency distribution based on the 1Ol test caseswith strict grading rule applied based
on the 10 new test cases minus the 5 false positives minusthese last detected flaws.

Thetotal score of the above frequency distribution: 7945

3.4 Various notes

A part of the contestants does exactly what we expected them to do. They used a
recurrence equation implemented either recursively or iteratively. They increased the
performance by using a DP in combination with some of the possible optimizations.
There are contestants that took a different (not always wrong) approach. Also there are
some contestants that made mistakes. In this paragraph we give an overview of some of
the mistakes and different approaches that we encountered. Some of these notes might be
more of interest to the organization while other notes are more of interest to the
contestants.

3.4.1 Recurrence equations

The key in solving the problem is finding the recurrence equation. If this recurrence
equation isincorrect, asolution is flawed and should be considered wrong. There are two
flawed recurrence equations that caught our attention. Both get full 100 points score
according to the 10Ol grading criteria

Thefirst flawed recurrence equation is cutting only on the slab dimensions, as is shown
by:
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mi.
min
M.i.j = (minn:1£n£ NUhn<i:M.(hn).j+M.(i- h.n).j)
min
(minn:1£ nf£E NUwn< j: M.i.(w.n)+M.i.(j - (wn)))

The second flawed recurrence equation is more ingenious and is cutting only on multiples
of the slab dimensions, as is shown by:

mi. j
min
Mi.j= (minn:1£nE£NULEa>hn<i:M.(a>hn).j+M.(i- a>xn).j)
min
(minn:1£ nENUlEa>wn<j:Mi.(a >qN.n)+M.i.(j - (a Mn)))

An example of the first: BUL04, BRAO3 or ARGO3. For the second one thereis not
really agood example available.

3.4.2 Extensive case analysis

Trying to be “smart” isacommon mistake. Thisis of course not wrong but it should have
apoint, which is usually improving efficiency. The flawed recurrence equation is aso
“trying to be smart” but there seemed to be a point for it. When something is not wrong
but there is no need (improvement on efficiency) for it, then it should be avoided. Mostly
thisis done because a contestant knows how to solve some (trivial/easy) cases. This
shows that people do not completely understand the algorithm.

For example:

Setting all multiples of a slab to zero waste makes no sense; why then not setting all
possible pairs slabs to zero waste; al triples; storing the minimum of all combinations
would be really smart but then that’s exactly what is requested. Therefore only put the
slabs to zero waste that are given, the algorithm should calculate every entry.

An example of thisis RUS03 scoring 95 points or IDNO3 in which the initialization of
the DP matrix is flawed.

Or amost the same:
A check if the current slab is an integer multiple of the original slab.

See for example SCG04 scoring 100 points.
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Parts of the DP matrix are calculated in a different part of the code.
See for example DENO3 scoring 100 points.

If the number of desired plates is one the answer is given by:

M.HW = H W modW.1) +W  H mod H.1) - (W modW.1){ H mod H.1)

Therefore atest case should aways contain more than one desired plates. Perhaps even
some desired plates of the same dimensions which is not excluded by the specification of
the task.

See for example IDNO3 that solvesthe casefor N =1 thisway.

3.4.3 Diagonal traversal

The DP matrix is usualy traversed row by row or column by column but it isaso
possible to traverse it diagonally. Of course thisis not wrong but why should there be
code that is more complicated and therefore easier to be flawed. Note that thisis not more
or less efficient than the “normal” traversal. So “keep it smple”.

See for example ARMO03 scoring 100 points.

3.4.4 Maximum total usable area

A possible alternative is to calcul ate the maximum total usable area of a slab such that the
minimum total waste equals: H 2V - M.HW . Where M .i.| isthe maximum total usable

areaofai” j dab.

See for example LVAO2.

Contestant ITAO3 isusing this quite clever and uses the assumption that the matrix is
initially zero. Also the implicit initialization requires time.

3.4.5 Tricks

Sometimes people try to optimize code manually with compiler instructions. This should
not be necessary to solve the problem as they are algorithmic in nature. And it only
shows the knowledge of the compiler not the knowledge of the algorithm.

The DP matrix is sometimes initialized using a“nmenset ” inC or a“fill char” in Pascal.
Thisis not wrong (and probably faster) but it requires assumptions about correctness, it
shows the knowledge of alanguage not the knowledge of the algorithm.

In C the guard of a“f or” loop is evaluated every iteration therefore some contestants use
an additional variable to improve performance.
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In the Pascal statement “if a < f(b) then a := f(b)” (or some C equivaent) the
f (b) isevauated twice and might be stored in a variable to improve performance.

3.4.6 Readability

Readability is not graded in the 101, but human readable source code shows that the
contestant took the time to think about the problem in an organized way and did not just
hack some solution.

See for example CHNO3 and VIEO4 scoring 100 points. It looks structured but to usit is
completely obscured and not readable.

Also the C syntax helps making unreadabl e source code. For example the use of
operators such as “<?=" (see HRV03) does not improve readability; at least when thereis
no explaining comment in the source.

3.4.7 Trying to be safe

Declaring arrays that are too big; because they are unsure about correctness? If you do
not know what you are doing you are doing, it probably wrong.

Note: An array in Cis aways zero based but M .0.0 isnot needed. An invariant such as
Mi,j1=M.(i+1).(j +1) could be used athough this does not improve readability.
Alternatively thisis also easily solved by defining all zero ared sto have zero waste.

3.4.8 Obsolete fragments

Sometimes when contestants start hacking a solution and need to debug code they forget
to delete obsol ete parts.

See for example LKAO2 which contains aguard “if mini” but what isit ever used for?
Sometimes when contestants write a “correct” iterative DP implementation, they search

every step again thelist of plates. Thisincreases the worst-case efficiency by afactor N
to:

THW =H W xH +W)xN

See for example SVK04 scoring 100 points.

3.4.9 Heuristic method

A heuristic method is based on finding an upper bound for the waste. A good heuristic
method seems to be cutting on (multiples of) slab dimensions. Another possible heuristic
is taking the minimum of the 3 neighbors of the DP matrix as given below:

Mi.j=M.(i-2).(j-1)+i+j-1minM.(i- 1).j+ jminMi(]- 1) +i
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See for example VIEOL who is using sometimes (i.e. whenever W>H  H maxW) >10")
a heuristic method and scoring 100 points.

3.4.10 Guessing

Contestant that that do not know how to solve the task can always try guessing. Guessing
looks like a heuristic method but it does not always indicate alower or upper bound for
the waste.

See for example ALBO3 scoring 5 points.

3.4.11 Backtracking

Filling the slab with all combinations of the desired plates and taking the minimum waste
of al these possibilitiesis the wrong approach when one forgets to: “cutting completely
through that piece” asis given in the task description. A correct backtracking algorithm
does not seem to be a feasible solution to us.

See for example ZAFO3 scoring 25 pointsi.e. loses 75 points due to timeouts. Increasing
the time limit might change the score but it is unknown because backtracking without a
real good bound is very inefficient.

3.4.12 Resize

A test case for which the minimum waste is zero or 10 should be avoided because
answering zero waste or waste 10 (the example) is an easy chosen guess. See for example
GEO04 or AEROL

A solution to atest case is a pattern in which one can cut the original slab to obtain the
desired plates and generate the waste. This pattern remains the same if the problemis
resized. It is also possible to add waste to a zero waste solution such that the pattern
remains (almost) the same.

Note: everything is based on integer values.

Resizing the width and height of the original slab and all plates does not change the
pattern and the waste is only resized. Formally if the height of the original slab an all the
platesis multiplied by NH where 0<NH and the width of the original slab and all the

platesis multiplied by NW, 0<NW then M @H @V & (M.HW)>NH xNW where
He H>H and (" n:1£n£ N:H.n& H.n>NH) and We&W AW and
(" n:1£n£ N:W.n&W.n>NAW) and M Cisthe “resized” waste.

For aslab and a pattern with zero waste it is possible to generate waste by adding a
“border” to aresized dlab, the pattern remains the same disregarding certain shiftsin
position; hence: aimost the same. Formally if M.H W =0 and the pattern is resized

by NH and NW then a“border” of sizeDH , where (0<DH <NH) and DW , where
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(0<DW <NW), might be added. The waste then is:
M @H @V & (M.HW)xXH NW + H @W +W @H - DWDH

3.4.13 Timeout

The contestants BULO01 and HKGO1 have an efficient solution but they did not get 100
points. Somehow an illegal time out occurred. Verify the source to see this.

3.4.14 Efficiency

The efficiency istested by a selected time limit. If thistime limit is passed, the solution is
assumed to be inefficient. But is testing efficiency by test cases and atime limit really a
good method? There are examples of solutions that are efficient considering the
computational complexity but which are exceeding the selected time limit; see for
example submissions of the contestants BULO1 and HKGO1 not scoring 100 points.
There are solutions that have a relative worse computational complexity but which do not
exceed the selected time limit; see for example SVK04 scoring 100 points. This solution
is searching the list of desired plates for every element in the DP matrix and this adds a
factor N to the computational complexity.

The difference between arecursive and an iterative implementation of a DP solution
should not be considered an efficiency difference. The computational complexities of
both solutions are of the same order; i.e. the difference is a constant factor.

Not using dynamic programming, i.e. not storing intermediate results, is not a correctness
error but an efficiency error, though score drops to 50 points. Though thisisadesired
effect but algorithmically it is solved. One might reconsider the weight of the efficiency
requirement. Also the first 10 small test cases are used to verify correctness but the naive
recursive implementation is too inefficient to even process all the small test cases.

The use of atimelimit is also introduced for grading purposes, because we cannot let a
program run forever to give an answer. The use of atime limit gives us some information
about efficiency, but why should the time limit for efficiency be the same as thistime
[imit to run a program. Perhaps the time it takes to give an answer for atest case should
be used to weigh the score.

For an interactive task we might use the number of calls as indication of the efficiency.
Perhaps efficiency should be tested by finding a function for the time limit for several test
Cases.

Testing efficiency is not something to be considered easy.

3.5 Suggestions for alternatives

These are merely suggestions. Of course thisis useless for this task but perhaps the
concepts of these ideas are portable to future tasks.
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3.5.1 Method MO Answer unknown in combination with strict grading

An incorrect solution should always get zero score for the entire task. The problemis that
aprogram is alowed to answer something wrong when it runs out of time. When a
program runs out of time it should answer “Unknown” such that we can claim a program
iswrong if it fails on atest case. Then a solution which gives an incorrect answer on any
of the test cases is assumed wrong and gets zero score for the entire task.

3.5.2 Method M1 Transposed test case

If we interchange the height and width of the original slab and all the desired plates then
we have a transposed test case. A test case and its transposed test case must have the
same minimum waste. Even when the answer iswrong it should be the same.

Thefirst test case and its transposed counterpart sym_p.in and sym_g.in:

sym p.in sym_g.in
1020 2010

1 1

319 193

The answer should be 29 and the following contestants gave inconsistent answers:

ALBO3 (p, g=-1,1)
ARGO02 (timeout)
DENO4 (p, q = 10,20)
GERO1 (p, q=-1,29)
IDNOL1 (p, g = 20,10)
LTUOL (p, q=29,0)
LUXO1 (p, g=29,14)
TKMO3 (p, g = 3,19)

Thefirst test case and its transposed counterpart sym_p2.in and sym_gz2.in:

sym_p2.in sym g.in
34 43

1 1

23 32

The answer should be 6 and the following contestants gave inconsistent answers:

AERO02 (timeout)
ALBO3 (p,g=-1,1)
ARGO02 (timeout)
DENO4 (p, g=34)
GERO1 (p, q=-1,6)
IDNO1 (p, q=4,3)
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JORO1 (p, g =1,0)
TKMO3 (p, q = 2,3)

For example inspection of the submission of contestant GERO1 (thisisthe only case that
passed al the new test cases we devel oped) shows that it the second loop is not correctly
implemented as is shown in the code exampl e below.

for (int w=1;, w<=W w+) {
for (int h =0; h <= W h++) {

-

}
Code fragment 3-15

3.5.3 Method M2 How to generate a test case set
Generate atest case set as follows:

Randomly generate x test casesfor every contestant. Every case that fails (additional up
to a selected maximum) is added to the test case set. Then grading starts with the
generated test case set. The number of test cases x might be increased until the score
frequency distribution is“stable”.

3.5.4 Method M3 Acceptance test

Create an acceptance test. Before a solution is accepted for grading it should at least
answer a selected set of test cases correctly, e.g. aset of sometrivia (small) test cases
(e.g. our new test case set).

3.5.5 Method M4 Distribute test cases

Distribute a collection of test cases together with the task description or make it available
for download from a server. In combination with method M3 this collection could be
taken as acceptance test.

Also the possibility of distributing atest facility containing predefined trivial test cases
and/or atest case generator might be considered.

3.5.6 Method M5 Sub test cases

A test case consisting of 4 (sub) cases one case with waste, a case without waste and the
transposed versions of both these cases. A scoreisonly granted if all 4 (sub) cases are
correctly answered. (Note: This technique was applied at 101 2005).

3.5.7 Method M6 Unusable desired plates

Make sure that there are desired plates which are not usable. This might not be easy to
realize. Perhaps this works: generate a zero waste test case, resize it (as described in
section 3.2) without generating waste (we guess without always works and with
sometimes not) and then add a desired plate which is not needed by creating one plate for
which the height or the width are not a multiple of the resize factors.
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3.5.8 Method M7 Simplify the task

When atask is algorithmic of nature aframework could be made into which the solution

should be coded. We could for example only want the contestants to fill in the recurrence
equation correctly. We could even suggest the use of dynamic programming to make the

task easier to do if necessary.

3.6 Conclusion

The preceding anaysis of the submitted programs and of the test cases for the task
Phidias at 101 2004 raises some doubts about the grading scheme where scores are
determined by adding scores for a number of separate test runs. In particular, the test
cases that were used at 101 2004 did not do a good job at catching mistakes (against
correctness). Furthermore, it is not so clear what the efficiency objective was. For
example, the recursive implementation (e.g. HKGO1) of the recurrence equation using a
memoization (atable) to avoid recomputation of previously computed results often did
not get more than 60 points (out of 100) without further optimizations. Note that
optimizations Il and 111 did not really affect the worst-case complexity, but only the
average-case complexity.

We designed 10 additional test cases and recal cul ated the scores based on these cases. It
turns out that the scores drop considerably. The score drops considerably due to the use
of the strict grading rule (i.e. aflawed submission earns zero points) but the score drops
even when the original scoreis corrected for this. The average score drops from 47 to 28
(out of 100). Also originally 31% and now 20% of the contestants scored 90 or more (out
of 100).

If aprogram is not correct because it produces the wrong output for some valid input
case, then it fails to solve the problem. In my opinion, such a program should not receive
any points. Of course, one could argue that there a number of “special” cases, and that
failing to solve these, but correctly solving the other cases should be awarded some
credit. However, the organization should agree on what constitute special cases
beforehand and design the test cases accordingly.

If the “special” cases are uninteresting and will not be tested for, then it is better to
change the specification to exclude them. Otherwise, contestants who do worry about
these specia cases are, in away, penalized for doing so (compared to contestants who did
not recognize the “special” cases and submitted a program that cannot solve them).

This strict grading scheme might look a bit over the top or unfair to some. But isit? If a
task istoo difficult then it should be made easier. Isit fair that contestants can score 100
points with totally wrong program? Isit fair that contestants |ose many points on correct
albeit inefficient solutions? The grading scheme should be changed perhaps even to
(partialy) manually grading based on criteria that have been established beforehand, and
that are possibly adjusted based on the analysis of actual submissions.

Designing a set of test casesis not easy. Though we spent quite some time on designing
the new set of test cases, there are till errors undetected. See for example GERO1, which
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contains an undetected error (it was found on the basis of some randomly generated
inputs). It seems that there are always flaws that go undetected under execution-based
testing. On the other hand, manual grading is aso not guaranteed to be perfect.

We discovered that contestants make some typical errors. It would be nice to have atest
case for every mistake, but thisis not feasible. Some mistakes could be tested for, such as
mistakes in logic, or boundaries. Other coding mistakes are often made by not
understanding how to derive a correct (not necessarily efficient) solution. At the 10I, the
submitted programs are graded automatically. We would have more insight into the work
of the contestants, if there was some information about their design decisions. Thiswould
show their understanding of the problem and their solution. Of course, this requires some
manual grading.
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4 Conclusion

We evaluated the quality of the grading process of the International Olympiad in
Informatics by analyzing the tasks Median (10l 2000) and Phidias (10l 2004) together
with all submissions. We developed some tools to inspect the submissions. A taxonomy
of the submissions is constructed to investigate the variety of solutions. The construction
of taxonomies is atime consuming effort. After the inspection we regraded the
submissions and compared the new score with the original 10l score and observed big
changes (drop) in the score.

It turns out that the grading processis not fair. Algorithmically equal submissions do not
always get (almost) the same score. There are flawed submissions that solve all test cases
(e.0. Median: CHN2-04) and efficient correct submissions (e.g. Phidias: HKGO1) that
only solve afew test cases. “Big O”-inefficient correct submissions (e.g. Phidias:
SVKO04) that solve dl test cases. After we did avery strict regarding the total Phidias
score drops from 15895 to 7945 points and the total Median score drops from 6410 to
4380.

Designing a set of test casesis not easy. Though we spent quite some time on designing
the new set of test cases there are still errors undetected. It isimpossible even for 10l
problems to verify the submission using test cases only. If we want to grade correctness,
we need more than only the source code, e.g. a correctness argument. Although the task
description refers to efficiency asthe “largest” case that must be solved, i.e. worst case,
there are no general worst case inputs. Also for the Median task the only serious
candidate (for most contestants) for solving the task isthe FIND agorithm whichis

O( NZ) worst case. The efficiency that follows from only afew selected cases is perhaps
not even an indication for the average behavior. Grading partly correct programsis even
more difficult. Completely incorrect submissions might get a maximum score and

programs with “only” a coding error might get zero score. This seems rather unfair and
cannot be solved by changing the set of test cases.

We have developed the following tools to analyze the submissions.
Median:

A tool that reads the MEDIAN.LOG file and determines whether or not a
incorrect answer could have been given based on the log data.

A tool that reads the MEDIAN.LOG file and displays 3 pictures that help usto
classify asubmission. Where deviating pictures indicate incorrect solutions.

A tool that generates a counterexample to prove the incorrectness of a submission.

Phidias:
A set of test cases. Each caseis specifically designed to trigger certain common

mistakes in submissions.
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A tool to search for counterexamples.

We have suggested some alternative methods for the Phidias task. The concepts of these
alternatives could be applied to future tasks.

For future tasks, it is perhaps not required to construct a taxonomy of possible solution
but a collection of possible solutions might be very useful in constructing test cases.

The visualization tool of the median task is very helpful. For future reactive tasks
visualization tools could be very helpful during grading.
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6 Appendix

This appendix summarizes additional material for both the Median and the Phidias
chapter in separate paragraphs. It will also be available on a separate CD.

6.1 Median appendix

The median appendix contains a paragraph with references to files and a paragraph with
mathematical background information.

6.1.1 References

The table below contains references to Pascal source codes to examples, possible
solutions and used library.

Filename Description

Bubble.pas Bubble Search Algorithms

DHeap.pas Example that uses EESS with afull heap implementation

DHeap?2.pas Example that uses EESS with a half heap implementation

Examples.pas | Examplesused in paragraph 2.4

Filter4.pas Method 2 described in paragraph Method 22.11.3

Final 3.pas The algorithms as described in 2.10

Triples.pas The counting and sweeping methods described in paragraph 2.6 except
the Bubble Search which isin Bubble.pas

Verify.pas Utility to search for counter examples as described in paragraph 2.11.5

Wvldev.pas Test device simulating device.tpu

Wvlutil.pas Library with awrapper for device.tpu or wvldev.tpu and some common
functions

Linear2.pas Thisis an implementation of the linear median algorithm as described
by [5]. (This sourcecode is not the best available implementation asit is
unstable (not order preserving) and it can be further optimized).

The table below contains references to research data and Delphi source code of tools
developed to analyze the median task.

Filename Description

Median Statistics.xIs Raw research data

Verify Median.xls Raw research data

Median Results Revised.xIs | Raw research data

MedL og.exe Application to generate the pictues (see: paragraph 2.11.4)
MedL og Folder with sourcecode of MedLog.exe

MedComp.exe Application to analaze log data (see: paragraph 2.11.3)
MedComp Folder with sourcecode of MedComp.exe
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6.1.2 Mathematical background

This paragraph contains background information about binary relations taken mostly
form [3].

Definition — Binary relations

A binary relation R between sets A and B isasubset of the Cartesian product A" B.

If (a,b)T R (or using infix notation aRb) then a isR-related to b.

Note: If A= Bthen R iscalled abinary relationon A.
Definition — Types of binary relationsR on A

Reflexive

(*a:al A:(aa)l R)

[rreflexive

(*a:al A:(aa)i R)

Symmetric

("aa:al AUaT Ai(a,a)l R (a,a)1 R)
Antisymmetric

("aa:a0 AUaT A:(a,a)l RU(a,q)1 R &=a)
Corollary — Alternative for antisymmetric

("ana:a0 AUal AUa* a:(a.a)l R (a,a) R)
Transitive

(" a3 a0 AUaT AUaT A:(a,a)l RU(a,a,)T R (3,a)1 R)
Intransitive

("aa.3 a1 AUaT AUaT A:(a,a)l RU(a,a)1 R (a,a)! R)
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Comparable (tota)

("ao,al:aOT AUaT1 A:(a,a)l RU(a,a)1 R)
Note: Two elements a,,a,1 A are called incomparableif (a,,a,)T RU(a,a,)T R

Trichotomous

(" a,a:a,1 AUal A: f((ao,al)i R(a,a,)T R,aO:ai)) where
f (a,b,c)° (aU@bUBc)U(PaUbU@Bc)U(@aUBbUc) i.e only 1 out of 3 holds

Extendable
(" 313,01 A:($a:al A:(a,a)l R))

Equivaence relation

A reflexive symmetric transitive relation is an equivalence relation.
Partial order

A reflexive antisymmetric transitiverelation R onaset A isaweak (reflexive) partia
order.

Anirreflexive antisymmetric transitiverelation R onaset A isastrict (irreflexive)
partial order.

The two definitions are essentially equivalent because a strict partial order hasa
corresponding weak partial order and visa versa.

Note: The pair (A R) iscalled apartially ordered set (poset).

Total order

A comparable partial order isatotal order.

An aternative equivalent definition: atransitive trichotomous relation is atotal order.
Note: A total order isalso caled alinear order.

Well order

A total order in which every nonempty subset has the least element isawell order.
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Definition — Functions

A reaion Fi A" Biscdledafunction F: A® B if

("a:al A:($b:bl B:(ab)i F)U(" b,b:bT BULT B:(ah)l FU(al)l F b =b))
Note: A function F: A® B with al A and bl B and (a,b)T F iswrittenas

b=F(a).

Definition — Partial functions

A partial function F: A® B isafunction F : AG® B¢with A@ AUB& B.

Definition — Classes of functions

Let A and B be sets.

Surjective

Surjective functions f : A® Bare functions such that for every bl Bthereisat least
oneal A.

Injective

Injective functions f : A® B are functions such that for every bl Bthereis at most
oneal A.

Bijective
Bijectivefunctions f : A® Bare both surjective and injective therefore there is for every

bl Bexactly oneal A.

6.2 Phidias appendix
This paragraph contains appendixes for the Phidias chapter.

6.2.1 Appendix A

The table below contains references to complete implementations of the code fragments
described in paragraph 3.2.

Filename Description

Phidias0.pas No optimizations, except for the k-loop which is backwards

Phidiasl.pas | Optimization 1 applied and the k-loop is backward

Phidias2.pas Optimization 1 and 2 applied and the k-loop is backward
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Phidias2a.pas | Optimization 1 and 2a applied and the k-loop is backward

Phidias3.pas | Optimization 1 and 2 and 3 applied and the k-loop is backward

Phidiasd.pas | Optimization 1 and 2 and 3 applied and the k-loop is backward where:

WASTE_UNKNOWN constant is changed to i %j

Phidiasb.pas | Optimization 1 and 2 and 3 applied and the k-loop is backward where:

WASTE_UNKNOWN constant is changed to i x|
Initialization of recursive version is adapted
Theiterative version is now also adapted (here we need Q)

Optimizations:

1. A mirror-cut on the opposite side.
2. Do not try to cut plates that are too small.
a. Simplified version of 2.
3. Stop cutting if zero waste because that is the minimum waste

The table below contains references to research data and test casesused to analyze the
Phidias task.

Filename Description

*.in Test cases used during the analysis of the Phidias task. Exact
filenames are referred to throughout this paper.

Verify Phidiasxls | Raw research data

6.2.2 Appendix B

This appendix describes input and output files and example of cuts that resultsin the
minimal waste. Only the first 10 small test cases that the IOl used are described. Wasted
areaisgray.

6.2.2.1 Test case 1

1.in 1. out
9 12 0

5

112

26

34

4 3

6 2
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6.2.2.2 Test case 2

2.in 2. out
11 7 15

2

4 5

6 7

6.2.2.3 Test case 3

3.in 3. out

13 7 7
3

22
11 6
12 5
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6.2.2.4 Test case 4

4.in 4. out

14 19 27
5

4 14
95
12 4
13 17
8 12

6.2.2.5 Test case 5

5.in 5. out
15 7 7

5

13

8 2

8 3

12 5

8 7
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6.2.2.6 Test case 6

6.in

6. out

16 16

2
8 4
48

6.2.2.7 Test case 7

7.in

7. out

17 11
3

5 10
12 9
4 8

29
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6.2.2.8 Test case 8

8.in 8. out

18 11 47
5

14
13
12
11
10

OOk, wWN

6.2.2.9 Test case 9

9.in 9. out
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6.2.2.10 Test case 10

10.in 10. out
19 13 94
3
11 11
17 9
13 10

139



